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Abstract

This paper is concerned with stabilization and disturbance attenuation
problems for linear systems with uncertain parameters. We consider the case
where the uncertainties are possibly unbounded but have a certain normal
distribution and the case where the uncertainties are arbitrary but bounded.
Criteria for the solvability of the disturbance attenuation problem are pre-
sented in terms of generalized Riccati-type matrix inequalities and equations.
The main part of the paper is devoted to the analysis and solution of these
equations. A numerical example is given to illustrate our results.

1 Linear models with uncertain parameters

We consider linear continuous-time control systems with parameter uncertainty. For
motivation assume that we are given a time-invariant state-space model of some
physical system and call this model the nominal system:

zr = Az, zeR".

It is clear that the dynamics of the nominal system only approximately describes
the true dynamics of the physical system. Three important sources of error are the
following: Firstly it is often impossible to determine the values of the system param-
eters exactly; secondly nonlinear effects have been neglected; thirdly the physical
system is subject to exogenous disturbances, which might lead to changes in its
dynamics.

In order to cope with these problems one can allow for parameter uncertainties in
the nominal system. Corresponding to the different error sources, the nature of the



uncertainties can be different. If a linear time-invariant model is sufficient, but one
is not able to determine the true values of some parameters exactly, then one can
consider a whole class of systems

T = (A + Ao).’L’, AO € ./40 C R’nxn .

The set Ay represents all possible deviations of the true system parameters from
those of the nominal system.

If, however, we wish to cope with nonlinear or exogenous effects, it is, in general,
not sufficient to model the parameter uncertainties time-invariant. We are rather
led to a model of the form

i o= <A+i5i(t)A((f)>x, (1)

where the A} represent the uncertain parameters and the §; are unknown scalar
functions.

In the deterministic theory one usually assumes the 9; to be bounded in norm,
i.e. maxeg |0;(t)| < d; for some given d; > 0. Then a typical question is whether (1)
is stable for all §; satisfying this constraint.

But one also might require the §; to have certain statistical properties. A common
concept is to model the §; as zero-mean Gaussian stochastic processes with intensity
o; > 0 and to consider the Ito-equation

N
dr = Azdt+ Z JiA(()i).T dw . (2)

=1

This model allows for arbitrarily large deviations from the nominal system if these
deviations occur not very often, i.e. with sufficiently small probability. Now a typical
question is whether system (2) is stable in an adequate stochastic sense.

Systems of the form (2) were introduced into the control literature by Wonham [15]
and have been dealt with extensively since. Robust H*-type control problems for
stochastic systems have recently been studied e.g. in [8], [5] and [13].

On the other hand it has been observed in [1] that mean-square stability of (2) is
closely related to the robust stability of (1): If (2) is mean-square asymptotically
stable with a certain decay rate a then one can provide bounds d; such that (1) is
asymptotically stable for |4;| < d;.

The object of the present paper is threefold: Firstly we study a static state-feedback
disturbance attenuation problem, where we allow for stochastic uncertainty in all pa-
rameters of the state equation. Note that [8] addresses the dynamic output feedback
problem — which is more general — but does not allow for parameter uncertainties
at the control input. Our problem leads to a very general indefinite Riccati-type
matrix inequality, whereas the approach in [8] led to a coupled pair of Riccati-type
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matrix inequalities each of which is a special case of the one derived here. A thor-
ough discussion of the inequality derived here seems to be indispensible to cope with
the coupled pair of inequalities from [8].

Therefore, secondly, the main part of the paper is devoted to the analysis of this
matrix inequality and the corresponding equation. We provide necessary and suffi-
cient conditions for the existence of a stabilizing solution and suggest an iterative
method to compute it.

Thirdly we show, how the stochastic disturbance attenuation problem relates to
the corresponding deterministic problem with bounded parameter uncertainties; we
give sufficient conditions for a disturbance attenuation problem to be solvable in
this case. The results are illustrated by a simple example from the literature.

2 An H*-type control problem for a system with
stochastic parameter uncertainty

We consider a linear stochastic system with the disturbance input v, the control
input u, and the to be controlled output z:

dxz(t) = t)dt + Z Alz(t) dw;(t
+ Byu(t)dt + Z B; yo(t) dw;(t) (3)
=1

N
+ Byu(t)dt + B} qu(t) duw(t)
=1

z(t) = Cz(t)+ Dyv(t) + Dou(t).

Here z € K*, u € K™, v € K¢, 2 € K9, where K = R or K = C and all matrices are
matrices of fitting sizes over K. The processes (w;(t))ier,, ¢ = 1,..., N are indepen-
dent uncorrelated zero mean real Wiener processes on a probability space (2, F, )
with respect to an increasing family (F;)wcr, of o-algebras F, C F (compare [6]).

Remark 2.1 By our assumption the covariance matriz QQ of the N-dimensional
Wiener process [wi(t), ..., wy(t)]T is the identity. This is not a restriction, for if
Q # I, we can consider uncorrelated and normed linear combinations of the w;, if
we transform the matrices Al and BY as follows:

[ 4y By]L, =(VQoL)[ 4 B, .
where @ denotes the Kronecker product, and | A}y Bj } € KnNx(ntm)
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Let L2 (R, ,K*) denote the corresponding space of non-anticipating stochastic pro-
cesses v with values in K¢ and norm

Oz = & ([ P <o

where £ denotes expectation.

It is known from stochastic analysis, that for all (z¢,v,u) € K* x L2 (R, ,K") x
L2 (R, ,K™) there exists a unique solution x(-; zy, v, u) of (3) and thus also a unique
output process z(-; zg, v, u).

Our aim is to construct a state-feedback control u = Fx, such that (3) is stabilized
and the effect of v on z is reduced.

To be more precise, let us consider the closed-loop system

N N
dz(t) = Em(t)dt + Z A\BSC dw; + Byvdt + Z B} yv dw; (4)
i=1 i=1

z = ax—i-Dlv,

with A = A+ B,F, Ay = A) + Bj,F, and C = C + D,F.
The solutions of (4) with initial value xy at t = 0 are denoted by z(¢;xo,v); the
corresponding output processes are denoted by z(t; zg,v).

