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1 Introduction

Relations between algebraic Riccati equations and generators of positive semigroups on ordered vector
spaces have proved to be useful in the analysis of control problems for linear time-invariant systems
and the numerical solution of general matrix equations, compare e.g. the recent works [22, 12, 20, 11].
In particular, this approach allows a unified treatment — up to a certain extent — of symmetric and
nonsymmetric Riccati equations arising in discrete or continuous time or in a stochastic framework.
The notion of positivity facilitates the design of monotonically convergent solution schemes and has a
clear interpretation with respect to stability properties of the system.

Similar ideas have also been developed for differential Riccati equations and corresponding time-
varying control systems e.g. [21, 1]. However, to our knowledge, there is no concise treatment on the
relation between positive evolutions and differential Riccati equations available in the literature. The
present paper tries to fill this gap.

After reviewing some basic properties of finite dimensional ordered vector spaces in Section 2 we
define positive evolutions in Section 3 and characterize their generators. Although this result is
essentially a straight-forward extension from the time-invariant case, it seems that only special cases
have been treated so far, e.g. [24]. Moreover, we provide some useful estimates. Section 4 is concerned
with exponential stability of positive evolutions. Building upon some results in [13], we obtain a
time-varying version of the generalized Lyapunov Theorem by Schneider [29], which — as mentioned
above — has turned out to be a useful tool in the analysis of algebraic Riccati equations, (cf. [11]).
Analogously, we apply our time-varying result to a certain differential Riccati equation in the last
sections. Before that, however, we collect some interesting statements on uniform observability and
exponential stability in Section 5 and on the robust stability of positive evolutions with respect to
positive perturbations of their generator in Section 6. We conclude the paper with two substantial
sections, where we apply our results (mainly from Sections 3 and 4) to coupled differential Riccati
equation arising in game theory.

2 Preliminaries

In this section we recall some definitions which allow us to establish the framework of this paper.

Throughout this paper X is a finite dimensional real Hilbert space. We assume that X is ordered by
a order relation ” < ” induced by a regular, solid, closed, pointed and selfdual convex cone X*. For
detailed definitions and other properties of convex cones we refer to [8, 9, 12, 11, 20, 27].

Here we recall that the dual cone with respect to the inner product (-,-) on X is defined as (X)* =
{y € X|Vz € Xt : (z,y) > 0}; the cone X7 is called selfdual if (X+)* = XT,



By |- |2 we denote the norm on X" induced by the inner product on X, i.e. |z|s = [(x, :r>]% This norm
is monotone in the sense that 0 < x < y implies |z|s < |ylo.

Fix some positive vector £ € Int ¥+ and consider the set Be = {z € X | = <z < }. By |- |¢ we
denote the norm with unit ball Be, i.e. B¢ = {z||z|¢ < 1}. In other words, |- |¢ is the Minkowski-
functional |z[¢ = inf{t > 0: 1z € B¢}. The pair (¢, | |¢) has the following properties, which are easily
verified:

Py) If z,y,z € X are such that y < z < z then
|zle < max([yle; |z]¢) - (2.1)

Py) |{|¢ =1 and for arbitrary € & with |z|¢ <1 it holds that

<z <E. (2.2)

P3) There exists a positive constant ¢y such that for all z € X*:
(,8) = colzle (2.3)

If T: X — X is a linear operator and | - | is a norm on X, then ||T'|| = sup |T'z| is the corresponding
<1
operator norm.

Remark 2.1  a) Since X is a finite dimensional space the norms |- |¢ and | - |2 are equivalent. By
definition it follows that ||-||¢ and [|-||2 are also equivalent. This means that there are two positive
constants ¢ and ¢y such that ¢1||T||¢ < ||T'||2 < c2||T||¢ for all linear operators T': X — X.

b) If T* : X — X is the adjoint operator of T with respect to the inner product on X, then
|T||2 = || T*||2- In general the equality ||T'||¢ = ||7||¢ is not true. However, based on a) it follows
that there are two positive constants ¢;, ¢ such that

c1l|Tlle < 17" |le < éf|Tfe- (2.4)

Definition 2.2 Let (X, X") and (Y,Y) be ordered vector spaces. An operator T : X — Y is called
positive, if T(XT) C Y. In this case we write T > 0. If T(Int X*) C Int Y we write T > 0.

Proposition 2.3 [14] If T : X — X is a linear operator then the following hold:

(i) T >0 if and only if T* > 0.
(i) 1T 2 0 then | T)l¢ = 7€,

From (ii) of the previous Proposition we obtain:
Corollary 2.4 Let Tj, : X — X,k = 1,2 be linear positive operators. If Ty < Ty then ||Ti||¢ < ||T2]le-

Example 2.5 (i) Consider X = R" ordered by the regular, solid, closed, pointed and selfdual con-
vex cone R = {z = (z1,...,2,)7 € R"|z; > 0,1 <4 < n}. This is the so called componentwise
ordering. For clarity, it will be denoted by ” = 7. If T : R® — R" is a linear operator then
T » 0, if and only if the corresponding matrix A with respect to the canonical basis on R™ has
nonnegative entries. For £ = (1 1...1)7 € Int (R7) the norm | - |¢ is defined by

|zle = max |ai| . (2.5)

The properties P1) — Pg3) hold with ¢y = 1.



(ii) Let X = R™*"™ be the space of m x n matrices endowed with the inner product
(A,B) = Tr (BT A) (2.6)

VA, B € R™" Tr (M) denoting as usual the trace of a matrix M. On R"™*" we consider the
componentwise order relation induced by the regular solid closed selfdual pointed convex cone
Xt = RP™ where

R = {A € R™"A = {a;;},aij 20,1 <i<m,1<j <n} (2.7)
If we define 1,,, € Int R"*" as the matrix of all ones, the norm | - |¢ will be given by

|Ale = max]ag|. (2.8)

The properties P1) — Pg) hold with ¢y = 1.
(iii) Let X =S, be the space of n X n symmetric matrices. On S,, we consider the inner product
(X,Y) =Tr(XY) (2.9)

for arbitrary X,Y € S,. The space S, is ordered by the regular, solid, closed, pointed and
selfdual convex cone S = {X € S,,, X > 0} of nonnegative definite matrix. Its interior is the
set of positive definite matrices X > 0.

For £ = I the norm |- |¢ coincides with the Euclidian norm || - |2, since |X|¢ = max |\ =

A€o (X)
p(X) =Xz,
where p denotes the spectral radius. The properties P1) — Pg) are fulfilled with ¢y = 1.

3 Differential equations generating positive evolutions

Let Z C R be an interval and let £ : Z — B(X') be a continuous operator valued function, B(X) is the
space of linear operators defined on X taking values in X.

Consider the linear differential equation:

d
—a(t) = L) (t). (3.1)

It is well known that for each (tp, z9) € Z x X’ equation (3.1) has a unique solution z(-, tg,xg) : Z — X
which satisfies z(to, to, zo) = xo. Moreover the dependence xy — x(-, to, o) is linear.

Therefore for each ¢,y € Z the linear operator T'(t,tp) : X — X is well defined by T'(¢,t0)xg =
x(t,tg,xg). The operator T(t,tg) will be called the linear evolution operator defined on X by the
operator L(-). Here we recall some well known properties of an evolution operator:

Lemma 3.1 The following hold:
(i) T(t,t) = Ix for allt € I, Iy being the identity operator on X.
(i) T(t, 7)T(1,s) =T(t,s) for allt,7,s € L.
(iii) For all t,s € I, the operator T(t,s) is invertible and its inverse is T 1(t,s) = T(s,t).
(iv) t — T(t,s) is differentiable and %T(t, s)=L(t)T'(t,s).
(v) s+ T(t,s) is differentiable and %T(t, s)+T(t,s)L(s) =0 (= d%T*(t,s) = —L*(s)T*(t,s)).

(vi) IfL(t) = L for all t € T then T(t, ty) = e£t—to) = 00 (=to)t pk:



Example 3.2 a) Let X = R” and £ : T — R"™ " be a continuous matrix valued function. In

b)

this case the evolution operator T'(t,to) defined by £(-) is just the fundamental matrix solution
®(t,tp) of the linear differential equation on R"

d
Za(t) = LB)a(t).

Let A:Z — R™™ be a continuous matrix valued function. Define L4 : Z — B(S,,) by
L£aS = A(t)S + SAT(t) (3.2)

which is called Lyapunov operator defined by A. As usual the superscript T stands for the
transpose of a matrix or a vector.

