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1 Introduction

This paper is concerned with rational matrix equations
occuring in stochastic control that play an analogous
role as the algebraic Riccati equation does in determin-
istic control. We will therefore sometimes refer to these
equations as stochastic (algebraic) Riccati equations. A
first rigorous treatment of a stochastic Riccati equation
from LQ-control theory seems to have been undertaken
by Wonham in [Won68]. Since then different versions
of stochastic Riccati equations have been obtained in
various control and stabilization problems (e.g. [Phi83],
[Tes94], [DHS97], [HP98], [UP99], [YZ99)]) and it is widely
agreed that their analysis constitutes a challenging prob-
lem. Algebraic tools such as canonical transformations,
Hamiltonians or factorization methods used for the de-
terministic Riccati equation, appear to be not available
for the stochastic Riccati equation.

Our approach is of an analytical nature and based on a
nonlocal convergence result for Newton’s method applied
to a certain class of nonlinear matrix equations. Resol-
vent positive and concave operators play a crucial role.
We specify solvability conditions for stochastic Riccati
equations of different kinds and analyze the dependence
of their largest solution on parameters.

The paper is organized as follows. In Sec. 2 we intro-
duce the stochastic Riccati operator and specify some
notations. Then in Sec. 3 we discuss several problems
of stochastic control that lead to stochastic Riccati in-
equalities with structurally different parameter matrices.
These inequalities and the corresponding equations are
discussed in Sec. 4, which contains our main results.

2 A class of rational matrix operators
We study matrix equations of the following form
R(X) =

P(X) - S(X)Q(X)'S(X)* = 0. (1)
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Here P, S and @) are affine linear operators on the real
vector space H™ C K"*™ of n x n Hermitian matrices
(with entries in K= R or K = C):

P(X) = A*X+XA + IL(X) + B
S(X) = XB + I(X) + So (2)
QX) = I(X) + Qo

where A € K"*", Py € H", B, Sp € K"*™, Qo € H™.
The spaces H*, k € N are considered as ordered vector
spaces; the order on H* is induced by the cone HY of
nonnegative definite matrices (compare Section 4.1). We
assume that the linear operators I1;, Ils, and ¥ together
form a positive linear operator (compare Definition 9)
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In particular II; : H™ — H"™ and I, : H® — H™ must
be positive.

The rational matrix operator R is a well-defined analytic
operator on the domain

domR = {X € H" | det Q(X) # 0}.

We further define dom; R = {X € H" | Q(X) > 0} and
assume dom; R # 0.

The dependence of the operator R on the matrices Py, So
and Qo plays an important role in this paper. We collect
these matrices in the 2 x 2 Hermitian block matrix

PO SO ] n+m
M = " eH . 4
[ S Qo @
If A, B and II are fixed, we sometimes also write
RM(X) = PM(X) - sM(X)QM(x)"1sM (X)) (5)

to highlight the dependence of the operators on M.

Matrix equations of type (1) contain as special cases the
well known continuous-time and discrete-time algebraic
Riccati equations that occur for example in the determin-
istic LQ-control problem or in the context of H* optimal



control. More complicated matrix equations of the form
(1) occur in analogous control problems for linear sys-
tems involving state- and control-dependent multiplica-
tive white noise.

3 Stochastic control systems

Regard the linear Ito differential equation

dz(t) = Az(t)dt + Bov(t)dt (6)
N N
+ Z Abx(t)dw;i(t) + Z B (t)v(t)dw; (t)
A = Col)+Do(®),

where (4, C, B, D) € Kr*® x KIXn x Knxm x KIXm,
and

(Af, Bf) € K" x K™ j=1,...,N.
The (w;(t))¢cr, are independent zero mean real Wiener
processes on a probability space (2, F, ) with respect to
an increasing family (F¢)¢er, of o-algebras F; C F.
Let L2 (R, ,K™) denote the corresponding space of non-
anticipating stochastic processes v with

o0z =€ ([ P < oo

where £ denotes expectation.

The process v is regarded as the input of the given system
and can either be viewed as a control or as a disturbance.
It is known from It6-theory, that for all (zg,v) € K* x
L? (R, ,K™) there exists a unique solution z(-,zg,v) of
(6) with initial value x(0,x9,v) = xo and thus also a
unique output process z(-, Zg, V).

We write 2(-,0,v) =Lv(-), and call L the input/output
operator of the system (6). It describes the effect of the
input process v on the output process z.

Definition 1 The system (6) is said to be internally
(exponentially mean square) stable if =z(-,z9,0) €
L2 (R, ,K™) for all zg € K*, or equivalently if

IM,w>0: Yro € K™, t>0: Elz(t)|> < Me “t|zo?,

where z(-) = x(-, xo,0) is the solution of the unperturbed
system (with v(-) =0).

