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1 Introduction

We regard linear It6 differential equations of the type

do(t) = Ax(t)dt + Bo(t)dt (1)
N N
+ Z Alz(t)dw; (t) + Z Bi(t)dw; (t)
=1 N =1
z2(t) = Cz(t)+ ZDv(t),

where (A, C) € R™*™ x R?*", and
(45, Bj, B, D) € R™™ x R™* x R x R,

The (w;(t))¢cr, are independent zero mean real Wiener
processes on a probability space (Q,F,u) w.r.t. an in-
creasing family (F;)¢cr, of o-algebras F; C F.

Let L2 denote the corresponding space of non-
anticipating Rf-valued stochastic processes v with

WOz = ([ boPa) <.

It is known from It6-theory, that for all (z,v) € R™ x L2
there exists a unique solution z(-, zg,v) of (1) and thus
also a unique output process z(+, Zg, v)-

We write z(-,0,v) =Luv(-), and call L the perturbation
operator of the system (1). It describes the effect of the
input process v (viewed as a stochastic disturbance) on
the output process z (interpreted as the vector of the to
be controlled variables).

Definition 1.1 The system (1) is said to be internally
(exponentially mean square) stable if

IM,w>0: Voo € R", t > 0: E|lz(®)|* < Me “!||zo]|?,

where x(-) = z(-,20,0) is the solution of the unperturbed
system (with v(-) =0).

The system (1) is called externally stable if L is a
bounded operator L: L2 — L2 .
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In [3] it was shown, that internal stability of (1) implies
external stability.

The norm |L| of the disturbance operator is of special
interest. In the deterministic case (if all A}, B} vanish)
it is equal to the H-norm of the associated rational
transfer matrix. Thus |L| can be seen as a generalized
H®°-type norm for the stochastic system (1). In [3] the
problem of minimizing |L| by feedback control, i.e. the
disturbance attenuation problem for (1), was addressed
and a stochastic version of the bounded real lemma was
proved. It gives necessary and sufficient conditions for
(1) to be internally stable with |L| < 7. These con-
ditions comprise a parametrized linear matrix inequal-
ity (LMI) and, equivalently, a rational Riccati inequality
which combines features of the continuous and the dis-
crete Riccati inequalities in the deterministic case. Our
aim is to find algebraic conditions for the solvability of
this LMI-problem and to construct a solution if possible.
As a first step we will analyze a lower dimensional ma-
trix inequality, known as Khasminskij’s criterion for in-
ternal stability of (1) which is a subproblem of our LMI-
problem.

In the analysis of both the LMI and Khasminskij’s crite-
rion the notion of positive operators plays a crucial role.
We use the following notation:

Let H™ denote the real space of n x n Hermitian matri-
ces, ordered by the cone H’} C H" of nonnegative definite
matrices. We have P > Q if P — (@ € H". An operator
T : H™ — H™ is called positive if T (H7) C HT. By o
and p we denote the spectrum and the spectral radius of
a linear operator.

2 Khasminskij’s criterion
Define £4,114, : H® — H™ by La(X) == A*X + XA

and Ta, (X) := Y (A§)*X A

i=1 j=1

Theorem 2.1 (Khasminskij 1967, [4]) The
ing are equivalent:

follow-

1. System (1) is internally stable.



2.3P<0: LA(P)+T4,(P)>0.

3. o(La+1l4,) CC_.

Remark 2.2 o) Theorem 2.1 reduces to Lyapunov’s sta-
bility theorem for deterministic linear differential equa-
tions if I14, = 0. Thus the inequality

LA(P)+114,(P) >0, (2)

may be viewed as a generalization of Lyapunov’s inequal-
ity. Gien a solution P < 0 of (2), V(z) := —(z, Px)
yields a Lyapunov function for the unperturbed system
(1) (withv=0).

b) The operator L4 + 114, describes the dynamics of the
covariance matriz () of the unperturbed system:

Q= (La+114,)(Q)- ®3)

By Theorem 2.1 system (1) is stable iff system (3) is
asymptotically stable. Note, that the system (3) is n?-
dimensional. In [5] the problem was posed to find al-
gebraic stability criteria for (3) in terms of the entries
of A and Ag. For the special case of n-th order scalar
linear stochastic equations Routh-Hurwitz-type criteria
have been given in [4].

