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Abstract

We regard a general class of rational matrix equa-
tions, which contains the continuous (CARE) and dis-
crete (DARE) algebraic Riccati equations as special cases.
Equations of this type were encountered in [EHP96] and
[EHP98] where H-type problems of disturbance attenu-
ation for stochastic linear systems were studied. We de-
velop a unifying framework for the analysis of these equa-
tions based on the theory of (resolvent) positive operators
and show that they can be solved by Newton’s method
starting at an arbitrary stabilizing matrix.

1 Introduction

Important questions in optimal linear control theory can
be formulated as minimization problems for quadratic
functionals constrained by a linear system. The solution
of these problems leads to certain matrix equations and in-
equalities (for a Hermitian matrix X) that differ depend-
ing both on the type of quadratic functionals regarded
(semidefinite or indefinite) and on the type of system in
question (continuous or discrete, deterministic or stochas-
tic). If they exist, the largest solutions of these equations
yield the optimal feedback gain matrix and thus the mini-
mizing control.

Positive semidefinite functionals are regarded in classical
LQ-control theory, whereas indefinite functionals occur
e.g. in H*-optimal control. In the deterministic case they
lead to definite and indefinite continuous and discrete alge-
braic Riccati equations (e.g. [LR95]), respectively. It turns
out that the solvability question is much more delicate for
the indefinite than for the definite matrix equations.

The incorporation of multiplicative noise in the above
problems leads to Riccati type rational matrix equa-
tions; they comprise the previous ones as special cases
but in general they contain additional terms, that are

monotonous in X and stem from the diffusion part of the
system; see [Won68] for the definite case and [EHP96],
[EHP98] and also Section 2 for the indefinite case.

In the deterministic case there exist various approaches
to the solution of the corresponding definite and indef-
inite matrix equations, and it is in many cases possible
to convert a result for a continuous equation to a result
for the discrete equation. Nevertheless both cases usually
need to be treated individually.

In [Won68] an iterative Newton-type method has been ap-
plied to the definite stochastic equation. In the present
paper we develop Newton’s method to solve the indefinite
stochastic equation. Actually we dispense with all definite-
ness assumptions and consider an equation that comprises
all those equations mentioned above as special cases. In
Section 5, we prove as our main result, that the Newton
iteration starting from any stabilizing matrix converges to
a solution of this equation if it is solvable at all.

In the proof of our main result we use methods and re-
sults from the theory of positive and resolvent positive
operators which we present in Section 3 without proofs.

2 A bounded real
stochastic control

lemma of

Regard the linear 1t6 differential equation

dz(t) = Az(t)dt + Bu(t)dt (1)
N N
+ > Aba(®)dwi(t) + Y Bo(t)v(t)dwi (1)
=1 =1
z(t) = Cz(t) + Dv(t),

where (4, C) € K®*" x K2*™ and
(A§, Bi, B, D) € K" x K™*¢ x K> x KI*¢,
The (w;(t))icr, are independent zero mean real Wiener

processes on a probability space (2, F, u) with respect to
an increasing family (F¢)¢er, of o-algebras F; C F.



Let L2 (R, ,K*) denote the corresponding space of non-
anticipating stochastic processes v with

o0y =€ ([ o) <o

where £ denotes expectation.

It is known from Ito-theory, that for all (zg,v) € K* x
L? (R;, K?) there exists a unique solution z(-, o, v) of (1)
with initial value (0, zo,v) = zo and thus also a unique
output process z(-, Zg, ).

We write 2(-,0,v) =Lv(-), and call L the perturbation
operator of the system (1). It describes the effect of the
input process v (viewed as a stochastic disturbance) on
the output process z (interpreted as the vector of the to
be controlled variables).

Definition 2.1 The systemm (1) is said to be inter-
nally (exponentially mean square) stable if z(-,z0,0) €
L2 (Ry,K*) for all 7y € K", where x(-) = z(-,3,0) is the
solution of the unperturbed system (with v(-) =0).