Definition 2.2 We call system (4) internally (mean-square) stable if for all zy €
K" the unperturbed solution x(-,x¢,0) is in L2 (R, K"), or egivalently, if there exist
numbers M > 1, a > 0, such that

E||z(t; 20, 0)||* € Me™?*||zo||*  for all zy € K", t > 0.

If such an « is given we also say, that (4) is internally stable with decay rate greater
than a.

If system (3) is internally stable then for all perturbations v € L2(R,,K’) the
solution x(¢;0,v) (starting at zo = 0) is in L2 (R, ,K") (see [8]).

Definition 2.3 Let system (8) be internally stable. We define the perturbation
operator L' : L2 (R, | K*) — L2 (R, ,K?) by L¥ (v) = 2(-;0,v).

In these terms we can give a precise definition of our design problem, which is a
straight-forward generalization of the suboptimal H*-control design concept from
deterministic to stochastic systems.

Definition 2.4 Let v > 0. The y-suboptimal stochastic H* problem consists in
finding a feedback-gain matriz F, such that system (4) is internally (mean square)
stable and the perturbation operator Y : v — z has norm ||L|| < 7.
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The stochastic bounded real lemma by Hinrichsen and Pritchard [8] gives a necessary

and sufficient condition for F' to solve the «y-suboptimal stochastic H* problem.

Theorem 2.5 System (4) is internally (mean-square) stable and the perturbation
operator LY has norm ||IL¥'|| < v if and only if there exists a negative definite matriz

0> X =X*e K™ such that

QUX)>0 and RH(X):=Pr(X) - Sp(X)QU(X)SH(X) > 0.

Here the affine linear matriz operators Pr, Sp and Q] are given by
N
Pp(X) = A'X+XA+> AFXA,-C*C
i=1

N
Sp(X) = XBi+Y AyXBj —C'D,
=1
N . .
QU(X) = > BjXBj ++'I—D"D

=1

with A = A + ByF, A\B = A}y + BiyF, and C = C + DyF, as before.

The inequality (5) and the equation R7(X) = 0 have been studied in [3]:

Corollary 2.6 If (A, C) is observable, then the following are equivalent:

(i) 3X <0: Q1(X) >0 and RL(X) > 0,
(ii) 3X < 0: Q7(X) >0, RL(X) =0 and o (R})) C C_.

Here (R})x denotes the derivative of R}, at X.
The implication (ii)=(i) holds without the observability assumption.

(5)

By Theorem 2.5 the y-suboptimal stochastic H*-problem is solvable if and only if
there exists a pair of matrices (F, X) such that (5) is satisfied. To delete the matrix
F from this condition we use a completion of the square argument, where we impose

a regularity assumption. Let us first introduce the following notation. We set

—-C*C -C*D, —C*D
MY = | =DiC —-DiD, —DiD,
—D:C —D:D, ~°I—D:D,
v [ AFXAL AFXBL, AFXBi
M(X) = Y | ByXAy BjXB, ByXBj
i=1 | BpuXAy BpXBgy BjXBg

5
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and with the same partition we define

Po(X)  Soa(X) Sor(X) A'X+XA XB, XB
So0(X) Qo(X) Su(X) | = BiX 0 0 |+I(X)+M
Si10(X) Si(X) QF(X) BiX 0 0

Note that II is a positive operator in the sense of Definition 4.1 below.

Definition 2.7 We call system (3) regular if DDy > 0.

Note that regularity of (3) implies Q2(X) < 0 for all X < 0. Often one also
assumes D3C' = 0 for regular systems, since this can always be achieved by some
transformation. In general, however, we do not make this assumption.

Theorem 2.8 Let system (3) be reqular. The y-suboptimal stochastic H® problem
15 solvable, if and only if there exists a negative definite matriz X < 0, such that

QI(X) > 0 (9)
and the Riccati-type inequality

e e N o I BT

18 satisfied.
For any matriz X < 0 satisfying (9) and (10), the feedback-gain matriz

—(Q2(X) = Sn(X)Q](X) 1512(X)) H(S20(X) — Son (X)Q (X) ' S12(X)) (11)

solves the y-suboptimal stochastic H* problem.

Proof: Factoring out the matrix F' we can write the second inequality in (5) as

0 < RE(X) = Po(X)— Sou(X)Q](X) ™" S10(X)
+ (Se2(X) = S (X)QT(X) ' S10(X))F
+ F*(S20(X) — Sor(X)QT(X) ™" S12(X))

+ F*(Q2(X) — S (X)QY(X) ' Sia(X)) F
= P(X)+S(X)F + F*S(X) + F*Q(X)F (12)

with an obvious correspondence of terms.
Note that Q(X) = Q2(X) —S21 (X)Q](X) 1S512(X) is negative definite, since Qs < 0
and @7 > 0. By the relation
P+F*S+S*F+F*QF = P+ (F*+8SQ HYQ(F+Q 'S*)—-SQ 'S* (13)
< P—-SQ7'S* (with equality for FF = —Q~15%)
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it is clear, that P+ F*S + S*F + F*QF > 0 implies P — SQ 1S* > 0; if vice versa
P—SQ 'S*>0then P+ F*S + S*F + F*QF > 0 holds with F = —Q15*.

In other words, if the y-suboptimal H®-problem is solvable then there exists a
matrix X < 0 such that Q](X) > 0 and R7(X) := P(X)—-S(X)Q(X)~'S(X)* > 0;
and if such an X exists, then the matrix F' in (11) solves the 7y-suboptimal H -
problem.

It remains to verify, that R has the form specified in (10).

