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Abstract. To improve the quality of image restoration methods directional information has recently been involved in the restoration process.
In this paper, we propose a two step procedure for denoising images that
is particularly suited to recover sharp vertices and X junctions in the
presence of heavy noise. In the ﬁrst step, we estimate the (smoothed)
orientations of the image structures, where we ﬁnd the double orientations at vertices and X junctions using a model of Aach et al. Based
on shape preservation considerations this directional information is then
applied to establish an energy functional which is minimized in the second step. We discuss the behavior of our new method in comparison
with single direction approaches appearing, e.g., when using the classical
structure tensor of Förstner and Gülch and demonstrate the very good
performance of our method by numerical examples.

1

Introduction

Recently, much eﬀort has been put into improving image restoration processes
by involving directional information. Our paper contributes to this topic. We
restrict our attention to the denoising of images f ∈ L2 (R2 ) corrupted by heavy
white Gaussian noise and the minimization of energy functionals


1
2
f − uL2 + λJ(u) ,
(1)
arg min
u∈L2
2
where J : L2 → R≥0 ∪ {+∞} denotes a proper, convex, closed functional which
is in addition positively homogeneous. Frequently applied examples of such functionals are

R2 ϕ(∇u) dx, u ∈ BVϕ ,
(2)
J(u) :=
∞,
u ∈ L2 \BVϕ ,

where ϕ(x) = ϕ1 (x) := |x1 | + |x2 | as in [1, 2] or ϕ(x) = ϕ2 (x) := x21 + x22 as
2
2
in
 the Rudin-Osher-Fatemi (ROF) model [3]. Here BVϕ (R ) := {u ∈ L2 (R ) :
ϕ(∇u) dx < ∞} denotes the (anisotropic) space of functions of bounded
R2
variation equipped with the norm


ϕ(∇u) dx :=
sup
−
u(x) divV (x) dx,
(3)
R2

1 (R2 ,R2 )
V ∈Cc
V ∈Wϕ a.e.

R2
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where the Wulﬀ shape Wϕ := {x ∈ R2 : x, y ≤ ϕ(y) ∀y ∈ R2 } of ϕ is the unit
square with horizontal and vertical edges in case ϕ = ϕ1 and the unit circle for
ϕ = ϕ2 . Note that other positively homogeneous, ﬁnite, convex, even functions
ϕ with ϕ(0) = 0 and ϕ(x) > 0 for x = 0 can be used in (2) and that the spaces
BVϕ are equivalent for all these functions [4]. Besides (2) we will also apply inf
convolution functionals
J(u) := (J1 2J2 )(u) :=

inf

u=u1 +u2

{J1 (u1 ) + J2 (u2 )},

(4)

where J1 , J2 are nonnegative, proper, convex, closed and positively
 homogeand
J
suggested,
e.g.,
in
[5]
are
|∂x u1 | dx
neous.
A
possible
choice
for
J
1
2
R2

and R2 |∂y u2 | dx.
It is well known that for large regularization parameters λ model (2) with ϕ1
and similarly the above inf convolution model tends to cut vertices vertically
and horizontally while the ROF approach rounds them. Therefore we propose
to introduce local directional information obtained from the double direction
tensors of Aach et al. [6] into these functionals.
Outline of our paper. In Sec. 2 we recall the single orientation estimations
provided by the structure tensor in [7]. Then we turn to the double orientation estimations proposed in [6], where we get some additional insights on the
nullspaces of these tensors. In Sec. 3 we start with shape preservation facts
as motivation for the subsequent introduction of our new directional denoising
model. Furthermore, we discuss our orientation choice in comparison to the classical structure tensor. The good performance of our method is demonstrated by
numerical examples in Sec. 4. Conclusions are given in Sec. 5. More details including proofs are contained in the accompanying preprint [8].
Related work. Image restoration by ﬁrst approximating the local geometry
and then involving it into the restoration process was suggested in various
papers. A group of methods retrieves the local geometry by computing the
Gülch/Förstner structure tensor and then uses its eigenvalues and orthogonal
eigenvectors to deﬁne a diﬀusion tensor which steers the direction of the ﬂux in
PDEs. Tschumperlé [9] divided these methods into divergence-based [10], tracebased [11] and his curvature-based methods. The ﬁrst approach is also related to
the minimization of speciﬁc energy functionals, see, e.g., [12,13]. The curvaturebased method [14, 9] which is related to the line integral convolution [15] is
better suited for the restoration of sharp edges than the other two methods, but
our method is superior in the presence of heavy noise. Note that as in [16] the
curvature-based method can include multiple directions. Various papers deal
with the smoothing of normal vectors by minimizing certain energy functionals [17, 18, 19, 20, 21, 22] and use this information for subsequent denoising. In
general these minimization procedures are much more expensive then our double direction approach. Kimmel, Sochen et al. suggested restoration techniques
within the Beltrami framework [23]. The corresponding smoothing with the socalled ’short-time Beltrami kernel’ diﬀers from the bilateral ﬁlters [24] in the
fact that it uses geodetic distances on the image manifold while the bilateral
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kernel applies Euclidian distances. In [25], the authors considered special images
containing rotated rectangle and established a unique functional both for ﬁnding
the rotation angles and for denoising. However, the resulting algorithm is again
a two step procedure. For a simpler two step approach we refer to [26]. So far,
the best results behind our new method we have obtained by applying nonlocal
means [27, 28]. An example is reported in Sec. 4.

