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Abstract

We prove a non-local convergence result for Newton’s method applied to a class of
nonlinear equations in ordered real Banach spaces. The key tools in our approach are
special notions of concavity and the spectral theory of resolvent positive operators.

1 Introduction

A standard method to solve nonlinear equations is the Newton iteration. Its applicabil-
ity to operator equations in normed spaces was first established by Kantorovich in [14].
In the operator-theoretic setup the method is therefore often referred to as the Newton-
Kantorovich-procedure. Kantorovich specified boundedness conditions on the first and sec-
ond Fréchet-derivatives of the nonlinear operator, that guarantee convergence of the Newton
iteration starting in a small neighbourhood of the actual solution. These results can be
simplified and generalized, if the underlying space is ordered and the sequence produced by
the iteration can be shown to be monotonic and bounded; this can be the case, for instance,
if the nonlinear operator satisfies certain convexity conditions (compare [23] and references
therein).

In general, however, results on the convergence of the Newton iteration are of a local nature;
they require a good initial guess. But in some special cases, e.g. for Riccati-operators ([15],
[24], [13], [5], [11], [7]), it has been observed that the iteration converges from any point,
where the derivative of the Riccati-operator has its spectrum in the left half plane. This is
what we call a non-local convergence result, since the starting point may be far away from
any solution of the Riccati equation.

In this paper we present a class of nonlinear operator equations in ordered Banach spaces
that can be solved by a non-local Newton iteration. Our approach is motivated by our earlier
investigations of Riccati type equations in the ordered real space of Hermitian matrices [7] ,
and these turn out to be special cases of our main result.

We proceed as follows: In Section 2 we present basic facts about ordered linear spaces and
positive linear operators. Some results from the spectral theory of resolvent positive opera-
tors which we need but did not find in the literature, are proved in an Appendix. In Section
3 we introduce the notions of D,-concavity and directional concavity and prove a simple



but useful result on the relation between concavity and differentiability. The tools worked
out in Sections 2 and 3 are then applied in Section 4 to prove a non-local convergence result
for Newton’s method applied to a class of concave operator equations with resolvent positive
derivatives. We also discuss a modified fixed-point iteration. The paper is concluded with
Section 5 where the results are illustrated by applications to a number of rational matrix
equations arising in various control and realization problems.

2 Resolvent positive operators on ordered Banach spaces

In this section we summarize some basic concepts and results from the theories of ordered
vector spaces and resolvent positive linear operators.

Let X be a real Banach space. Following the terminology in [3] we say that a nonempty
subset C' C X is a conver cone if C + C = C, aC C C for all real numbers o > 0. If the
cone is pointed (i.e. C'N—C = {0}) such a cone C induces an ordering on X. For z,y € X
we write x > y, if x —y € C. If C has interior points and x —y € int C, then we write z > y.
If x <y, the set [z,y] = {z € X | x < z < y} is called the order interval between x and y.
We will need the following definitions [17].

Definition 2.1 Given a convexr cone C in the real Banach space X, the dual cone C* in the
dual space X* is given by C* := {y* € X* |Vz € C: (z,y*) > 0}.

(i) C is reproducing if C — C = X.
(ii) C is solid if int C # ().
(11i) C is normal if 3b > 0:Vr,y € C,x < y: ||z|| < blly]|-

(iv) C' isregular if every monotonically decreasing sequence x1 > xo > ..., which is bounded
from below by some element € X, converges in norm.

Our main results will be derived for real Banach spaces X ordered by a closed solid, reqular
convex cone C'. It then follows that C' is pointed, and both C' and C* are reproducing and
normal (see Lemma A.1 in the Appendix).

Example 2.2 Let H" C K™*", K = R or K = C, denote the real Hilbert space of real or
complex n x n Hermitian matrices, endowed with the Frobenius inner product (X, Y) =
trace (XY') and the corresponding (Frobenius) norm | - ||. By H%} := {X € H" | X > 0} we
denote the subset of nonnegative definite matrices. The space H™ is canonically ordered by
this pointed convex cone which satisfies all the conditions (i)—(iv) from Definition 2.1. The
interior of the cone H'} consists of all the positive definite matrices in H" (see [3]).

Definition 2.3 Let X be a normed vector space ordered by the pointed convex cone C'. A
bounded linear operator T : X — X 1is called positive if T(C) C C. It is called inverse
positive if it has a bounded positive inverse and resolvent positive if there exists an oy € R,
such that for all o > oy the operators al — T are inverse positive.

Example 2.4 Let A € K" then the operator I14 : H" — H™, I14(X) = A*X A is positive
with respect to the canonical ordering of H" , whereas both the continuous-time Lyapunov
operator L : H" — H", LAa(X) = A*X + XA, and the discrete-time Lyapunov operator
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(also Stein operator) Sp : H™ — H", Sa(X) = A*X A — X, are resolvent positive but, in
general, not positive (see [7]).

As a further illustration we mention the following equivalent characterizations of resolvent
positive operators in finite dimensions [22], [8],[2].