To this end we write R7(X) as the Schur-complement

RV (X) = Schur([éj* g]/Q) of the matrix [5* g}

with respect to the block (). Furthermore we write

Po(X)  Sea(X) Sou(X)
P S
. = Schur Sa0(X)  Q2(X)  Sar(X) Q.
[S Q] Sw(X) Si(X) Q1(X) /

i.e. we interpret R7(X) as a double Schur-complement.
Applying the quotient formula from Lemma A.2 we find

Py(X) Spa(X) So1(X)
Q2(X)  Sn(X)
R’Y(X) = Schur SQ()(X) QQ(X) 521<X) v
S0(X) Su(X) QI(X) [S”( ) Qm]

X
- =[]0 G ] (5]

From our calculations we can also draw the following conclusions.

Corollary 2.9 Let system (3) be reqular. If X < 0 satisfies Q](X) > 0 and F is
defined according to (11), then R7(X) = RL(X), and R} = (R}.)'x.

Proof: The first assertion follows from (13). With F = —Q(X ) 1S(X)* we have
for the derivative of R” at X in direction H
RY'(H) = P'(H)+S'(H)F+FQ(H)F+FS'(H) =(R})x(H) .

Here we have applied the product rule for R?, whereas R}, was evaluated according
to (12). a

Remark 2.10 Together with the constrained Riccati-type inequality (10) and (9)
we study the constrained Riccati-type equation

RN (X)=0 withX <0 and Q](X)>0. (14)
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We can recover the Riccati equations from different types of H*-control problems in

(14). For simplicity let D3[C, Dy] = [0,I] and Dy = 0 now.

(i) IfI1 =0, i.e. all stochastic terms vanish, then (10) specializes to the indefinite
Riccati equation of deterministic continuous-time H -control:

A X+ XA-C*C—-X(-BiB,+7?B;B)X = 0

(1) If A = —%I, B, =0, By =0, equation (14) turns into its counterpart from
discrete-time stochastic control (compare [4]).
A*XAy A:XBy A:X DBy
(iii) If A= =11, B, =0, B, =0, and TI(X) = | B{,XAy BiX By 0 ,
Bj X A 0 B§, X By
we discover the constrained indefinite Riccati equation of deterministic discrete-
time H>-control: B X By, +v*I > 0, and
—X + AjX Ay — C*C — Ay X Boa (B X Boa — 1) 7' By, X Ao
— A} X By (B3 XBoy + v°I) "By X Ay = 0.

(iv) If we let v — oo in either of the Riccati-type equations from H™ control, we
end up with the corresponding Riccati-type equation from LQ-control.

3 An H*-type control problem for a system with
bounded parameter uncertainty

As we have pointed out in the first section, there are various ways of modelling
parameter uncertainty, and in many cases one might argue, which one is appropriate.
Therefore it is interesting to observe, that our approach via generalized Riccati
inequalities captures different types of parameter uncertainties at once.

In analogy to the systems (3) and (4) we consider the open-loop system
i = <A+Z(5 A’)x—f—(Bl—{-Z(S B;0>v+(32+25 B;O>
1=1 =1
z = Cr+ D1U + DQU s <15)
and the corresponding closed-loop system

i(t) = (A—i—Z(S Al>x+ (Bl+25 B;O> (16)

=1

z = Cx—l—Dlv.



The 6; are arbitrary measurable real or complex functions, which are bounded by
given numbers d; > 0, i.e. V& > 0:|;(t)| < d;.

We denote the solutions of (16) by xs(t; xg,v) and the output by zs(t; zo, v).
System (16) is called internally stable if for all z the unperturbed solution x;5(t; z¢, 0)
is exponentially stable, i.e. Jw > 0, M > 1: ||zs(t; 20,0)]| < Me“" .

For a given 7 > 0 let the matrix operators )] and R” be given like in (9) and
(10). We will give a sufficient stabilization criterion with guaranteed disturbance
attenuation bound ~ for system (15) in terms of these matrix operators. It is based
on the following very simple inequality, which has been used already in [1] to derive
a sufficient robust stabilization result from a stochastic stabilization criterion.

Lemma 3.1 Let 0 < X = X* € K" and V,W € K*** be arbitrary. Then
VXV +WXW < SV*XW +6W*XV  forall 6 € C with |6| < 1.

Proof: The assertion follows from V*XV + W*XW — (JV*XW + §W*XV) =
(6V + W)*X (6V + W)(1 — |6|*)V* XV which is nonpositive if |§] < 1. O

Theorem 3.2 Lety >0, a = Zivzl d? and assume that there exist a matriz X < 0,
such that

QI(X)>0 and R'(X)>-aX. (17)
If F is given by (11) then system (16) is internally stable; moreover zs(+;0,v) €
LR, ,RY) if v e L2(R,,RY) and ||zs5(;0,v)||z2 < y|Jv||Lz.

Proof: By Lyapunov’s second method, (16) is internally stable if there exist an
X <0, such that for all ¢ > 0

<2+ i 5i(t)23> X+ X (2+ fj(sia)ﬁg) >0. (18)

The inequality R7(X) > —aX implies Py(X) > —aX, that is
N
A'X + XA+ aX +) AFXA)>0.
i=1

Since by Lemma 3.1 for each summand d?X + Al X A} < §;Ar X +6,X Al if |6;] < d;,
we see that (18) holds, if |0;(¢)| < d; and o = 3 d2.
Now we consider the finite-horizon cost functional

) = [ G0l - ) d
[ 6] 1256 <o ][50
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where z(-) = z5(-;0,v) and z(-) = 2z5(+;0,v). We need to show, that Jp(v) > 0 for
all 7' > 0. With X < 0 we have

Jr(0) > Jr(v) + 2(T) Xa(T) = Jp(v) + /0 %(w(t)*Xx(t)) it

Computing the derivative in the intgrand and using the previous expression for
Jr(v), we find that the right-hand side is nonnegative, if

AT I A —C*C —C*D
0 < Bot E;‘]X[O]JF[O}X B [—D*C 72I—D*D} (19)
where
a Ar T I A
— 5 o , Ao
Ay = ;(@(t) B%] X[O]—I—é,(t)[o}X B )

By Lemma A.2 condition (17) is equivalent to (19) if we replace Ay by

a o= Saef1] x[!
L= 2| 0"
=1

Like above, we see by Lemma 3.1 that the i-th summand in Ay exceeds the i-th
summand in Ay, if |6;(t)| < d;, whence (19) holds.
Letting T — oo we find v||v||2 < 7||v]|L2 |

Nk

Ab
T%

BlO

Nk

Ab
3%

BlO

Remark 3.3 (i) If condition (17) holds for some value y then it also for all 7 in
a whole neighbourhood of v. Hence we actually have ||z5(-;0,v)||z2 < ¥||v||L2

forv #0.