We call the system (6) externally stable if L is a bounded
operator L: L2 (R ,K™) — L2 (R}, KY).

The system (6) is called stabilizable (by static linear
state-feedback) if there erists a matriz F € K™*" such
that the closed loop system

da(t) = (A+ BF)z(t)dt + Y (A} + BeF)x(t)dw;(t)

i=1

is internally stable.

In the following we will give characterizations of stability
and stabilizability involving linear matrix equations of
Lyapunov type and rational matrix equations of the form
(1). The positive operator II from (3) is given by

I(X) = i[

i=1

AV X AY
By X A}

A" X Bj

i* i ) (7)
By XB}
e I (X) = YN, A" X AL, 2(X) = YN, Ai"XBj,
Iy(X) = YN, Bi"XB§. Throughout this section we
suppose that the operators II,II;,II,, 3 are defined by
these formulae.

3.1 A stability criterion

Khasminskij’s criterion for mean-square stability is a
stochastic analog of Lyapunov’s criterion for asymptotic
stability of time-invariant linear differential equations.
For convenience of notation we define the Lyapunov ope-
rator L4 : H" = H" by LA(X) := A" X + X A.
Theorem 2 ([Kha80]) The following are equivalent:
1. System (6) is internally stable.
LA(X)+ T (X) > 0.

LA(X)+T,(X) =Y.

2. 3X <0:
3.VY >0:31X <0:
4. 0(La+1;) CC_.

Remark 3 (i) Theorem 2 reduces to Lyapunov’s stabil-
ity theorem for deterministic linear differential equations
if IT; = 0. Thus the inequality

L4(X) +1I(X) >0, (8)
may be viewed as a generalization of Lyapunov’s inequal-
ity. Given a solution X < 0 of (8), V(§) := —(& X&)

yields a Lyapunov function for the unperturbed system
(6) (with v = 0).

(ii) If () is a solution of the unperturbed system, then
the operator £4 + II; describes the dynamics of the co-
variance matrix Q(t) = Ex(t)x(t)*:

Q=(£La+1L)(Q). (9)
By Theorem 2 system (6) is internally stable if and only
if system (9) is asymptotically stable.
3.2 Stabilization and a rational matrix inequality

We try to find a feedback-gain matrix F' such that the
closed-loop system

N
(A+BF)zdt+ Y (A} + BjF)zdw; (10)
j=1

de =

is mean-square stable. By Khasminskij’s criterion the
closed-loop system is mean-square stable if and only if



for some matrix Y > 0 (and thus for all matrices Y > 0)
there exists an X < 0, such that

I

I
Laysr(X) + [ 7

o

where II(X) is defined by (7). But if we want to char-
acterize stabilizability, this condition is not really useful,
since it contains two unknowns, the feedback-gain matrix
F and the matrix X. In the following we will get rid of
F by a completion of the square, where we make use of
the fact, that the matrix Y > 0 can be chosen arbitrarily.
In order to characterize the stabilizability of (6) in terms
of a matrix inequality of the form RM > 0 (see 5) we
suppose that M < 0 is any matrix of the form (4) with
Qo <0.

For X < 0 we define P, S, Q and R = RM by (2)
and (1), respectively. Then Q(X) < Qo < 0 and hence
X € domR. After adding and subtracting the term
Py — S(X)Q(X)1S(X)* on the left-hand side of (11)

I

and some reorganization we obtain
Laypr(X)+ [ r ] (I(X) + M) [ ; ]
= La(X)+IL(X) + P — S(X)Q(X) 'S (X)*

+ (F+ex)™s5(x)7) Q) (F +Q(x)'s(X)").

If F is stabilizing, then there exists an X < 0 such that

*

] > Y, (11)

(12)

. I I .
(11) holds with ¥ = — r M rl 2 0. Since
Q(X) < 0 it follows from (12) that for this X necessarily

RM(X) = P(X) - S(X)Q(X) 'S(X)*>0. (13)

If on the other hand some X < 0 satisfies (13), then (12)
becomes positive for F = —Q(X)1S(X)*. Thus we have
proven the following result.

Theorem 4 Let M < 0 be given like in (4) with Qo <
0. There exists a feedback-gain matriz F such that the
closed-loop system (10) is mean-square stable if and only
if the Riccati-type inequality (18) admits a negative defi-
nite solution X. In the latter case F = —Q(X) 1S(X)*
is a stabilizing feedback.