Proposition 2.5 Let X be a finite-dimensional real vector space ordered by a solid, normal,
pointed convex cone C with topological boundary 0C. For T € L(X) the following are
equivalent:

(i) T is resolvent positive.

(11) exp(tT) is positive for all t > 0.
(11i) Yo € 0C : Fv € 9C* : (x,v) =0 and (Tx,v) > 0.
(iv) x € 0C,v € 0C*,(z,v) = 0= (Txz,v) > 0.

(v) T € cl{S — al | S positive, « € R}.

In particular, the set of resolvent positive operators is a closed conver cone in L(X). It
contains all positive operators as well as all scalar multiples of the identity and hence is solid
but not pointed.

For a bounded linear operator 7' : X — X we denote the spectrum by o(7") and set

B(T) = max{Re(A);A € o(T)} for the spectral abscissa,
p(T) = max{|A[;A € a(T)} for the spectral radius of T

It is well-known that ¢(7") = o(T*) and that the adjoint operator 7™ is (resolvent) positive
with respect to the positive cone C* if and only if T is (resolvent) positive with respect to
C.

The spectrum of positive operators on R" ordered by the cone R} was analyzed first by
Perron and Frobenius. They showed, that the spectral radius of such an operator is an
eigenvalue corresponding to a nonnegative eigenvector. This result was extended by Krein
and Rutman in [18] to more general spaces and cones. For instance the following holds: If
T is a positive linear operator in a real Banach space ordered by a normal and reproducing
convex cone, then p(T) € o(T) (see [17], Thm. 8.1). In general, however, it is not true,
that p(T') is an eigenvalue. But if one considers the adjoint operator T* instead of T, the
existence of an eigenvector in C* for the eigenvalue p(T*) = p(7T') is guaranteed under fairly
general conditions:

Theorem 2.6 Let X be a real Banach space, ordered by a normal, solid convex cone C, and
T :X — X a bounded linear operator.

(a) T is positive = Jv € C*, v # 0: T*v = p(T)v.
(b) T is resolvent positive = Jv € C*, v # 0: T*v = (T )v.

A proof of (a) can be found in [20] App. 2.6, or [17] Thm. 9.11, for a proof of (b) see the
Appendix.

The following theorem is an infinite-dimensional variation of a result by H. Schneider in [21]
and plays a central role.



Theorem 2.7 Let X be a real Banach space ordered by a solid, normal conver cone C.
Suppose R : X — X to be resolvent positive and P : X — X to be positive, and set
T = R+ P. Then the following are equivalent:

(i) T is stable, i.e. o(T) C C_.

(1) =T is inverse positive.
(1)) Vy €int C: Jx € it C: =T(z) =y
(iv) Jx €int C: —T(z) € int C.

(v) Ix e C: —T(x) €intC.
(vi) o(R) C C_ and p(R™'P) < 1.

A proof adapted from [21] can be found in the Appendix.

3 Concave maps

In the following let X be a real Banach space ordered by a pointed convex cone C' and
consider a (nonlinear) mapping f : X D dom f — X.

Definition 3.1 Assume we are given subsets D, C D C dom f. Then we say that f 1is
D, -concave on D if we can attach a bounded linear operator T, : X — X at each point
x € D, such that

Vye Dy : fy) < flz)+Tuly — ) . (1)

Remark 3.2 (i) Let X = R with the canonical ordering. If e.g. D = dom f = X then f
is Dy-concave on D if at each point of the graph of f we can attach a straight line,
such that the whole graph of f above D, lies below this line.

(ii) In the next chapter, D, plays the role of a target set, in which we try to find a solution
of f(x) =0, whereas D contains possible initial values for a fixed-point iteration. The
D -concavity on D is needed, to guarantee the transition from D to D,.

We will also consider the following weaker version of D -concavity.

Definition 3.3 Assume the situation of Definition 3.1 and let K C X. We say that [ is
D -concave on D in direction K if (1) holds for all x € D, y € D, such that y —x € K.
If D = D, we just say that f is concave on D in direction K.

Obviously f is D, -concave on D if and only if it is D -concave on D in direction X.
Finally we recall the definition of Gateaux-differentiability.

Definition 3.4 Let f : X D domf — X and x € intdom f. Then we say that [ is
Gateaux-differentiable at x if there exists a mapping f, : X — X such that for all h € X
andt € R

Flatth) = F(@)+1fLR) +topn(t)  with lim bop(t) =0



Proposition 3.5 Let D, C D Cdom f, K C X, and assume f: D — X to be D -concave
on D in direction K. Let further x € D and y € int D, such that y —x € int K and assume
f to be Gateaux differentiable at y.

(i) If f(y) — f(x) = To(y — x), then f, = Ty. In particular f, =T, if 0 € int K.
(1) If {f(y) = f(z),v) = (Tu(y — x),v) for some v € C*, then (f,)"(v) = T3 (v).
Proof: (i) If f(y) — f(x) = T,(y — x), we have for all z € D, with z —z € K
fR) S f@)+ Tz —a) = f(@)+ Talz —y) + Taly —2) = f(y) + Ta(z —y) -

In particular it follows for every h € X and z = y +th with 0 < ¢t < 1 sufficiently small that
z€D,,z—2 € K and

flyxth) = [f(y)+ fy(£th) & tden(t) < f(y) + To(£th).