The system (1) is called externally stable if L is a bounded
operator L: L2 (R, ,K*) — L2 (R, ,K?).

In [EHP96] it was shown, that internal stability of (1)
implies external stability. Then the norm ||L|| of the dis-
turbance operator is of interest. In the deterministic case
(if all A}, B§ vanish) it is equal to the H*-norm of the
associated rational transfer matrix. Thus ||L|| can be seen
as a generalized H*°-type norm for the stochastic system
(1). To formulate a bounded real lemma for system (1)
we define the affine linear operators

N
A*X + XA+ A XAL-C*C

P(X) =
N i=1
S(X) = XB+Y Ay'XBj-C*D
N i=1
QX) = Y Bi"XBj++*I-D*D, ~>0.
i=1

Theorem 2.2 (Bounded Real Lemma, [EHP96])
System (1) is internally stable and ||L || < v if and only
if there exists X < 0 such that Q(X) > 0 and

P(X)-S(X)Q(X)"'s(x)* > o.

(2)

3 Resolvent positive operators

Let H™ C K»*" K € {R,C} denote the real space of real
or complex n x n Hermitian matrices, endowed with the
Frobenius inner product (X, Y) = trace(XY) and the
corresponding (Frobenius) norm || - [|. By H% = {X €
H™ | X > 0} we denote the closed convex cone of nonneg-
ative definite matrices and by int (H7) its inner, i.e. the
open cone of positive definite matrices. The cone H%
induces a partial ordering on H": we write X > Y, if
X-YeH,.

Proposition 3.1 (i) The cone H is proper, i.e. it is
closed, int (H7) #0, and H7 N —HT = {0}.

(i) The cone HY is self-dual in HT, i.e.
n= (M) = {X eH M |VY €HL: (X,Y) >0}

(iii) If X, Y € H} and (X,Y) =0, then XY =YX =0.

Remark 3.2 Most of the results in this section can be
transferred to the more general situation of an arbitrary
finite-dimensional space ordered by a proper cone, but in
view of our applications we restrict ourselves to the space
‘H™ and the cone H}. For proofs and more details consult
e.g. [KR50], [Sch65], [Els74], [Are87], [BP94], [DH99].

For a linear operator 7 let o(7) denote the spectrum,
p(T) = max{|A\|;A € o(T)} the spectral radius, and
B(T) = max{Re(\); A € o(T)} the spectral abscissa. The
identity map is denoted by I, irrespective of the space it
acts on.

Definition 3.3 A linear operator T : H™ — H™ is called
positive (T > 0) if it maps (H%) to HT. If n = m then
T is called inverse positive if T ! exists and is positive,
and resolvent positive if for all sufficiently large o > 0 the

operator ol — T is inverse positive. For linear operators
S, T :H" > H™ we write S > T if S — T is positive.

Remark 3.4 Since H? is self-dual the adjoint operator
T* has the same positivity properties as 7.

Examples 3.5 (i) Let A9 € K"*™, then the operator
Il : H* — H" defined by II(X) := A X Ay is positive.
If Ay is nonsingular, then it is also inverse positive.

(ii) All positive operators II are also resolvent posi-
tive, since for a > p(II) the resolvent (af — II)~1 =
S5, a” TR ig positive.

(iii) Given A € K"*"  the associated Lyapunov operator
La:H" = H", La(X):= A*X + X A, is resolvent pos-
itive but, in general, not positive. It is well known that
L4 is inverse positive if and only if o(4) C C;. Since
al—-L4 = L'%I_A, the resolvent is positive for o > 23(A).

Theorem 3.6 Let T : H™ — H™ be a resolvent positive
linear operator. Then the following assertions hold:

(i) B(T) € o(T) and there exists a matriz V € H% \ {0}
such that T(V) = p(T)V.

(i) If S : H™ — H™ is a linear operator with S > T then
S is resolvent-positive and 3(S) > B(T).