In particular, if the system is stabilizable and Qo < 0
(So arbitrary) then there exists an X < 0 such that F' =
—(Qo + My (X))~ 1(B*X + £(X)* + Sg) is stabilizing,

Remark 5 The above solution X < 0 of the Riccati-
type inequality (13) is not in domy R™ (since Q(X) <
Qo < 0). 5
But if the system is stabilizable and M is any matrix of
the form (4) with Qo > 0, then there exists a matrix
X >0, such that }
F = —(=Qo + Ty (— X)) "1 (B*(=X) + S(=X)* — )

= —(Go + (X)) ~L(B*X + £(X)* + 5¢)
is stabilizing, where now X € dom, RM™.

3.3 The stochastic LQ-control problem

As we have seen in the previous subsection, there is quite
some freedom in choosing a stabilizing feedback matrix
for a stabilizable system. In linear-quadratic (LQ) control
one tries to choose an optimal stabilizing control v € L2
such that a given quadratic cost functional of the form

Te® ] 4 [ =@

e L0 a3 |
is minimized where M is of the form (4). If (6) is stabi-
lizable and M > 0, then (see e.g. [Won70]) there exists
an optimal stabilizing control of the form v = Fz, where
F = -Q(X)71S(X)* and X > 0 is the largest solution
of the equation

(14)

RM(X) = 0.

In fact the condition M > 0 can be weakened; for exam-
ple like in the deterministic case the condition Py > 0 can
be replaced by the conditions Py > 0 and (A, Py) observ-
able (compare [Won68]) But unlike in the deterministic
case where the condition @)y > 0 is indispensible to en-
sure the existence of the minimum in (14) it has recently
been observed (e.g. in [CLZ98]) that this is not necessar-
ily so in the stochastic case where semidefinite or even
indefinite control weights make sense and are of interest
in applications.

3.4 A stochastic bounded-real lemma

A problem opposite to that of finding an optimal stabi-
lizing control is to determine a worst case disturbance of
a stable system. To be more precise, assume that system
(6) is internally stable. Then, as proven in [HP98], the
system is also externally stable. We wish to estimate the
norm || L|| of the input/output operator. In the determin-
istic case (if all A}, B§ vanish) it is equal to the H°-norm
of the associated rational transfer matrix. Thus || L|| can
be seen as a generalized H *°-type norm for the stochastic
system (6). Given v > 0 we have ||L|| < v if and only if
the cost functional
JEA

T z(t) ]* [

e[ 1 | |

is nonnegative for all v € L2, where z(t) = z(t,0,v) sat-
isfies (6) with initial condition z(0) = 0. Moreover, if
||L|| < -y, then the worst case disturbance that minimizes
the above cost functional for all 2° € K" is given by
v = Fz, where F = —Q(X) 15(X)* and X € domRM~
is the largest solution of the equation R~ (X) = 0.
This nontrivial fact is the core of the following stochastic
bounded real lemma from [HP98].

-Cc*C  -C*D
—D*C 4*I-D*D

=:M,

x(t)
v(t)

Theorem 6 System (6) is internally stable and ||L || <
v if and only if there exists an X < 0 such that X €
domy RM~ and RM~(X) > 0.



3.5 A regular H®-type control problem

Now we regard a system with two inputs, one disturbance
v and one control .

N
dz(t) = Az(t)dt + Z Abx(t)dw; (t)
=1 N
+ Bio(t)dt + Y Bio(t)dw;(t)  (15)
+ Bzu(t)dt -
z2(t) = Cz(t) + Dau(t).

We assume that the system is regular in the sense that
D3 D, is nonsingular. Note that we have restricted our-
selves to a simple model; e.g. one also might consider
random vibrations of the parameter matrix By or a di-
rect feedthrough of the disturbance v to the output z.
These extensions can be handled by similar methods as
developed below, but they are technically more involved.
If the control w in this system is given by static linear
state feedback, i.e. u = Fz, then the resulting closed-
loop system is of the form (6), with A and C replaced
by A+ ByF and C + Dy F, respectively. We then denote
the input/output-operator of the closed-loop system with
LY. With B = By, D = Dy and M = M, like in the
Sec. 3.41et P, S, Q and R = RM~ be defined by (2) and
(5), respectively, with II given by (7).

QOur aim is to find a feedback gain matrix F', such that
the closed-loop system is internally stable, and ||LT|| < v
for some given number v > 0. By Theorem 6 we have
to find a pair of matrices FF € K™*" and X < 0
such that Q(X) = Y, Bi"XBi + 421 — D5Dy > 0
(i.e. X € dom; RM~) and

0 < (A+BF)*X + X(A+ ByF) +1II;(X) (16)
— (C + DyF)*(C + Dy,F) — S(X)Q(X)~1s(Xx)*
= R (X)+ (BsX — D;C)*(D3Dy) '(-..)