As t — 0 we obtain +f; (h) < £T;(h), whence f;(h) =T, (h) for all h € X.
(ii) Applying the functional v to all the expressions in the proof of (i) we obtain (f;(h),v) =
(T:(h),v) for all h € X, whence (f,)*(v) =T;(v). O

4 Resolvent positive operators and Newton’s method

In this section let X be a real Banach space, ordered by a closed, solid, regular convex cone
C and f a continuous mapping from some subset dom f of X to X.
Moreover let there be given subsets D, C D C dom f and attached to each point z € D a
bounded linear mapping 77, : X — X, such that the following holds:

Assumption 4.1 (H1) D, =D, + C.

(H2) f is Dy-concave on D (with the given T, ).

(H3) The T, are resolvent positive for all x € D.

(H4) The T, are locally bounded on Dy, i.e. Vo € DyJe 1 supyep, 1y—a|<e 1Tyl < 00
(H5) There exists an xy € D such that o(Ty,) C C_.

(H6) There exists an & € int Dy such that f(Z) > 0.

(H7) f is Gateauz-differentiable on int D, .

Important examples for such mappings are provided by Riccati-type operators in the ordered
vector space H™ of Hermitian matrices, see Section 5.

We address the problem of approximating a solution x € D, to the equation f(x) = 0 by
the Newton-type iteration

zp = ap— (To) " (flzr) - (2)



Theorem 4.2 Let Assumption 4.1 hold or assume, alternatively, the hypotheses (H1)—(H5)
and

(H8) There exists an & € D, such that f(Z) > 0.

Then the iteration scheme (2) starting at an arbitrary o € D such that o(T,,) C C_ defines
a sequence Ty, X, ... tn Dy with the following properties:

(i) Vk=1,2,...: x) > 21 > &, flag) <0, and o(T,,) C C_.

1) xy = lim xp € D, satisfies f(xy) = 0 and is the largest solution of the inequality
+ k—o0 + +
f(x)>01in Dy (ie. f(x)>0=>x<uxy forallz € Dy).

Proof: We prove (i) inductively and will only use conditions (H1) to (H5) in the first few
steps.

Suppose that xg,...,z; have been constructed for some & > 0 such that T, is stable for
i=0,...,k, 1 > ... >, and f(x;) <O0fori=1,...,k. Then T,, is inverse positive by
Theorem 2.7 so that xq is well defined by (2) and satisfies

T (vp — 2pg1) = flxp). (3)

We first prove z > xy1 > 2. Since xp € D and & € D, we obtain from the D, -concavity
of f on D that

ka(.f'—xk+1) = ka(i—xk)—l—ka(xk—ka) = ka(:ﬁ—xk)-i-f(xk) Z f(.’i') > 0.

But we know already that T}, is inverse positive and so we have £ < x4,,. Hence w41 € D,
because & € Dy and D, = D, + C. By the same argument, if £ > 1 it follows from (3) and
f(Ik) S 0 that Tl — Th+1 2 0.

It remains to show that T, , is stable and f(zz41) < 0. For this we make use of the

concavity condition for the pairs (zg41, 2k), (£, 2x+1) € Dy X D, to obtain

f@r) < f(en) + Ty (Trg1 — k) (4)
F@) < flape) + Top s (8 = ) - (5)

By (3) the right side in (4) vanishes, whence f(xy41) < 0. Therefore (5) yields
f(@) < Ty (B = 2ppa) - (6)

If now f(&) > 0 then o(1},,,) C C_ by Theorem 2.7, which completes the proof of (i) under
conditions (H1)—(H5) and (HS).
To complete the proof of (i) under Assumption 4.1 let us suppose that 7,

By Theorem 2.6 (ii) this is equivalent to the following condition:

i1 18 nOt stable.

e \{0},3>0: Tr v=_pwv. (7)

Tk+1
Together with the four inequalities & < xgy1, f(Z) > 0, f(xk41) < 0 and (5), this implies
0 2 <~'i' - xk+laﬁv> = <T:ck+1 (i' - .Tk_|_1),?]> 2 <—f(.'rk+1),’l)> 2 0. <8)
Hence (f(zx41),v) = 0, which by (3) means

(f(@rg1) = flzr),v) = (T (Tpr1 — 1), 0) -



But 3.1 > 2 € int Dy and D, = D, + C imply xy; € int Dy, and so f is Gateaux-
differentiable at x.1 by condition (H7). From Proposition 3.5 (with K = X) we conclude

that Ty, ,, = fo,,,, and Ty, (v) = (f;,,,)"(v) = T3, ., (v) = B, in contradiction with o(13,) C
C_. Thus Ty, ,, must be stable, and this concludes our proof of (i) under Assumption 4.1.

