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Abstract

We derive minimal representations for the inverses of Lyapunov and Sylvester
operators.

1 Introduction

Let A, B € C™" and define the Sylvester operator Sy g : C**" — C**" by
Sip(X) = AX—XB.

If B = —A* then 84 p is a Lyapunov-operator, and we write Sy 5 = L4.
It is assumed that S4 p is nonsingular i.e. 0 ¢& o(A) + o(B).

During the Oberwolfach meeting on ‘Nonnegative matrices, M-matrices and their
generalizations’, V. Mehrmann raised a question about minimal representations for
the inverse of the Lyapunov-operator:

Clearly, there exist matrices B;, C; € C"*™ such that for all Y € C"*" we have

LMY) = EN: B;YC; . (1)

But what is the minimal number N of terms in this sum?

In the present paper we show, that this question can be answered straightforwardly
by combining results from [3] and from [2]. More precisely, our aim is to prove the
following:

Theorem 1.1 Let vy = degus and vg = deg up denote the degrees of the minimal
polynomials of A and B, respectively, and v = min{vs,vg}.
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(i) The inverse SE}B : CV" — C*" has a representation of the form
Sip(Y) = Y BYCi, B, C;eC™".
i=1

(i) If B = —A*, i.e. Sa.p = L4, there exists a symmetric representation
vA
LHY) = ) gAYA;, g=+1, A €C
i=1
with e; = 1 for all i if and only if 0(A) C C,.

In the latter case L4 is said to be completely positive (compare [1]).

(i11) If an arbitrary representation
N
Sip(Y) = ) _BYC;,  B;,CieC™"
i=1
1S given, then necessarily N > v.

We begin with some facts from representation theory for mappings between matrix
spaces. These results are not new, but we take the chance of giving a concise self-
contained presentation, providing all the details we need.

2 Representation of mappings between matrix spaces

We consider linear mappings 7 : C™*" — CP*? and try to give a representation of
the form 7(X) = SN | B;XC;, with B; € C?*™, C; € C**4,

Obviously 7 can also be regarded as a linear mapping between the vector spaces
C™ and CP?1. To make use of this observation, we recall the definition and some
basic properties of the Kronecker product and the vec-operator.

Definition 2.1 Let V = (v;;) = (v1,...,0,) € C™" and U = (u;;) € C*1. Then

U1
VeU = (UUU) e C"P*™M  gnd  vecV = o lecm™.

Un

Lemma 2.2 (e.g. [4]) Let Uy, Uy, V1, Va, and X be matrices of appropriate sizes.
Then

VioU)Vaal,) = (VL)@ (UUy)  and  vec(U1 XV1) = (UL @ Vi) vec X .



In the following let ™ denote the i-th canonical unit vector in C™ and Efjm " =

egm)egn)* the m x n matrix with the only nonzero entry 1 in the i-th row and j-th

m,n
column. By E™" we denote the m* x n?-block matrix (Efjmn)> and with the
1,j=1

(m,n)
mapping 7 we associate the mp x ng matrix (I,, ® T)(E™") = (T(Efjmn))> .
ij=1

The following simple identity plays a crucial role.

Lemma 2.3 If V = (vy,...,0,) € CO" and W = (wy,...,w,) € C**? then

(VEZ(;”")W*) —— V(vec W)*. (2)

ij=1

Proof: By Lemma 2.2 we have

Vec(VEz-(F”)W*) = W®Vvec EZ(]mn)

_ - - - (nm)

= (w1®v1,w1®vg,...,wq®vm)e(j_1)n+i
= U7j & v;

= vec U,'w; )

Thus VEZ(]m My = vaw} and

(VEZ-(?")W*)M’H = (viw;)mm = vec V(vec W)*.

i,j=1 ij=1

Theorem 2.4 Let T : C™*" — CP*? be linear.
The matrices By, ...,By € C°*™ Cy,...,Cy € C" yield a representation of T :

N
VX eC™": T(X) = Y BXC; (3)
i=1
iof and only of
N
(I, ® T)(BE™) = Z vec B;(vec Cy)* . (4)

=1

In particular, the minimal number of summands is v = tk(L, @ T)(E™"), and one
can choose a representation with matrices By,..., B, € C°*™ (Cy,...,C, € C"*9,
such that both sets {vec By,...,vec B,} and {vecCY,...,vecC,} are orthogonal.
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Proof: By Lemma 2.3 the identity (3) clearly implies (4); vice versa (4) implies
T(X) =N, B;XC; for all X = E”", and thus for all X € C™*".

ij
A representation with a minimal number of summands is given e.g. by a singular

value decomposition of (I,, ® 7)(E™"), in which case also the orthogonality prop-
erty holds. O

Now we consider mappings between spaces of quadratic matrices.