- (F —(D3D2)"N(BIX — D;C))*D;‘Dz(. . )

Here (and below) we use the short-hand notation (...)
for the right factor which is the conjugate transpose of
the left factor. Inequality (16) necessarily implies

0 < RM(X) (17)

withRM+ (X)) = RM (X)+ (B3 X—D3C)*(D3D2) ' (....).
If on the other hand some X < 0 satisfies (17), then
F = (DiD,)"Y(B3X — D3C) and X satisfy (16). Thus
we have proven the following result.

Theorem 7 There exists a feedback gain matriz F', such
that the closed-loop system (15) (with w = Fx) is in-
ternally stable and the corresponding disturbance opera-
tor LY has norm |LY|| < v if and only if there ex-
ists a matriz X < 0 in domy RM> satisfying inequal-
ity (17). In this case o suitable F is given by F =
(D3 D) (B5X — D5C).

4 The equation R(X) =0

The problems described in the previous section have led
us to matrix (in)equalities involving the operator R =
RM corresponding to different weight matrices M. In
this section we study solutions of the equation R(X) =0
in dom4 R where R is of the form (1). If such a solu-
tion exists and the underlying system is stabilizable, then
there exists a greatest solution X; = X (see Theorem
17). We will analyze the dependence of X f’ on M.

The methods developed in this section turn out to be in-
strumental to address the above Riccati-type inequalities.
First we will summarize some general facts about analyt-
ical properties of R as a nonlinear operator acting in a
partially ordered vector space.

4.1 Analytical properties

Let H™ C K**™ (K = R or K = C) denote the real space
of real or complex n x n Hermitian matrices, endowed
with the Frobenius inner product (X, Y) = trace(XY)
and the corresponding (Frobenius) norm || -||. By H} :=
{X eHn | X > 0} we denote the closed convex cone of
nonnegative definite matrices and by int (Hfﬁ) its inner,
i.e. the open cone of positive definite matrices. The cone
" induces a partial ordering on H": we write X > Y,
if X -Y € HY.
The operator R defined in Sec. 2 possesses the following
remarkable analytical properties (see [DH99]).

Proposition 8 Let R be given by (1), (2) and suppose
that 1 defined by (3) is positive and dom; R # (. Then

(i) The nonempty set dom; R C domR is saturated
above, i.e. domy R = domy R +H7.
(i) The operator R is concave on domy R in the sense
that for allY € domR and Z € dom; R
RY)-R(Z)+Ry(Z-Y) > 0. (18)
(In the usual sense, concavity of R on domy R would
only require that (18) holds for all Y € domy R; but
in this paper concavity of an operator on a certain set
is always understood in the stronger sense of (18)).
(iii) The operator R is Fréchet differentiable on domR
and the Fréchet derivatives R’y at points X € dom R
are resolvent positive operators in the sense of the
next subsection.

4.2 Resolvent positive operators

The main tool in our approach is the theory of positive
operators in ordered vector spaces based on the work of
Krein and Rutman [KR50]. In particular the class of
resolvent positive operators plays an important role.



Definition 9 A linear operator T : H™ — H™ is called
positive (I' > 0) if it maps H' to H'. A linear operator
T :H™ — H" is called inverse positive if it is invertible
and T~ is positive; it is called resolvent positive, if for
all sufficiently large a > O the resolvent operator (ol —
T)~! is positive.

Remark 10 Resolvent positive operators [Are87] are
also called cross-positive, essentially positive, expo-
nentially positive, H'} -subtangential, quasimonotonic or
Metzler operators (compare [SV70], [Els74], [BNS89],
[FHS98]). They can be seen as a generalization of M-
matrices (e.g. [BP94]).

For a linear operator T let o(7) denote the spectrum,
p(T) = max{|\;X € o(T)} the spectral radius, and
B(T) = max{R(A\); A € o(T)} the spectral abscissa.

Examples 11 (i) Let Ag € K"*", then the operator
IT : H™ — H™ defined by TI(X) := A§X Ay is positive. If
Ao is nonsingular, then it is also inverse positive.

(ii) All positive operators II are also resolvent posi-
tive, since for a > p(II) the resolvent (al — II)~! =
S5~ FFUTIF s positive.

(iii) Given A € K"*™ the associated Lyapunov operator
La:HY > H", La(X):= A*X 4+ XA, is resolvent
positive but, in general, not positive. It is well known
that £, is inverse positive if and only if 0(4) C C,.
Since al — L4 = E% I—4, the resolvent is positive for
a > 26(A).

