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Abstract

We study a general class of rational matrix equations, which contains the con-
tinuous (CARE) and discrete (DARE) algebraic Riccati equations as special cases.
Equations of this type were encountered in [12] and [8] where H*-type problems of
disturbance attenuation for stochastic linear systems were studied. We develop a uni-
fying framework for the analysis of these equations based on the theory of (resolvent)
positive operators and show that they can be solved by Newton’s method starting at
an arbitrary stabilizing matrix.

1 Introduction

A substantial branch of optimal linear control theory is concerned with the minimization of
quadratic functionals (in the state vector x and the input vector u) constrained by a linear
system. The solutions of these problems lead to certain matrix equations and inequalities
(for a Hermitian matrix X) that differ depending both on the type of the quadratic objective
functional — which might be semidefinite or indefinite — and on the type of linear system
equation — which can be continuous or discrete, and in both cases might incorporate state-
dependent or input-dependent multiplicative noise or both.

Positive semidefinite functionals (definite in u) are regarded in the classical LQ-control the-
ory. In the deterministic case they lead to the classical definite continuous and discrete
algebraic Riccati equations (e.g. [15]). We call them definite, because the constant term in
the corresponding linear matrix inequality is positive (semi)definite. The greatest solutions
of the latter yield the optimal feedback gain matrix and thus the optimal control. These
matrix equations are solvable under generic stabilizability conditions. The incorporation of
multiplicative noise in the former problem leads to more general definite matrix equations,
which we call stochastic algebraic Riccati equations (STARE). They comprise the previous
ones as special cases but contain additional terms, that are monotonic in X (with respect to
the partial ordering of Hermitian matrices), and which stem from the diffusion part of the
system (see [23], [24]). Like their deterministic counterparts the definite stochastic equations
can be solved under certain stabilizability conditions.



Indefinite functionals (negative semidefinite in z, positive definite in u) are regarded in
the disturbance attenuation problem, which in the deterministic case is widely known as
H°-control theory. A centerpiece of this theory is the so called bounded real lemma that
characterizes the input-output norm, or attenuation value of the given system via the solv-
ability of certain matrix inequalities. The corresponding matrix equations are the indefinite
counterparts of the above mentioned matrix equations from LQ-control theory, depending
on whether the underlying system is continuous or discrete and whether it incorporates mul-
tiplicative noise or not. But the solvability question is more difficult for the indefinite matrix
equations. These equations are of the following general form:
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In the deterministic case (where the sums are absent, see Section 5) there exist various
approaches to the solution of definite and indefinite Riccati type matrix equations (see
e.g. [21], [5], [16], [15], [19] and references therein):

e Firstly, the solvability can be characterized by so called frequency domain criteria,
which involve the transfer function of the system and which are trivially satisfied in
the definite case. If the frequency condition is satisfied, then the matrix equation can
basically be solved by a spectral factorization of the transfer function.

e Secondly, the solvability can be characterized by analyzing the spectrum of the asso-
ciated Hamiltonian matrix, and solutions can be constructed by computing invariant
Lagrangian subspaces of the Hamiltonian.

e Thirdly, the greatest solution of the matrix equations can be computed iteratively
e.g. by a Newton-Kantorovich procedure. Roughly speaking the iteration starts with
an arbitrary stabilizing matrix and it converges to the greatest solution of the equation,
if the equation is solvable at all.

These approaches apply to both continuous and discrete equations in a similar way, and it is
in many cases possible to convert a result for a continuous equation to a result for the discrete
equation by considering an appropriate linear fractional transformation. Nevertheless both
cases usually need to be treated individually.

So far there has been no success in applying the first two methods in the stochastic case,
since here neither a transfer function nor a Hamiltonian are available. This is partly due to
the fact, that the fundamental solution of a stochastic differential equation can in general
not be given in closed form.

But the iterative method has been applied successfully to the definite stochastic equation
(with B = 0, Qo > 0, Sy = 0, P, > 0, and (A, Py) detectable in (1)) by Wonham in
[24], for later extensions see e.g. in [10], [6]. Wonham basically applies a version of Newton’s
algorithm; his proof of convergence relies in a central point on the fact that the given equation
is definite.

The indefinite stochastic algebraic Riccati equation was first encountered in [12], [8], and [9]
where the disturbance attenuation problem was studied for continuous and discrete linear
systems with both state- and input-dependent multiplicative white noise.

None of the above results applies directly to the solution of this equation, but an iterative



procedure seems to be the most promising approach. It is the task of this paper to present
such a procedure. Actually we dispense with all definiteness assumptions and consider an
equation that comprises all the equations mentioned above as special cases. Thus a unifying
approach is given. We proceed as follows:

In Section 2 we give a brief account of a stochastic version of the bounded real lemma and
derive a special version of the rational matrix operator to be studied in the sequel. Sections
3 and 4 are devoted to the study of resolvent positive operators and concave operators,
which play a central role in our discussion. In Section 5 we introduce a general rational
matrix equation and show that the corresponding rational matrix operator is concave with
resolvent positive derivative. These properties are used in Section 6 to establish a non-local
convergence result of the Newton-iteration to solve the rational matrix equation. In the later
sections we draw some conclusions from our main result concerning the structure of the set
of solutions, the speed of convergence and the dependence of the greatest solution on the
data.

2 A Riccati type rational matrix operator

Regard the linear It6 differential equation
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Az(t)dt + Bu(t)dt + Y Az (t)dw;(t) + Y Bi(t)v(t)dw;(t) (2)

z(t) = Cz(t) + Dv(t),
where (4, C) € K" x K7 and
(A}, B}, B, D) € K" x K™ x K™ x K¢ (K=R or K = C).

The (w;(t))icr, are independent zero mean real Wiener processes on a probability space
(2, F, p) with respect to an increasing family (F;)cr, of o-algebras F;, C F.
Let L2 (R, ,K*) denote the corresponding space of non-anticipating stochastic processes v

with values in K¢ and norm
w0l =€ ([ k) <o
0

where £ denotes expectation.

It is known from Ito-theory, that for all (xg,v) € K* x L2 (R, ,K’) there exists a unique
solution z(-, g, v) of (2) and thus also a unique output process z(-, zo, v).

We write z(-,0,v) =Luv(-), and call L the perturbation operator of the system (2). It describes
the effect of the input process v (viewed as a stochastic disturbance) on the output process
z (interpreted as the vector of the to be controlled variables).

Definition 2.1 The system (2) is said to be internally (exponentially mean square) stable
if

IM,w>0: Voo € K", t >0: Elz(t)|* < Me “!|xo|?,
where z(-) = x(-, 2o, 0) is the solution of the unperturbed system (with v(-) =0).
The system (2) is called externally stable if L is a bounded operator L: L2 (R,,K‘) —
12 (R, KY)



In [8] it was shown, that internal stability of (2) implies external stability.

The norm |L| of the disturbance operator is of special interest. In the deterministic case
(if all A%, B} vanish) it is equal to the H*-norm of the associated rational transfer matrix.
Thus |L| can be seen as a generalized H*-type-norm for the stochastic system (2). In [8] a
bounded real lemma for stochastic systems was proved.

Let H™ C K®*™ denote the real space of n x n Hermitian matrices with entries in K, endowed
with the usual ordering X <Y of Hermitian matrices (see Section 3). For any v > 0, we
define the affine linear operators P : H" — H", Q : H" — H* and S : H* — K"*¢ by

P(X) = A*X+XA + YN AXA, - C*C,
S(X) = XxB + YN ai*xB -  C*D,
QX) = SN Bi*XBj + ~*-D*D.