Definition 2.5 Let T : C**® — C™™ be a linear map. Then T is called
Hermitian-preserving iof T (H™) C H™.

It is immediate to see, that the Lyapunov operator is Hermitian preserving. The
following representation result can be found in [3]; the proof is adapted from [1].

Theorem 2.6 For a linear map T : C"*" — C™*™ the following are equivalent:

1. T 1is Hermitian-preserving.

2. VX eCr: T(X*)=(T(X))*
3. The nm x nm matriz (I, @ T)(E™) = (T(Egm))):j:l is Hermitian.
4. There exist matrices Vq,...,Vy € C™™ and numbers e1,...,ey € {—1,1},
such that VX € C™" : T(X) = igiVlXVz*-
=1

In particular one can choose N = rk(I, @ T)(EM™).
One can choose ¢; = 1 for all i, if and only if (I, @ T)(E™) > 0.

Proof: 1.= 2.: For skew-Hermitian matrices S (i.e. ¢S Hermitian) we have on the
one hand

T(iS)=T(@iS)" = —=iT(S)"
and on the other
T(iS) =T((iS)*) = T(—iS*) = —iT(S¥)

which yields 7(S)* = T(S5*).

As any matrix A can be decomposed in A = H + S, where H =
Hermitian and S = (A — A*) is skew-Hermitian, the result follows.
2.= 3.: This follows from

((T(E;;m));:l)* _ ((T(Eg;zn))*);:l) _ <<T(Ez(;ln)*));:1>
= ((reE)' ) = ((regm)” )

(A+ A%) is

1
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3.= 4.: By Sylvester’s Theorem there is a decomposition

n

(T(ES™)) é &, vec Vi(vec V})* (5)

ij=1

for appropriate V;, where N is the rank of the matrix on the left. By equation (2)
we can also write

n
n

(T(E5™)

i,j=1

N
(Zewff"’%*>
=1

Z’]:l
that means

N
VEGY: T(EG™) =) VBV
=1

and thus the same holds with EZ(]" ") replaced by any X € Span{EgL Moo=
1,...,n} =Cw™

Moreover it folows from Sylvester’s Theorem, that one can choose ¢; = 1 for all 7 if
and only if (I, ® T)(E™™) > 0.

4.= 1.: Since for each [ the matrix V;* XV, is Hermitian if X is Hermitian the sum
is Hermitian, too. O

3 Proof of Theorem 1.1

In view of the Theorems 2.4 and 2.6 we need to determine the rank of the matrix

X o= (L@ SH)(E) = (SiLES™) (6)

i ij=1
To this end we apply the following result from [2] (Theorem 4):
Theorem 3.1 Let A,B € C"*", y € C", and assume that the Sylvester equation
AX — XB =yy*
has a unique solution X. Then

rkX = min rk (y,C’y,...,C"’ly).
Ce{A,B*}

(The matrixz on the right hand side is the controllability Gramian of the pair (C.y).)
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Now, if in (6) we partition X = (%) conformably with E(" such that X;; €
4,j=1

C™*", then we can also write AX;; — X;;B = EZ(]"") and thus
(I, @ A)X - X(I, @ B) = E™ . (7)

In other words X' is a solution of the Sylvester equation (7) with the right hand side
E™). By (2) (with V =W = I,,), we have E™ = vec I,,(vec I,,)*.
It follows therefore from Theorem 3.1, that

rkX = min 1k (vec I, (I, @ C)vecly,, ..., (I, ®C’)”2 Vecln)
Ce{A,B*}
M ocelm L ontel
, e ocelm oomtelm
= min rk
Ce{A,B*} : : :
e,(ln) Ce%n) o 0”267(1”)

It is clear, that the first v + 1 columns are linearly dependent, if v = deg o denotes
the degree of the minimal polynomial of C'; hence tk X < v.
If we consider arbitrary linear combinations of the block rows, we find

kX > maxrk(ac,Cac,...,C”x):
zeCr

Hence rk X = min{v4, v}, which proves (i), (iii) and the first part of (ii).

It remains to show that the &; can be chosen positive if and only if 0(A4) € C,. If
all ¢; are positive, then £, is positive, i.e. £3(Y) > 0 for all Y > 0 (the converse,
however, is not true, see [1]). But it is well-known (e.g. [4]), that £}' is positive if
and only if o(A) C C;. Hence ¢; > 0 for all ¢ implies o(A) C Cy.

To prove the converse, we need to show X' > 0. Let £, = R, — R with

Ru(X) = %(A L DX(AL D)

One readily verifies that p(R7'R_) < 1 if 0(A) C C;, whence
LMy) = S RI*VoR(Y)

= Y WYVy  with Vi = (A+ 1)~ (A - 1)

Therefore

o0

k:o
which completes the proof. O
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