(ii) By (i) and the regularity of C, the z;, converge in norm to some z, € £+C C D,. Since
the T, are locally bounded on D, we can pass to the limit in (3) to obtain f(z;) = 0.

By the first part of the proof the inequality x;; > & holds true for all £ € N and all solutions
% € Dy of the inequality f(z) > 0. Therefore x, is the largest solution of this inequality in
D,. O

We say that a solution & € dom f of f(z) = 0 is stabilizing if 0(T3) C C_. The following
lemma shows, that there can be at most one stabilizing solution in D,.

Lemma 4.3 Suppose that f is Dy -concave on D with resolvent positive T, and let y € D,
z€ D and f(z) < f(y). If o(T,) C C_ then z > y. In particular, if z € Dy is a stabilizing
solution of f(x) =0 then z = x,.

Proof: By concavity T,(y — z) > f(y) — f(z) > 0, whence by the stability and resolvent
positivity of 7, we have y —z < 0. Now suppose z € D, is a stabilizing solution of f(z) =0,
then we choose y = x, and get z > x,. On the other hand we have z < x, by Theorem 4.2.

O

The following corollary of Theorem 4.2 gives a sufficient condition for the existence of a
stabilizing solution.

Corollary 4.4 If conditions (H1) - (H5) and (H8) hold then x in Theorem 4.2 is a stabi-
lizing solution of f(x) =0 and satisfies x4 > & (whence x4 € int D, ).

Proof: We already know x, > %, and by concavity

T (2 —2y) > f(2) = flag) = f(&) > 0;
hence o (ch +) C C_ and =, > 7 follows from Theorem 2.7. O

If f is Fréchet-differentiable, condition (H8) is equivalent to the existence of a stabilizing
solution of f(z) = 0.

Corollary 4.5 Assume conditions (H1) - (H5) and that f is Fréchet-differentiable onint D, .
Then

(FzeDy: f(2)>0) <= (yeintD,: f(y)=0ando(f,) CC_).

Proof: It only remains to prove ‘<=’. By assumption 0 ¢ o(f,) and so f; is an invertible
bounded linear operator on X. By the implicit function theorem, f maps a small neighour-
hood U C D, of y onto a neighbourhood V' of f(y) = 0. Choosing ¢ € V Nint C' we see that
there exists & € U such that f(z) =c¢> 0. O

The existence of stabilizing solutions implies quadratic convergence of the sequence (zy),
provided f is sufficiently smooth. This is e.g. a consequence of the following well known
result (compare [16] and also Remark 4.11):



Proposition 4.6 Assume the situation of Theorem 4.2, and let f be Fréchet-differentiable
in a neighbourhood U of x.. Moreover assume that the T, satisfy a Lipschitz condition
Ty — Tyl < L||z —y|| for all z,y € U.

If x is stabilizing, then the sequence () converges quadratically, i.e. there exists a constant
K such that

ok — a4l < wllae —2l?, keEN.

Remark 4.7 (i) The sequence (xy) is monotonically decreasing after the first step. The
first step is, in general, not decreasing, and we have no control, how far it might lead
away from the solution x,. It is, however, needed to achieve f(x;) < 0 and x; > Z.
Here the D, -concavity of f comes into play. To start the iteration, it is sufficient to
find an zy € D and a resolvent positive, stable T, satisfying (1) with z = x,. We call
Theorem 4.2 a non-local convergence result, since xy does not have to be close to x .

(ii) If one considers the monotonic part of the sequence (after the first step), the concavity
inequality is applied only at points x,y € D, with > y. Under condition (HS8) it is
in fact sufficient to require only concavity on Dy in direction —C' (see Thm. 4.9).

(iii) The iteration (2) requires the solution of a linear equation of the form 7, x = y in each
step. It has been observed in the context of Riccati-equations (see e.g. [10]) that it can
be advantageous to replace the operators 7, by other operators that are numerically
easier to handle.

In the sequel we suggest a general framework to take advantage of these observations.

For all x € D, we consider a decomposition of 7}, of the form 7, = R, + P,, where the R,
are resolvent positive and the P, are positive. Replacing T, by R,, in (2) we define the
iteration

e = o — (Ry,) ' (f(2) - 9)

Let there be given Z, o € dom f such that & < x¢ and attached to each point x € [Z, x¢] a
bounded linear mapping 7}, : X — X, such that the following holds:

Assumption 4.8 (H1’) [%,x0] C dom f.
(H2’) f is concave on [&,xq] in direction K where int K D —C \ {0} (with the given T, ).

(H3’) T, = R, + P,, where the R, are resolvent positive and the P, are positive for all
x € [T, zo).

(H4’) The R, are locally bounded on [, xy).
(H5’) o(T,,) C C_ and f(xy) < 0.

(H6’) & € intdom f and f(z) > 0.

(H7’) f is Gateauz-differentiable at .