Consider the rational Riccati-type operator R : dom R — H" given by
R(X) = P(X) - S(X)Q(X)'S(X)*, XedomR={XeH"|Q(X)>0}. (3)
Theorem 2.2 (Stochastic Bounded Real Lemma [8])

System (2) is internally stable and |L| < v <= IX <0: Q(X) > 0 and R(X) > 0.
(4)

Since Q(-) is affine and monotone the domain of definition of R is convex and saturated
above: domR + H" C domR. Obviously dom R may be empty for some +, but for all v
sufficiently large, dom R # (). In the following we will develop a framework for studying
matrix inequalities of the form R(X) > 0 and the corresponding matrix equations.

3 Positive and resolvent positive operators

Let H™ be endowed with the Frobenius inner product (X, Y) = trace (XY) and the cor-
responding norm || X|| = (X, X)¥/2. By H" := {X € H" | X > 0} we denote the closed
convex cone of nonnegative definite matrices and by int (H’}r) its interior, i.e. the open cone
of positive definite matrices. The cone H'} induces the partial ordering on H": X > Y, if
X —Y € H%. Moreover, the vector-space topology of H" is generated by the open order
intervals [—1V, ;Y] = {X € H" | — ;Y < X < Y}, where Y is an arbitrary fixed positive
definite matrix and £ € N; i.e. a subset U in H" is open if and only if for every X € U there
exists k € N such that X + [-3Y,1Y] C U.

Proposition 3.1 (i) The cone H" is proper (compare [3]), which means that it is solid
i.e. int (H"%) # 0 and pointed, i.e. HT N —HT = {0}.

(ii) The cone M’ is self-dual in H, (compare [2], [3]), i.e.
HE = (H) = {X e H*|VY e H" : (X,Y) >0}
(i) If X,Y € H? and (X,Y) =0, then XY =Y X = 0. If additionally Y > 0 then X = 0.
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Proof: (i) is obvious. To prove (ii) and (iii) let X,Y € H" be arbitrary and choose
Z € K™ such that Y = Z*Z. Then (X, Y) = trace ZX Z* and ZXZ* € H'} whence the

trace is nonnegative, i.e. (X, Y) > 0 and so X € (’Hfﬁ)* If in this case trace ZXZ* =0
then ZXZ* = 0, since all eigenvalues necessarily vanish, and thus ZX = X Z* = 0, which
shows XY =Y X = 0. The second statement of (iii) follows directly from the first one.

If X ¢ H" then X has a negative eigenvalue A < 0. Let Z € K" be a corresponding
eigenvector and YV := ZZ* € H" \ {0}. Then (X,Y) = traceZ*XZ = )||Z]]* < 0,
ie. X ¢ (H?)". 0

For a linear operator 7 on a finite-dimensional vector space let o(7) denote the spectrum,
p(T) = max{|A[; A € o(T)} the spectral radius, and B(7) = max{Re(A); A € o(T)} the
spectral abscissa. The identity map is denoted by I, irrespective of the space it acts on.

Definition 3.2 A linear operator T : H" — H™ is called positive (T > 0) if it maps H; to
H™ and strictly positive (7 > 0) if it maps int (H'%) to int (H7). If n=m then T is called
inverse positive if 7! exists and is (strictly) positive, and resolvent positive (compare [1]),
if for all sufficiently large o > 0 the operator ol —T is inverse positive. For linear operators

S, T :H" —H™ wewrite S > T if S — T is positive.

Remark 3.3 Since H’ is self-dual the adjoint operator T* has the same positivity proper-
ties as 7.

Examples 3.4 (i) Let Ay € K"*", then the operator Il : #" — H" defined by II(X) :=
AFX Ay is positive. If Ay is nonsingular, then it is also inverse positive. In particular
the zero map is positive and the identity map is both positive and inverse positive.

(ii) All positive operators II are also resolvent positive, since for o > p(II) the resolvent
(af —II)~t = 3°7°  a~+DII* is positive. This observation (together with Theorem
3.5) can be used to prove Theorem 3.6 (see [18]).

(iii) Important examples of resolvent positive operators which are not positive are provided
by Lyapunov operators. Given A € K™ the associated Lyapunov operator L, is
defined by

Lo:H"—H", La(X):=A"X + XA, (5)

Lyapunov operators play an important role in stability theory. It is well known (e.g. [13]
Thm 2.2.1), that £, is inverse negative, i.e. —L4 = L_4 is inverse positive if and only
if 7(A) € C_ = {s € C | Re < 0}. In this case the following representation of £,' is
well-known (e.g. [13]):

LX) = — /0 e X et gt (6)

Given any A € K" ", the resolvent (af — A)™' is positive for a > 23(A) because
ol — Ly = —L4-¢;5. It also follows from the definition that LAHY) NintHT =
La(int H?)Nint X2, Furthermore, if o(A)NC_ # 0 then it is easily seen that £4(H%)N
int H" = (. For @ < 23(A) therefore (ol — L4) *(int 1) NH? = (. This can also be
derived from Theorem 3.6 below (compare [18]).
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We now cite two results, that hold in arbitrary finite-dimensional spaces ordered by proper
cones. For convenience of application we specialize them to the present context. The first re-
sult is the well known Theorem of Krein and Rutman which generalizes the Perron-Frobenius
Theorem (see e.g. [20]).

Theorem 3.5 Let T : H" — H"™ be a positive linear operator. Then p(T) € o(T) and there
exists a matric V € H \ {0} such that T(V) = p(T)V.
If further S is a linear operator with S > T, then S is positive, and p(S) > p(T).

The next result can be derived from the previous one and is due to Schneider [18]:

Theorem 3.6 Let S, T : H" — H" be linear transformations such that S is positive and
either T is inverse positive or T (int H't) Nint K" = 0. Then the following are equivalent:

(1) T is inverse positive, and p (T 'S) < 1.
(i1) T — S is inverse positive.
(iii) (T - s) (int ) N int 12 £ 0.
We use these two results to prove similar statements for resolvent positive operators:

Theorem 3.7 Let T : H" — H" be a resolvent positive linear operator. Then the following
assertions hold:

(i) B(T) € o(T) and there exists a matriz V € H" \ {0} such that T(V) = B(T)V.

(i) If S : H" — H"™ is a linear operator with & > T then S is resolvent-positive and

B(S) = B(T).

(iii) oI — T is inverse positive <= a > (T) <= o(T —al) C C_.

. 1
(iv) If « > B(T) then B(T) = a — (el =T) )
Proof: (i) For sufficiently large o > 0
oA (al -T) "= a; 57"“ =al+T+ ®(a) (where ®(a) =% 0)

is by assumption a positive operator. Thus
pa=p @ (al =T) ") €a(a® (@l -T)"),

and po, 7 = a + A for some A\, € o (7 + ®(a)). Since po,7 is real and has maximal
real part in o (o? (ol — 7')_1), it follows that also A, is real and has maximal real part
in o (T + @(a)), i.e. Ay = fo,7 = B(T + ®(cv)). Moreover there exists by Theorem 3.5
a nonnegative unit eigenvector V, such that o (ol —T) " (Va) = (a + Ba1)Va, hence
(T + ®()) (Va) = Ba7Va- If « tends to infinity, then o (7 + ®(«)) tends to o (T) and
thus (3,7 converges to §(7). Choosing an appropriate sequence oy — 00 we can assume
that V,, converges to some V' > 0, which by continuity is an eigenvector of 7 corresponding

to B(T).