Theorem 12 [Els70] Let T : H™ — H™ be a resolvent

positive linear operator. The following assertions hold:

(i) B(T) € o(T) and there ezists a matriz V € H7 \ {0}
such that T (V) = 3(T)V.

(i) If S : H™ — H™ is a linear operator with S > T then
S is resolvent-positive and 3(S) > B(T).

(iti) oI — T is inverse positive <= a > 3(T).
Corollary 13 ([Sch65]) Let £ : H™ — H™ be resolvent

positive and I : H™ — H™ be positive. Then the following
are equivalent:

(i) L +1I is stable, i.e. o(L+ 1) C C_.
(i) —(L +1I) is inverse positive.
(iti) o(L) CC_ and p (L ') < 1.
(w) X >0: (L+I)(X)<O.

The definiteness conditions in Corollary 13 (iv) can be
weakened:

Theorem 14 Let (A,G) be observable, G > 0, and as-
sume
X <0: L4(X) +TI(X) > G.

Then X <0 and L4 + 11 is stable.

4.3 Stabilizability and Newton’s method

We now define a concept of stabilization that only refers
to the Riccati operator, not to the underlying system.

Definition 15 We call R stabilizable, if there exists a
point X € dom R, such that the Fréchet derivative of R
at X is stable, i.e. 0 (R'y) C C_. The matriz X is then
called stabilizing.

Remark 16 A calculation shows, that R’y is given by
the left side of (11) with F replaced by Q(X)~1S(X)*.
Thus, if the operator R corresponds to system (6) (i.e. A,
B are like in (6), II is given by (7), and M is arbitrary)
then the stabilizability of R implies the stabilizability
of (6). By Theorem 4 the converse implication holds if
Qo < 0 or Qo > 0. For indefinite or semidefinite Q¢ we
do not know, whether this is true or not.

Since R’y is resolvent positive for all X € domR, we
know by Theorem 12, that —R'y is inverse positive if
and only if X is stabilizing.

It has been observed in the literature (e.g. [Van67]) that
for operator equations G(X) = 0 with a convex opera-
tor G (on a partially ordered vector space) whose deriva-
tives are inverse positive everywhere the Newton iteration
converges monotonically from any starting point Xg to a
solution of the operator equation (provided a solution ex-
ists).

On the other hand it is known (e.g. [LR95]) that for
standard Riccati equations Newton’s method converges
monotonically from any stabilizing starting point and the
iterates never leave the set of stabilizing matrices.
These observations are unified and generalized in the fol-
lowing constructive existence result from [DH99] (com-
pare also [Won68] or [DHS97] for special cases). At this
point we forget about the special structure of R for a mo-
ment and assume only the properties from Proposition 8
to hold.

Theorem 17 Let R : domR — H"™ be a Fréchet dif-
ferentiable operator on an open set domR C H™ and
dom; R a nonempty open subset of dom R such that the
conditions (i), (ii) and (i) from Proposition 8 are satis-
fied. Assume that R is stabilizable and that the inequality
R(X) > 0 has a solution X € dom, R.

Then there exists a solution X, € domy R of the equa-
tion R(X) = 0 which can be computed by the standard
Newton-iteration starting at an arbitrary stabilizing ma-
triz Xo € domR. This solution X is the largest solution
of the inequality R(X) > 0 and hence uniquely deter-
mined. The matriz X is stabilizing if and only if the
strict inequality R(X) > 0 is solvable in domy R; other-

wise 0 € o (RI)(+) Cc C_ UiR. If Xy is stabilizing, then
the convergence of the Newton-iteration is guaranteed to

be quadratic. ~
If on the other hand a stabilizing solution X4 € dom; R



of the equation R(X) = 0 is given, then necessarily

X+ = X+.

If a stabilizing matrix Xo € dom R (such that o(Rx,) C
C_) has been found, Theorem 17 provides an iterative
method to decide whether the inequality R(X) > 0 is
solvable in dom; R or not. In fact, if the inequality
R(X) > 0 is solvable in dom4 R then the Newton al-
gorithm starting at Xy produces a decreasing sequence
of stabilizing matrices X € domy R which converge to
the largest solution X of R(X) = 0. If the inequality
is not solvable in dom R, then either some iterate Xy is
not stabilizing, or the iterates leave dom R, or converge
to the boundary of dom; R or become arbitrarily large
in norm.

