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A car-steering problem with random adhesion coefficient

Stabilization and disturbance attenuation problems for stochastic linear control systems have been studied recently
e.g. in [3, 4, 5]. We recall some results and apply them to a modified version of the car-steering problem from [1].

1. Uncertain linear models, mean-square stability and disturbance attenuation

Consider a linear control system with parametric uncertainty of the form (x):
T = (A—}—ZJ A(]))w—}—(Bl—}—Zé B%))U—E—(Bg+26 ]))u, z=Cz+ Dyv+ Dsyu .

Here z € IR™ is the state vector, u € R™ a control input, v € IR? a disturbance input and z € IR® an output vector.
All matrices are of adequate sizes and the J; are real-valued uncertain functions.

Two different models for the uncertainties J; play a prominent role in the literature: Bounded uncertainties, where
the §; : R — IR are assumed to be measurable and sup;cg |0;(t)| < A, for some A; > 0, and white noise, where,
formally, §; = o;w; with normed independent Wiener processes w; and given intensities o; > 0. In the sequel, we
consider stochastic differential equations of It6 type (i.e. ; = ojw;) and use the notion of mean-square stability.

Definition 1. The It6 equation dz = Az dt+ E;VZI 0;AY) ¢ dw; is called mean-square stable with decay rate
(at least) a > 0 if IAM > 0: Voo = z(0) € R, t > 0: E||z(t)||? < Me=2%||xo|| (where E denotes expectation,).

Lemma 2. The It6 equation dx = Az dt + ZN 105 A(j)x dw; is mean-square stable with decay rate (at least)

a > 0, if and only if there exists a positive definite matriz X such that ATX-i—XA—l—QaX—l—ZJ 1 fA(J)TXA(J) < 0.

In this event, the equation & = (A + Z 0;(t )A(J)) x 1s stable for arbitrary measurable functions §; : R — R

d2<2a

satisfying sup,c [0;(t)| < djo;, where EJ 1 45

Hence, the It6 model and the concept of mean-square stability offer some robustness margin with respect to bounded
uncertainties (in contrast to Stratonovich models or stochastic stability); see [2, 3, 4, 6].

Our aim is to construct a feedback controller u = Fz that stabilizes system (x) and diminishes the effect of the
disturbance v on the output z. A worst-case measure for this effect is the norm of the perturbation operator
L¥ : v+ 2z (as an operator between L?-spaces). We impose the regularity assumptions D[C, Dy, Ds] = [0,0,£21],
e >0, and DTC = 0 (only DI Dy > 0 is essential; the other assumptions simplify the notation). For v > 0, we define
a rational matrix operator R7 : S® — 8™ (where S” = {X € R™" | X = XT}) and a target set dom1RY C S™ via

RY(X) = P(X) - S(X)Q"(X) 'S(X)T >0, dom+R"={X <0|~* - DTD, + B, XBy > 0}
with P(X) ZATX+XA+A31XA0—CTC, S(X) ZX[BQ,Bl] +AgX[Bgo,Blo], and

Q" (X) = [Bag, Bio]* X[Bag, Bio] — diag(—&*I,,,,v*1, — DI Dy) .

Theorem 3. [3, 4, 5] Let v > 0. There exists an X € domyR", satisfying RY(X) > 0, if and only if
there exists an F € R™*", such that |LE|| < v (where LL is the perturbation operator of the (It6-)system (x) with
feedback-control w = Fx and stochastic parameter uncertainty 6; = ;).

If RY(X) > 2aX for some X € dom+RY, a > 0, then ||LL|| < (where LK is the perturbation operator of system
(x) with feedback-control u = Fx and bounded parameter uncertainty sup |0;(t)| < 4A;, Zjvzl A% < 2a).

Rational matrix equations and inequalities have been studied in [3, 4]. If the pair (A, C) is observable and there
exists an X € dom1R", satisfying RY(X) > 0, then also the equation R7(X) = 0 has a solution X; € dom+R". In

view of the example below, let us simplify the notation further and assume B%) = 0 for all j. Then the feedback gain
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matrix F = — ( > B%)TXJFB%) —&2I ) B (X+Bg +> A%)TXJFB%)) ! solves the disturbance attenuation problem.
To compute X, we can apply Newton’s method to the dual equation G7(Y) = YRY(=Y "1)Y = 0 starting at an
arbitrary point Yp € 8™, where the eigenvalues of the derivative Gy, lie in the open left half plane; then X = —Y~ v
if Y3 denotes the limit of the Newton iteration. We have o(Gy,) CC—, e.g. if Yo = v X ! where Xj is the stabilizing
solution of the standard Riccati equation ATX + XA — CTC + X? =0, and v > 0 is sufficiently large (see [3]).

2. A car-steering problem

We consider the four-wheel car-steering model discussed in [1]. An important feature of this model is the uncertainty
of the adhesion coefficient u between tyre and road-surface. Here, we model the coefficient u as a stochastic process
with mean value 0.5 and intensity o. Thus the extended state-space system [1, p.18] takes the stochastic form

dr = (Axz + Byv+ Bou)dt + (Aél)x + Bg))u)a dwy + (A(()z)x + Bég)u)o dwsy, z = Cx,
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The state vector z = [3,7, A, u]? contains the sideslip angle 3, the yaw rate r, the displacement angle A and the
measured displacement p. The front and rear steering angles [7, 6,]7 = u are the control variables. We assume that
the car is to follow a straight line (prer = 0), such that all deviations v from the nominal value pre are regarded as an
exogenous disturbance, whose effect on the output z has to be diminished. We regularize the system by introducing
the additional output eu with ¢ = 0.1. The parameter values are ¢y = 3.67 [m], ¢, = 1.93[m], {, = 6.12[m], ¢y =
198000 [N/rad], ¢, = 470000 [N/rad], v = 10[m/s], m = 10000[kg], J = i®>um , %> = 10.85[m?].

For 0 =0, 0 = 0.2 we found the optimal attenuation values vy = 1.62, 792 = 4.58 and the feedback-gain matrices
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In the diagrams, we see the response of the controlled systems to the input signal v(t) = 1 for ¢ € [0,1], v(t) =0
otherwise. While in the absence of noise, Fy has better attenuation properties than Fj o, it deteriorates rapidly as
the noise increases and even fails to stabilize the system for 0.0485. In contrast, Fy o stabilizes the system and still
has acceptable attenuation properties even for o = 0.2. (Notice the different scalings.)
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