(ii) Suppose & > T. To prove that S is resolvent positive, choose « large enough such
that ol — T is inverse positive and p ((al —T)™'(§—T) < 1. Applying Theorem 3.6
with & := I (inverse positive) and 7 := (al — T)"'(S — T) (positive) we obtain that
(I —(ad —T)"'(8 = T)) is inverse positive. Therefore the product

(@ =8) ' =(I=(al=T)(S=T)) (el =T)"
is positive, i.e. § is resolvent positive. Now the monotonicity statement follows from
(Il =8) ' = (=T "=l =8 (S=T)(al-=T)" >0,

because this implies po.s > pa,7 and thus B, s > B4,7 for sufficiently large .
(iii) The second equivalence follows directly from the definition of the spectral abscissa. We
now prove the first equivalence. Assume that ol —7 is inverse positive but o < §(7). Then
al — T must be regular and hence a < 3(7) by (i). Applying again (i), let V' € H% \ {0}
be a nonnegative eigenvector so that 7(V) = 3(T)V. Then (o — TV = (o — )V <0,
whence (ol — T)~! is not positive. This proves the implication ‘="
‘«=": Since 7T is resolvent positive, there exists an ay € R such that ol — 7 is inverse positive
for all & > ag. We assume g to be chosen minimal with this property and want to show
that it then coincides with 3(7). From the implication ‘=’ it is obvious, that ag > 3(7T).
We assume o > B(7). Then (gl — T) ! exists and is positive by continuity. Now we
choose & € [B(T), ag|, such that ag — & < 1/p ((apl — T)'). For this & we have

@I -T)" = (aol —T) (I - (a0 — &)(aol = T)™") ",
which again by Theorem 3.6 is the product of two positive operators and thus positive - in
contradiction to the minimality of «p.
(iv) Assume a > B(T). Then (af — 7)™ > 0 by (iii) and so p = p((al —T)7') €
o ((aI —T)™") by Theorem 3.5. It follows that o — 1/p € o(T), hence a — 1/p < B(T), i.e.
(= B(T))~' > p. But by (i) we have 5(T) € o(T) and so (o — (7)) € o (e —T)™)
which implies (o — 3(T)) ' < p. This proves (iv). O

Corollary 3.8 Let L : H"™ — H"™ be resolvent positive and Il : H™ — H™ be positive. Then
the following are equivalent:

(i) £L+1I is stable, i.e. o(L+TI) C C_.
(ii) — (L + 1) is inverse positive.
(1it) 3X >0: (L+II)(X) <O.
(iv) o(L) C C_ and p(L ') < 1.
(v) (L) C C_ and det(L + 7II) # 0 for 7 € [0, 1].

Proof: (i)<(ii): By Theorem 3.7 (ii) £ + II is resolvent positive and thus by Theorem 3.7
(iii) the first two statements are equivalent.

(ii)<(iii): Obviously (ii) implies (iii). If (ii) fails, then (i) fails, and by 3.7 (i) there exist a
matrix 0 # V > 0 and a A > 0 such that (£ + I1)*(V) = A\V. Now assume that (iii) holds,
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ie. 3IX >0: (L+I)(X) <0. Then 0 > (V, (L+1II)(X)) = (A\V, X) > 0, whence V =0 by
Proposition 3.1, which is a contradiction. Thus (iii) implies (ii).

(ii)<>(iv): Applying Theorem 3.6 with 7 = —£, § = II > 0 and observing that by Theorem
3.7 (iii) —L is inverse positive if and only if 0(L£) C C_ we see that the assertions (ii) and
(iv) are equivalent.

(iv)e(v): (iv)=(v) follows, since p(L7'1I) < 1 < 7! implies det (I + L7'71I) # 0. To prove
(v)=(iv) assume (v) and let p := p(L 1) > 1. As —£ ! is positive by Theorem 3.7 (iii),
—L£ I is positive and we have by Theorem 3.5 p € o (—£ 'II), i.e. det (L;'IL + pI) = 0.
Thus the determinant condition in (iv) fails for 7 = p~! € [0, 1]. 0

Remark 3.9 In a special case the equivalence of (i), (ii), and (iii) in Corollary 3.8 follows
from a result in stochastic analysis given by Khasminskij (e.g. [14]): If II is of the special
form

N
NX) = > AP xAP, AP e ke, (7)
i=1

then each of the conditions (i), (ii), and (iii) is equivalent to the exponential mean-square
stability (see Definition 2.1) of the linear It6 differential equation

dz(t) = Am(t)dt+§:,4g>x(t)dwi(t).

Operators of the form (7) are called completely positive operators. They constitute a proper

subcone of the cone of positive operators (cf. [4]).
Corollary 3.8 thus can be regarded as a generalization of Lyapunov’s stability theorem for

deterministic differential equations (if I = 0). As for Lyapunov equations, we can weaken
the definiteness conditions in Corollary 3.8 (iii), if (A, G) is observable.

Proposition 3.10 Let (A,G) € K™*" x H" be observable, i.e. [\, ker GA"™* = {0}, and
assume
IX <0: L4(X) +1(X) > G. 8)

Then X <0 and L4 + 11 1s stable.
Proof: Let X < 0 satisfy (8). Then

A*X + XA >G. 9)

It is well-known (e.g. [13, Thm. 2.4.7]) that this implies X < 0 and 0(A) C C_.
To complete the proof it suffices by Corollary 3.8 to show that det(L4+7II) # 0 for 7 € [0, 1].
Suppose L4(Xp)+7II(Xp) = 0 and consider the convex combination X, := aX + (1 — a) Xp.
By our assumptions

L4(Xa) > oG — (1 —a)rII(X). (10)
We want to show Xy < 0 and Xy > 0. Assume first Xy £ 0. Since X; = X < 0 there exists
ap = max{a €]0,1] | X, £ 0}. Then X,, < 0 and L4(X,,) > G, whence by the above
well-known argument X,, < 0 - a contradiction.

Now assume X, 2 0, then the last argument can be repeated with X replaced by —X > 0
and inverted order. Thus Ker (L4 + 71II) = {0}. O
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4 Concave maps

In this section we define concave operators in the ordered vector space H™ and prove some
simple properties needed later. The concept is the same as in the scalar case and by a
Hahn-Banach type argument we can always fall back upon this case.

Definition 4.1 Let K be a convex subset of H". A mapping T : K — H™ is said to be
concave if

VX0, X1 € K,t€]0,1] = tT(X1)+ (1 —0)T(Xo) < T(tX:1+(1—1)Xy) (11)
and strictly concave if the inequality (11) is strict.

The following theorem is an immediate consequence of Proposition 3.1 and corresponding
results for real-valued maps.

Theorem 4.2 Let K be a convex subset of H".
(i) A map T : KL — H™ is (strictly) concave if and only if for all non-zero V€ HT the
real-valued function f : K — R defined by H — (V, T (H)) is (strictly) concave.

(i) If T : U — H™ is Fréchet differentiable on an open neighbourhood U of KC, then T is

concave on K if and only if
VX, Y e K:TY)-TX) < Tg(Y —X), (12)

where Ty : H™ — H" denotes the Fréchet derivative operator at the point X € K.
T is strictly concave if and only if strict inequality holds in (12).

(#ii) If T is twice differentiable on an open neighbourhood of K, then T is concave on K if
and only if

VXeK HeH": T4¢(HH) <O, (13)

where Ty : H" x H™ — H™ denotes the second derivative at points X € IC. If the strict
inequality holds in (13), then T 1is strictly concave'.