2
2.1

Orientation Estimations
Single Orientation Estimations

Let Ω ⊂ R2 be the image part of interest. For simplicity, we assume that Ω :=
Bε (0) is the ball around 0 with radius ε. Our ideal assumption is that this part of
the image corresponds to a function f : Ω → R which has constant values along
a single direction r with r2 = 1, i.e., f = ϕ(sT ·) with s := r⊥ = (r2 , −r1 )T
and ϕ : [−ε, ε] → R. Then,
0=

∂
f (x) = rT ∇f (x) = rT ϕ (sT x) s,
∂r

∀x ∈ Ω

holds true and we also have for a nonnegative weight function w : Ω → R that


2
0=
w(x) (rT ∇f (x)) dx = rT
w(x)∇f (x) ∇f (x)T dx r.
(5)
Ω

Ω

If ϕ is not constant, then the symmetric, positive semideﬁnite matrix


2
J :=
w(x)∇f (x)∇f (x)T dx =
w(x) (ϕ (sT x)) dx ssT
Ω

Ω

has rank one and r is an eigenvector of the eigenvalue 0. So far we have considered
image parts with an ideal directional behavior. Since in applications we deal
with noisy images, a pre-smoothing step with the 2D Gaussian Kσ of standard
deviation σ is performed before computing the gradient in J . Thus, (5) holds
at least approximately and r is the minimizer of the weighted least squares
expression rT J r subject to r2 = 1, i.e., the eigenvector belonging to the
smallest eigenvalue of J . Moreover, in natural images the signiﬁcant directions
vary in diﬀerent image parts. To detect the direction in the neighborhood of
every image point x, we use the shifted Gaussian w = Kρ (· − x) (truncated
outside B3ρ (x)). In this way, we can attach to each image point a 2 × 2 matrix,
the so-called structure tensor
Jρ := Kρ ∗ (∇fσ ∇fσT ) ,

∇fσ := ∇(Kσ ∗ f ).

If the eigenvalues of Jρ (x) fulﬁll λ1  λ2 , then we are in the neighborhood of
an edge and the orthogonal eigenvectors r1 = r and r2 = r⊥ approximate the
isophote direction and the gradient direction in x. In the neighborhood of vertices,
where λ2 ≥ λ1  0, we obtain smoothed eigenvectors between neighboring edges.
This causes artefacts in restoration models involving these directions. Therefore
we are interested in double orientations.
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Double Orientation Estimations

Assume that f can be decomposed into two functions fi = ϕi (sTi ·) with si := ri⊥ ,
i = 1, 2, where r1 ∦ r2 . As in Fig. 1, we consider two decompositions of f , the
transparent model
f (x) = f1 (x) + f2 (x) ∀x ∈ Ω
(6)
and the occlusion model with Ω = Ω1 ∪ Ω2 , Ω1 ∩ Ω2 = ∅ and

f1 (x) for x ∈ Ω1 ,
f (x) =
f2 (x) for x ∈ Ω2 .