(11) The same method can also be applied to deal with uncertainties that are com-
binations of the two types considered here.

4 Solution of the Riccati equation

For the analysis of the Riccati-type inequality (10) with constraint (9) it is useful
to study the corresponding constrained Riccati-type equation

R (X)=0 with X <0and Q](X)>0. (20)
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For later use let us define

domR? = {X eH":det gz(g;)) f;f((})(()) 20}, (21)
dom; R" = {X e€eH": X <0and Q](X)>0}. (22)

Note that R7 is well-defined on domR” and that dom; R?Y C domR”. We will
express the constraint X < 0 and Q](X) > 0 from now on as X € dom, R".

One way to solve Riccati equations is Newton’s method. In a series of papers in-
cluding [9], [16], [7], [2], non-local convergence results were established for Newton’s
method applied to different types of Riccati equations (see also [10]). In [3] we have
shown that these results rely only on a few properties of a certain class of concave
operators in a partially ordered vector space. We briefly summarize the main facts
and definitions.

4.1 A non-local convergence result for Newton’s method

Let H" C K™ (K = R or K = C) denote the real space of real or complex n x n
Hermitian matrices. By HY = {X € H" | X > 0} we denote the closed convex cone
of nonnegative definite matrices and by int (7-[1) its interior, i.e. the open cone of

positive definite matrices. The cone H' induces a partial ordering on ‘H": we write
X>Y, it X -Y eH}.

We need to introduce three notions for operators on H™: Resolvent positivity, con-
cavity, and stabilizability.

Definition 4.1 A linear operator T : H™ — H™ is called positive (T > 0) if it
maps HY to HT'. A linear operator T : H" — H" is called inverse positive if it
is invertible and T~ is positive; it is called resolvent positive, if for all sufficiently
large o > 0 the resolvent operator (oI — T )™ is positive. By o(T) we denote the
spectrum of T .

Example 4.2 (i) Let Ay € K™ then the operator Il14, : H™ — H™ defined by
[T, (X) = A§X Ag is positive. In particular the operator I1 from (8) is positive.

(ii) All positive operators Il : H™ — H™ are resolvent positive, since for a > p(II)
the resolvent (oI — 1)~ = 373  a~*+III* 45 positive.

(111) Given A € K"*™ the associated Lyapunov operator L4 : H" — H", La(X) =
A*X + X A, is resolvent positive but, in general, not positive.

Theorem 4.3 [12] Let £ : H" — H" be resolvent positive and I1 : H™ — H™ be
positive. Then L + 11 is resolvent positive, and the following are equivalent:
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(i) £+ 11 is stable, i.e. o(L+ 1) C C_.
(i) —(L +1I) is inverse positive.
(iii) o(L) C C_ and p (L ') < 1.
(iv) AX <0: (L +I)(X) > 0.

The definiteness conditions in (iv) can be weakened:
Corollary 4.4 [3] Let (A, G) be observable, G > 0, and assume
X <0: (L+1)(X)>G.

Then X <0 and L + 11 is stable.

Let G be a nonlinear Fréchet-differentiable operator from some open domain dom G C
H" to H". Let further dom G be some nonempty open convex subset of dom G. By
G\ (H) we denote the derivative of G at X in direction H.

Definition 4.5 The operator G s said to be dom G-concave on dom G if for all
Y edom§G and Z € dom G

GY)-G(Z)+ Gy (Z-Y) > 0.
In geometric terms G is dom G-concave on dom G, if the graph of G over dom, G

lies below all tangents to the graph of G at arbitrary points in dom G. Thus dom G-
concavity on dom ¢ implies concavity on dom, G.

Example 4.6 For a given matriz F' the operator R}, defined in (10) is dom, R-
concave on dom R} = {X € H™ | det Q](X) # 0}, see [3].

The operator R”, however, is not concave.

Definition 4.7 The operator G is said to be stabilizable if there exists a matrix
X € dom@, such that 0(G%) C C_. The matriz X is then called stabilizing (for G).

Now we can state the non-local convergence result for Newton’s method.

Theorem 4.8 Let G and the sets dom G and dom G be given as above and assume
that the following conditions hold:

(a) The set dom, G is saturated above, i.e. dom; G = dom, G + H;.

(b) The operator G is dom, G-concave on domgG.
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(c) For all X € dom G the derivative G is resolvent positive.

Assume further that G is stabilizable and let Xo be stabilizing.
If the inequality G(X) > 0 has a solution X in dom, G, then the iteration scheme

Xis1 = X — (G%,) G (X)) (23)

defines a sequence (Xy) in dom G with the following properties:

(i) VE=1,2,...: X €dom; G, Xy > Xpy1 > X, and J(QQ(k) cC._.

(11) (Xx) converges to a limit matriz X, € dom, G that satisfies G(Xy) = 0 and
is the largest solution of G(X) > 0.

(i) 3X € dom; G: G(X) >0 <= o(Gy,) CC_.
In this case the Newton-iteration converges quadratically.

If the inequality G(X) > 0 is not solvable in dom, G, then either (i) fails, i.e. for
some iterate Xy we have Xy ¢ dom, G or o(Gy ) ¢ C_; or (i) fails i.e. the X,
diverge to oo or the limit matriz X, s a boundary point of dom, G.

4.2 A transformation of the Riccati operator

We define another rational matrix operator G from some subset dom G C H" to
H™ by

Gg(Y) = YR'(-Y HY. (24)
(with R like in (10)) where we set

domG” = {Y|detY #0, and X = -Y ' € domR"}, (25)
dom,G” = {Y|X=-Y !'edom,R"}.