Stabilizing solutions of R(X) = 0 are particularly impor-
tant in the context of the LQ-problem where they yield
the optimal controls. According to the previous theorem
a stabilizing solution X, € domy R of equation (1) ex-
ists, if and only if R is stabilizable and the inequality
R(X) > 0 is solvable in domy R. In this case it can be
computed by Newton’s method, if a stabilizing matrix for
‘R is known. The problem of how to find such a stabilizing
matrix will be discussed in Subsection 4.5 .

4.4 Dependence of X, on the data

We now suppose that R is given by (1), (2), II defined by
(3) is positive and dom; R # (). In order to analyze the
dependence of the largest solution X} of R(X) = 0 on
the parameter M (4) we make use of the close relationship
between the rational matrix inequality R(X) > 0 and a
higher dimensional linear matrix inequality:

Proposition 18 Let A(X) := [ A )é*—}_XXA X;)B }

II as in (3) and M as in (4), such that domy R # 0.
Then for X € domy R the following equivalences hold:
(i) RIX)>0 << IOX)+AX)+M>0.

(i) R(X)>0 < IIX)+AX)+M >0.

Proof: It suffices to observe, that R(X) is the Schur
complement of II(X) + A(X) + M with respect to the
lower right block Q(X). O

The matrix X of Theorem 17 is thus also the largest
solution of the inequality II(X) + A(X) + M > 0. This
observation can be used to prove the monotonic and con-
cave dependence of X on the weight matrix M:

Theorem 19 Assume M; > My. If there exists a so-
lution Xo € dom; RMe to RM(X) = 0 and RM is
stabilizable, then there exists a greatest solution Xy to
RMi1(X) =0 and X; > Xo. If Xy is stabilizing for RMo,
then X is stabilizing for RM1 .

Proof: By M; > M, and Proposition 18 we have
domy RMo C domy RMt and also RM1(Xy) > 0. Thus
by Theorem 17 there exists a greatest solution X; to
RMl (X) =0 and X1 Z X().

If X, is stabilizing for RM°, then by Theorem 17 there
exists an X € domRMo such that RMo(X) > 0. Again
by M; > M, and Proposition 18 we have R (X) > 0.
Thus again by Theorem 17 X is stabilizing. O

An analogous argument shows that X, depends on M
in a concave fashion:

Theorem 20 Let My, My € H™t™ be arbitrary, and set
M; = (1-7)Mo+7M, for T € [0,1]. Assume that fori =
0,1 there exist solutions X; € dom; RM: to RMi(X) =0
and that RMo is stabilizable for some 19 €]0,1[. Then
there exists a greatest solution X,, to R (X) =0 and
Xro > (1—10)X0+70X1. If Xo or X is stabilizing then
50 18 Xo,.

For convenience we introduce the following subsets of
H"™+™ (depending on A and II but these are fixed):

M, = {M partitioned as in (4) with Qo > 0},

Mo = {M : RM is stabilizable},

My = {M:RM(X) >0 is solvable in dom; RM},
My == {M:RM(X)=0 has a stabilizing

solution in dom; RM}.

Proposition 21 (i) Mg # 0 = Mo D M,
(i) My =M + Hi+m.
(tii) May = MonN (M, +'Hi+m) C MonN M;j.

Proof: (i) follows from the Remarks 5 and 16, (ii) is
obvious, and (iii) follows from Theorem 17. O

Theorem 22 The sets Mg, Mo are open in H™t™ and
there exists a (real) analytic order-preserving function
Xy : My — H™ such that X, (M) is the stabilizing solu-
tion of RM(X) =0 for all M € M.

Proof: Clearly D = {(M,X) € H™ ™ x H" | QM(X) >
0} is non-empty and open in the real vector space H"+™ x
H™ and the map G : D — H" defined by

G:(M,X)~ GM,X):=R(X)M
is (real) analytic. As a consequence also the derivative

oG aG YN
6—X.(M,X)»—>6—X(M,X)_(R ) x

is an analytic map from D to L(H™).

Now let My € My, then there exists X, € domRMo
such that a((’RMO)'XO) C C_. Since the spectrum de-
pends continuously on the operator, (My,Xo) € D



and % is analytic on D there is an open ball
B(My,e) = {M € HM™ | |M — My|| < €} in
H™+™ such that Xo € domRM and o((RM)' ) € C

for all M € B(My,e). Thus Xy is stabilizing for all RM
with M € B(Mjy,¢), and this proves that M, is open.