The adjoint of the Lyapunov operator is
L5(1)S = AT(t)S + SA(t). (3.3)
The linear evolution operator of the differential equation X (t) = £4(t)X (t) on S, is given by
T(t,t0) Xo = Pa(t, to) Xo®%(t, to) (3.4)

where ® 4(t, ) is the fundamental matrix solution of #(t) = A(t)z(t) with ®4(tg,to) = I.
The adjoint operator of T'(t,tg) will be given by

T*(t, t0)Xo = % (¢, to) XoP a(t, o). (3.5)

Let X =R™"™ and A : 7 — R™™ B :7 — R" "™ continuous matrix valued functions. The

nonsymmetric Lyapunov operator Lap : Z — B(R™*™) is given by
Lap(t)X = A(t)X + XBT(t). (3.6)
Its adjoint operator is given by
L)X = AT(H)X + XB(t). (3.7)
The evolution operator of the linear differential equation X (t) = £L4p(t)X () on R™*™ is
T(t,t0)Xo = ®a(t, to) XoPF(t, o). (3.8)

Its adjoint is T*(t,t0) Xo = 7% (¢, t0) Xo®5(t, to).

Definition 3.3 We say that L(-) defines a causal positive evolution (or just positive evolution for
shortness) if T'(t,tg) > 0 for all t > to, t,t0 € I.

From (3.4) we see that the Lyapunov operator £4(-) generates a positive evolution on S,. In the
time-invariant case, where L£(t) = £ for all ¢, it is well-known that £ generates a positive evolution
(or semigroup in this case), if and only if £ is resolvent positive.

In [18] the following equivalent conditions were given for an operator to be resolvent positive (see also
[30], [8])-

Theorem 3.4 Let X be a finite-dimensional real Banach space ordered by a closed, solid, normal and
convex cone XT. For linear operators L : X — X the following are equivalent:

(i) L is resolvent positive.

(ii) exp(tL) is positive for all t > 0.



(iii) Yz € 0XT : Jv € OX T v A0 : (x,v) =0 and (Lx,v) > 0.
(iv) v € Xt, v e X1, (z,v) = 0= (Lz,v) > 0.

(v) ﬁEC]{S—aI|S:X—>X positive, o € R}.

Remark 3.5 The term resolvent positive seems to have been coined by Arendt, e.g. [4]. A resolvent
positive operator is also called Metzler operatore.g. in [19, 25]. Condition (ii) is often called exponential
positivity or exponential nonnegativity, e.g. [8]. In [18] an operator is called quasi-monotonic, if it
possesses property (iii). Operators satisfying (iv) are called cross-positive in [30] and X T -subtangential
in [8], while e.g. in [3] property (iv) is termed positive minimum principle. An operator L is called
essentially nonnegative in [8], if £ + ol is positive for sufficiently large o € R. In the case (X, XT) =
(R™,R") the corresponding matrices are often called Metzler matrices. A matrix A is called Z-matrix,
if —A is a Metzler matrix; if additionally o(A) C C_, then A is called M-matrix, e.g. [9].

Using the method of proof from [18], Theorem 3.4 can easily be extended to the time-varying case.

Proposition 3.6 The operator family L(-) generates a positive evolution on the interval Z, if and
only if L(t) is resolvent positive for all t € T.

Proof. ‘<’ Assume that £(t) is resolvent positive for all ¢ € Z. For £ € Int X and arbitrary § € R,
§ > 0, we consider the differential equation i = L(t)x + d¢ with initial condition x(tg) = x¢ € Int X
We show that x(t) = x(t,29,0) € Int XT for all ¢ > to. If this was not the case, we could find some
T > to such that

z(r) €0XT and z(t) eIntXT forallty<t<T. (3.9)

By Theorem 3.4 (iii), there exists a v € (XT)* = X, v A0 with (x(7),v) =0 and (L(7)z(7),v) > 0.
But from (3.9) we see that (x(t),v) > 0 for tx <t < 7 whence
d
0> S alt),0)] = (£)a(r) +86,) > 5(E 1) >0,
=T
which is a contradiction. Since the solution z(t) = x(t, z¢,d) depends continuously on zy and d, we
conclude that £(-) generates a positive evolution.
‘=": Vice versa we assume that £(7) is not resolvent positive for some 7 € Z. By Theorem 3.4 (iv)
there exists a pair € X, v € X" with (z,v) = 0 and (L(7)z,v) < 0.
We consider the initial value problem #(t) = L(t)x(t) with z(7) = x. By construction (x(7),v) =
and %(aj(t),v)‘t:T < 0. Therefore (z(7 4 §),v) < 0 for sufficiently small 0, implying z(7 4+ §) € X
Hence L£(-) does not generate a positive evolution. O

Remark 3.7 For the special case where (X, X") = (R",R%}) it follows that a continuous matrix-
valued function A(t) defines a positive evolution, if and only if A(t) is a Metzler matrix for all ¢. This
result has been proved in [24].

Corollary 3.8 Let Ly, : T — B(X),k = 1,2 be continuous operator valued functions and let Ty(t,s)
be the corresponding linear evolution operators. Assume:

a) Li(t) < Lo(t) forallt €T

b) L1(-) generates a positive evolution on X.

Under these assumptions the following assertions hold:



(i) La(-) generates a positive evolution on X .

(i1) To(t,s) > Ti(t,s) for allt > s, t,s € T.

Proof. (i) follows from the fact that L£o(t) is resolvent positive for all ¢, if £;(¢) is resolvent positive
and Lo(t) > L4(t) for all ¢.

(ii) It is easy to see that for each t > s we have Ty (t, s) = T\ (¢, 3)+fst Ti(t,0)(L2(0)—L1(0))T(0,s) do.
The conclusion follows now from 71 (t,0) > 0, L2(0) — L1(0) > 0 and T (t,0),T2(0,s) > 0. O

Corollary 3.9 Let L:7Z — B(X) be a continuous operator valued function such that L(t) > 0 for all
t € Z. Then L(-) generates a positive evolution on X .

Proof. This follows from Corollary 3.8 with £;(¢) = 0. O

Unlike in the discrete time case, where a sequence {L;}+>¢, generates a positive evolution if and only
if £; > 0 for all ¢ > t¢, in the continuous time case if an operator £(-) generates a positive evolution
on X then L(t) is not necessarily a positive operator. For example, the Lyapunov operators generate
positive evolutions on &S,, but they are not positive operators.

We give some more examples of non-positive operators which generate positive evolutions.

Example 3.10 a) Let £ : Z — B(R") be a continuous function. Let A(t) = {a;;(t)} be its
corresponding matrix with respect to the canonical basis on R”. Assume that a;;(t) > 0 for
i # j,t € Z. Then L(-) generates a positive evolution on the ordered space (R",R"}).

b) Let Lan(t) : S, — S, defined by
Lan(t)X = AW)X + XAT(t) +T0(¢t, X) (3.10)

for all X € S,, where A:Z — R™" and t — II(¢,) : T — B(S,,) are continuous functions.

If for each t € Z,1I(t,-) > 0 then Lar generates a positive evolution on the ordered space
(Sn,ST).

c) Let A:Z - R™"™ B:7 — R t+—1II(t,-) : T — B(R™*™) be continuous functions.

Assume that for all t € 7 the elements of matrices A(t), B(t) are such that a;;(t) > 0 for all
i # j, by, > 0 for all | # k and II(t,-) is a positive operator on the ordered space (R™*™ R7**").

Under these conditions the operator £4p + II generates a positive evolution on (R™*™ R*™).

We recall now that if £ :Z — B(X) is a bounded and continuous operator valued function and if
T(t,s) is the corresponding linear evolution operator on X defined by the linear differential equation

d
p x(t) = L(t)x(t)

then we have

e—'y(t—s)‘xb <|T(t, s)z|2 < ev(t—5)|x’2 (3.11)
and

e Ialy < |T*(t, )]z < ) [aly (3.12)

forallt > s,t,s € I,z € X,y > 0 being a constant independent of ¢, s, x.

In the case of operators defining positive evolutions one obtains additionally:



Theorem 3.11 Let L : 7 — B(X) be a bounded and continuous operator valued function and T'(t,s)
be the linear evolution operator defined by the linear differential equation

d
- alt) = L(Ba().