(i1i) oI — T is inverse positive <= a > B(T).
Corollary 3.7 ([Sch65]) Let L : H™ — H™ be resolvent

positive and I1 : H™ — H™ be positive. Then the following
are equivalent:

(i) £ +1I is stable, i.e. (L + 1) C C_.



(i) —(L + II) is inverse positive.
(iii) o(L) C C_ and p (L7'II) < 1.
(iw) 3X >0: (L4+1I)(X)<O.

Remark 3.8 ([Kha80]) If £ = L4 as in Example 3.5 (iii)
and

N
nx) =Y A0 xAP, AP ek,
i=1
then each of the conditions (i), (ii), and (iv) in Corollary
3.7 is equivalent to the exponential mean-square stabil-

ity (compare Definition 2.1) of the linear It6 differential
equation

N
dr; = A.Z'(t) dt + Z A(()Z)x(t)dwz (t) .
i=1

Corollary 3.7 thus can be regarded as a generalization of
Lyapunov’s stability theorem for deterministic differential
equations.

As in the latter context, we can weaken the definiteness
conditions in Corollary 3.7 (iv), if (A, G) is observable:

Theorem 3.9 Let (A,G) be observable, G > 0, and as-
sume

3X <0: La4(X)+1II(X) >G.
Then X <0 and L4 + 11 is stable.

4 A rational matrix operator

In order to analyze inequality (2) we introduce the rational
matrix operator R : H™ — H", given by

R(X) = P(X)-8X)QX)7'S(X)*. (3

Here P, S, and @ are affine linear matrix operators from
H™ to H™, K>t and H¢, respectively:

P(X) = A*X+XA4A + ILX) + R
S(X) = XB + I(X) + S
QX) = LX) + Qo,

with A € K", Py € H"™, B, Sy € K**¢ Qo € HE. We
assume that the linear operators II;, II», and ¥ are the
components of a positive linear operator

I, (X)  X(X)

Im:X— [E(X)* T, (X)

] D H = HVE (4)
In particular II; : H® — H™ and II, : H™ — HE are
positive. We write

B S

Mo [ Qo (5)

] € an+€‘

No restrictions on the inertia of M or any of its subma-

trices are imposed but we restrict the domain of R to
domR = {XeH"|Q(X)>0}

If domR happens to be empty, the further discussion is
void. But note that X € dom R implies Y € dom R for all
Y > X. We are interested in the rational matrix equation

R(X) = 0, (6)

and the corresponding strict and nonstrict inequalities.

Remark 4.1 Equation (6) reduces to the CARE

A*X + XA+ P — (XB+80) Q3 (XB+Sp)* = 0
if I1 =0, and to the DARE
X = A*XA)+ P,

— (Ao* X By + So) (Bo*XBo + Qo) ™" (40*X Bo + So) ",

if A= —1I, B =0, and II;(X) = Ag* X Ao, M(X) =
By*X By, and ©(X) = A* X B,.

The definite version of equation (6) with>X =0 and M >0
was first studied by Wonham in [Won68].

In order to apply Newton’s method to equation (6) we
need to study the Taylor expansion of R. We first calcu-
late the Fréchet derivative R’y of R at points X € domR.
We write Px, Sx, and Qx instead of P(X), S(X), and
Q(X). The following proposition can be verified by a di-
rect calculation, see [DH99].

Proposition 4.2 Set Ax := A — BQ%'S% and

I
-Qx'S%
Then Ry = La, +1x.

Tx(H) := [ ]* TI(H) [

I
—Qx'S% |

Remark 4.3 By Remark 3.4, Example 3.5 (iii) and The-
orem 3.6 (ii) both R’ and (R'y)™ are resolvent positive.
The adjoint operator (R'y)" is given by
H — (A-BQY'SY)H+ H(A-BQRY'S%)*
+IL(H) - £ (Q%'SxH) - = (HSxQY%")
+ 1L (Q%'SXHSxQy') -
Thus Qy'Sk¥H =
(Ry)™ (H).