Proof: (i) If (11) holds then we have for all X, X; € K,t€]0,1[and V >0,V #0

VAT(X) + (1 =0)T(Xo)) < (V,T(tXi+(1-1)Xo)) (14)
—t(X1)+(1-1) f(Xo) — F(tX1+(1—1)Xo)

with strict inequality if (11) is strict (by Proposition 3.1); hence f is (strictly) concave for
arbitrary 0 # V > 0.

The criteria (i) and (iii) are well-known in the scalar-valued case: Under the differentia-
bility assumption in (ii) the concavity of f(-) := (V,T(-)) is equivalent to condition (12)
with T replaced by f. Since fi(-) = (V,T%(-)) it follows from (i) that 7 is concave if and
only if (VT(Y)—-T(X)) > (V,Tx(Y — X)) forall V > 0 and X,Y € K. By Proposition
3.1 the latter condition is equivalent to (12). The strict case and (iii) can be obtained anal-
ogously. O

If 7 is concave, but not strictly concave, then for some positive functional 0 # V' € H’ the
graph of the scalar-valued function (V7 (-)) contains a straight line. We will now show that
in all points of this straight line the graph has the same tangential hyperplane:

!But the converse is not true in general.



Lemma 4.3 Let K be a conver subset of H" and assume T : U — H™ to be Fréchet
differentiable on an open neighbourhood U of KK and concave on K. If for some V € HT! and
XY eint K:

TY)-TX)) = (V,Tx(Y - X)), (15)
then (V, Tx (1)) = (V, Ty (-)), i-e. (T)" (V) = (T¥)* (V).
Proof: Set f(X) := (V,T(X)). Then by (15) f(¥) — f(X) = f4 (Y — X) and by (12)
VZeK: f(Z2) < f(X)+ fx(Z-X)
= O+ LAY -X)+K(Z-Y) = fYV)+ fx(Z-Y).

Now let H € H", such that Y + H € K. We write ¢(-) for the remainder term of the first
order Taylor expansion of f at Y. Then we have by (12):

FV£tH) = f(Y)£tfi(H)+ ¢(£tH) < f(Y) £ tfi(H), te]o,1],

t—0

whence £(f} — fi)(H) +1¢(£tH) <0, i.e. £(f} — fx)(H) < 0 since $¢(£tH) — 0. Thus
fy(H) = fx(H). O

|

V/\

5 Derivatives of Riccati type rational matrix operators

In this section we introduce a class of rational matrix operators which comprises all operators
of the form (3) and derive some properties of their derivatives which will be important in
the sequel. Let P, S, and Q be affine linear matrix operators from H" to H", K**¢ and H*,
respectively, of the following form:

P(X) = A*X+XA + IL(X) + R
S(X) = XB + X(X) + So (16)
QX) = II(X) + Qo,

where A € K", Py € H", B, Sy € K™ Q, € H¢. We assume that the linear operators
Iy, Iy, and X together form a positive linear operator

I (X)  %(X)
. n n+4 _ 1
IM:H —H"™, T(X)= [E(X)* M, (X) (17)
In particular IT; : H" — H" and II, : H" — H¢ must be positive. We define
_ | P So n+e, . yn n—+t L A*X + XA XB n
M'_[S{f Qo}e’ﬂ o AHE = HYTT AX) = B* Y 0 , X € H".
(18)

For applications to stochastic control it is important that we do not impose any restrictions
on the inertia of M or any of its submatrices.
Our object is to study the rational matrix operator R : dom R — H", given by

R(X) = PX)-SX)QX)'S(X)*, XecdomR={XeH"|QX)>0}. (19)
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Since we do not assume )y to be positive, dom R may be empty, in which case the further
discussion is void. But note that X € domR implies Y € domR for all Y > X and that
dom R is open and convex.

We are interested in the rational matrix equation

R(X) = 0, (20)

and the corresponding strict and nonstrict inequalities. The definite version of equation (20)
with ¥ = 0 and M > 0 was studied first by Wonham in [24] and later e.g. in [10], [6].

Remark 5.1
(i) R(X) is the Schur complement of the matrix

R(X) = A(X) +TI(X) + M = [ Px) S ]

SX)* QX)
Hence X € dom R solves the nonlinear matrix inequality R(X) > 0 (resp. R(X) > 0)

>
if and only if it solves the higher dimensional linear matrix inequality R(X) > 0
(resp. R(X) > 0).

(ii) In the case of the stochastic bounded real lemma considered in Section 2 we have

N 4% , N 4% ) N %
LAY XA AV X B Al S
) = | 2o Ao XA R KBy ) s Ay ),
—-C*C —C*D 0 0 c*

The first equation shows that our positivity assumption is satisfied in this case.
(iii) Equation (20) reduces to the continuous algebraic Riccati equation (CARE)
A* X + XA+ Py — (XB+S5) Q' (XB+5)" = 0 (22)
if IT = 0, and to the discrete algebraic Riccati equation (DARE)
A" XAy — X+ Py — (AO*XBO + So) (BO*XBO + Qo)i1 (AO*XBO + SO)* =0 (23)
if A=—1I, B=0,and Il (X) = Ay*X Ay, II,(X) = By* X By, and ©(X) = 4,* X B,.

Neither the algebraic Riccati equations (22) and (23) nor Wonham’s equation need to be
solvable. But if they are, and certain stabilizability conditions are fulfilled, then they can
be solved by a Newton-Kantorovich iteration starting with an arbitrary stabilizing matrix
Xo (compare [15]). We will show in Section 6 that the same is true for the general equation
(20). To this end we need to calculate the Fréchet derivative R’y of R at points X € domR.
In order to condense the notation, we write Py, Sx, and Qx instead of P(X), S(X), and
Q(X). Moreover we write

e(i) = | _ohge | M| olgr | ana av-a-moysi e

for X € domR.
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Proposition 5.2 For X € domR the derivative of R at X s a resolvent positive operator
on H" given by Ry = L4, +1lx.

Proof: By a direct calculation we have

Rix(H) = Px(H) - Sx(H)Qx'Sx + SxQx Q% (H)Qx'Sx — SxQx'Sx (H)*
= A*H+HA+1I,(H) - HBQY'SY — Z(H)Q%'Sx
— SxQx'B*H — SxQx'S(H)* + SxQy'TI(H)Qx' Sk
= Lay(H) +1x(H)

with IIx and Ax from (24). Since L4, is resolvent positive by Example 3.4(iii) and Ilx is
positive, the sum L4, + IIx is resolvent positive by Theorem 3.7 (ii). O

We introduce an appropriate stabilizability concept for the matrix operator R:

Definition 5.3 A matriz X € dom R is called stabilizing for R if 0(Ry) C C_ and almost
stabilizing if o(R’) C C_ UiR. We call R (almost) stabilizable if there exists an (almost)
stabilizing matriz X for R.

Remark 5.4 (i) By Corollary 3.8 a matrix X is stabilizing if and only if Ax is stable and
pi=p ([,;,;HX) < 1. Suppose that Ax is stable so that —E;; is a positive operator.
By Theorem 3.5 there exists an eigenvector P > 0 such that —£;! IIx(P) = pP. Thus
p < lifand onlyif ||£} IIx (P)|| < ||P|| holds for all eigenvectors P € H" of —L Il x.
In [24] Wonham has given the following sufficient condition for the solvability of the
classical linear quadratic optimal control problem in the case of multiplicative noise:

5L (e (1) = H/OOO etA%nX(f)etAthH <1. (25)

This condition roughly means that the noise effect on the feedback system defined by
X should not be too large. It implies that, for all P € H"} (not only for the eigenvectors
of —in IIy)

1£3 Ik (P < [[£3 Ix (I1PIDI < [P
In [11] examples can be found illustrating that the inequality (25) is not a necessary
solvability condition.