Similar transformations have also been applied to solve the Riccati equation of the
deterministic H*°-control problem (e.g. [10]). The important point — in our terms —
is, that G7 is dom G”-concave, whereas R” is not concave.

Lemma 4.9 The following hold:

(i) domy G7 = dom  G7 + H}.

(ii) For all Y € dom G" the derivative Gy' is resolvent positive.
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(11i) G7 is dom, G7-concave on dom G7.
(iv) If detY # 0 and X = —Y " then (gv(Y) Yo = rx)%o )
(v) IfdetY #0, X = —-Y ' and G'(Y) =0 then o(Gy') = o(R%).

1
(vi) lim - Gli' = Lrr) and R7(0) < 0.

Proof: The statements (i) and (iv) are obvious. Assertion (v) follows from

Gy (H) HR'(X)Y + YRV (X)H + YR (Y 'HY Y)Y

by (i
YAy Rty Yy

because the operator H — YR} (Y HY )Y is similar to H — R}'(H); in the

notation of Kronecker products the similarity transformation is given by Y @ Y71

The proof of the remaining statements (especially (iii)) is very technical; we present
it in the Appendix. O

Lemma 4.9 will be applied as follows: By (i)—(iii) we can apply Theorem 4.8 to
solve the equation G7(Y) = 0 which by (iv) is equivalent to solving the equation
R7(X) = 0; by (v) a solution Y is stabilizing for G7 if and only if X = —Y ! is
stabilizing for R”. Assertion (vi) is used to guarantee the existence of stabilizing
matrices for G7.

4.3 Main result

Let R” and G” be defined according to (10) and (24). We study the relation between
the Riccati-type inequality R7(X) > 0 and the equation R”(X) = 0. Our results
parallel and generalize results from the deterministic theory: The existence of a
stabilizing solution to the Riccati equation is equivalent to the solvability of the
strict inequality if one either imposes an observability condition on the given system
(3) or a stabilizability condition for the transformed operator G7.

We set,

A= A— By(D3D,) 'D3C, Py=C*C —C*Dy(D3D,) 'D3C . (26)
Note that A = A and Py = C*C under the regularity assumption D;C = 0.

Theorem 4.10 Assume that (a) G is stabilizable, or (b) (A, Py) is observable.
Then the following are equivalent:

(i) 3X € domy R, such that R(X) >0
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(i) 3X; € dom; R?, such that R(X;) =0 and o (R}(Jrl) cC..

The matriz F defined according to (11) with X = X, solves the y-suboptimal H*-
problem.

Proof: The equivalence of (i) and (ii) under the assumption that G7 is stabilizable
follows immediately from Theorem 4.8 and Lemma 4.9.

By Lemma 4.14 below, the observability of (A, P) together with (i) implies the
stabilizability of G7. Hence (b) implies the equivalence of (i) and (ii).

It follows from Corollary 2.6, that F' solves the y-suboptimal H*-problem. O

By Theorem 4.8 we can also suggest an iterative method to solve the inequality
RY(X) > 0 with an almost canonical choice of the initial matrix. The idea is to
perturb R? slightly, such that 7 becomes stabilizable and the strict inequality
remains solvable. We define R7* : X — R7(X) —el and G7*: Y — G7(Y) — Y2

Proposition 4.11 Assume that for some € > 0 there exists an X € dom; R", such
that RY(X) > el. Consider the sequence (Yy) produced by Newton’s method applied
to the equation G7¢(Y') = 0 starting at Yy = vI.

If v > 0 is chosen sufficiently large, then the Y}, converge quadratically to a stabilizing
solution Y € domy G7 of this equation. Hence X§ = (Yi)™' € dom;R" is a
stabilizing solution of the equation RY(X) = el; moreover it is the largest solution
of the inequality R7(X) > eI.

Proof: The operator G7¢ is well-defined on dom G and the properties (ii) — (v)
of Lemma 4.9 carry over to G"*, By property (vi) of the same Lemma we have
lim, o0 1 Gl¥' = Lrvo) e1- Since RY(0) — el < 0 the operator G;' is stable for

sufficiently large v > 0. By assumption the inequality G”*(Y) > 0 is solvable in
dom  G7. Therefore the result follows from Theorem 4.8. |

Corollary 4.12 Assume that there exists an X € domy R”, such that R7(X) > 0.
Then there exists an Xy in the closure of dom; R?, such that R"(X,) = 0 and

o (R}’(Jr') C C_ UiR. The matriz X, is the largest solution of R7(X) > 0.

Proof: For sufficiently small € the assumptions of Proposition 4.11 are satisfied.
Since the X% are the largest solutions of R7(X) > eI, they increase as € decreases.
As elements of dom; R7, however, the X] are bounded above by 0. Hence they
converge to some X, € cldom  R” and our assertions hold by continuity. a

If we consider the matrix X, from Corollary 4.12 we can fill the gap in the proof of
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Theorem 4.10 by showing that the observability of (A, Py) implies X, € dom, R?
and o (R}’(Jr') C C_. We need another technical lemma, partly from [16].

Lemma 4.13 Let C, D, E, G be matrices of adequate sizes, such that

GG DD = BE (27)
(i) If the pair (A, C) is observable, then also (A + GD, E) is observable.

(ii) In particular, if (A, By) is observable, then (A + ByF,C + DyF) is observable
for arbitrary F € K™*",

Proof: (i) If (A+ GD, E) is not observable, then there exist a vector z # 0 and a
number A € C, such that Ex = 0 and (A + GD)z = Az. By (27) Ex = 0 implies
Cx =0 and Gz = 0, whence also Az = Az. Therefore (A, C) is not observable.

(i) If we set C = P2, D = (DyDy)2F + (D5Dy) 2 D3C, E = C + DyF we find
that (27) holds. Moreover, with G = By(D3Ds)"2, we have A+GD = A+B,F. O

Lemma 4.14 Assume that there exists an X € domy R”, such that R"(X) > 0. If
(A, Ry) is observable, then there exists an X, € domy R”, such that R"(X,) =0

and o (R}q') cC..