Now assume that My € M, and let Xy € dom  RMo
be the stabilizing solution of RMo(X) = 0. Then
(Mo, Xo) € D and 2¢(Mo,Xo) = (RMo)y is sta-
ble, in particular invertible. As a consequence of
the implicit function theorem for analytic functions
[Die69] there is an open ball B(Mjy,¢e¢) in H™t™ such
that for all M € B(Mg,eq) there exists a unique
solution X(M) € H"™ of RM(X) = 0 which de-
pends analytically on M € B(Mg,e9)- But then
M — $¢(M,X(M)) = (RM)IX(M) is continuous (even
analytic) on B(Mjy, o) and since a((RMO)lX(MO)) cC.
there exists ¢ €]0,&0[ such that a((RM)IX(M)) c C_
for all M € B(My,e). Hence X (M) is a stabilizing
solution of RM(X) = 0 for all M € B(Mo,e) and so
B(Mo,e) C Ms. This shows that My is open in H*™,
and the restriction of X (-) to B(My,e) coincides with
X () on B(My,e). Therefore X;(-) : My — H" is
analytic and by Theorem 19 order-preserving. O

Corollary 23 M, C MoNM; C M,.

Proof: The first inclusion follows directly from the defi-
nition. Now suppose My € MoNM; and X, € dom RMo
is a solution of RMo(X) = 0. By Theorem 22 we have
B(My,e9) C My for some gg > 0. If we set M, = My+el
for arbitrary € €]0,&0[ we get

RM:(X() := A(Xo) + I(Xo) + Mo + I > 0.

It follows from Proposition 18(ii) and Theorem 17 that
there exists a stabilizing solution of RM<(X) = 0 and so
M. € M,. Since M. comes arbitrarily close to My as
€ — 0, the corollary is proved. O

4.5 Stabilization

In this subsection we discuss the question how to find a
stabilizing matrix Xy for R where R is defined by (1),
(2) with TI given by (7). In this case R = RM is de-
termined by the parameters of the system (6) and the
weight matrix M as in (4). We suppose that dom, R =
{X € H™ | Q(X) > 0} # 0 and that R (hence the system
(6)) is stabilizable. Additionally we assume M € £+ M.,
i.e. Qo is either positive or negative definite. We need
this definiteness assumption in order to construct a sta-
bilizing matrix X, for R. Note that under this additional
assumption the stabilizability of the operator R and of

the system (6) are equivalent by Remark 16. Moreover,
by Theorem 4, the system (6) is stabilizable if there exists
a solution X < 0 to the modified equation

RM(X) = o. (19)

Here
Py So
S5 Qo

with (55,Q0) = (S5,Qo) if Qo < 0 and (53,Q0) =
—(Sg,Q0) if Qo > 0. The block Fy is only constrained
by the condition M < 0, i.e. Py < S’OQJIS{;. In fact, the
equation (19) implies the corresponding strict inequality
(required in Theorem 4) where P is slightly increased.
We wish to solve (19) with the help of Theorem 17. But
as pointed out before, X < 0 implies

M:[ ]<o, (35,00) = £(S5,Q0)  (20)

N
QY(X) = Bi"XBi+Qo <0

i=1

and thus X € dom; R, whence Theorem 17 is not di-
rectly applicable.

Therefore we use the following transformation: We re-
place X by —Y ! and multiply the equation from both
sides with Y; thus we have to solve the equation

GY):=YRM(-Yy )Y =0, (21)
in domy G :=int HE.
Let

domG = {Y € H"| detY #0,det Q™(-Y 1) # 0}

Lengthy calculations show that the operator G : dom G —
H™ satisfies the conditions of Proposition 8:

(i) domy G is saturated above.
(ii) G is concave on dom, G.

(iii) G is Fréchet differentiable on dom G with resolvent
positive derivatives.

Thus we can apply Theorem 17 to solve (21). At the first
glance this does not really seem to be a progress, because
now we need to find a stabilizing matrix for the operator
G. But it turns out that such a matrix can easily be found
in standard form:

Lemma 24 For sufficiently large a €]0, 00, the matriz
Yy = ol is stabilizing for G, i.e. o(G.,;) CC_.

Proof: We set F(Y) = —QM(—y—1)~18M(_y-1)*y;
a calculation shows, that

Gy(H) = L_pe i (By-tly (—=Y=1))Y+(So—S0(v—1)) F(v) (H)
Y

+ [ F(Y) ]*H(YlHYl)[

)]



where £ denotes the Lyapunov operator as in Sec. 3.1.
By the above definition of F' and the definitions of S and

Q in Sec. 2 we have lim,_, 4o L F(al) = —Qy"5;, and
thus
li L L
O sep @

Since Py — S’OQJ 15’6‘ < 0, it follows that the Lyapunov
operator in (22) is stable. By the continuous dependence
of G/; on « the latter operator is stable for large enough
a > 0. In fact a can be chosen arbitrarily small, if —Py >
0 is appropriately large. O

By similar considerations as in the previous subsection
this leads to the following result.