(ii) In the special case that R(X) = 0 is the CARE (22), a matrix X is stabilizing in the
sense of Definition 5.3, if and only if all eigenvalues of Ax = A — BQ, "' (S¢ + B*X)
lie in the open left half plane. In fact, this follows from (i) since the condition p :=
P (E;&H X) < 1 is automatically satisfied because of I[Ix = 0. Hence in this case our
stabilizability concept coincides with the classical one, see e.g. [16], [15].

(iii) The same holds true for the special case where R(X) = 0 is the DARE (23). In this
case a matrix X is stabilizing, if and only if

o (AO — By (Qo+ B XBy) ' (SF+ B;fXAO)) cD:={seC||s|<1}.  (26)
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In fact, then Ax = —(1/2)I and so —La, = —L_(1/9)r is the identity whereas

I

Iy (H)=L*HL, where L = [A, B Z )
<) where L= Bl 0, + rxm) ™ (53 + Bxay

So Ax is stable and p (E;&(HX) = p(Ilx) < 1if and only if the map H — L*HL has
spectral radius < 1. But it is well known that the latter holds if and only if (L) C D,
i.e. (26) is satisfied.

We will now investigate the error of the first order Taylor expansion of R and show that R
is a concave operator on domR. It is convenient to write

A I
s [ ~Q5'5} ] . { —~Q7'S} } 0

for Z € domR, and

._ I * SyQy'Sy Sy 1
®,(Y) = [_Q;SE] [ S);/t ' QY:| [_Q;S;}

= (SvQy' - 52Q7") Qv (Q¥'SY - Q7'S7) (28)
for Y, Z € domR. Note that ®(Y) >0 for all Y, Z € domR, and ®,(Z) = 0.

It turns out that —®z(Y") is the remainder term of the first order Taylor expansion of R at
Z in direction Y — Z, see Fig. 1 and assertion (iv) in the next proposion. In particular the

Mz +R,(Y)

R(Y)

Figure 1: Graph of R and its tangent at 7 € H"

positivity of ®;(Y) implies the concavity of R. The remaining identities in the following
proposition have only technical significance and are listed here for later use. The equalities
(i), (iv) and (v) are illustrated by Fig. 1.

Proposition 5.5 Let Y,Z € domR. Then the following identities hold:
(1) R(Z) =Ry (Z) + My.
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(it) (R —RY) (H) = Mz — My — ®,(H) 4+ Oy (H).
fiii) (Riy = Ry) (V) = My — My — ®5(Y),
(iv) R(Y) =Ry (Y) + My — (V).

(v) R(Z) + Ry (Y — Z) = R(Y) + 5(Y) > R(Y),
i.e. R s a concave map on domR.

Proof: (i) This follows from a short calculation:

R(Z) = Pyz—S2Q,'S5 —52Q,'Ss + 52Q,'Q2Q,'S5
= A*Z+ZA+11,(2)P,
— ZBQ3'S; - %(2)Q5'S; — SiQ5'S;
- S2Q,'B*Z — S;Q,'Y(2)* — S;Q,*Sy
+52Q,'2(2)Q,'Sy + S2Q,' QQ,' S5
= Ly, +1z+ Mjy.

(ii) Another straightforward calculation gives:

Ry (H) — Ry, (H) = — SyQy'(HB)* — HBQy'Sy

+ SyQy'S(H)* + S(H)Qy' Sy + SyQy ' Ty (H)Qy ' S
+52Q;' (HB)* + HBQ,'S;,
— 57Q7'S(H)* + (H)Q3'S; — S2Q5'TL(H)Q,'Sy,

= 4 (52Q7" — 5vQy")(Sa — So)* + (Su — So)(Q5'S7 — Q7' S¥)
+ Sy Q7' (Qu — Q0)QY' Sy — 52Q7' (Qu — Qo)Q%'SS,

= Mz — Py — (My — F)
— (@2(H) - SuQF'S}) + @y (H) - SuQz' Sk

= My — My — ®,(H) + &y (H).

(iii) This is immediate from (ii), since @y (Y) = 0.
(iv) By (i) we have R(Y) = Ry (Y) + My and by (iii)

My = —(Ry —R)(Y)+ Mz —24(Y).

This gives the desired formula.
(v) If we subtract (iv) from (i) we get

R(Z) =R(Y) =Ry(Z = Y) + 24(Y),

which is (v).

6 Newton’s method applied to the equation R(X) =0

In this section we derive a general non-local convergence result for the Newton algorithm
applied to the rational matrix equation R(X) = 0. For the special cases of deterministic
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algebraic Riccati equations this result can be found e.g. in [16] and [15] for both CARE and
DARE, and in the definite stochastic case special versions of the result were established in
[24] and [6].

The method can be applied under the conditions, that R is stabilizable and that the in-
equality R(X) > 0 is solvable. Under these conditions it will be shown that convergence
takes place if the algorithm starts at any stabilizing initial matrix Xj.

Using Proposition 5.5 (i) we can write the standard Newton-iteration for our problem in the
following form:

Xpnn = Xe— (Ry,)” (R(X) = = (Ry,)” (Mx,), (29)

where R'y, is known from Proposition 5.2, and Mx was defined in (27). In each iteration
step the following linear matrix equation must be solved in order to obtain Xy :

A% X + XAx, + Ty, (X) = My,

Theorem 6.1 Assume that there exist a solution X € domR to R(X) > 0 and a stabiliz-
ing matriz Xo. Then the iteration scheme (29) defines a sequence (Xi) in dom R with the
following properties:

(i) Vk=1,2,...: Xp> Xp1 > X and R(X,) <0.
(i) Vk=10,1,2,...: Rl 1is stable.
(1ii) (Xg) converges to a limit matriz Xo, € dom R that satisfies R(Xs) = 0.

(1v) Xoo is the greatest solution of R(X) > 0 and U(’R’Xoo> Cc C_ UiR.

Proof: We prove (i) and (ii) inductively.

By assumption Ry, is stable, which settles the case k£ = 0.

Suppose that Xj,..., X; have been constructed such that RI)Q is stable for ¢ = 0,...,k,
X; > ...> Xpand R(X;) <0fori=1,...,k. Then Xy ; is well defined by (29) and
satisfies

'R,'Xk (X — Xkr1) = R(Xy). (30)
We first prove Xj,; > X. By the concavity of R (Proposition 5.5 (v)) we have

Ry (X = Xpr1) = Ry, (X = Xp) + Ry, (Xi — Xp11)
5.5 (v) R
>

= Ry, (X — Xp) + R(X) R(X) > 0. (31)

Since ’R’Xk is stable, i.e. —’R’Xk is inverse positive by Corollary 3.8, we have X< Xky1 and
hence X 1 € domR.
By the same argument, if £ > 1 it follows directly from (30) and R(X}) < 0 that X — Xy >
0. It remains to show that R’Xk+1 is stable and R(Xy11) < 0. Again by the concavity of R
we have X X

0 < R(X) < R(Xgy1) +R1)(k+1(X — Xji1)- (32)

From 5.5 (iv) and (29) we have
R(Xi41) = Ry, (Xiy1) + Mx, — Ox, (Xpq1) = —Px, (Xp11) <0, (33)
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which proves R(X11) < 0, and together with (32) we obtain

o (X = Xp1) > @x, (Xpyr) > 0. (34)

Xk4+1

Now let us assume that RIX;CH is not stable. By Proposition 5.2 and Remark 3.3 both R')(k+1
and its adjoint are resolvent positive; moreover they have the same spectral abscissa. Thus
by Theorem 3.7 the instability of Rl)(k+1 is equivalent to the following condition:

W eH \{0},>0: Ry

KXr+1

(V) =pVv. (35)
On the one hand this implies

<V, R'XHI(X - Xk+1)> = <ﬁV, X - Xk+1> < 0.
On the other hand we have from (34)

(V) Rl (X = Xe)) > (V, 05, (X)) > 0.
Combined with the previous inequality this gives (V', ®x, (Xx41)) = 0, hence by Proposition
5.5 (v)

(V. R(Xps1) = R(Xx)) = (V. Rly, (X1 — X)),

*
whence by Lemma 4.3 (’R;k)* V = (R’ ) V = BV, contradicting the stability of R, .