In the proof of Theorem 2.1 the equivalence of 2. and
3. is shown by establishing their equivalence with 1. In
the following we will derive further stability conditions
and prove their equivalence without any stochastic con-
siderations. Moreover we will show how to determine
the threshold 7,in at which the parametrized stochastic
equation

N
da(t) = Ax(t)dt + 7 A w(t)dw; (t)

i=1

(4)

becomes unstable assuming that # = Ax is stable. In
other words we will answer the question, how far the
diffusion term in (4) may be turned up without loss of
internal stability:

(5)

Our approach is based on Krein-Rutman’s theory of po-
sitive operators and, more specifically, on the following
special version of a result in [7]:

T < Tmin <= (4) is mean square stable

Theorem 2.3 (Schneider 1965, [7]) Equivalent are:
La(P)+T4,(P) > 0.
2.VQ>0:F'P<0: La(P)+4,(P)=0Q.

3. o(La) CC_ and p(L;'Tl4,) < 1.

1. 3P <0:

Condition 2. implies, that —£4 —II 4, is nonsingular and
its inverse is a positive operator on #". Note that —£"
is positive iff 0(A) C C_ (<= o(L4) C C_).

Lemma 2.4 Set T, := La + 724, 7 > 0, and let
b(1) := max{Re A; A € o(7;)} be the spectral bound of T.
Then T, is resolvent positive, i.e. R(a, T;) := (el —T;) 7!
is positive for all a sufficiently large. Moreover b(T) €
o(T;) and b(r) is monotonously increasing with T > 0.

Proof: Given 7 > 0, for sufficiently large @ > 0 the
shifted matrix A — al, is stable and p (E;l_a I, 210 Ao) =

p ((EA —2aly)"! T2HA0> < 1. Hence by Theorem 2.3

R(2a,T;) = (2aIHn - (EA +7'2HA0))_1
= (—L:A—aIn - 7_21—[140)71

is a positive operator on H". The Theorem of Krein and
Rutman implies p,(7) := p(R(20,7T;)) € 0 (R(2a,T;)).
Obviously A € 0 (R(2a,T;)) <= 2a—1/A € 0(7;) and
an easy argument shows b(7) = 2a— %pa(T) € o(7;). Fi-
nally the monotonicity statement follows from 7/ > 7 =
To > T = R20,To) > R0, T) = palr’) > paln).

O

In the following proposition we list a series of stability
criteria for the parametrized stochastic system (4).

Proposition 2.5 Suppose c(A) C C_. System (4) is
mean square stable iff one of the following equivalent con-
ditions holds.

1. 3P <0: La(P) + 724, (P) > 0.

2. p(L'T4,) < 772

3. o(La+712T4,) CC_

4. V0 €[0,7]: d(6) :=det(La+0%y4,) #0

Moreover the threshold Tmin defined in (5) is given by
Tmin = min{r > 0 | det(La + 7%[4,) = 0} =
p ([,;111—1,40)_5 .

Proof: By Theorem 2.1 conditions 1. and 3. are equiva-
lent to the mean square stability of system (4). We now
prove the equivalence of the four conditions without re-
ferring to the stochastic equation.

By Theorem 2.3 we have 1. < 2.

2. = 4. follows, since p(L;'M4,) < 772 < 672 im-
plies det (I + £;'6%T14,) # 0. To prove the converse
let p = p(EZIHAO) > 772, As —EZIHAO is po-
sitive, we have by Krein-Rutman p € o (—£;'Il4,),
ie. det (£;'Tl4, + pI) = 0. Thus the determinant con-
dition in 4. fails for § = p=2 € [0,7].