Fiz some arbitrary € € Int XT. Then the following assertions hold:

Bre tt)e < Tt 1)€< Bae?tt0)g (3.13)
Bre V) e < (8, 19)E < Boe?t10)g (3.14)

for allt > tyg,t,tg € Z, 01, B2,y being positive constants independent of t, tg.

Proof. It suffices to prove (3.13) since (3.14) follows by duality. Based on the property P3) we may
write for each x € X

(T'(t,t0)S, ) = (& T"(t, to)x) = col T (¢, to)xle
From the equivalence of the norms | - [¢ and | - |» we deduce that there exists some ¢ > 0 such that
<T(t7 tO)fa .73‘) > COC‘T* (t7 tg)l’|2

for all t > tg, z € X, t,tp € Z. Using (3.12) we may write further

(T(t,t0)&, @) > coce 10 [z,

Based on the Cauchy-Schwarz inequality we get
(T(t,t0)¢, @) > Bre 1710 (¢, ) (3.15)
for all t > tg, t,tg € Z, * € X where 5 = %.

But (3.15) may be written as
(T(tto)€ — Bre "¢, 2) > 0

forallz € X*.

Since X' is a self dual cone it follows that T'(¢,t0)¢ — Bre~1t—t)¢ ¢ X+ which is equivalent to
T(t,t0)é > Bre =,

hence the first part of (3.13) is valid.

Applying (2.2) for x = mT(t,to)f we deduce that

T(t, t0)§ < |T(t,to)Sle€- (3.16)
Finally (3.16) together with (3.11) leads to T'(t,t9)¢ < Boe?(t~10)¢ where 35 = || and thus the second
part of (3.13) is proved which completes our proof. O

4 Exponential stability

Throughout this section Z C R is a right unbounded interval. Here we investigate the exponential
stability of the zero state equilibrium of the linear differential equation

d
Za(t) = L)z () (4.1)

7



in the case when L£(-) generates a positive evolution. We shall derive some necessary and sufficient
conditions for exponential stability other then the ones based on Lyapunov functions.

We recall that the zero state equilibrium of (4.1) is exponentially stable or, equivalently, the operator
L(-) generates an exponentially stable evolution (E.S. evolution) if there exist § > 1, > 0 such that

Vit €T | T(t to)||1 < Be t10) (4.2)

where | - |; denotes an arbitrary norm.

In the following we fix some ¢ € Int X and write x(-, to, £) for the solution of the initial value problem
with z(tg) = &.

Firstly from Proposition 2.3, Corollary 2.4 and Corollary 3.8 we obtain the following result specific to
the case of operators which generate positive evolution:

Proposition 4.1 Let £,£ : T — B(X) be a bounded and continuous operator valued functions
generating positive evolutions on X.

(i) The following are equivalent:

a) L(-) defines E.S. evolution.
b) There exist > 1,a > 0 such that |x(t, to, £)| < fe=*%) for all t >t € T.

(i) If L(t) < Li(t) for all t € T and Li(-) generates an E.S. evolution, then L(-) generates an
E.S. evolution.

Theorem 4.2 Let £ : Ry — B(X) be a bounded and continuous operator valued function such that
L(-) generates a positive evolution on X. Then the following are equivalent:

(i) L(-) defines an E.S. evolution.

(1) fti) |T(t,s)||ds < 6 for allt >ty > 0 with 6 > 0 not depending upon t, to.
(i13) ftto T(t,s)€ds < 0& for allt >ty > 0,0 > 0 independent of t and to.

(iv) fot T(t,s)éds < 0€ for allt > 0,9 > 0 independent of t.

(v) For arbitrary bounded and continuous functions f : Ry — X the solution of the following initial
value problem is bounded:

d
ﬁx(t) =L(t)z(t)+ f(t), x(0)=0. (4.3)
Proof. The implication ‘(v)=-(i)’ is just Perron’s theorem (see [23]).

It remains to prove the implications ‘(i)=-(ii)=-(iii)=(iv)=(v) .

“(1)=(ii)’ follows from (4.2) with § = 2.

From (2.2) we obtain —¢ < mT(t, $)¢ < & which leads to

0 <T(t,5)§ < [|T(t, 5)]|¢<- (4.4)

The implication ‘(ii)=-(iii)’ follows from (4.4).

)

‘(iii)=(iv)’ is obvious. We shall prove ‘(iv)=-(v)’. Let f : Ry — X be a bounded and continuous
function. This means that there exist © > 0 such that |f(t)[¢ < p.



Applying again (2.2) we obtain

hence —p& < f(t) < pé for all ¢ > 0.
Since T'(t,s) > 0 we may write
_:U’T(tv 5)5 < T(tv S)f(S) < MT(t7 8)£

for all ¢t > s > 0. This leads to

—,u/OtT(t, $)Eds < /OtT(t, $)f(s)ds < ,u/OtT(t, 5)e

for all t > 0.

Using (2.1) we have
t t
[ s ise <l [ 796 sk

If (iv) holds we conclude that | fg T(t,s)f(s)ds|le < pud, which shows that the solution with zero initial
value of (4.3) is bounded. This completes the proof. O

Remark 4.3 From ‘(i)<=-(iv)’ in the preceding theorem it follows that in the case of linear differential
equations defined by operators which generate positive evolutions exponential stability is equivalent
to the boundedness of the solution with zero initial value of the affine equation

d

%x(t) = L(t)z(t) +&.

Let us now introduce the concept of uniform positivity.

Definition 4.4 We say that the function f : 71 — X is uniformly positive if there exist ¢y > 0 such
that f(t) > cf€ for allt € I. In this case we shall write f(t) > 0,t € Z. Also we shall write f(t) < 0
if —f(t)>0,teX.

The next result provides some necessary and sufficient conditions for exponential stability expressed
in terms of the existence of bounded solutions for some backward affine equations.

Theorem 4.5 Let £:7Z — B(X) be a bounded and continuous operator valued function such that L(-)
generates a positive evolution on X. Then the following are equivalent:

(i) L(-) generates an E.S. evolution.

(i) There exist 3 > 1, > 0 such that

| T*(t, to)|le < Be™ (%) for all t > ty, t,tg € T.
(iii) There exist 6 > 0 independent of t such that

/ T*(s,t)€ds < 6 forallt € T.
t



(iv) The backward affine equation
d
a:p(t) + L5 (t)x(t)+E=0 (4.5)

has a bounded and uniformly positive solution & : T — Int X'

(v) For each bounded and continuous function f:Z — Int XT, f(t) > 0,t € Z, the backward affine
differential equation

d
ix(t) + L*(t)z(t) + f(t) =0 (4.6)
has a bounded and uniformly positive solution x : T — Int X'.

(vi) There exists a bounded and continuous function f:Z — Int X+, f(t) > 0, t € Z such that the
backward affine differential equation (4.6) has a bounded solution x : T — X7 .

(vii) There exists a C' function bounded with bounded derivative y : T — Int X, y(t) > 0, t € T,
such that for allt € I:

%y(t) b L Oy(H) < 0 (4.7)

The proof of this theorem can be adapted from the proof of Theorem 2.11 in [13] and is omitted for
shortness.

Example 4.6 Consider (X, X") = (R%, R*"). Let £ : R — B(R?) have the matrix with respect to
the canonical basis on R? given by

-2 .9
—= sin“t
L(t) = [ Usin®t . 4.8

) < 4+01>82t —3 +cos’t > (48)

Based on Example 3.10 (a) it follows that £(-) generates a positive evolution on R2.

It is easy to see that the corresponding inequality (4.7) from Theorem 4.5 is satisfied by y(t) = (1,1)7
for all t € R. Therefore from the implication ‘(vii)=-(i)’ in the above Theorem, we deduce that the
operator £ defined by (4.8) generates an E.S. evolution.

-1 1
1

L(t) < L for all t € R. On the other hand the eigenvalues of £ are A\; = _3%‘/5 and \g = _3‘%‘@ hence

L(t) generates an E.S. evolution since £ generates an E.S. evolution.

The same conclusion may be obtained applying Proposition 4.1 (ii). So, if L= ( ) we have

The next result provides more information concerning the bounded solutions of the backward affine
differential equation of type (4.6).

Theorem 4.7 Let L : T — B(X) be a bounded and continuous operator valued function such that L(-)
generates an E.S. evolution. Then the following assertions hold:

(i) For an arbitrary bounded and continuous function f : T — X the backward affine differential
equation

%x(t) + Lo () (t) + f(8) =0 (4.9)

has a unique bounded solution x : T — X which is given by

(t) = /t S s 0 f(s)ds,  ted. (4.10)

10



(ii) If there exists @ > 0 such that L(t +0) = L(t) and f(t+ 0) = f(t) for all t € T then the unique
bounded solution of (4.9) is a periodic function with period 6.