Qy'SEH implies (RY)* (H) =

We now introduce an appropriate stabilizability concept
for the matrix operator R:

Definition 4.4 A matriz X € domR is called stabilizing
for R if X € domR and Ry C C_ ={s € C| Res < 0}
and almost stabilizing if Ry C C_ UiR. We call R
(almost) stabilizable if there exists an (almost) stabilizing
matriz X for R.



Remark 4.5 (i) A sufficient condition for a matrix X to
stabilize R is that Ax is stable and

I > £ (Mx(]) = / MR Ty (I)e! A% dt.
0

This condition was given in [Won68]. In [Hau72] examples
were provided, that it is not a necessary condition.

(ii) In the special case that R(X) = 0 is the CARE, a
matrix X is stabilizing, if and only if all eigenvalues of
A— BQy'(SF + B*X) lie in the open left half plane.
(iii) In the special case that R(X) = 0 is the DARE, a
matrix X is stabilizing, if and only if all eigenvalues of
Ao — By (Qo + BEXB,) ™" (S& + BE X Ap) lie in the open
unit disk.

It is convenient to write for Y, Z € dom R

I * I
My = [ —Qy' St ] M [ ~Qy'S3 ]

and

(V) = (SyQy' —52Q%") Qv (Qy'Sy —Q3'S%).
Note that ®z(Y) > 0 and v (Y) = 0.

The following proposition shows that —®z(Y) is the sec-
ond order remainder term of the Taylor expansion of R
at Z in the direction Y — Z. In particular, the positivity
of ®z(Y) implies that R is a concave operator on dom R
in the sense that its values lie below the values of its tan-
gents at any point Z € dom R (with respect to the order
of H™) : R(Y) < R(Z)+R,(Y —Z) forallY,Z € domR.

Proposition 4.6 Let Y, Z € domR. Then the following
identities hold:

(1)) R(Z)+ R,(Y - Z)=RY)+ &z(Y) >R(Y).
In particular R is a concave map on domR.

A proof of these basic properties can be found in [DH99].

5 Newton’s method

In this section we derive our main result. We present an
iterative algorithm to solve the rational matrix equation
R(X) = 0. It is a non-local version of Newton’s method,
which is already well-established in the cases of the de-
terministic and the definite algebraic Riccati equation; we
mention [Kle68], [Won68], [Cop74], [Meh91], [LR95].

The method can be applied under the conditions, that R is
stabilizable and that the inequality R(X) > 0 is solvable.
Under these conditions it will be shown that convergence
takes place if the algorithm starts at any stabilizing initial
matrix Xo (see Definition 4.4).

Using Proposition 4.6 (i) we can write the standard
Newton-iteration for our problem in the following form:

X, — (Ry,) " (R(X3))
= —(Ry,) ' (Mx,), (8)

where R’Xk is known from Proposition 4.2, and Mx was
defined in (7). In each iteration step the following n2-
dimensional linear system must be solved in order to ob-
tain Xk+1: A}}kX + XAXk + ka (X) = Mxk.

Xpy1 =

Theorem 5.1 Assume that there ezist a solution X €
domR of R(X) > 0 and a stabilizing matriz Xo for R.
Then the iteration scheme (8) defines a sequence (Xy) in
dom R with the following properties:

(i) Vk=1,2,...: X} > Xpp1 > X and R(X}) < 0.
(i) Yk =0,1,2,...: R, is stable.
(i1i) (Xi) converges to a limit matriz X € domR.

(iv) R(Xw) =0, Xoo is the largest solution of R(X) >0

and o R’Xm) c C_ Uik
Proof: We prove (i) and (ii) inductively.
By assumption Ry, is stable, which settles the case k = 0.
Suppose that X, ... , X} have been constructed such that
R, isstablefori =0,... ,k, X; >...> Xand Rx, <0
for i = 1,...,k. Then X1 is well defined by (8) and
satisfies

Rl (X = Xit1) = R(Xp). 9)

We first prove X;41 > X. By the concavity of R (Propo-
sition 4.6 (ii)) we have

R, (X = Xpp1) = Ry, (X — Xp) + Ry, (X — Xip1)
. 46 (i) .