Tr+1
Thus, our assumption was wrong, and R')(k+1 is stable. This concludes our proof of (i) and
(ii) by induction.
(iii) By (i) the X} converge to a matrix X, € domR. Passing to the limit in (29) shows
R(Xow) = 0. Since Xy > X and X is an arbitrary solution of R(X) > 0, the limit X is
also the greatest solution of the inequality.
(iv) By (ii) all R, are stable; thus by continuity o (Rx_.) c C_ UiR O

Remark 6.2 Note that the Newton sequence of Theorem 6.1 is monotonic only after the
first step. In fact, the first step might lead further away from X .

From Theorem 6.1 we infer an existence theorem for the equation R(X) = 0, which gener-
alizes existence theorems for the definite CARE, DARE and STARE in LQ control theory.
In [24] this result was given under the additional assumptions ¥ = 0 and (A, P) detectable:

Corollary 6.3 Assume Qo > 0, Py > SFQy'So, and R is stabilizable. Then the equation
R(X) =0 has a solution X > 0.

Proof: The assumptions guarantee that 0 € domR and R(0) > 0. Thus Theorem 6.1 can
be applied with X = 0 and a stabilizing Xj. O

To apply the algorithm proposed in Theorem 6.1 it is crucial and in many cases not trivial
to find a stabilizing matrix X,. This problem is absent when Rj, is stable. The next theorem
shows that if Py < 0 then the stability of R} is closely related to the existence of negative
definite solutions of R(X) > 0 and also to the stability of £4 + IT;.
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Theorem 6.4 Assume that Py <0, (A, Py) is observable, and the inequality R(X) > 0 has
a solution in domR. Then the following are equivalent:

(i) La+ 11y is stable.
() 3X €e domR: R(X) >0 and X <O0.
(11i) X € domR and R(X)>0 = X <0.
(iv) X € domR and R(X) >0 = X <O0.
If additionally Qo > 0 then all these statements are equivalent to
(v) Ry is stable.

The implications (i)=(iii) and (v)=>(iii) (as well as the trivial chain (iv)= (iii)=>(ii)) hold
without the observability assumption.

Proof: (i)=-(iii): On dom R the following inequality holds by definition
R(X) = P(X) - S(X)Q(X)™'S(X)* < P(X) = La(X) + I (X) + Pp. (36)

Thus R(X) > 0 implies L4(X) + I1;(X) > —F, whence X < 0 if L4 + II; is stable (by
Corollary 3.8).
(v)=-(iii): By concavity

R(X) <R(0) + RH(X) = Py — SoQy' Sy +Ry(X), X € domR. (37)

Thus Q(0) = Qo > 0 and R(X) > 0 imply 0 € dom R and R{(X) > —F, whence X < 0 if
R is stable.

To prove the remaining non-trivial implications (ii)=-(i), (ii)=-(v), and (ii)=-(iv) we make
use of the observability assumption.

Suppose that (A, P,) is observable and R(X) > 0 for some X € domR,X < 0. Then
L4(X)+II,(X) > —P, by (36) and hence (iv) and (i) follow by Proposition 3.10. This
proves (ii)=-(i) and (ii)=(iv).

Finally suppose that Qo > 0 and assume again that R(X) > 0 for some X € domR, X < 0.
Then 0 € domR, and RH(X) = La,(X) + o(X) > =Py + SeQy'SF > 0 by (37) (with
Ay = A— BQy'S;). By Lemma 4.1 in [24] the pair (Ag, — Py + So@Qy ' Sg) is observable, too,
whence again by Proposition 3.10 R{(X) is stable and X < 0. This proves (ii) =(v) and
(ii)=(iv) under the assumption @y > 0. O

Note that in the situation of Section 2 the stability of £4 + II; is equivalent to the internal
stability of the given stochastic system (2) (by Remark 3.9).

7 Stabilizing solutions and quadratic convergence

By Theorem 6.1 there exists a greatest solution X, to R(X) = 0 and X, is almost stabi-
lizing, provided that R is stabilizable and the inequality R(X) > 0 has a solution.

In many cases it is interesting to know, if there exists a stabilizing solution. For instance we
will see below, that this guarantees quadratic convergence of the Newton iteration.

At first we convince ourselves that if a stabilizing solution exists it is also the greatest so-
lution and thus unique. Then we will show that for stabilizable R a stabilizing solution of
R(X) = 0 exists if and only if the strict inequality R(X) > 0 is solvable.
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Lemma 7.1 If for Y, Z € domR: R(Y) < R(Z), and o(R%,) C C_, thenY > Z.

Proof: By concavity Ry (Y — Z) < R(Y) — R(Z) < 0, whence Y > Z by the stability of
RS O

Theorem 7.2 The following are equivalent:
(i) R is stabilizable and 3X € domR : R(X) > 0.
(ii) There exists a stabilizing solution of the equation R(X) = 0.

Moreover, a stabilizing solution of the equation R(X) = 0 is necessarily the greatest solution
of the inequality R(X) > 0 and thus unique; it coincides with X as given by Theorem 6.1.

Proof: (i)=-(ii): Let the sequence (Xj) be defined as in Theorem 6.1. Since R(X) > 0,
inequality (31) holds in its strict form. Passing to the limit £ — oo yields

Ry (X — Xo0) > R(X) > 0.

By continuity R’y maps a whole neighbourhood of X — Xy < 0 to int (H?). Thus RYy_
is stable by Corollary 3.8, i.e. X, is a stabilizing solution of the equation R(X) = 0.

If X is another stabilizing solution of the equation R(X) = 0, then by Lemma 7.1 X > X
and X, > X, ie Xo = X.

(ii)=(i): Let X, be stabilizing. Then R'y_ is a regular operator and by the implicit function
theorem the equation R(X) — el = 0 is solvable for sufficiently small € in a neighbourhood
of X, in H™. Hence (i). O

We can show quadratic convergence of the sequence (Xj) defined in Theorem 6.1 provided
there exists a stabilizing solution.