(111) If L(t) = L and f(t) = f, t € T then the unique bounded solution of (4.9) is constant and it is
given by & = —(L*)71f.

(i) If L(-) generates a positive evolution on X, then for arbitrary bounded and continuous function
f:Z — X the unique bounded solution of (4.9) satisfies T(t) > 0 for all t € . Moreover, if
f(t)>0, t €T then #(t) >0, t € T.

Again, the proof of this theorem can be adapted from the proof of Theorem 2.13 in [13].

Remark 4.8 From the representation formula
t
ot) = Tt to)alto) + | T(0,9)f(s)ds
to
of the solutions of the forward affine equation

d

() = L)z (t) + f(1) (4.11)

with f : Z — X bounded and continuous function, it follows that if £(-) generates an E.S. evolution
then for each (¢p,00) C 7 all solutions of (4.11) with given initial values z(t¢) are bounded on (¢, c0).

On the other hand from Theorem 4.7 (i) we see that for each subinterval (t9,00) C Z the backward
affine equation (4.9) has a unique bounded solution on (¢p, c0) namely the solution given by (4.10).

If Z = R then the equation (4.11) has also a unique bounded solution on R.

Theorem 4.9 Let £ : R — B(X) be a bounded and continuous operator valued function such that
L(+) generates an E.S. evolution. Then the following assertions hold:

(i) For arbitrary bounded and continuous functions f : R — X the forward affine equation (4.11)
has a unique bounded on R solution given by:

#(t) = / T(t,5)f(s)ds fortcR. (4.12)

—00

(ii) If there exists 6 > 0 such that L(t+0) = L(t) and f(t+0) = f(t), t € R then the unique bounded
solution of (4.11) is a periodic function with period 6.

(iii) If L(t) = L, f(t) = f,t € R then the unique bounded solution of (4.11) is constant and it is given
by =—-LLf.

(i) If L(-) generates a positive evolution on X and f: R — XV is bounded and continuous function
then the unique bounded solution of (4.11) satisfies (t) > 0, t € R. Moreoverif f(t) > 0, t € R,
then &(t) >0, t € R.

The proof is standard and it is omitted.

If £L:R — B(X) we define £F : R — B(X) by L£i(t) = £*(—t). Let T%(t,s) be the linear evolution
operator defined by the equation @(t) = £*(t)z(t). It can be verified that T#(t,s) = T*(—s, —t).

Lemma 4.10 The following assertions hold:
(i) L(-) defines a positive evolution if and only if LE(-) defines a positive evolution.
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(ii) L(-) defines a E.S. evolution if and only if L*(-) defines a E.S. evolution.

Proof. (i) If £(t) is resolvent positive for all £, then so is L£¥(t).
(ii) follows from T*(t,s) = T*(—s, —t). O

Combining Lemma 4.10 and Theorem 4.5 we obtain the following result which provides criteria for an
evolution to be exponentially stable in terms of some forward differential equations.

Theorem 4.11 Let £ : R — B(X) be bounded and continuous operator valued function. Assume that
L(+) generates a positive evolution. Then the following statements are equivalent:

(i) L(-) generates a E.S. evolution.
(i) There exists 6 > 0 not depending upon t, such that ffoo T(t,s){ds < 6 for allt € R.

(iii) The forward affine differential equation

d
St = La(t) + ¢

has a bounded and uniformly positive solution.

(iv) For all bounded and continuous functions f : R — Int X*; f(t) > 0, t € R the corresponding
forward affine differential equation

d
20 = L)) + f(1) (4.13)

has a solution, which is bounded on R and uniformly positive.

(v) There exists a bounded and continuous function f: R — Int XT, f(t) > 0,t € R such that the
corresponding affine differential equation (4.13) has a bounded solution T : R — X'T.

(vi) There ezists a C'-function y : R — Int X+ bounded with bounded derivative y(t) > 0, t € R

such that

%y(t) — L(t)y(t) >0, t e R.

In the time invariant case part of the results in Theorem 4.5 and Theorem 4.11 recover criteria for
exponential stability known for resolvent positive operators (see [12]).

5 Uniform observability and exponential stability

In this section we introduce the concept of uniform observability which extends the well-known concept
of uniform observability from time-varying linear systems (see [2, 26, 28]) to our abstract framework.

Also we will show how the uniform observability can be used to derive some criteria for exponential
stability. Thus we will obtain a version of Barbasin-Krasovski criteria for the case of linear differential
equations generating positive evolution (see [7]).

Definition 5.1 Let £ : T — B(X) be a bounded and continuous operator valued function such that
L(-) generates a positive evolution.

Let g : T — X7 be a bounded and continuous function. We say that the pair (g,L) is uniformly
observable if there exist 7 > 0,7 > 0 such that

/t+T T*(s,t)g(s) >~vE  forallt €. (5.1)
t

12



Remark 5.2  a) In the case when X = S,,, L(t) = La(t), g(t) = CT(t)C(t) it is easy to see that
(5.1) becomes:

/ BT (5. )CT (5)C ()P (5. 1) ds > A1, (5.2)

for all ¢t € Z, which is just the condition which appears in definition of uniform observability in
the case of continuous time, time-varying linear systems (see [2]).

b) Applying Theorem 3.11 we obtain that if g(¢t) > 0, ¢t € Z then (g, £) is uniformly observable.
If L(t) =L, g(t) =g, t € Z, then (5.1) takes the form

tJrT T
/ L g ds = / L0 gds > A€ . (5.3)
t 0

This shows that in the time invariant case (5.1) does not depend upon t. Hence, in this case we shall
say that a pair (g, £) is observable instead of uniformly observable if (5.1) or (5.3) is fulfilled.

073

IN

Proposition 5.3 If L : X — X is a linear resolvent positive operator and g € X the following are
equivalent:

(i) (g,L) is observable.
(ii) There exist T > 0,7 > 0 such that (5.3) is satisfied.

(11i) There exist T > 0,7 > 0 such that xo(T) > & where xo(-) is the solution of the problem with
initial value

d

%x(t) =L%(t)+g, z(0)=0. (5.4)

The next result will be needed in the proof of of Theorem 5.5, but it may be of interest in itself.

Lemma 5.4 Let £ :7 — B(X) be a bounded and continuous operator valued function such that L(-)
generates a positive evolution. Let h : T — X be a bounded and continuous function such that
h(t) >0, t € Z, where T C R is a right unbounded interval. If there exist 7 > 0, q € (0,1) such that

T*(t+ 7, t)h(t + 1) < gh(t) (5.5)

for allt € T then L(-) defines an E.S. evolution.

Proof. Using the identity from Lemma 3.1 (ii) one obtains inductively from (5.4) that
T*(s +mm,s)h(s +m7) < ¢"h(s) (5.6)

for all s € Z and for all integer m > 1.
Since 1€ < h(s) < pog for all s € T where g > 0, k = 1,2, we deduce from (5.5) that

0 <T*(s+m, )¢ < frg™¢

for all s € Z, m > 1 where 31 = %

Invoking (2.1) together with Proposition 2.3 (ii) we conclude that
[T"(s +m7,5)[l¢ < Brqg™ (5.7)

for all s € Z and m > 1.

13



On the other hand the boundedness of || £(t)||¢ together with (3.12) leads to
1T (t,5)|le < Boets(—) (5.8)

for all ¢t,s € Z with 83 > 0, u3 > 0.

Ift>s, t,s €Z we have t — s = m7 + 19 with 0 < 79 < 7. Using again Lemma 3.1 (ii) together with
(5.6), (5.7) we obtain

[T(t, 5)lle < PrB2e"*Tq™. (5.9)
Since m > (t;—s) we obtain from (5.8) that
IT* (¢, 5)lle < Be~ ) (5.10)

for all t > s, t,s € T where 3 = $132¢"3™ and a = —LIng.

T

The conclusion follows now from the implication ‘(ii)=(i)’ in Theorem 4.5. O

The main result of this section is:

Theorem 5.5 Let L :Z — B(X) be a bounded and continuous operator valued function such that L(-)
generates a positive evolution. Let g : T — X be a bounded and continuous function. Assume that:

a) (g, L) is uniformly observable.

b) The backward affine equation
d
ﬁx(t) + L*(t)z(t) +g(t) =0 (5.11)

has a bounded solution & :Z — X 7.