Ω

f1

Ω1

f1

f2

Ω2

f2

(7)

Fig. 1. Illustration of the transparent model (left) and the occlusion model (right)

Transparent model. By the deﬁnition of f1 and f2 we conclude for all x ∈ Ω
that
0=

∂2
∂2 
f (x) =
f1 (x) + f2 (x) = r2T H(x) r1 = r1T H(x) r2
∂r1 ∂r2
∂r1 ∂r2

(8)

with the Hessian H(x) of f at x. Applying tensor products ⊗ of matrices, (8)
becomes
0 = (r1 ⊗ r2 )T h(x) = (r2 ⊗ r1 )T h(x)

with h := (∂xx f, ∂xy f, ∂xy f, ∂yy f )T (9)

and since this holds true for all x ∈ Ω we also get

0=
w(x) (r1 ⊗ r2 )T h(x)h(x)T (r1 ⊗ r2 ) dx = (r1 ⊗ r2 )T T (r1 ⊗ r2 )

(10)

Ω


with the symmetric, positive semideﬁnite matrix T := Ω w(x) h(x)h(x)T dx ∈
R4,4 . By (10) and since r1 ∦ r2 , the vectors r1 ⊗ r2 and r2 ⊗ r1 are two linearly
independent eigenvectors of the eigenvalue 0 of T . Instead of determining the
directions r1 and r2 via (10), Aach et al. [6] proposed to rewrite (9) by skipping
the double entry ∂xy f in h as
T

0 = rT h̃(x) with h̃ := (∂xx f, ∂xy f, ∂yy f )T , r := (r11 r21 , r11 r22 + r12 r21 , r12 r22 ) .
(11)
Then our determining equation (10) becomes

T
w(x) h̃(x)h̃(x)T dx ∈ R3,3
(12)
0 = r T r with T :=
Ω
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and r is an eigenvector of 0 of the symmetric, positive semideﬁnite matrix T .
˜ :=
˜ 1 , s2 ⊗s
˜ 2 ), v ⊗v
More precisely, we can prove that T = S Φ S T with S := (s1 ⊗s
2
2 T
(v1 , v1 v2 , v2 ) and

Φ :=

w(x)
Ω

  T
ϕ1 (s1 x)

2





ϕ1 (sT1 x) ϕ2 (sT2 x)
  T 2


ϕ2 (s2 x)
ϕ1 (sT1 x)ϕ2 (sT2 x)

dx

so that rank T = 0 if ϕi ∈ Π1 , i = 1, 2, rank T = 1 if ϕi ∈ Π1 for exactly one i
or ϕi ∈ Π2 \ Π1 for i = 1, 2, rank T = 2 otherwise, where Πn denotes the space
of polynomials on [−ε, ε] of degree ≤ n. If rank T = 2 (vertex case), then the
nullspace of T is N (T ) = {c r : c ∈ R}. If rank T = 1 (edge case) and ϕ1 is linear
but ϕ2 not, then N (T ) = {(r11 c1 , r11 c2 + r12 c1 , r12 c2 )T : c = (c1 , c2 )T ∈ R2 },
i.e., c plays the role of r2 in (11). There exist several possibilities to detect
the directions ri , i = 1, 2 from an eigenvector u = (u1 , u2 , u3 )T ∈ N (T ). For
example, it is not hard to check that the following setting from [6] does the job:
T
T
For u1 = 0 set r1 := √ 21 2 (u1 , y1 ) , r2 := √ 21 2 (u1 , y2 ) , where yi , i = 1, 2
u1 +y1

u1 +y2

are the solutions of the quadratic equation y 2 − u2 y + u1 u3 = 0. If u1 = 0, then
T
T
yi = 0 for one i and we set ri := √ 21 2 (u2 , u3 ) and r3−i := (0, 1) .
u2 +u3

In the following, we choose as direction r1 those fulﬁlling |r1 , ∇fσ̃ | ≤
|r2 , ∇fσ̃ |. In particular, r1 is the isophote direction at edges, where some vector
c plays the role of r2 .
Occlusion model. By the deﬁnition of f1 and f2 we conclude for all x ∈ Ω
that
0=

∂
∂
f (x)
f (x) = (r1T ∇f (x)) (r2T ∇f (x)) = r1T ∇f (x)∇f (x)T r2
∂r1
∂r2

(13)

and by rewriting the equation using tensor products that

0 = (r2 ⊗r1 )T g(x) = (r1 ⊗r2 )T g(x) with g := (∂x f )2 , ∂x f ∂y f, ∂x f ∂y f, (∂y f )2
This reads in the reduced form with r deﬁned by (11) as

0 = rT g̃(x) with g̃ := (∂x f )2 , ∂x f ∂y f, (∂y f )2
Since this relation is true for all x ∈ Ω, we also have that

T
w(x) g̃(x)g̃(x)T dx.
0 = r C r with C :=

T

T

.