The proof of 3. <= 4. is an application of Lemma 2.4:

o(La+71y)CC. <= blr)<0
(as b(f) increases!) <= VA€ [0,7]:b(0) <0
< V0€[0,7]:d(#) #0and oc(A) CC_ O

To get more information about d(r) we regard special
positive operators (see e.g. [1]):



Definition and Theorem 2.6 An operator T : H™ —
H™ is called completely positive if for all k € N the ope-
rator I, @ T : H™* — H™F is positive.

An equivalent condition is that T allows a representation
of the form

T(X) = Y Vixvy,

In this case trace T = Y |trace V;|* > 0.

where V; € R™*™.

Proposition 2.7 If R(a,T;) is positive, then it is com-
pletely positive. Especially — T~ is completely positive
for T € [0, Tmin].

Proof: Write of — 7, = 1II; — II;, where
I (X) = (21-24)"X (2417 -24) and
T (X) = 1 (22°1] — 24)" X (22711 — 24) + 72114, (X).
By their representation H;l, Il and Hflﬂz are com-
pletely positive, and by Schneider’s result in [7] we
have p(II;'Tl;) < 1 iff R(a,7T;) is positive. In this
case R(a,T;) = Yo (M7 'T)*IIT ! is also completely
positive. O

Theorem 2.8 d(7) is strictly monotonous on [0, Tmin]-

Proof: As T, := L4 + 7Il 4, is nonsingular on [0, Tmin [,
by Liouville’s formula

d(r) = trace (T4, 7, *) d(7).

By Proposition 2.7 —I14,7, ! is completely positive and
thus trace (I14,7,7') < 0. So d(r) is monotonous on
[0, Tmin |- Strict monotonicity follows since d(7) is ana-
lytical and by IL4, # 0 not constant. |

3 A stochastic bounded real lemma

We turn back to the problem of estimating the norm |L|
of the perturbation operator. For X € H" define

AX) = (XAB_t),?*X X;)B) e H2",
N N '
s, (X) = 3D (B XB] € ",
NN
S(X) = 30 3(4)°XB,
(T (X)) %(X) 2n

. -C*C —-C*D on
- (_D*C 721_0*1)) e W
Theorem 3.1 (Bounded Real Lemma, [3]) Let v >
0. Then system (1) is internally stable and |L| < v if
and only if

IP<0: A(P)+II(P)+T, > 0. (6)

Note that in the case when in system (1) all A}, B¢ vanish,
condition (6) reduces to: 3P < 0:
o

)~ .

which is the well known LMI from the bounded real
lemma, for deterministic systems. It is feasible iff the H°°-
norm of the corresponding transfer matrix is less then ~.
By calculating the Schur complement, this LMI can be
transformed into an algebraic Riccati inequality (ARI)
(compare (11) below), but for (6) we obtain a rational
matrix inequality (set R(P) := v2I — D*D + I, (P)):

(8)

c*C c*D

D*C D*D —~2I

PA+ A*P PB
B*P 0

LA(P) — C*C + s, (P)
~(PB-C'D+3(P)REP) () > 0.

Note further that (6) arises from (7) through the addition
of the positive operator II. The special case where IIg, =
0,¥ = 0 was studied first in [8] by Wonham and more
recently e.g. in [2].

In Theorem 3.4 below we present an iteration scheme to
solve the nonstrict problem

IP<0: A(P)+II(P)+T, >0, (9)
which corresponds to the nonstrict version of (8); if (A, C)
is observable the solvability of (9) is sufficient for |L| <
7. In each step the iteration uses the greatest solution

(w.r.t. the order in H™) of an LMI

Ric(X) := La(X) + T — (XB + S)R1(XB + S)* > 0.
(11)

In practice it might be too costly to solve an LMI in
every step, but still the result gives important theoretical
insights in the solution set of (9). Again the positivity of
IT in connection with the following well-known theorem
(e.g. [6]) is the decisive tool:

T S

AX)+T >0 withF:(S* o (10)

or, equivalently, of the corresponding ARI:

Theorem 3.2 Assume (A, B) to be stabilizable and re-

gard the LMI (10). The following are equivalent:
13X =X": AX)+T>0.