The following result has two aspects corresponding to Remark 4.7 (ii) and (iii). Firstly, we
weaken the concavity conditions in Theorem 4.2 at the price of strengthening the require-
ments imposed on the initial value xy. Secondly we allow the operators 7}, to be replaced by
the R,, at the price of possibly diminishing the rate of convergence.



Theorem 4.9 Let Assumption 4.8 hold or, alternatively, assume the hypotheses (H1’) -
(H6’) with the weaker requirement K = —C' and the stronger requirement f(&) > 0. Then
the iteration scheme (9) starting at xo defines a monotonically decreasing sequence in [, xo]
with the following properties:

(i) VE=0,1,...: x> xp11 > T, f(zg) <0, and o(T,) C C_.

(ii) xy = klim € D, satisfies f(xy) = 0 and is the largest solution of the inequality
—00
flx) >0 in [2,20] (ie. f(x) >0=2a <z forall x €|T,x0]).

Proof: The proof of (i) proceeds by induction and follows the proof of Theorem 4.2. We
only elaborate on those points where we must take into account the new assumptions. Let
us assume that for some k£ > 0 we have constructed xy > x; > ... > zy such that T, is
stable, ; > & and f(x;) <0 for ¢ < k. Then also R,, is stable by Theorem 2.7 and x4 is
well defined by (9) and satisfies

Ry (w — 2p41) = flaw) <0. (10)
We have to show that z > w341 > 2, f(2441) <0 and o(T,,,) C C_.
By Theorem 2.7, (10) implies xy > x41. To prove x4 > & we utilize the concavity of f at

xy, in direction x4 — 2% < 0 and remember that T, (y) < Ry, (y) for y < 0:
Ry (% — 2p41) = Ruy (8 — ) + Ray (v — wp11) > Ty (8 — ) + fax) > f(2) >0,

Hence & < xy41 and so x4, € [, xg]. By the concavity of f at x; and x4, in the directions
(g1 — xk) < 0 and (& — xk41) < 0, respectively, we have

flar) < flag) + T (zpgn — ) < f(@r) + Ry (g1 — 21) = 0 (11)
f(@) < f(zrgr) + Ty (B — Tppa) (12)

and so f(zg+1) < 0. Up till now we have only made use of the hypotheses (H1’) - (H6’)
with K = —C. If we assume f(&) > 0 then o(T},, ,) C C_ follows as in Theorem 4.2. This
concludes the proof of (i) for the alternative assumptions.

Now assume that Assumption 4.8 holds and suppose that T}, is not stable. By Theorem
2.6 this is equivalent to condition (7), which by the inequalities (8) implies (f(zg+1),v) = 0.

Hence by (10) and (11)

(f(ry1) = f(2),v) = (Ray (@1 — 21),0) 2 (T (Tpr1 — 7)), v) 2> (f(Tp11) — f (@), 0)

where we obviously have equality everywhere. Since xy,.; — 2 € int K we can apply Propo-
sition 3.5 to obtain T3 (v) = Ty . (v) = Bv, in contradiction to o(Ty,) C C_. Thus Ty,
must be stable.

The proof of (ii) now is identical to the proof of (ii) from Theorem 4.2. O

It is clear that even under the conditions of Proposition 4.6 we cannot expect quadratic
convergence of the sequence (xy) in Theorem 4.9. But we can still expect at least linear
convergence:

Proposition 4.10 Assume the situation of Theorem 4.9 and let f be Fréchet-differentiable
in a small ball U around x such that T, = f.. Moreover assume that the T, satisfy a
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Lipschitz condition ||T, — T,|| < L||lx — y|| for all z,y € U.

If the R, depend continuously on x in U and x is stabilizing, then the sequence (xy) con-
verges linearly to x,: There exists a constant 0 < 0 < 1 and an equivalent norm || - ||+ on
X, such that for sufficiently large k

[zrs1 — 24 ll+ < Ollor — 24 ][+ - (13)

Proof: By Theorem 2.7 and the stability of f,, = R,, + P, _, we have p(R,'P, ) < 0
for some 6§ < 1. Hence (e.g. [16]) there exists an equivalent norm || - ||; on X with the
corresponding operator norm also denoted by ||-|| 1, such that || Ry P, ||+ < 6. By continuity
also ||R; Py, ||+ < 6 for sufficiently large k.

We denote the second order remainder term of the Taylor expansion of f at x by ¢,:

Va,y €U fly) = f(a) + f(y = 2) + duly — 2) (14)

with [[¢2(y — 2)|| < Llly — =
By the iteration scheme (9) we have

Tyl — T4 = Tp — R;,cl (f(33+) + (Rep + Po) (7 — 74) + o (7 — $+)) — Ty

= —R;kIka (xp —xy) — R;quﬁwk(xk —xy),

whence ||zg+1 — 24 ||+ < 0||lzg — 4|4 for sufficiently large k. O

Remark 4.11 Note that for § we could choose any number p(R;!P,,) < 6 < 1. In par-
ticular if R,, = T,,, P, = 0, i.e. the iteration is just the Newton iteration in the limit,
we have p(R;ij .) = 0 and can make 6 arbitrarily small. This reflects the transition to a
quadratically convergent sequence. In fact, if e.g. ||Py|l; < Li||lz — 24|+ for some Ly >0

and all x € U, we obviously regain quadratic convergence.