Theorem 25 Let the system (6) be stabilizable. For all
M € £ M there exists a matriz Xo € int HY such that

a((RM)’XO)) cC_.

If M is specified as in (20), then a stabilizing matriz Xo
for RM is given by iY;l, where Y, = Y, (M) > 0 is
the largest solution of (21). The matriz Yy is given as

the limit of the Newton iteration applied to (21) starting
from Yo = ol for sufficiently large o > 0.

4.6 The inequality R(X) >0

Finally we treat the matrix inequality (17) of the reg-
ular H*-type control problem presented in Sec. 3.5.
Using Proposition 8 one verifies immediately that on
dom; RM" the operator

RM» (X) = RM(X) + (B;X — D3C)*(D3D2)"'(....)

is the sum of a concave and a convex operator.

We apply the same transformation as in the previous sub-
section, i.e. we substitute —Y ~! for X and multiply (17)
from both sides with Y. Thus we wish to solve the in-
equality

GV):=YRM (=Y 1)y >0 (23)

in domy G :={Y € intH% | QM (=Y 1) > 0}.
We set

dom§ := {Y € H" | detY #0,det @V (=Y 1) # 0}.

The operator G : dom G — H% arises from G in (21) if to
the latter we add the constant term C*D(D3Ds) ' D5C
and substitute A := A — By(D3D>) 1 D3C for A and

Py = —C*C+C*Dy(DiDy)"'DIC <0 (24)
for Py. Thus structurally the operators G and G differ
only in the constant term, but note, that in the previous
subsection we had M < 0, whereas now

)

Qo

B
Sg

-C*C —-C*D

My = [ -D*C 4*I-D*D

is indefinite with positive block Qo. Above we had au-
tomatically QM (=Y ) < 0 for all Y € int H?, whereas
now QM (=Y ') > 0 is a further constraint for Y €
int H?. Nevertheless the operator G:domG — H" just
as above satisfies the conditions of Proposition 8, that we
have listed under (i), (ii), (iii) in the previous subsection.
Therefore we infer from Theorem 17:

Lemma 26 Assume that inequality (17) is solvable in
domy RMvN—int H? and that G from (23) is stabilizable.
Then there exists a matriz X € domy RM» N —int HY
such that G(—X—1) = RM+(X) = 0; moreover one can
prove that U(QLX_l) = G(Rﬁ(»/["’l) cC._.

The matriz X yields a stabilizing feedback-gain matriz
F=—-Q(X)™1S(X)* such that the corresponding distur-
bance operator LY has norm ||L¥|| < ~.

As in (22) we have lima_,_H,o% g = EPrSoleSg’
which is stable if P, = —C*C is nonsingular. But if
inequality (17) holds for some X € domy R N —int H7}
then we may replace Py by Py —el for small enough e > 0
without affecting the inequality. The corresponding mod-
ified operator G. is then stabilizable by alI for large a.
So a solution X, = =V~ € dom, RM» N —int H?} of
the equation RM+(X) — eI = 0 (and thus of (17)) can
be found by applying Newton’s method to the equation
G-(Y) = 0 with initial matrix Yy = al, where ¢ > 0 is
sufficiently small and a > 0 is sufficiently large. More-
over 0(7@)]\2) C C_ and X. is the largest solution of the
inequality R(X) — el > 0. Thus X, increases monton-
ically as € decreases to 0. Since X, < 0 for all £ and
dom ’RAM7 is saturated above, theA)Z's converge to a so-
lution X € dom; RM» N —Hy of RM+(X) = 0. In gen-
eral, however, X is only negative semidefinite and almost
stabilizing, i.e. 0(72;/[”’) c C_ Uik

But if the pair (4, By) (see (24)) is observable, then it fol-
lows (by Lemma 4.1 in [Won68]) that also the pair (4 +
ByF,C + DyF) is observable for F = (D3Dy)~ (B3 X —
D3C). Since the equation R(X) = 0 implies (L4 p,r +
II,)(X) > (C + DyF)*(C + D,F) Theorem 14 yields
X < 0 and 0(Lapp,r +1I;) C C_. Thus the stabi-
lizability assumption in Lemma 26 can be replaced by
the above observability assumption.

Theorem 27 If the inequality (17) is solvable in
dom, RN—int H? and if (A, C*(I— Do(D3Ds) ' D3)C)
is observable, then the equation R™~(X) = 0 has a
solution X € domy R N —intH%. Each such so-
lution X yields a stabilizing feedback-gain matric F =
—Q(X)~1S(X)* such that the corresponding disturbance
operator LY has norm ||LT|| < ~.
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