Theorem 7.3 Assume that there exists a stabilizing solution X € domR to R(X) = 0.
Let the sequence (Xy) and its limit X, be given as in Theorem 6.1 (starting from an arbitrary
stabilizing matriz Xo € domR ). Then there ezists a constant k such that

1 Xess - Xaoll < RIIXG = Xool”
Proof: By concavity

by (33)

Ry (Xeo = Xp1) < R(Xoo) = R(Xps1) ®x, (Xkt1)

and since —R'x__ is inverse positive
-1
Xy = Xoo < = (Ri.) (Px,(Xki1))-
This gives the estimation

-1
e = Xooll < || (R ™| I (i) (38)

where the context tells whether || - || stands for the #"-norm or the induced operator norm.
By (28)

2

[0x, (Xer)| < ||Sxn Q@ = S @t |

|QXk+1 || : (39)
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To estimate the first factor in this product we write

SXk_HQ;(iH - SXkQ;(i = (Sxk+1 - SXk) Q}iH + Sku}iH (ka - QXk+1) Q}i
= §'(Xp1 — Xi)Qxh,, — Sx.Qxh,, Q' (Xks1 — Xi)Qx.-

By the monotonicity of the X}, and the Qx, > 0 for £ > 1 we have for £ > 1:

lexl = llex.ll,

<
1Sx Il < 1Sl + (15[ max {1 X[, [| Xool|}

and thus for some k¢ > 0:
Vk>1: [[Sx, @xpy, — Sx@xill < ol Xipr — Xil|-
Using this in (39) and (38) we find a x > 0, such that
V> 1: [ Xpp = Xeoll < Rl Xppn = Xl < w1 X5 — Xooll%,

where the second inequality follows from the monotonicity of convergence. O

8 Monotonicity and concavity

In this section we compare the greatest solutions of the matrix inequalities R°(X) > 0,
RY(X) > 0, where R? and R! are of the type (19). Similar results for the algebraic Riccati
equations CARE and DARE can be found e.g. in [22], [17], [15]). We will see that the linear
matrix inequalities (LMIs) associated with R(X) > 0 (see Remark 5.1) provide a convenient
tool for the derivation of monotonicity results.

Proposition 8.1 Given A, M, and II as in (18) and (17), the following equivalences hold
for X € domR:

(i) R(X) >0 < TI(X)+A(X)+M >0.
(i) R(X) >0 «— II(X)+A(X)+ M >0.

Proof: It suffices to observe, that R(X) is the Schur complement of II(X) + A(X) + M
with respect to the lower right block Q(X), and Q(X) > 0 by definition for all X € domR.
O

We will say that R is the rational operater associated to 11, A, and M. If Il and A are fixed
we will also write R™ for this operator to highlight its dependence on M.

For i = 0,1 let M; € H™"* and RM™: be the rational matrix operators associated to II, A,
and M;.

We first show that the greatest solution X, depends monotonically on M.

Theorem 8.2 Assume M, > M. If there exists a solution Xy € dom R0 to RM(X) =0
and RM: is stabilizable, then there exists a greatest solution X, to RM(X) = 0 and X; > X.
If X, is stabilizing for RMo, then X, is stabilizing for RM:.
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Proof: By M; > M, and Proposition 8.1 we have dom RM° C dom RM! and also R (X,) >
0. Thus by Theorem 6.1 there exists a greatest solution X; to R (X) = 0 and X; > Xj.

If X, is stabilizing for RM°, then by Theorem 7.2 there exists an X € dom R™M° such that
RMo(X) > 0. Again by M; > M, and Proposition 8.1 we have R (X) > 0. Thus again by
Theorem 7.2 X, is stabilizing. O

An analogous argument shows that X, depends on M in a concave fashion (compare Defi-
nition 4.1).

Theorem 8.3 Let My, M, € H™* be arbitrary, and set M, := (1—7)My+7M, for T € [0,1].
Assume that for i = 0,1 there exist solutions X; € dom RMi to RMi(X) = 0 and that RMo
is stabilizable for some 19 €10,1[. Then there exists a greatest solution X, to R (X) =0
and X,y > (1 —19)Xo + 10X1. If Xo or X is stabilizing then so is X,,.

Proof: Set X'TO = (1 — 79)Xp + 70X, € domRMw. Obviously Xm € domRM~ and by
Proposition 8.1

0 < 7o) (I(Xo) + A(Xo) + Mo) + 7 (II(X1) + A(X1) + M)

( _
= T(Xy) + A(Xp) + My, (40)

whence RMo (X'TO) > 0. Thus by Theorem 6.1 there exists a greatest solution X, t
RMn(X) =0 and X,, > X,,.

If without loss of generality X is stabilizing, then by Theorem 7.2 there exists an X, €
dom RMe such that RM(X,) > 0. Now we set X, := (1 — 70)Xo + 70X € domRM and
conclude as in (40), that II(X,,) + A( X,,) + M,, > 0. Thus again by Theorem 7.2 the
greatest solution of the equation R (X) = 0 is stabilizing. O

9 Continuity and analyticity

We use the notation from the previous section and consider linear matrix inequalities of the
form RM(X) := A(X) +II(X) + M > 0 with fixed A and IT but variable M. Our aim is to
analyze the dependence of its greatest solutions on small variations of M. The associated
rational matrix operator is denoted by RM. For convenience we introduce the following sets
(depending on A and II, but these operators are fixed):

My = {M € H"™:RM is stabilizable},

My = {MeH"™:RM(X) =0 is solvable in domRM},

My = {MEe€ HOHE II(X) + A(X) + M > 0 has a greatest solution in H"}, (41)
Mz = {M¢e€ HTE ’RM(X) = 0 has a stabilizing solution in dom ’RM}.

The following identity and two inclusions follow from Theorem 6.1, the definitions in (41)
and Theorem 8.2, respectively.

Mz = Mo (Mz+H2E) € Mon (My +HTH) € M.

Our first theorem in this section shows that M, and M3 are open and that on M3 the
greatest solution of R™(X) = 0 depends analytically on M.
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Theorem 9.1 Given a positive linear map I1 : H* — H"* as in (17) and a linear map
A2 HY — H as in (18), then the subsets My, Mz are open in H" and there exists
a (real) analytic function X, : Mg — H" such that X (M) is the stabilizing solution of
RM(X) =0 for all M € M;.

rr Syt

Proof: Partitioning every M € H"'* as in (18) we write M = [ (Shy* QM
0 0

} , and for
every X € H"

PY = A*X + XA+ (X)+ P, S¥=XB+2(X)+SY, Q¥ =I,(X)+ QY.
If X €edomRM ={X € H" | Q¥ > 0} we write

QU (sY)* ]*“(H) [ Qs }

Clearly D = {(M,X) € H""* x H" | Q¥ > 0} is non-empty and open in the real vector
space H"t x H™ and the map F : D — H" defined by

I (H) = | _ AY = A-B(QY)(Sx)"

F:(M,X)~F(M,X):=RY =Py - S¥(Qx)"(SY)", (M, X)eD
is (real) analytic. As a consequence also the derivative

oF oF /
X (M, X) — a—X(M,X) = (RY)y =Ly + 1Y, (M,X)eD
is an analytic map from D to L(H").
Now let My € M,, then there exists X, € domR™M° such that a((RMO)IXO) C C_. Since

: or :
the spectrum depends continuously on the operator, (My, Xo) € D and X is analytic on

D there is an open ball B(My,e) := {M € H"™ | |M — My| < &} in H"*¢ such that
Xo € domRM and o((RM)’ ) C C_ for all M € B(Mj,¢). Thus X, is stabilizing for all
RM with M € B(My,¢), and this proves that M is open.

Now assume that My € M3 and let X; € dom RM° be the stabilizing solution of RM°(X) =

OF
0. Then (My, Xy) € D and 8—X(M0’X0) = (’RMO)'XO is stable, in particular invertible.