Under these assumptions L(-) generates an E.S. evolution.

Proof. For each t <7, t,7 € T we may write Z(t) = T*(7,t)&(7) + [ T*(s,t)g(s) ds.
Since T*(s,t) > 0 for all s > ¢, s,t € 7 and Z > 0 is a bounded function we deduce:

0< / T*(s,t)g(s)ds < z(t) <A forallt <7, t, 7€ (5.12)
t

Since X'T is closed we conclude from (5.11) that h(t) is well defined by

h(t) = /too T*(s,1)g(s) ds, t € T.

For t € 7 it follows from (5.11) that h(t) < A{ while assumption (a) implies
t+7
h(t) > / T*(s,t)g(s)ds > ~§ . (5.13)
t

Applying Lemma 3.1 (ii) we may write

0 t+71
T+ (4 1) = [T 09 ds =h(t)— [ T (s.09(s) ds < ah(e)
t+r t
with ¢ =1 — 7 € (0,1). Exponential stability follows now from Lemma 5.4. O
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Remark 5.6 a) In the particular case X = S, 98, ... 88, XT =S aSFa... a8, the result
of the above theorem was proved in [15]. The discrete time version of the result in Theorem 5.5
may be found in [16].

b) The result proved in Theorem 5.5 may be viewed as an alternative of the implication ‘(vi)=-(i)’ of
Theorem 4.5 in the case when the free term of the affine equation (4.6) is not uniformly positive.
The absence of the uniform positivity is compensated here by the uniform observability.

¢) From Theorem 5.5 and Theorem 4.7 it follows that under the assumption of uniform observability
if the equation (5.10) has a bounded solution #(t) € Xt then it is the unique bounded solution
of equation (5.10) and additionally Z(¢) >0, t € Z.

6 On the robustness of exponential stability

In this section we want to investigate the problem of the preservation of exponential stability of
equation (4.1) in the case when the operator L£(t) is replaced by a perturbed one L(t) = L(t) + P(t).

So, combining the result of the above Theorem 3.4 with Theorem 2.11 from [12] (cf. also [29]), one
obtains that if £ € B(X) is a linear operator which defines a positive evolution and P € B(X), P > 0,
then the operator £ + P defines an E.S. evolution if and only if the operator £ has eigenvalues in the
open left half plane, i.e. ReA < 0, and p(£L~'P) < 1, where p(-) is the spectral radius.

In this section we shall prove a result which extends the above mentioned result to the periodic case.
Let us assume that there exists > 0 such that £(t + 0) = L(t), P(t +60) = P(t) for all t € Z.
If £(t) generates an E.S. evolution then A = 1 is not an eigenvalue of the operator T'(¢,0). Hence we

can define G : [0,0] x [0,6] — B(X) by
G(t,s) =T(t,0)(Ix — T(0,0)) 118, s) + x¢(s)T(t, 5), (6.1)

where x¢(s) is the indicator function of the interval [0, ], that is x¢(s) = {

Note that G(0,s) = G(0, s) for all s € [0, 6].

Let Cy[0,6] denote the space of continuous functions f : [0,0] — X with f(0) = f(¢). This is an
ordered Banach space with the norm |- [, defined by |f|e = max;c(g ) [f(f)[, and the order relation
induced by the closed, solid, normal and pointed convex cone Cg [0, 0] = {f € Cy[0, 0] ‘ fltH)ye Xt te
[0,60]}. We define the linear bounded operator II : Cy[0, 0] — Cy[0, 0], by f +— IIf = g where

(L)1) = g(t) = / G(t, 5)P(s)[(s) ds. (6.2)

Lemma 6.1 If L(

), P(+) are periodic functions with period 0 and L(-) generates a positive and E.S.
evolution and P(t) >0

, then the operator 11 defined in (6.2) is positive.

Proof. Let f € Co[0,0] and & = IIf as defined in (6.2). Let # : R — X, f:R — X be periodic
functions such that #|jg g = & and f|jg g = f. The periodicity of P(-,s) implies that Z(¢) is a periodic
solution with period 6 of the affine equation

d .
@az(t) = L(t)z(t) +g(t) with g(t) = P(t)f(t), t € R. (6.3)
Since P(t) > 0, f(t) > 0 it follows that g(¢) > 0, t € R. Theorem 4.9 now yields z(¢) > 0. O

Now we are ready to state the main result of this section.
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Theorem 6.2 Let £L: R — B(X),P: R — B(X) be bounded and continuous periodic functions such
that L(-) generates a positive evolution and let P(t) > 0, t € R. Then the following statements are
equivalent:

(i) The sum operator L = L + P defines an E.S. evolution on X.

(i) The operator L(-) defines an E.S. evolution on X and p(I) < 1, where 11 is the linear operator
defined by (6.2).

Proof. ‘(i)=- (i)™ If (i) holds then based on the implication ‘(i)= (iii)’ in Theorem 4.11 one deduces
that — for an arbitrary £ € Int X+ — the forward equation

Lalt) = [£() + PO(1) + € (6.4

has a bounded and uniformly positive solution Z : R — Int A .
It can be seen that Z(-) satisfies (4.13) and thus one concludes that £(-) defines an E.S. evolution.

Theorem 4.9 (ii) yields that Z(-) is a periodic function with period 6. Hence from (6.4) we have that
t t

() = / G(t, 5)P(s)3(s) ds + / Gt s)Eds  te[0,0]. (6.5)
0 0

If 2(t) = Z[[p,9) We obtain from (6.5) that & solves the equation
(~Tay + )i +§ = 0, (6.6)

where Z¢, is the identity operator on Cy[0,6], and §(t) = fg G(t, s)€ ds is the bounded solution on R
of the affine equation

qa
dt”
Applying Theorem 4.9 (iv) we deduce that g(t) > 0, t € R. That means that § € Int C{ [0, 6]. Using

the implication ‘(v)=-(vi)’ of Theorem 2.11 in [12] for R = —I¢, and P = II one obtains that p(II) < 1
and so (ii) is valid.

‘(i))=-(i): Let £ € Int X*. If (ii) holds then g is well defined by

(t) = L(t)z(t) +&. (6.7)

g(t):/o Gt s)eds, tel0,0].

Let g : R — X be a periodic function with period 6 such that g = g, ¢t € [0,0]. Then §(-) is the unique
bounded on R solution of equation (6.7). By Theorem 4.9 (iv) we deduce that §(t) > 0, ¢t € R. Hence
g € Int CSF[O, ). Applying Theorem 2.11 from [12] we conclude that the equation

[—Zc, + Oz +g=0

has a solution & € C{[0,6]. Let & : R — X be the periodic function with period 6 such that Z(t) = 2(t)
for all t € [0, 6]. It follows that (-) > 0 is a bounded solution of the equation

d
() = [L(t) + P())a(t) + &

The implication ‘(v)=-(i)’ of Theorem 4.11 yields that £ 4+ P generates an E.S. evolution. O
As we can see from the proof, the result of Theorem 6.2 is mainly based on the result in Theorem 2.11

in [12] and the above Theorem 4.11. Combining Theorem 2.11 in [12] with Theorem 4.5 (from above)
we may obtain:
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Theorem 6.3 Under the assumptions of Theorem 6.2 the following statements are equivalent:

(i) The operator L+ P defines an E.S. evolution.

(i) The operator L defines an E.S. evolution and p(II) < 1 where II : Cy[0,60]) — Col0, ] is defined
by y =II(f), where

u(t) = /O G (s,6)P"(s) () ds

Similar results as in Theorems 6.2 and 6.3 may be obtained also in the case when L(-), P(-) are bounded
and continuous functions without any periodicity assumption. In this case we define

e = [ TeoPES) s tek,
N0 = [ 0P ek,

t

7 Nash differential games for time-varying positive systems

In this section, as well in the next one, we illustrate the applicability of the results derived in the pre-
vious sections to obtain time-varying counterparts of some results in [5]. More precisely we shall prove
the existence of a stabilizing solution of a system of coupled nonlinear matrix differential equations
arising in connection with the computation of the deterministic feedback Nash equilibrium strategy
in the case of linear quadratic (two player) Nash game associated to a time-varying positive linear
system. For further details on this topic, we refer to [6] and [17].