= R (X-X)+R(X) > REX) > 0. (10)

Since R, is stable, i.e. =Ry, is inverse positive by Corol-

lary 3.7, we have X < Xk+1 and hence X1 € domR.
By the same argument, if k¥ > 1 it follows directly from
(9) and R(X%) < 0 that Xy — X411 > 0. It remains to
show that R’y is stable and R(X}11) < 0. Again by
the concavity oit R we have

0 < R(X) < R(Xk+1)+Rle+1(X—Xk+1)- (11)
From 4.6 (i) and (8) we have
R(Xk41) = —®x,(Xpt1) <0, (12)

which proves R(Xjy1) < 0, and together with (11) we
obtain

n (X = Xpy1) > ®x, (Xpg1) > 0.

Xi41

(13)



Now let us assume that R’y  ~is not stable. By Re-
mark 4.3 both R}Hl and its adjoint are resolvent positive;
moreover they have the same spectral abscissa. Thus by
Theorem 3.6 the instability of ’R’X)ch1 is equivalent to the
following condition:

W eHI\{0LA>0:  R'%, (V)=AV. (14)
On the one hand this implies

<V, R

Xpt1

(X_Xk+1)> = </\V:X_Xk+1> < 0.

On the other hand we have from (13)

v
o

(V) R, R = Xis)) 2 (V, 8, (X))
Combined with the previous inequality this gives

(V, ®x, (Xp41)) =0 ie. @x, (Xpy1)V =0,

where we have used Proposition 3.1. Thus by the defini-
tion of ®: Q%,  S%,,,V = Qx,S%. V-

By Remark 4.3 this implies \V = R'Y, (V) =R, (V),
contradicting the stability of R’ . Thus, our assumption
was wrong, and R’Xk+1 is stable. This concludes our proof
of (i) and (ii) by induction.

(iii) and (iv) follow easily from (i) and (ii). O

From Theorem 5.1 we infer an existence theorem for the
equation R(X) = 0, which generalizes existence theo-
rems for the definite equations from LQ control theory.
In [Won68] this result was given under the additional as-
sumptions ¥ = 0 and (A, Py) detectable:

Corollary 5.2 Assume Qg > 0, Py > S(TQJlSO, and R
is stabilizable. Then the equation R(X) = 0 has a solution
X >0.

Proof: The assumptions guarantee that 0 € dom R and
R(0) > 0. Thus Theorem 5.1 can be applied with X = 0
and a stabilizing X. O

To apply the algorithm proposed in Theorem 5.1 it is cru-
cial and in many cases not trivial to find a stabilizing
matrix Xg. An important special case, however, is when

0 €domR (i.e. Qo > 0) and Ry is stable:

Theorem 5.3 Let the pair (A, Py) be observable, Py <0,
Qo > 0 and assume that the inequality R(X) > 0 has a
solution in domR. Then the following are equivalent:

(i) Ry is stable.

(i) 3X € domR : R(X) >0 and X <0.
(i1i) X € domR and R(X) >0 = X <0.
(iv) X € domR and R(X)>0 = X <0.

The implication (i)= (i) (as well as the trivial chain
(iv)=(iii)=(ii)) also holds without the observability as-
sumption.

Proof: (i)=(iii): By concavity
R(X) < R(0) +Ry(X) = Py — SoQ5" 85 + Ro(X).

Thus R(X) > 0 implies Ry(X) > —PFy which by the
stability of R in turn implies X < 0.

The remaining non-trivial implications (ii)=(i) and
(iii)=(iv) follow immediately from Theorem 3.9. O

6 Stabilizing solutions

As we have seen, the Newton iteration produces an al-
most stabilizing solution. In many cases it is interesting
to know, if there exists a stabilizing solution. For instance
we will see below, that this guarantees quadratic conver-
gence of the Newton iteration.