As a consequence of the implicit function theorem for analytic functions [7] there is an
open ball B(My, &) in H"*¢ such that for all M € B(My,¢,) there exists a unique solu-
tion X(M) € H™ of RM(X) = 0 which depends analytically on M € B(My,&y). But
oF
then M — a—X(M’X(M)) = (RM)'X(M) is continuous (even analytic) on B(My,e,) and
since a((RM")'X(MO)) C C_ there exists ¢ € (0,&9) such that 0((RM)IX(M)) Cc C_ for all
M € B(Mjy,e). Hence X (M) is a stabilizing solution of R™(X) = 0 for all M € B(My,¢)
and so B(My,&) C Mj3. This shows that M3 is open in H"** and the restriction of X (-)
to B(My, €) coincides with X (-) on B(My,e). Therefore X, (-) : M3 — H™ is analytic. =~ O

Corollary 9.2 Given A and I as in Theorem 9.1, then the sets defined in (41) satisfy

MgCMoﬂ./\/hCE
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Proof: The first inclusion follows directly from the definition. Now suppose My € MqN.M;
and Xy € dom RM° is a solution of RM(X) = 0. By Theorem 9.1 we have B(Mj,&¢) C My
for some g9 > 0. If we set M, = My + €I for arbitrary ¢ € ]0, & we get

RM=(X,) = A(Xo) +TI(Xo) + My + €I > 0.

It follows from Proposition 8.1(ii) and Theorem 7.2 that there exists a stabilizing solution
of RM:(X) = 0 and so M, € Mj. Since M, comes arbitrarily close to My as ¢ — 0, the
corollary is proved. O

In the situation of Section 2 it is of interest to examine, what happens, if v decreases, i.e. if
the optimal attenuation value is approached. More generally, we can regard a decreasing
convergent, sequence of matrices My € Mjs, My — M , and ask whether the corresponding
greatest solutions X, := X, (M) converge to a solution X of the equation RM(X) =
0. If M € M; this is clear from Theorem 9.1. But if M € OMs, it may happen that
X = limy_,, X, exists and is the greatest solution of the LMI II(X) + A(X) + M >0
but X ¢ dom Ry, so that M € My \ Ms. In the following we will see that (under some
controllability condition) it suffices to assume M}, € M, for all k in order to obtain M e M.
Note that solutions of the LMI RM(X) := II(X) + A(X) + M > 0, satisfy Q(X) > 0 and
Ker Q(X) C Ker S(X) and may therefore be called generalized solutions of the associated
rational inequality RM (X)) = 0.

We will need the following two lemmata.

Lemma 9.3 Let (Hy)ren be an unbounded increasing sequence of Hermitian matrices in
H™. Then there exists a nonzero vector e € K™ such that limy_,{x, Hyx) = oo for all
x € K™ with (x,e) # 0.

Proof: Replacing Hy, by Hy — Hy we may suppose without restriction of generality that
Hy > 0. By a compactness argument we find a subsequence (k;);en such that the limit
H = lim;_, o Hy, /||Hy,|| exists. Since |[H|| = 1 there exists a unit eigenvector e € K",
satisfying He = e. Every x € K" with (z,e) # 0 can be written in the form z = ae + z,
where o € K\ {0} and e L z € K". It follows

H,.
lim (z, —*2) = (v, Ha) = |af + (2, H2) > |of’,
j=voo || Hyll
whence (z, Hy;x) — 00 as j — 00, and s0 limy_,(x, Hyz) = oo by monotonicity. a
Lemma 9.4 Suppose the Hermitian matrices H, = B* C form an unbounded in-
k k

creasing sequence in H"* and assume that ||Ci|| < v for some v > 0. Then, for arbitrary
z €K, ueK,

lim([i},Hk[z]):oo = klim(ac,Akx):oo.
—00

Proof: Again we may assume that Hy > 0, k¥ € N. In order to prove “=" suppose that

<{ i ] H, [ *Z ]) = (z, Apz) + 2Re(x, Byu) + (u, Cxu) — 00 as k — oo.
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Since Hy > 0 we have by the Cauchy-Schwarz inequality (with respect to the semidefinite
scalar product induced by Hy)

(z, Agx) (u, Cyu) > |{z, Byu)|*.

Hence (x, Ayz) — oo and “=" is proved. To show the converse implication let us assume
ay := (x, Axx) — oo. Then

x x
([ ” } , Hy, [ " ]) > a; — |(z, Byu)| > af — ag/7 |Jul| = 0o as k — oo,
This concludes the proof. O

By combining the preceding two lemmata we obtain:

A By
Bf Cy
Hermitian matrices with bounded lower right block Cy, then there exists a nonzero vector e €

K", such that for all x € K* with (e,z) # 0 and all u € K*: limk_)oo([ 2 ] , Hy, [ i }) = 00.

Corollary 9.5 If H, = [ € H", k € N is an unbounded increasing sequence of

The next proposition is a mixed monotonicity/continuity result and is based on a controlla-
bility assumption for the pair (A, B).

Proposition 9.6 Suppose Il and A are given as in Theorem 9.1 and (My)ren is a bounded
decreasing sequence in My. For k € N let X}, be the greatest solution to the LMI RM+(X) =
AX) +II(X) + Mg > 0. If the pair (A, B) is controllable, then the Xy are bounded and
converge to the greatest solution of RM(X) = A(X)+I1(X)+ M > 0 where M = limy_, o, M.
In particular M € M.

Proof: Since the solution sets of the LMIs RM¥(X) > 0 are decreasing so are the Xj. It
is therefore enough to show, that (Xj)ren is bounded, since then X = limy,_, ., X}, exists
and by continuity RM(X) = lim,_,o RM*(X}) > 0, i.e. X solves the inequality R (X) > 0.
Moreover X is then the greatest solution of this inequality by monotonicity (see Theorem
8.2). We assume now that the sequence (Xj)ken is not bounded und will show that this
assumption leads to a contradiction.

Applying the Kalman-Yakubovich-Popov criterion to the inequality A(X)+II(Xy)+ M, > 0
(e.g. [25], [15]) we have for all k:

Vw €R: [ (il _IA)_IB ]* (m(xe) + M) [ (iw! _IA)_lB ] > 0. (42)

There are two possibilities: Either II(Xy) is bounded below for ¥ — oo or not. In the first
case there exists (by monotonicity) I := limy, o0 I1(Xy) and (42) remains valid, if we pass
to the limit and replace I1(Xy) + My by I+ M. Thus, by the sufficiency of the Kalman-
Yakubovich-Popov criterion, there exists a solution X of the inequality A(X)+T1+M > 0.
But since [T+ M < II(X}) + M, for all k, X also satisfies RM*(X) > 0. Hence X being
the largest solution of this inequality, we have X < Xy, ie. X is a lower bound for all Xk,
which contradicts our assumption.

So assume that (IT(Xy))gen is not bounded. Since both (My)ren and (I1(Xy))ren are de-
creasing the sequence (II(Xy) + My), .y is decreasing and unbounded. We want to show
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that this is incompatible with (42). By (42) the lower right ¢ x ¢ block of IT(X}) + M}
is nonnegative definite for all k because lim,_,o ||(iwl — A)™'B|| = 0. Thus the sequence
Hy := —II(X}) — M satisfies the assumption of Corollary 9.5, and there exists a nonzero
vector e € K" such that for all z € K” with (e, z) # 0 and all u € K

k— 00

1im<[ﬂ,(H(X,c)+M,c)[ﬂ>=-oo.

By the controllability of (A, B) there exist an wy € R and a vector u € K’ such that
(e, (iwol — A)"*Bu) # 0. For if e*(iwl — A)"'B vanished identically in w € R, then all

coefficients in the Laurent expansion e*(iwl — A) B = > 7, g;g‘—:ﬁ would vanish. Since
e #0 and Im(B, AB, ..., A""1B) = K" the latter is impossible.

For the constructed uw we have

;}L‘?o”* { (iwo I —IA)—lB r (H(Xk) . Mk) [ (iwol —IA)—lB ] v = —oo

in contradiction to (42). O
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