7.1 Time-varying positive linear systems

Consider the controlled system described by

d

a(t) = A()(t) + Bu(t) (7.1)

where A : 7 — R™" B :7 — R™™ are bounded and continuous matrix valued functions, Z C R is a
right unbounded interval.

The class of admissible controls consist of the set of piecewise continuous functions u : Z — R™.

We define positive systems with respect to the componentwise ordering ” = ” of R™ (see Ex. 2.5).
Definition 7.1 We say that the system (7.1) is a positive system, if for all to € Z, for all initial states
xzo € R} and for all admissible controls u, such that u(t) € R for t > to we have x(t,to, x0) € R
for all t > tg, where xy (-, to, xo) is the solution of (7.1) corresponding to the input u and taking the
initial value x,(to, to, zo) = xg.

We have the following criterion:

Theorem 7.2 System (7.1) is a positive system if and only if the following two conditions hold:

a) For allt € T, A(t) is a Metzler matrix.

b) All elements of the matriz B(t) are nonnegative.
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Proof. Sufficiency: If a) is fulfilled then by Example 3.10 a) one obtains that ®4(¢,s) = 0, where
D 4(t,s) is the fundamental matrix solution of the differential equation & (t) = A(t)x(t).
The conclusion follows from the representation formula

Xy (t,to, x0) = Pa(t, to)zo + /t D 4(t, s)B(s)u(s) ds. (7.2)

to

Necessity: For u(t) = 0,t € Z, the condition x,(t, tg, xz0) € R}, > to, t,t9 € T reduces to the condition
D A(t,to)xo > 0, for all zg € R, t > to,t,tg € Z. Hence A(-) defines a positive evolution on (R", R’} )
and a) follows from Remark 3.7.

To prove b) we assume the contrary, i.e. that for some 7 > ¢y there is an entry b;;(7) < 0. We consider
the admissible control u(t) defined by u(t) = 0 for to <t < 7, u(t) = e; for t > 7, where e; is the j-th
unit vector. For zp = 0 and the corresponding solution (-, to, xg), we have x,(7,to,z9) = 0. Let
ng)() denote the i-th component of z, (-, tg, xo). In t = 7 we have T (1) = bij(T) < 0. By continuity
we have i) (t) < 0 for all ¢ in some interval [7, 7+ A]. Hence 2\ (T4+A) < 0and z(7+A, to, z0) € R}
We conclude that b) is necessary. O

7.2 Deterministic feedback Nash equilibria for a time-varying positive systems

Throughout the remainder of this section we assume that in the system (7.1) the matrix B(¢) is
partitioned as B(t) = ( Bi(t) Ba(t) ) where B;(t) € R™™i m; > 0,i = 1,2, my +mg = m. Thus
the system may be written as

d
—x
dt
where u; is interpreted as the control action executed by the ¢-th player. The set
F = {(F1,F)|F; : T — R™*" are piecewise continuous and bounded such that A + B1F| + BaF

defines a positive exponentially stable evolution on R}
defines the admissible feedback controls. We associate the gain functionals

(t) = A(t)x(t) + Bi(t)ua(t) + Ba(t)ua(t) , (7.3)

o 2
Ji(Fy, Fay to, 30) = /t ) [ Qi)+ S FL R (0 F (1) | ahyde, =12 (7.4)
0 j:l

for all (F, F2) € F, where Q; : (to,00) — Sp, Rij @ [to,00) — Sp, are piecewise continuous and
bounded matrix valued functions and R;;(t) is negative definite for all ¢t > ¢y (i = 1,2).

According to [10], [5] and [17] we define a deterministic feedback Nash equilibrium as a pair of admis-
sible feedback control strategies, which yields optimal gain for each player under the assumption that
the other player does not change her strategy.

Definition 7.3 A pair (Fy, Fy) € F is called a (two player) deterministic feedback Nash equilibrium
on the positive system (7.3) if the following inequalities hold:

Jl(Flvﬁ’Q)th:UO)
Jo(F1, Fy, to, xo)

Jl(Fl,FQ,tO,ZL’O) )

>
> Jo(F1, Fa,to, o)

for all initial states xo € Ry and for all (Fy, Fy), (F1, Fy) € F.

Notice that, consistently with the interpretation of the functionals (7.4) as gain functionals and the
negative definite weight term R;;(t) < 0, we are looking for mazimizing control strategies. This may
deviate slightly from other publications on our topic, but should not cause any difficulties.
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Let us consider the following system of coupled nonlinear matrix differential equations:

d

) = —AT () K1 (t) — K1(t)A(t) + K1 () Sa(t) Ka(t) + Ka2(t)Sa (1) K1 (t)
+ K1(t)S1(t)K1(t) — K2(t)S12(t) Ka(t) — Q1(t) , (75)
%KQ(t) = —AT(t)KQ(t) — Kg(t)A(t) + Kz(t)sl(t)Kl (t) + Kl(t)Sl (t)Kg(t)

+ K (t)S2(t) Ka(t) — K1 (t)Sx(¢) K1 (t) — Q2(t)
where S;(t) = Bi(t)R;;' (1) BE (1), Si(t) = Bj(t) Ry, () Rij (1) R, () B] (t), i,5 = 1,2.
Ky (t)
Ks(t)
A(t) — S1(t) K1 (t) — Sa(t)Ka(t) generates an exponentially stable evolution on R”.

Let K 1T — S, B Sy, f((t) = ( ) be a global bounded solution of (7.5) such that A, (t) =

By direct calculation one obtains the equations

Jl(Fl,FQ,to,xo) = xgkl(to)xo + /OO l‘T(t)[Fl(t) — Fl(t)]TRn(t)[Fl(t) — Fl(t)].%'(t) dt

to

+ /00 $T(75)([F2(t) — B)]" B () K1 (t) + K1 (t) Bo(t)[Fa(t) — Fa(t)]

to

+ FL () Riz(0)Fa(t) — FY (1) Raa(t) Fa(t) )a(t) dt

JQ(Fl, FQ, to, 1‘0) = xgkg(to)xo + /OO :L'T<t) [Fg(t) — FQ(t)]TRQQ(t) [Fg(t) — Fg(t)]x(t) dt

to

+ /00 $T(75)([F1(t) — Fy(t)]" B () Ka(t) + K (t) B1 (t)[F1(t) — Fi(t)]

to

+ FL () Rar(DF(8) = (1Rt (0 F1 (1) ) 2(2)

for all (Fy, Fy) € F, where Ej(t) = —R;jl (t)B]T(t).f(j (t),j7 = 1,2. These equalities show that — under
the assumption R;;(t) < 0 — the pair (Fl, Fg) is a feedback Nash strategy: If the first player chooses
strategy Fy, then F is the optimal strategy for the second player and vice versa (compare [5] and
[17]); therefore we are interested in the global solvability of the system (7.5).

Since — in contrast to standard matrix Riccati equations — the coupled nonlinear system (7.5) of
differential equations cannot be transformed to an equivalent linear system of differential equations,
it is a nontrivial task to find sufficient conditions for the existence of the above-mentioned solutions
K1, K, compare [21] and [1, Ch. 6].

8 Stabilizing solutions of the feedback Nash differential equations

In this section we introduce the concept of a stabilizing solution of the coupled feedback Nash dif-
ferential equations (7.5) and provide conditions which guarantee the existence of such a solution. To
prove the main result of this section we make use of the results developed in the previous sections of
the paper.

We consider the space X = S,, ® S, endowed with the inner product
(X,Y) =Tr[V1X1] + Tr[YoXo] = Tr (YTX) . (8.1)
Here and in the sequel we tacitly assume for every element X € X that we are given a partitioning

X :
X = ( X; > with X5 € S™
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Together with the norm |- |2 induced by the inner product (8.1) we define the norm |- |; via
[ X = max{[Xile, | Xale} (8-2)
for all X € X, where | X;|¢ is defined as in (2.8) and £ = 19, , (cf. Ex 2.5 (ii)).

On X we consider the order relation induced by the cone Xt = {X € X ‘ X, = 0,k=1,2}.

The system of feedback Nash differential equations (7.5) may be written in a compact form as a
nonlinear equation on X

SR +R(K(0) + Q) = 0 (8.3)

Rl(t, K) = AT(t)Kl + KlA(t) — Klsz(t)KQ — KQSQ(t)Kl — Klsl(t)Kl + KQSlg(t)KQ ,
Rg(t, K) = AT(t)KZ + KQA(t) — KQSl(t)Kl — K1S1(t)K2 — KQSQ(t)KQ + K1S21(t)K1 .