5 Application to generalized algebraic Riccati equa-
tions

In this section we will show, that operators satisfying Assumption 4.1 arise naturally in the
theories of linear quadratic control (classical LQ control, H*-control) of deterministic and
stochastic linear systems and also in realization theory. We confine ourselves to the finite
dimensional case. Throughout this section X will be the real Banach space ‘H", ordered by
the closed, solid, regular convex cone H" (see Example 2.2,(ii)).

5.1 Resolvent positive operators and stability

The asymptotic stability of various classes of linear systems can be characterized by linear
matrix inequalities of Lyapunov type:

1. The continuous-time deterministic system & = Ax is asymptotically stable if and only
if3IX >0:71(X)=A*X+ XA<O0.
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2. The discrete-time deterministic system ;1 = Axy is asymptotically stable if and only
if3X >0:TH(X)=A*XA- X <0.

3. The continuous-time stochastic system dx = Az dt + Agx dw is mean-square stable if
and only if 3X > 0: T5(X) = A*X + XA+ A X Ay < 0.

4. The discrete-time stochastic system .1 = Az + Agxwy is mean-square stable if and
only if 3X > 0: Ty(X) = A*XA - X + A5 X Ay < 0.

5. The deterministic delay system @(t) = Ax(t) + A;x(t — h) is asymptotically stable for
all delays &> 0if 3X > 0: T5(X) = A*X + XA+ X + ATX A, < 0.

Note that the operators 71, ..., Ty are all of the general form

N
T(X) = A'X+XA+) AIXA;, (15)

=0

and thus resolvent positive by Example 2.4 and Lemma A.2.

5.2 Stabilization and rational matrix equations

Let us now add a control input to the above systems:
1. © = Az 4+ Bu,
2. w11 = Azy + Buy,
3. dx = Az dt + Agx dw + Bu dt + Byu dw,
4. xp1 = Azy + Aoxpwy + Bug + Bougwy,
5. @(t) = Az(t) + Ayz(t — h) + Bu(t).

The feedback stabilization problem consists in finding a matrix F' such that the control input
u(t) = Fx(t) or up = Fxy, respectively, stabilizes the given system. For instance, in case 1.)
one tries to find an F', such that © = (A + BF)x is stable. By our stability criterion, the
latter is equivalent to the existence of an X > 0, such that (A+ BF)*X + X(A+ BF) < 0.
In the general case with an operator 7' of the form (15) we have to find an F, such that
there exists an X > 0 satisfying

Tp(X) := (A+ BF)*X + X(A+ BF) + [ I ]*[Ango A;;XBO] [ I

F B} XAy BjXBy ] <Y (16)
for some Y < 0. (For simplicity of notation we have assumed N = 0.)

It follows from Theorem 2.7, that if (16) admits a positive definite solution for some Y < 0
then it has a solution X > 0 for arbitrary ¥ < 0.

. _ I I | P So . . .

In particular we choose Y = [ r :| M [ r } , Where M = [ St Qo } is a given weight
matrix. By an adequate choice of M one can express the performance criteria of different
control problems (classical LQ-control, H* control) for the above systems by equations of
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the form (16), see [7], [6]. Here we restrict ourselves to the case M > 0. Then we can write
(16) as

PX)+ F*'S(X)"+S(X)F+ F'Q(X)F <0, (17)
where P, S and () are given by

P(X) = A'X+XA+ A XAg+ Dy,
S(X) = A}XBy+XB+5,,
QX) = BiXBy+Qo.

By the simple inequality for ) > 0
P+F*S*+SF+FQF =P+ (F*+SQ HQ(F+Q7'S*) —SQ™'S* > P—-8SQ™'s*,

we see that (17) implies P(X) — S(X)Q(X) 'S(X)* < 0, and, conversely, the latter implies
(17) if we set F = —Q1S5*.

Thus we have reduced an optimal stabilization problem to the solution of the Riccati type
matrix inequality

R(X) = P(X)-SX)QX)'S(X)" > 0.

If we set D = domR = {X € H" : detQ(X) # 0} and D, = {X € H" : Q(X) > 0},
then one can prove (see [7]) that R satisfies Assumption 4.1, provided that the underlying
control system is stabilizable. In particular one proves that the Fréchet derivative of R at
X is given by Tr in (16) with F' = Q(X)'S(X)*. From this it is immediate to see, that Tr,
as the sum of a Lyapunov operator and a positive operator, is resolvent positive. Theorem
4.2 — as an existence theorem — yields, that there exists a stabilizing solution to the Riccati
equation R(X) = 0 if and only if the inequality (16) has a positive definite solution X for
some feedback matrix F, i.e. if and only if the underlying system can be stabilized. In this
case F' = Q(X)™'S(X)* provides us with a stabilizing feedback satisfying the performance
requirement represented by M.