Proof: It remains to show, that the matrix X, < 0 from Corollary 4.12 is negative
definite and stabilizing. By Corollary 2.9 and the definition of Pr in (6) it follows
that

(A4 BoF)' X, + X (A4 BoF) > (C+ DyF)(C + DoF) |

whence by Lemma 4.13 (ii) and Corollary 4.4 we have X, < 0, i.e. X, € dom, R".
Thus also YV, = —X,' € dom; G” and G?(Yy) = 0. Moreover Y, is the largest
solution of the inequality G?(Y) > 0. By our first assumtion there exists an Y €
dom, G7, such that G(Y) > 0. We conclude, that ¥ < Y,. Since G is concave on
dom, G, we have

GL'(Y =Yy > G(Y)-G'(Ye)=G"(Y)>0.

As a continuous operator g;+’ maps a whole neighbourhood of Y =Y, < 0 toint H'}.

Since g;+’ is resolvent positive, Theorem 4.3 yields o (gg’) c C_. a
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5 Example

In [13] and [14] a linear model of the two-mass spring system with uncertain stiffness
depicted in Fig. 1 was considered.

T

L1 L2 Zo
— > ./L' —

k = ko + A(t) i

v U 3

—{m; =1 my =1H——» T2
//////////////////////////////////////////////////////////////////////
//////////////////////////////////////////////////////////////////////////////////

Figure 1: Two carts on a rail, connected by a spring

The system consists of two carts connected by a spring; there is a disturbance v
acting on the left cart and a control force u driving the right cart. The control is
to be chosen such that the distance between the carts is always nearly the same,
i.e. the effects of v have to be annihilated. This is a typical disturbance attenuation
problem.

It is assumed that the spring constant & = k() has the nominal value ky = 5/4, but
it can vary (e.g. due to nonlinear effects of the spring) and is considered uncertain.
In a series of experiments under different conditions it was found out, that at each
instant of time the values approximately have a Gaussian distribution centered at k.
The experiments also showed, that k ranges over [0.5,2]. Therefore the difference
A(t) = k(t) — ko was modelled as a Gaussian white noise process with intensity
o = 1/4 ensuring that |A(¢)| < 0.75 and hence k € [0.5,2] with sufficiently high
probability.

As pointed out before, one might argue, whether this model is adequate. It is
possible, that the Gaussian distribution of the values k& was not produced by one
individual spring at different instances of time, but by different springs, with time-
invariant stiffness each. Or the stiffness of each spring is in fact time-varying but
not a Gaussian process. In this case the concept of bounded uncertainties might be
preferable. To see the difference, we follow the approach of [13] and discuss, what
it gives for the case of bounded uncertainties.

The state-space equations of the stochastic spring system take the general form

dz = (Az+ Byv + Bou)dt + Agz dw ,
z = Cx+ Du.

Hence the Riccati equation of the stochastic y-subobtimal H* problem is given by
RN(X)=A"X+ XA+ A[XA —-CC+X (BQ(D*D)_lB;" — 7_2Ble) X=0.
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For the transformed operator
GY)=-YA* — AY —YAYY 'A)Y —YC*CY + Bo(D*D) 'B; — v *B, B}
with dom G7 = {Y € H" | detY # 0}, and dom G7 = int H'} we have

GL(H) = (—A" = C*CYy — Y AgYo) H + H(—A* — C*CYy — ALY ApYy)
+ (Vg ' AoYo) H (Y " AoYo) -

If (A, C) is observable, a stabilizing Y; exists and can be chosen independently of .
With the data in [13]:

0 0 10 0 0 00
0 0 01 0 0 00

A= —5/4 5/4 0 0|’ Ao = ~1/4 1/4 0 0|’
5/4 —=5/4 0 0 1/4 —-1/4 0 0
1000 0
Bi ] _[0010)  ~_ g1 00]|, p=|o

BI 000 1]’ 000 ol Ll

we found Yy = 21 — (eTes + el'e;) (with canonical unit vectors e;) to be stabilizing.
For v = 2 we could reproduce (by Newton’s method in 10 steps) the solution ob-
tained by Ugrinovskii; by a bisection search we found the optimal attenuation value
to be v, ~ 1.8293. For v = 1.8293 the solution

4.6440 —6.4837 —4.7299 —3.3828

—6.4837 19.1359 17.4201 10.4627

—_ _1 ~
X=Yo » | 4999 174201 18.9092 9.8687 | = °

—3.3828 10.4627 9.8687  7.0731

of R7(X) = 0 is obtained in 13 steps, whereas for v = 1.8292 the 11th iterate Y3, is
not stabilizing (i.e. by Thm. 4.8 in this case G,(Y) = 0 is not solvable in int H} ).

For comparison we study the system

= Cx+ Du.

In view of Theorem 3.2 we wish to determine the largest value o = .y, such that
GY)—aY =0

has a stabilizing solution in dom, G7.
For v = 2 we found ap.x = 0.0756, whence for all |§()| < d =! /Omax = 0.275
system (28) is stabilizable with attenuation level v = 2. This bound correponds to
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|A(t)] = |k(t) — ko| < 0.0687 =: A, which is rather far away from 0.75.
Considering different attenuation levels v we found (by a bisection search) the fol-
lowing maximal admissible uncertainty bounds A:

0 1.893 2 4 10 100 1000 00
A 0 ]0.0687 |0.1994 | 0.2826 | 0.4146 | 0.5590 | 0.8803 .
Alkg| 0 0.05 0.15 0.23 0.33 0.45 0.70

Apparently we can guarantee stability for an arbitrary time-varying parameter & :
t — k(t) € [0.5,2] only if we abandon disturbance attenuation. But if we aim at an
attenuation value of v = 2 or v = 4, we can still allow deviations of k() from kg of
about 5 or 15 percent, respectively.

We repeat, that our criteria for the case of bounded uncertainties are sufficient only.
One might, for instance, get better results if one chooses a different o, i.e. another
scaling of Ajy.