First we shall prove an auxiliary result which is of interest in itself. Set £(t)K = < Elggg > with
2
LK = ARK, + K AT(t) + N(t) Ky + KoNT (1) (8.4)
Lot)K = MKy + KiME(t) + A(t) Ky + Ko AT (1) (8.5)

where A : T — R™" N : T — R M : T — R™ ™ are piecewise continuous matrix valued
functions. Then we have the decomposition

LOK =A)K +TI(tH) K (8.6)

A()K, + K1 AT (t) [ Nt)Ks+ KoNT(t)

with A(t)K = ( A K + Kr AT () ) K = ( M) K1 + KiMT(t)

>forallK€X.

Lemma 8.1 Assume: a) For eacht € T, A(t) is a Metzler matriz.
b) M(t) = 0,N =0 for allt € T.
Under these conditions the following assertions hold:

(i) The adjoint operator of L(t) with respect to the inner product (8.1) is given by

AT()Zy + Z1 A(t) + MT () Zy + ZoM(2)

E*(t)Z—< NT(1Z1 + BN () + AT (1) Zs + ZoA(1) >f07° adl Z e X.

(i) L(-) generates a positive evolution on X.

(iii) If L(-) generates an E.S. evolution on X then A(-) generates an E.S. evolution on R™.

Proof. (i) follows immediately from the definition of the adjoint operator.

(ii) If Ta(t,to) denotes the linear evolution operator defined by A(:) from (8.6) then

[ @t to) K1 ®E(t, to)
Ta(t,to)K = ( q)A(t,to)Kz‘I)?::(t,to) forall KeX, (8.7)

where ® ;(t,19) is the fundamental matrix solution of the linear differential equation

—x(t) = At)z(t), zcR™. (8.8)



From Remark 3.7, it follows that ® ;(,to) = 0 for all ¢t > tg, t,t9 € Z, this leads to Tx(t,to)K = 0 if
K = 0. Therefore A(-) generates a positive evolution on X. On the other hand from assumption b)
one deduces that II(¢)K > 0 if K > 0. This shows that II(¢) is a linear and positive operator on X'.
Therefore, the conclusion is obtained by applying Corollary 3.8.
(iii) The inequality A(t) < L(t) together with Proposition 4.1 (ii) allows us to deduce that A(:)
generates an E.S. evolution if £(t) generates an E.S. evolution.

T
If z(t) is an arbitrary solution of (8.8), then X (¢) = < z(t)x(?)

2(t)z(t)T > satisfies X (¢) = A(t)X (t). Hence

there exist «, § independent of x(-) and tg, such that

-

pelt=) > (X ) = \/Tr (e(B)z(t) T2 (®)T) = |=(t)

This proves exponential stability of (8.8). O

In the following, we consider linear operators on X of the form Z — L (t)Z = ( EIKEigg >, with
2K

Lik()Z = (A(t) = Si(t)K1(t) — Sa(t)Ka(t)) 21 + Z1(A(t) — S1(t) Ky (t) — Sa(t)Ka(t)"
—(S1(t)K2(t) — S21 (1) K1(t)) Z2 — Z2(K2(t)S1(t) — Ki(t)S21(2)) (8.9)
Lok(t)Z = (A(t) = S1(t) K (t) — S2(t) K2(t)) Za + Z2(A(t) — S1(t) K1 (t) — Sa(t) Ka(1))
— (S2(t) K1 (t) — S12(t) Ka(t)) Z1 — Z1 (K4 (1) S2(t) — Ka(t)S12(t)) (8.10)
for all Z € X, with K (t) being a fixed solution of (8.3).
Setting
A(t) = A(t) - Si(t) K1 (t) — Sa(t) Ka(t)
M) = —(Sa(t)Ki(t) — Sia(t)Ka(t))
N(t) = —(Si(t)Ka(t) — Sar(t) K1 (1)) ,

one can see that the operators L (t) defined by (8.9) — (8.10) are of type (8.4) — (8.5).

If K(t) is a solution of (8.3) then the Fréchet derivative of the operator Z — R(t,Z) along K(t) is
given by

R (H)K (t) = L5 (t) (8.11)
where L7, (t) is the adjoint operator of the operator defined by (8.9) — (8.10) for the solution K (t).

Definition 8.2 A global solution K : T — X of (8.3) is a stabilizing solution if the operator Lp
generates an E.S. evolution, where Lz (t) is associated to the solution K(t) by (8.9) - (8.10).

Remark 8.3 It is easy to see that this definition of a stabilizing solution is a natural extension of the
concept of a stabilizing solution of Riccati equations (see e.g. [13]).

Following [5] we make the assumptions:

Assumption H; a) For each t € 7, A(t) is a Metzler matrix.
b) Sj(t) < 0,5 =1,2, Sai(t) = 0, S12(t) = 0 for all t € Z.

We draw an immediate consequence from Lemma 8.1.

Corollary 8.4 Assume Hy. If K(t) is_a stabilizing solution of (8.3) such that K(t) = 0 then the
closed loop matriz Ag(t) = A(t) — S1(t) K1 (t) — S2(t)Ka(t) generates an E.S. evolution on R™.
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Remark 8.5 It is possible that for a solution K (t) of (8.3) the corresponding closed-loop matrix
Aa(t) = At) = S1(t) K1 (1) — S2(t) Ko (1) (8.12)
generates an E.S. evolution but K(t) is not a stabilizing solution of (8.3) in the sense of Def. 8.2.

To see if a solution K (t) = 0 of (8.3) with the property that the corresponding closed-loop matrix
(8.12) generates an E.S. evolution, is just a stabilizing solution of (8.3) one may use the results
developed in Section 6.

W1521 (t)Wl — W181 (t)WQ — WQSl(t)Wl — WQSQ(t)WQ
Assumption Hy b) implies that I'(¢, W) = 0 if W > 0.

For W € X we define I'(¢, W) = ( WoSi2() Wz = WoSh(H) W1 — Wi.S3(8) Wz = Wi ()W >

By standard algebraic manipulations we obtain the following result, which will be used repeatedly.
Lemma 8.6 The following assertions hold:

(i) If K(t) is a solution of (8.3) then it also solves the equation
K(t)+ Ly (K () + Tt K(t) —W(t) +Q(t) — T(t, W(t)) =0
where W : I — X s an arbitrary continuous function.
(ii) If K(t) is a solution of the linear equation
K(t) + Liy (DK (1) + Q(t) =T (t, W(t)) =0
with W : T — X fized then K (t) solves the differential equation
K(t) + Ly () K(t) = T(t, K(t) — W(t)) + Q(t) — T'(t, K(t)) = 0.
Note that system (7.5) and equivalently equation (8.3) are completely determined by the pair (R, Q).
It is useful to introduce two sets of functions associated to this pair.
Q(R,Q) = {P € CHT, X)|P(t) + R(t, P(t)) + Q(t) =< 0, P(t) = 0,t € T}
QR,Q) ={P € C}(Z,X)|P(t) + R(t, P(t)) + Q(t) <= 0, P(t) = 0,t € T}
where C}(Z, X) is the set of C'-functions P : Z — X being bounded with bounded derivative.

We recall that for a function H : 7 — X', H(z) << 0 means that there exist a positive number h such
that H(t) X —h& for all t € 7.
Remark 8.7 a) Q(R,Q) C Q(R,Q).

b) Q(R, Q) contains all bounded and global solutions K (t) > 0 of the equation (8.3).

Assumption Hj a) A(-) generates an E.S. evolution on R™.

b) The set Q(R, Q) is not empty.

Under our Assumptions Hy and Hy we prove the existence of a stabilizing solution to the Nash
differential equations by constructing iteratively a sequence {K7(t)};>0 as follows: For each j > 1 let
K7 (t) be the unique bounded solution of the linear equation on X

%Kj(t) + Lo (KT + Q) —T(t, K971 (t)) =0 with K%)= < 8 > cex. (8.13)

Convergence of this sequence is established in the following theorem.
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Theorem 8.8 Under the Assumptions H1, Ha the sequence K (t) given by (8.13) is well defined and
convergent. If K(t) = limj_oo K7 (t) then K(t) is a stabilizing solution of (7.5). Moreover it satisfies
0 =X K(t) X P(t) for all P(t) € Q(R, Q).

If the coefficients of (7.5) are periodic functions with period 0, then K(t) is also a periodic function

with period 0. If the coefficients of (7.5) is independent of t then K is constant and solves the algebraic
equation R(K) + Q = 0 associated to (8.3).