Note that the main ingredients of Assumption 4.1 — resolvent positivity, concavity, and sta-
bilizability — are inherent in the optimal stabilization problem: The first comes from the
Lyapunov approach, the second from the quadratic performance criterion and the third is a
part of the problem itself.

5.3 L2-sensitivity optimization of realizations

In [25], and [12] problems of optimizing the realization of a transfer function were considered.
Without going into the details we sketch the basic elements:
Given a strictly proper rational matrix G(s) € RP*™(s) of McMillan degree n and a minimal
realization (Ag, By, Co) € Ly mp(R) := R™™ x R**™ x RP*™

G(S) = C()(SI— Ao)_lBo,

the set of all minimal realizations of G(s) is given as the orbit of (Ag, By, Co) under the
similarity action (S, (4, B,C)) — (SAS™ 1, SB,CS ') of Gl,(R) on L, ,(R). Following
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[12] we interpret the (A, B,C) € L, m,(R) as discrete time systems and define the L2-
sensitivity measure of a realization (A, B, C) by

oG|I* oG |I*> |6G|*
L (A B.C)? = ||=— bl -
2( ’ ’C) HaA 2+HaB 2+Hac

Now let

A [ Ao ByCy

2 N * A - * I 0
A=10  4 ] B =84,(B;By), C=84(C;Co), plz[ ] p2:[ ]

0
where Sy, denotes the Stein operator associated with Ay (Example 2.4), and define
M(X) = PISHPXP)P,  Th(X) = PiS;A(PIXPP,

Note that the operators II; and II; are completely positive, i.e. they have a representation of
the form X — ) A*X A;. Moreover, B and C are the controllability and the observability
Gramians, respectively, of (A, By, Cy), and thus positive definite by the minimality of the
realization.

It was shown in [12] that a realization (A, B,C) = (SA¢S™', SBy, CoS™!) € Ly mp(R) mini-
mizes the L2-sensitivity measure if and only if X = S*S solves the matrix equation

R(X) = M(X)+C—X (HQ(X_I) + B) X =0. (18)

The operator R is well defined on domR = {X € H" | det X # 0}. We wish to solve
equation (18) in D, := int H} C dom R =: D, and verify the conditions of Theorem 4.2.
By a straightforward calculation we obtain the explicit form of the Fréchet derivative of R:

Lemma 5.1 The Fréchet derivative Ry (H) of R is given by

Ri(H) = L y(myx-1yep-)(H) +TL(H) + XTp(X THX X . (19)

Being the sum of a Lyapunov operator and positive operators, R'y is resolvent positive.

Lemma 5.2 The operator R is D, -concave on D.

Proof: II; and the quadratic mapping X — —X B*X are obviously D, -concave on D. Thus
it remains to analyze the operator X — F(X) := —XI,(X ') X. For Z€ Dand Y € D,
we have

FZ)-FY)+F,(Y —=2) = —ZIy(ZHWZ+YI,(Y )Y - Yy (Z71Z
+Zy(Z N7 — ZI(Z 7YY + Z1L(Z 1) Z
+Z5(Z27YY 272 — Z1,(Z7 Y2

_ [ Y } [ LYY=  -I(Z7) } [ Y ] > 0.

Z —Iy(Z7Y) T (Z7tvyZ71) Z
: . y-t —z7! y—t vyt
The inequality holds because [ _g-1 g-ly gl } = [ 71 } Y [ 7-1 } >0forY >0

and II, has a representation of the form X +— >  AfXA;. Thus F is D,-concave on D,
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which completes the proof. O

It follows from the positive definiteness of B and C, that R, is stable for sufficiently large
t > 0 and that R(tI) > 0 for sufficiently small ¢ > 0. Thus Theorems 4.2 and 4.9 can be
applied, to solve the equation R(X) = 0 by fixed-point iterations. As a starting point we
can choose Xy = tI for sufficiently large ¢t > 0.

If we apply the Newton-iteration, we have to solve a linear equation of the form

Ly, (e tye6e) (Hi) + T(He) + XiTL(X,  HX DX = R(X) (20)

for Hy in each step to obtain the next iterate Xy;,; = Xy — Hj. Since the number of unknown
scalar entries in Hy, is n(n + 1), a direct solution of this equation would require O(n®) steps.
As has been pointed out in [10], and in view of Theorem 4.9 it might be advantageous to
solve the following simplified equation for Hy

E—Xk(HQ(X;1)+B*)(Hk) = R(Xy) - (21)

This is just a Lyapunov equation and can be solved efficiently by the Bartels-Stewart algo-
rithm [1] in O(n?) steps. But obviously there is a trade-off between the rate of convergence
and the complexity of the linear equations to be solved.