.

(14)

Ω

Thus, r is an eigenvector of the eigenvalue 0 of the symmetric, positive semidef˜ 1 )(s1 ⊗s
˜ 1 )T +
inite matrix C. More precisely, we can prove that C = α1 (s1 ⊗s



4
T
˜ 2 )(s2 ⊗s
˜ 2 )T with αi :=
dx, i = 1, 2, so that the rank
α2 (s2 ⊗s
Ωi w(x) ϕi (si x)
of C is ν ∈ {0, 1, 2} if exactly 2−ν of the functions ϕi are constant on Ωi , i = 1, 2.
The directions ri , i ∈ {1, 2} can be obtained from an eigenvector of N (C) as in
the transparent model.
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Fig. 2. Noisy images and their double orientation estimations by the occlusion model
(left) and by the transparent model (right)

Double orientation tensors. In practice, we deal with noisy images having
image parts with various signiﬁcant directions. As for the classical structure
tensor the double orientation tensors are deﬁned as
Tρ := Kρ ∗ h̃σ h̃Tσ ,

Cρ := Kρ ∗ (g̃σ g̃σT ) ,



T
T
where h̃ := ∂xx fσ , ∂xy fσ , ∂yy fσ , g̃ := (∂x fσ )2 , ∂x fσ ∂y fσ , (∂yy fσ )2 and the
directions r1 , r2 can be derived from an eigenvector of the smallest eigenvalue of
Tρ /Cρ (x). For an example of estimated double orientations see Fig. 2.

3

Image Restoration and Shape Preservation

We start with a proposition which characterizes the solution of (1).
Proposition 1. The function û ∈ L2 is the solution of the minimization problem (1) iﬀ i) û = f − λv̂, ii) v̂ ∈ CJ := {v ∈ L2 : v, w ≤ J(w) ∀w ∈ L2 },
iii) û, v̂ = J(û).
For the special functional (2) we have that v̂ ∈ CJ if there exists a vector ﬁeld
V̂ ∈ L∞ (R2 , R2 ) such that v̂ := −divV̂ ∈ L2 (R2 ) and V̂ ∈ Wϕ a.e. on R2 .
Using this proposition, one can prove that rectangles with horizontal and vertical
edges [4] and + junctions [8] are preserved by the solution of (1) with (2) and
ϕ = ϕ1 .
Corollary 1. The solution û of (1) with (2) and ϕ = ϕ1 reads
i) for f:= c 1Ω with the characteristic function 1Ω of Ω := (−a, a) × (−b, b) as
cab
û = c − λ a+b
, a, b > 0,
1Ω , λ ≤ a+b
ab
ii) for f := c1 1Ω1 + c2 1Ω2 with Ω1 := (−l, l) × (−a, a),
 b) × (−l, l) as
 Ω2 := (−b,


c1 la c2 lb
l+a
l+b
û = c1 − λ la 1Ω1 + c2 − λ lb 1Ω2 , λ ≤ min l+a , l+b , l > a, b > 0.
In this paper, we propose to modify (2) (and similarly (4)) by locally including
directions. The basic idea is that the minimizer of the modiﬁed functional
also preserves shapes as, e.g., shown in Fig. 3 and arbitrary X junctions. This
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Fig. 3. Original and noisy trapezoid image (standard deviation 150)

modiﬁcation can be motivated by the following considerations for a globally ﬁxed
transform matrix R: Substituting x := R−1 t, fR := f (R−1 ·), we obtain

1
(f − u)2 + λϕ(∇u) dx
2 R2

1
=
(f (R−1 t) − u(R−1 t))2 + λ ϕ(∇x u(R−1 t)) dt
2|det R| R2

1
(fR (t) − uR (t))2 + λ ϕ(RT ∇t uR (t)) dt.
=
2|det R| R2
Whence, if û minimizes the left-hand side, then the transformed image ûR :=
û(R−1 ·) is a minimizer of


1
2
(fR − u) dx + λ
ϕ(RT ∇u) dx.
(15)
2 R2
R2
n−1

In the following, we consider discrete square images f := (f (x, y))x,y=0 ∈
Rn,n in their columnwise reshaped form f ∈ RN , N := n2 . Instead of partial
derivatives we use forward diﬀerences so that the discrete version of the gradient
reads
⎛