A Schur complements

We give a brief account of Schur complements, as far as they are needed in this
paper. Our standard reference is [11]. The notation is adapted to our framework,
such that the formulae can be applied easily. All variables, however, are local; they
do not necessarily have the same meaning as in the rest of the paper.

Definition A.1 For a Hermitian 2 X 2-block matriz M = [ 5]:1 g } we define the

Schur complement Schur(M/Q) = P — SQ~1S* with respect to Q, if Q 1is invertible,
and the Schur complement Schur(M/P) = Q — S*P~1S with respect to P, if P is
wnvertible.

The inertia in M of M is defined to be the triple (m,v,6) € N>, where 7, v, § denotes
the number of positive, negative and zero eigenvalues of M, respectively.

Whenever the inverse of a matrix occurs in this section, it is tacitly assumed, that
the matrix is nonsingular.

Lemma A.2 (i) Inertia formula:
inM = inQ+inSchur(M/Q) =in P + in Schur(M/P) .
In particular M >0 <= Q>0 and P—SQ15* > 0.

(i) Inversion formula:

M= [POI 8]+[_Plls]schur(M/P){_PIIST
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(#ii) Quotient formula: If QQ = [ gz %21 } then
12 G

Schur(M/Q) = Schur(Schur(M/Q) / Schur(Q/Q1)>.

B Analysis of the operator G”

The proof of the statements (ii), (iii) and (vi) in Lemma 4.9 proceeds by explicit
calculations, involving large expressions with block matrices. Therefore we have to
use an efficient notation, that is short enough for us to retain the overview and
explicit enough to make the calculation transparent.

The subblocks of the matrix M” from (7) and the positive operator II from (8) are
denoted as follows:

[ —-C*C —C*Dz —C*Dl [ P() SOQ S()l -|
]\47 = —D;C —D;DQ —D;Dl = 520 PQ 521
—DTC _DTDQ ’721— DTDl J [ SlO 512 P1 J
Mo(X) Soo(X) Zor(X)
M(X) = | Sp(X) TL(X) ¥ (X)
| Z(X) Ep(X) IL(X)

That is, we use the shorthand notation Py = Py(0), Sp2 = Sp2(0), etc., and set
Io(X) = 32,1, AT XA, Zoo(X) = 3,0, AT X B, - -
Moreover we set

Py = YA —AY —YI,(Y Y +YPY
B - [B B
o) = [ Zoe() Zoa() ]
So = [ S02(0) Ser(0) ]
fl0(') = E0(') — S0
Sy = B+YS(Y ) —VS,=B+Y5S (Y
N | () Bal)
() = [212(,) I () ]
_ | @20) S2(0)
@ = [512(0) Ql(())]
Qv = Qo—Mu(Y ™),
such that
GY) = Py—SvQy'Sy
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In products of the form V*WV we sometimes write [...] for the right factor, if it is
the conjugate transpose of the left factor.

Proof of Lemma 4.9

(ii) We have to show that GJ.' is resolvent positive for all Y € dom G”.
For the factors we have

P,(H) = —HA*—AH +H(Py—Ty(Y ) )Y + Y (Pl (Y ')H
+ Y (Y'HY Y)Y

Sy(H) = H(S(Y™') = Sp) = YE(Y 'HY ™)

Qy(H) = Iy(Y'HY ™).

Thus

V(H) = PL(H)—Sy(H)Qy'Sy — SyQy Sy (H)* + SyQy' QY (H)Qy Sy
= —AH - HA*+ HP) —y(Y )Y +Y(Py — (Y ) H
+ H(Sy — So(Y 1)Qy'Sy + YT (Y THY HQy'Sy
+ Sy Q7' (So — So(Y ™)' H 4+ SyQy'So (Y 'HY )Y
+ Y (Y THY Y + SyQy' Ty (Y THY HQy 'Sy
= (mA+5yQy (So — Zo(Y ™)) +Y (P — (YY) H (29)
+ H(—A" + (So — So(Y 1)Qy'Sy + (P — (Y 1))Y)
N Y T Ho(YTTHY ™Y So(Y'HY ™) Y
Q;IS{/ ZO(Y_lHY_l)* I, (Y‘lHY_l) Q;ls;
which is the sum of a Lyapunov operator and a positive operator and thus resolvent
positive by Theorem 4.3 together with Example 4.2.

(iii) We have to show that G is dom G"-concave on dom G7, i.e.
VY edomG,Zedom,G: GY)-G(Z)+Gy(Z-Y)>0.

Letting H = Z — Y in the previous expression for Gi,(H) we obtain after some
cancellation and reordering of terms

G(Z-Y) = AY —2Z2)+ (Y — 2)A*

*

Y H()(Y_l + Y_IZY_I) - 2P, Py — H()(Y_l) Eo(Y_IZY_l) - So
n A Py — (Y1) 0 So—o(Y1)
Qv Sy (So(Y1ZY 1) = So)*  (So—So(Y 1)) Hy(Y'ZY -1 —-Y™Y

whence

GY)-6(2)+Gy(Z-Y)=
= —AY = YA +Y(B —I(Y™ )Y = Sy Q' (Qo — I (Y™1)Qy'Sy  (30)
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+ AZ + ZA* + Z(My(Z7Y) — P)Z + S4Q,'Sy + Gy (Z —Y)

Y (Y 1ZY') (YY) (Y 1zy -1 Y
= A —TI(Y 1) Iy (Z 1) —So(Y ) A
Q;IS{/ 20<Y_1ZY_1)* —Eo(Y_l)* H21<Y_1ZY_1) Q;IS;‘/
Y T-P, P, -5, Y
+ A Py, —-Py S, ] [ A + 52Q5' Sy (31)
Qv Sy -S; S5 —Qo | | @v'Sy

Now we factorize SZQ;S} in a similar fashion like the other summands. We replace
SZ by Sy + ZZ()(Z ) Yy (Y_l) in the first step and QY by QZ + HQl(Z_l) —
H21( ) QZ + H21 (Z 1 Y_l) in the last step:

SzQ5'8y = SyQ;St 4+ SyQ;'N0(Z7N)Z — SyQ; S0 (Y)Y

+ Z50(27)Q7' S + Z50(27)Q5 S0 27 Z — Z50(27)Q7' So(Y )Y
—YE(Y HQ,'Sy — Y (Y QL Se(Z ) Z+YE(Y QL S (Y )Y

LY T Se(Y TR T(Y ) —S(Y R S (Z27) —So(Y QL Qy
— Z —%0(Z 1Ry V(Y 1) So(Z- )QZ1§] (Z7YY* S(Z27NHQ5'Qy
L Qy'Sy | | —QvQ (Y QvQ, ' So(Z7Y)* QvQ5'Qy
Y T =Sy S (Y1) " Y
= Z So(Z71) Q' io(z 1) Z
| Qy'Sy | [ My(Zz7' YY) My (271 =Y~ | | Qy'Sy
Y . 0 0 Sy — EO(Y‘ ) Y
+ Z 0 ) 0 Yo(Z71) = S, Z (32)
Qy' Sy S —Yo(Y 1 So(Z27 ) =S Qo+ (2t —2Y71) Q' Sy
Substituting SzQ,'S% in formula (31) by (32) we obtain
Y i Y
GY)-G(Z)+Gy(Z-Y) = A 0 Z
Qy' Sy Qy' Sy
where
(Y 1Zy 1) —T(Y 1) So(YlZzy 1 -y
0 = —Ho(yil) H()(Zil) Eo(Zil — Yﬁl)
zo(y—lzy—l — Y By(Z7t - Y—l)* My (Y'ZY ' —2Y -1 4 Z71)

[ So(Y ) ] [ So(Y ) ]* [ P R o]
+1 Sz Q7| Sz +| P P 0] (33
[z =y ] mz oy Lo o o]

= O;+ 0+ 0

The remaining part of the proof amounts to verifying that © > 0 for Z € dom, G".
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Q2(Z71) Sa(Z71)

To estimate the second summand ©, we remember that Qz = S1o(Z-1) 01(Z7Y)

with Q2(Z71) < 0 and Q1(Z ') > 0 for Z € dom, G7. Therefore also the Schur
complement

Q := Schur (QZ/Q2(Z_1)> = Qi(Z7Y) = S1(Z7)Q(Z71) (27

of )z with respect to the left-upper block is positive definite. By the matrix inversion
formula of Lemma A.2 we have

Q' = [QZ(Z(]_l)_l 8]+{QZ(Z_I)_;SMZ‘I)}Q[Qz(z—l)‘;sgl(z—l) |

which is the sum of a negative and a positive semidefinite matrix. Resubstituting
Yo and Ily; by their defining expressions we get

i *

[ (YY) oY)
0, = oz Q7| —Zo(Z)
My (Z71 = Y1) My (27" =Y

Yoo (Y ) Soe X1 (Y 1) — St
2( ) + SOZ _201(Z_1) + 501 [ QQ(Z_I)_I 0 ]
0 0

AV

M(Z =YY Su(Z-' -y
Sp(Z7 =YY My (Z7' -y

*

YooY 1) — Soo Yoo (Y™ ) So2

_ —Y02(Z 1) + Sp2 0 (Z—l)fl —Y02(Z 1) + Sp2
(Z 1 —Y1) 2 y(Zz7' =Y

| Szl -YY) VAR Gy

Substituting the last expression for ©y in (33) we can only make © smaller. The
arising expression can be written as the Schur complement

Schur([Ql_F@o ®2+@0 ]/ Q2(Z ) )

0; +0, —Q2(Z
where
Yo2(Y 1) —So2
6= | n 20k | =] e ] e —z ) =z -
Sp(Z7t-Y 0

@14—@0 0, + 6
05 +0y IL(Z71) —Q

Z € dom; G and therefore proves (iii).

We show now, that > 0, which implies that © > 0 for
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For the constant term we have

—-P P 0 0 —Spk C C
~ Py, —F 0 0 Sp —C —C
[ go s ] = 0 0 00 0 =] 0 0 | >0.
0o —G 0 0 00 O 0 0
=S50 S 0 0 —Q D, D,
Setting D; := diag(Aj{, Aj, Bj, Bf . Bi ) the remaining term can be written as

~ N
0, 6, } .
N = ) D;YD;
[93 (271 —

with T =
y-lzy-! —y-! y-lzy-1—y-! y-lzy-lt_y-! y-!
-y-1 zZ-1 Z-l—y-! Z-l-y-! -z
y-lzy-l—_y-l z-l_y-1 y-lzy-l_ov-1l4z-1 vy-lgzy-l_oyv-ly4z-1 z-1_
y-lzy-t—y-! z-l_y-lt y-lgy-t_9oy-lyz-1 y-lzy-l_oy-l4z-1 z-1_
y-! —z-1 Zl-y-! VAR zZ1

For Z € domyG” we have Z~! > 0, and a straight-forward calculation yields
Schur(Y/Z~1) = 0. Hence T > 0, which completes our proof of (iii).

1
(vi) Since lim —Q,rSi; = Q,'S;, we get from (29) that
v—oo I/

1
Vlggo ;gzl/I(H) = EPO—SOles(;(H) = ﬁR’(O)(H)'
It remains to show, that Py — SoQy'S; < 0.
We write
Py — SoQ5'S: = —C*Schur (M"f /QO) C

I D, D, . .
with M7 = | D5 D3D, D;D, and Qo = |: 3332 D*52?1 27 :|

D DD, DiD;—~°I 172 ST

By Lemma A.2 the inertia of M” can be expressed through the Schur complement
with respect either to @)y or to I:

inM” = inQp + in Schur (M"’/QO)

. . |0 0
= inl+in [ 0 _721] = (n,—¢,0) .

Since in Qo = (m, £, 0), we have in Schur (MV/QO) = (n—m, 0, 0), that is Schur (MV/QO) >
0 (with rank n — m), which we needed to show.
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