To get a rough idea, we have tried the following mixed strategy, using the cheaper fixed-point
iteration (21) as long as the step length (i.e. the norm h; := ||Hg||) decreases not too fast;
that is, if ||Hy|| exceeds ||Hy_1|| divided by some level parameter ¢:

Generate an Xy = tol > 0, such that o(Rx,) C C_.
Set h():O, h1:1,£:2

WHILE hy > €
IF hy < ho/l: Solve (20) and set £ = £+ 1.
ELSE Solve (21) and set £ = ¢ — 2/n.
Set Xyp11 = Xp — Hy, ho = h1, hy = || Hy||
END

If the step length ||Hy|| is smaller than the tolerance level ¢, the iteration stops.
For a few randomly generated examples of different dimensions n we compared the computing
time (in seconds) for the pure Newton iteration and the mixed method:

dimA=n 51 10 | 15| 20
pure Newton 4.0]23.4 101|352
mixed method |2.9|22.2| 86 | 263

Though the numbers are not necessarily representative they indicate, that for large dimen-
sions one might take advantage of a combination of the two methods. For the iteration (21)
alone, the convergence is much slower.

We also applied both methods to the numerical example suggested in [25] with

T

0.5 0 1 0 1 02 0 05
Ay=1] 0 =025 0 |, Bo=|1]|, CGo=|5]|, X,=| 0 5 0
0 0 01 2 10 05 0 5

From the initial matrix X, = 407 the sequence converged to X, in 16 (Newton) respectively
23 (mixed method) steps. Factorizing X, = S*S one obtains a realization (A4, B,C) =
(SAyS™t, SBy, CyS™!) of minimal L%-sensitivity.
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A Appendix
The elementary results summarized in the following lemma are taken from [17]:

Lemma A.1 (i) If C is solid, then it is reproducing. In finite-dimensional spaces the
converse is also true.

(i1) If C' is normal, then it is pointed. In finite-dimensional spaces the converse is also
true.

(11i) C is normal if and only if C* is reproducing ([17], Theorem 4.5).
(iv) C' is reproducing if and only if C* is normal ([17], Theorem 4.6).
(v) If C is regular, then it is normal ([17], Theorem 5.1).

The following lemma summarizes some elementary properties of (resolvent) positive opera-
tors which we will use in the proofs of Theorems 2.6 and 2.7.

Lemma A.2 Let X be a real Banach space, ordered by a normal, solid pointed convex cone
C,andlet S, T : X — X be bounded linear operators and S > T. Then

(i) If T is positive, then so is S and p(S) > p(T).
(i1) If T is resolvent positive, then so is S and 5(S) > B(T).
(111) If T is resolvent positive, then
al —T is inverse positive <= a> B(T) < o(al —T) C C,.

1
p((al =T)7)

Proof: See e.g. [19] or [4] for (i), [9] for (iii), and [7] for the first part of (ii) in the case
X = H™ (the proof carries over immediately); the second part of (ii) follows from (i) and
(i) O

Moreover, B(T) = a — for all o > B(T).

Lemma A.3 Let X be an ordered Banach space. If S € L(X) is inverse positive and T is
positive, such that p(S7'T) < 1, then S — T is inverse positive.

Proof: By asumption (S —T)~* = (I — §71T7)7' §=1 = Y% (S~'T)" 5~ is a convergent
series of positive operators and thus positive. O

Proof of Theorem 2.6: For a > 3(T) = 3(T*) the operator (ol —T*) ! is positive. By (a)
there exists a v € C*, such that (ol — T*) v = pv, where p = p((al —T*)!). Multiplying
this equation from the left by ol — T* we obtain v = pav — pT™*v, that is T*v = (a — %)v.

It remains to show, that 5(T*) = o — ;. But this follows from Lemma A.2 (iii). O

Proof of Theorem 2.7: (i) < (ii): By Lemma A.2 (ii) 7T is resolvent positive and thus by
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the last statement of the same lemma the first two conditions in Theorem 2.7 are equivalent.
(ii)=-(iii): If =7 is inverse positive then —7"~' maps int C into int C, which imples (iii).
(iii)=(iv) and (iv)=(v) are trivial. (v)=-(i): Assume that = € C satisfies —7(z) € int C,
but (i) fails. Then S := S(T) > 0 and 7™ has an eigenvector v € C* corresponding to [ by
Theorem 2.6. But this implies a contradiction:

0> (Tz,0) = (2, T") = (x, fv) > 0,

hence (i) holds. It remains to prove that (vi) is equivalent to (i)—(v).

(vi)=(ii): Suppose (vi), then — R is inverse positive by Lemma A.2 (iii) and p((—R)'P) < 1.
Applying Lemma A.3 we obtain that —7 = —R — P is inverse positive, i.e. (ii).

(i), (i), (iv)=-(vi): Since S(R + P) > B(R) by Lemma A.2 (ii), condition (i) implies
o(R) C C_, whence —R is inverse positive and IT := —R™'P is positive. By (iv) there
exists a positive vector € int C, such that —Tz € intC and since —R~! > 0 this im-
plies R™'Tx = (I — 1)z € intC. But by Theorem 2.6 there exists a v € C*, such that
[T*v = p(IT)v. Therefore 0 < ((I —II)x,v) = (1 — p(II)){x, v), whence p(II) < 1 because
(x,v) > 0. O
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