11
⎜ 1 1
 


⎜
1⎜
Dx
H0 ⊗ H1
..
D=
:=
, H0 := ⎜
.
Dy
H1 ⊗ H0
2⎜
⎝
1

⎞

⎞

⎛

−1 1
⎟
⎜
−1 1
⎟
⎜
⎟
⎜
..
⎟ , H1 := ⎜
.
⎟
⎜
⎝
1⎠
−1
2

⎟
⎟
⎟
⎟.
⎟
1⎠

0

Then problem (1) becomes



arg min f − u22 + λJ(u)
u∈RN

and (2) with ϕ = ϕ1 resp. (4) with



J(u) := Du1 ,
J(u) :=

R2

|∂x u1 | dx and

(16)


R2

|∂y u2 | dx read as

resp.

min {Dxu1 1 + Dy u2 1 }.

u=u1 +u2

The solution of (16) can be characterized as in the continuous setting:

(17)
(18)
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Fig. 4. Denoising with the directions r, r ⊥ from the classical structure tensor. Left:
Angle of r mod 180o (σ = 2.5, ρ = 5). The directions are smoothed near vertices
following the smallest way between neighboring edge directions. Middle: Denoising
result using only one direction R := (r) (λ = 2500). Following this direction, obtuse
vertices are rounded, while the acute one is prolongated. Right: Denoising result using
both directions R = (r1 , r2 ) = (r, r ⊥ ) (λ = 1000). The edges of the minimizer û tend
to be aligned with one of the directions ri , i.e., one of the summands |ri , ∇û|, i = 1, 2
becomes very small. Hence, rounding artefacts are visible at obtuse vertices, while the
model decides for the wrong direction at the acute vertex which leads to a cut-oﬀ
artefact.

Proposition 2. The vector û ∈ RN is the solution of the minimization problem
(16) if and only if i) - iii) of Proposition 1 hold true, where L2 has to be replaced
(17) and (18)
by RN with the Euclidian inner product. For the special functionals

T
we have that v̂ ∈ CJ if and only if there exists a vector V̂ = (V̂ (1) )T , (V̂ (2) )T ∈
R2N such that
v̂ := DT V̂
v̂ := DxT V̂ (1) = DyT V̂ (2)

and V̂ ∞ ≤ 1,
and V̂ ∞ ≤ 1.

resp.,

As in the continuous case rectangles and + junctions are preserved by the solution of (16) with (17). However, due to image boundaries one has to be careful
with the discretization.
Corollary 2. Let x0 , y0 ≥ 0 and x0 + a, y0 + b ≤ n − 2. The solution û of the
minimization problem (16) with J deﬁned by (17) reads for
i) f := c 1Ω with Ω := {x0 + 1, · · · , x0 + a} × {y0 + 1, · · · , y0 + b} as
û =

c − λ 2(a+b)
ab

λ ≤

1Ω ,
i

cab
2(a+b) ,

where Hi are modiﬁed by Hi (0, 0) = 0,

Hi (n − 1, n − 1) = (−1) , i = 0, 1.
ii) f := c1 1Ω1 + c2 1Ω2 with Ω1 := {x0 + 1, · · · ,x0 + a} × {0, . . . ,n − 1}, Ω2 :=
{0, . . . , n − 1} × {y0 + 1, · · · , y0 + b} as û = c1 − λ a2 1Ω1 + c2 − λ 2b 1Ω2 ,
λ ≤ min{ ac21 , bc22 }, where Hi are modiﬁed by H0 (n − 1, 0) = 1, H1 (0, 0) = 0,
Hi (n − 1, n − 1) = (−1)i , i = 0, 1.
Similarly it can be shown that the inf convolution approach preserves + junctions [8].
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Fig. 5. Denoising with double orientations from the occlusion model. Left/Middle:
Energies |ri , ∇û|, i = 1, 2. Except at isolated vertex points the model aligns the
edges of the minimizer û with the direction r1 (σ = 2, ρ = 9.5). Right: Denoised image
(λ = 2500). Although not perfect, this result is the best we got with various denoising
methods so far.
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Fig. 6. Denoising with the single direction r1 from the occlusion model. Left: Angle
corresponding to the chosen direction (σ = 2, ρ = 9.5, σ̃ = 5σ). Middle: Denoising
with the regularization term |r1 , ∇u| introduces textures at ﬂat regions (λ = 2500).
Right: Denoising with the regularization term |∇u| − r1⊥ , ∇u avoids these artefacts
(λ = 4500).