Proof. For j =1, K!(t) is obtained as the unique bounded solution of the equation

d

dtK )+ AT (K} t) + KM () A®) + Qi(t) =0, i=1,2. (8.14)

For each i € {1,2} the equation (8.14) has a unique bounded solution K* : Z — &,,. Based on Theorem
4.7 (iv) one obtains that K} (t) = 0,t € Z. Therefore the first term K'(t) of the sequence of equations
is well defined and 0 < K1(t),t € Z.

The equations (8.14) may be written in a compact form as:

d

I+ AWK () + Q) =0, (8.15)

where A(t) is the operator introduced in connection with the decomposition (8.6), where A(t) is
replaced by A(t).

For P(t) € CL(Z,X) we define Q(t) = — L P(t) — R(t, P(t)) — Q(t).
By definition, we have Q(-) = 0, if P € Q(R, Q) and Q(-) == 0, if P € Q(R, Q).

Also we have

Pt + Rt P(1) + Q1) + Q(t) = 0. (8.16)
Subtracting (8.15) from (8.16) and exploiting I'(¢, P) = R(¢, P) — A*P, one obtains that
%(P(t) — K1) + A ()(P(1) - K'(t) + H'(t) =0,

where H'(t) = D'(t, P(t)) + Q(t) for t € T. Tt is easy to check that H'(t) = 0 if P(t) € Q(R,Q) and
H1>>01fp()e(2( Q).
(iv)

By Theorem 4.7 we thus have for t € 7

P(t)—K't) = 0 if P()eQR,Q), 617
P(t)—K'(t) == 0 if P()eQR,Q). '

Now we show that £ (t) generates an E.S. evolution on X. To this end we choose P(t) € QUR, Q).
Applying Lemma 8.6 (i) with W (¢t) = K'(t) and K(t) = P(t) we obtain from (8.16)

d
dt

Applying Lemma 8.6 (ii) for W(t) = 0, K(t) = K'(t) equation (8.15) yields

P(t) + L (O P(1) +T(t, P(t) — K'(t) + Q(t) + Q(t) = T(t, K'(1) = 0. (8.18)

%Kl(t) F L (K (E) — 2T K (1) + Q) = 0 . (8.19)

Subtracting (8.19) from (8.18) and invoking (8.17) one obtains that t — P(t) — K'(t) is a bounded
and uniformly positive solution of the backward affine equation

9 2(0) + Ly (0)200) + A (1) =0,
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where Al(t) = T(t, P(t) — K'(t)) + T(t, K*(t)) + Q(t) =~ 0, t € T.

Invoking implication ‘(vi)=-(i)’ of Theorem 4.5 we conclude that Lx1(f) generates an E.S. evolution
on X.

By induction, we prove the following items:

a;) K’(t) < P(t) for all functions P(t) € Q(R,Q) and K (t) << P(t) if P(t) € Q(R,Q).
b;) K/~ < Ki(t).

¢j) Lyi(-) generates an E.S. evolution on X

For j =1 the assertions a1),b1) and ¢;) were proved before.
Assuming that a;),b;),¢;) hold for i € {1,2,...,j — 1}, we show that they also hold for ¢ = j.
If P(t) € Q(R,Q) then by Lemma 8.6 (i) with W (t) = K’~!(t) and K(t) = P(t) we obtain that

equation (8.16) may be written as follows

d

5P+ L ()P() + T, P) — K77H(1) + Q) + Q(t) — T(t, K771(¢)) = 0. (8.20)

Subtracting (8.13) from (8.20) we obtain that t — P(t) — K(t) is a bounded solution of the equation

d

32+ L () Z(2) + H(t) =0, (8.21)
where Hi(t) = T'(t, P(t) — KI~(t)) + Q(¢).

Since a;—1) is fulfilled it follows that I'(¢, P() — K771(t)) = 0. Hence H(t) = 0 if P(t) € Q(R,Q) and
Hi(t) == 0 if P(t) € Q(R,Q). Since Ly;-1(-) generates an E.S. evolution we conclude via Theorem
4.7 (iv) that P(t) — K’(t) = 0 if P(t) € Q(R, Q) and

P(t) — K'(t) == 0 (8.22)

if P(t) € Q(R,Q) and thus a;) is valid.
To prove that b;) is fulfilled we rewrite equation (8.13) for j replaced by j — 1 in the form

%KH( t) + Ly (K HE) = T(t, KI7HE) = KI72(1) + Q) = T(¢, K71 (1) = 0. (8.23)

Subtracting (8.22) from (8.12) one obtains that ¢ — K7(t) — K7~1(t) is a bounded on Z solution of
the equation

d

Y+ Lo Y (t) +T(t, K771 (t) — K772(t)) = 0. (8.24)
Since K771(t) — K7=2(t) = 0,t € T it follows that I'(¢, K/ ~!(t) — K7=2(t)) = 0,t € T.

Applying again Theorem 4.7 (iv) we conclude that K7(t) — K7~!(t) »= 0. This means that b;) is
fulfilled.

To prove c;) we rewrite equation (8.13) in the form

%Kj(t) + Lig, (K7 (1) = T(t, K2 (t) = KI7H(t) + Q(t) — T(t, K7 (1)) = 0. (8.25)

Also, if P(t) € Q(R, Q) then equation (8.16) may be rewritten as

d

TP+ Li 0P + Tt P(t) — K7 (1)) + Q) + Q1) = T(t, K7 (1)) = 0. (8.26)
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From (8.22), (8.25) and (8.26) we conclude that ¢ — P(t) — K/ (t) is a bounded and uniformly positive
solution of the backward affine equation

d
dt

where AJ(t) = T'(t, P(t) — K7(t)) + T(t, K7 (t) — K7=X(t)) + Q(1).
Since Q(t) => 0 and a;),b;) hold, we conclude that AJ(t) == 0,t € 7.

Y (t) + Ll (Y (t) + A (t) = 0, (8.27)

Applying implication ‘(vi)=- (i)’ in Theorem 4.5 we deduce that Ly, (-) generates an E.S. evolution
and thus ¢;) is fulfilled.

From a;) and bj) one deduces that the sequence {K7};>1 is convergent. Set K(t) = lim;_, K’ (t),t €
7. By a standard reasoning one obtains that ¢ — K(t) is a solution of (8.3). Also from a;) we obtain
that

K(t) < P(t) (8.28)

for any P(t) € Q(R, ) This shows that K (t) is a bounded and minimal positive solution of (8.3).
To show that K(t) i is just a stabilizing solution of (8.3) we take P(t) € Q(R,Q). Applying Lemma
8.6 (i) with W (t) = K(t) we obtain that ¢ — P(t) — K (t) is the bounded solution of the equation

S (P(1) ~ K1) + Ly (0(P() — K(0) + (1) = 0 (.29)
where F1(f) = I(t, P(t) — K(1)) + Q(t).
Since P(t) — K(t) = 0 and Q(t) => 0,t € T we have H(t) =~ 0,t € T.

)=

(i)” of Theorem 4.5 we conclude that £z (-) generates an E.S. evolution
which means that K(t) is a stabilizing solution of (8.3) or equivalently, of the system (7.5).

Using again implication ‘(v

Finally we remark that if the coefficients of (7.5) are periodic functions with period  then based on
Theorem 4.7 (ii) the unique bounded solution of (8.13) is periodic function with the same period 6.
In this case K(t) will be a periodic function with period §. On the other hand if the coefficients of
(7.5) are constant functions then from Theorem 4.7 (iii) the unique bounded solution of (8.13) is a
constant function. In this case the stabilizing solution K (t) is a constant function, too. O

Remark 8.9 The previous result extends Theorem 8 in [5] to the time-varying case. From our proof
it follows that A — S1P; — S3P» needs not necessarily be an M-matrix if Ay = A — S1K — SoK is
required to be an M-matrix.

Remark 8.10 It may be verified that under Assumption Hy if there exist a solution K (t) = 0 of
(7.5) such that Ay(t) = A(t) — S1(t)K1(t) — Sa(t)Ka(t) generates an E.S. evolution on R", then
from A(t) < Ag(t) together with (ii) from Proposition 4.1 one obtains that A(t) generates an E.S.
evolution on R™. This shows that Assumption Hg, a) is also a necessary condition for the existence
of a stabilizing solution K (¢) = 0 of (7.5) in the presence of the assumption Hj.
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