Lemma 6.1 Let Y, Z € dom R such that R(Y) < R(Z),
and 0(Ry) CC_. ThenY > Z.

Theorem 6.2 The following are equivalent:
(i) R is stabilizable and 3X € dom R : R(X) > 0.

(i) There exists a stabilizing solution of the equation
R(X)=0.

Moreover, a stabilizing solution of the equation R(X) =0
is necessarily the largest solution of the inequality R(X) >
0 and thus unique.

Proof: (i)=(ii): Let the sequence (Xj) be defined as in
Theorem 5.1. Since R(X) > 0, inequality (10) holds in its
strict form. Passing to the limit k& — oo yields

Ry (X — X)) > 0.

By continuity R’Xm maps a whole neighbourhood of
X — X4 <0 to int (H7). Thus R'x_ is stable by Corol-
lary 3.7, i.e. X is a stabilizing solution of the equation
R(X) = 0. If X is another stabilizing solution of the
equation R(X) = 0, then by Lemma 6.1 X > X, and
Xoo > X, ie. X = X.

(ii)=(i): Let X be stabilizing. Then R’y is a regular
operator and by the implicit function theorem the equa-
tion R(X) — el = 0 is solvable for sufficiently small € in a
neighbourhood of X, in H™. Hence (i). O

If there exists a stabilizing solution then convergence of
the sequence (X}) defined in Theorem 5.1 is quadratic
(compare [Meh91] for CARE and DARE).



Theorem 6.3 Assume that there exists a stabilizing so-
lution X € domR to R(X) = 0.

Let the sequence (Xy) and its limit X, be given as in
Theorem 5.1. Then there exists a constant k such that

(1 Xit1 — Xl < K[ X — Xoo|*

For a proof of this theorem see [DH99].

Remark 6.4 The main results of the Sections 5 and 6 can
be transferred e.g. to the more general situation, where
R : X — X is a concave operator in an arbitrary finite-
dimensional space X ordered by a proper cone C, such that
Ry is resolvent positive for all X € domR and domR =
domR + C; see also [DH99].

7 Monotonicity and concavity

In this section we compare the largest solutions of the ma-
trix inequalities Ro(X) > 0, R1(X) > 0, where Ry and
R are of the type (3); (for special cases see e.g. [Wim85],
[RV88], [LR95]). It is convenient to do this in the frame-
work of linear matrix inequalities:

*
Proposition 7.1 Let A(X) := A )Bg*—;(XA X;)B

and IT and M as in (5) and (4). Then for X € domR:
(i) RIX)>0 < IOX)+AX)+ M >0.
(ii) R(X)>0 < I(X)+AX)+M>0.

We will say that R is the rational operator associated to
I, A, and M.

For i = 0,1 let M; € H™*¢ and R; be the rational matrix
operators associated to II, A, and M;.

Theorem 7.2 Assume that there exists a stabilizing so-
lution Xg to Ro(X) = 0. Assume further that Ry is sta-
bilizable and My > My. Then there exists a stabilizing
solution X1 to R1(X) =0 and X1 > Xp.

Proof: By Theorem 6.2 there exists an X € dom R such

that Ro(X) > 0. By M; > My and Proposition 7.1 we
have dom Ry C domR; and also R1 (f( ) > 0. Thus again
Theorem 6.2 gives us a unique stabilizing solution X; of
R1(X) = 0. Another application of Proposition 7.1 yields
R1(Xo) > 0. By Lemma 6.1, however, X; is the largest

solution of the latter inequality, whence X; > Xj. O

An analogous argument shows that X, depends on M in
a concave fashion.

Theorem 7.3 Let My, My € H"¢ be arbitrary, and as-
sume that for i = 0,1 there exist stabilizing solutions X;
of Ri(X) =0. Fort e [0,1] set My := (1 —t)Mo + tM;
and denote the rational operator associated to II, A, and
M; by Ri. Then for all t € [0,1] there exists a stabilizing
solution X; of Ry(X) =0 and X; > (1 — )Xo +tX;.
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