Having (15) in mind we introduce our double orientations r1 , r2 from Subsection 2.2 into (17) resp. (18) and consider for r̃iT = (diag(ri1 ), diag(ri2 )), i = 1, 2,
the minimizers of our new functionals
1
1
f − u22 + λR̃T Du1 = f − u22 + λ(r̃1T Du1 + r̃2T Du1 ),
2
2
1
f − u22 + λ min {r̃1T Du1 1 + r̃2T Du2 1 } .
u=u1 +u2
2

(19)

(20)

We want to examine the behavior of (19) by the simple denoising example in
Fig. 3. First, we computed the minimizers using the directions r and r⊥ from the
classical structure tensor. The appearing artefacts are commented in the caption
of Fig. 4. Then, Fig. 5 shows the good denoising result with the proposed occlusion model for double orientations. Finally, Fig. 6 presents the denoising results
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obtained by using only direction r1 from this model. This leads to artefacts in
ﬂat regions, where the process introduces texture due to directional smoothing of
heavy noise. This eﬀect can be avoided by replacing |r1 , ∇u | by |∇u|−r1⊥ , ∇u .
Note that we have to adapt the sign of r1⊥ such that r1⊥ , ∇fσ̃ ≥ 0 here. This
functional was also proposed in [19] but with a more expansive procedure to ﬁnd
appropriate directions r1⊥ .

4

Numerical Examples

In the following, we present further numerical examples. All programs were written in MATLAB, where we solved the minimization problems via their dual problem using second-order cone programming implemented in the software package
MOSEK [29]. To discretize the derivatives occurring in the orientation estimation
tensors we applied the ﬁlters suggested by Scharr in [30]. The gray values of the
original images are in [0, 255] and for visualization we have used the MATLAB
routine ’imagesc’, which incorporates an aﬃne gray value scaling. Moreover, the
parameters are chosen with respect to the best visual result.
To start with, we took a noisy image with diﬀerent shapes and restored it
by nonlocal means, ROF and by (19) with occluding directions. The results
are presented in Fig. 7. As already observed in [25] the result by ROF suﬀers
from rounding artefacts at corners, since to remove all noise the regularization
parameter λ has to be chosen rather large. This is avoided by (19) using occluding
directions as visible at bottom right. The example with nonlocal means gives
slightly worse results at corners. To demonstrate the performance on a real
world image we included Fig. 8. Here, the example shows that the shape of

Fig. 7. Top: noisy image (standard deviation 100) and restored image by iterating two
times the nonlocal means ﬁlter [28]. Bottom left: denoised image by ROF (λ = 500).
Bottom right: restored image by (19) and occluding directions (λ = 900, σ = 2, ρ = 6).
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Fig. 8. Top: noisy image (standard deviation 30) and result by the nonlocal means
ﬁlter [28]. Bottom left: denoised image by ROF (λ = 50). Bottom right: result by (19)
and occluding directions (λ = 50, σ = 0.5, ρ = 8).

Fig. 9. Left to right: original image [30], noisy image (standard deviation 10), denoised
image by (19) (λ = 15, σ = 2, ρ = 12), denoised image by (20) (λ = 40, σ = 2,ρ = 12).
The directions are estimated by the transparent model.
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the building is much better preserved by (19) than by ROF, since the local
directions in the image are treated much more accurate. In contrast to nonlocal
means, our method as well as ROF suﬀer from staircaising eﬀects. However, for
a large smoothing parameter related to the noise level nonlocal means creates
small blur artefacts where our result has sharp structures. Besides, our method is
computationally much faster. Finally, to point out the beneﬁts of inf convolution,
Fig. 9 shows restored images of an oriented texture by (19) and (20) resp. using
the transparent model. For such images inf convolution is better suited than
(19), since (19), like ROF, aims for a piecewise constant solution, which means
that too many details are removed.

5

Conclusions

We have demonstrated how directional information estimated by the transparent
or the occlusion model [6] can be integrated into certain minimization problems
to improve the restoration results especially at sharp corners and X junctions.
For simplicity we have restricted our attention to double orientations, but a
generalization to more than two directions is possible with the results presented
in [31]. To further improve the restoration results one option would be to use also
higher order derivatives as done in [32]. Through this, it is for example possible
to overcome the staircaising eﬀects observed for (19).
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