2. There exists a greatest solution X, = X} of
A(X4) +T >0, and, what is more, Ric(X4) =0.

g ( (iwl —IA)—lB )r( (iwl —IA)—lB ) VMZER N

Furthermore, if 0(A) C C_ and T < —=C*C with (A, C)
observable, then X1 < 0.



Comparing the solution sets of LMIs with different data
yields a monotonicity result:

Corollary 3.3 Let I'>T. Then A(X)+T > 0 implies
A(X) +T > 0, and for the respective greatest solutions
we have X4 > X,

Theorem 3.4 Let 0(A) C C_ and (4,C) observable.
Set Xo := 0 and for k = 0,1,... define Xy41 to be the
greatest solution of

A(X) + (r7 + H(Xk)) > 0. (12)
If (12) is not solvable, stop and set K = k.
The following assertions hold:

1. 0>XkZXk+1f07“k<K.

2. The sequence Xy is well defined for aoll kK € N
and converges to a matrix X, if and only if the
inequality (9) is feasible.

3. If the Xy converge, then X, is the greatest solution
of (9), and X, solves the corresponding rational ma-
triz equation (8) (with ‘=’ instead of >’).

Proof: 1. Since A(X1)+T, > 0it follows from Theorem
3.2 that X1 < 0= Xo.

Assume X1 < X and K+ 1 < K. Then Xg41 and
X2 respectively are the greatest solutions of

AXpy1) + Ty + (X)) > 0
A(Xkq2) + Ty + I(Xp41)) > 0.

Since 'y + II(Xpy1) < T'y +II(X}) by our assumption,
Corollary 3.3 gives Xgi2 < Xgi1-

2. Now assume 3Y < 0: AY) + (II(Y) +T,) > 0.

If Xy, > Y then also II(Xy) + 'y > II(Y) + T',, and then
by Corollary 3.3 Xg4+1 > Y is well defined. So Xo > Y
leads to Xy, > Y for all k € N, and as (X}) decreases
monotonously, there exists the limit X, < X; < 0.

3. If the limit X, exists, it solves (9), and X, > Y for
any other solution Y. What is more, every Xy 1 solves
the Riccati equation corresponding to (12), and thus in
the limit X, solves the rational matrix equation. a

In fact, it is not crucial to start the iteration with Xy = 0.
To show this we apply Theorem 2.3:

Corollary 3.5 Let (9) be feasible and Xy > Xo. For
k > 0 define Xy by the iteration scheme (12). Then
lim X} = X

Proof: As above we see that all X} are well defined and
Xip > Xoo. If X < 0 then X, < X, for all k and thus
lim X = Xo.

It remains to show that X; < 0 for some k. Regard the
left upper block of (12):

LA(X) +T4,(X;) —C*C >0, (13)

Since o(A) C C_ the operator L4 is nonsingular and
L, (P +C*C) < 0 for all P > 0. By continuity there
exists an € > 0 such that £, (P + C*C — T4, (X)) <0
for Xy < el. For arbitrary Xo > X, we have from (13)

K1 < —(£3'Ta,)(Xo):

~ k.
Induction yields Xj < (_ (z;lnAo)) (Xo) < e for
sufficiently large k, since by Theorem 2.3 the feasibility
of (9) implies p(£;'M4,) < 1. Thus Xz41 < 0 and the
proof is complete. O

Remark 3.6 The above algorithm produces a sequence
of necessary conditions for the feasibility of (9) which by
Theorem 3.2 can be written as follows:

( i ) (T, +11(x)) ( i ) £

where W (iw) := (iwl — A)"1B. Inequality (14) can also
be written in the form

(14)

Ywe R: ¥*I > G(iw)*G(iw) — G (iw)Gr(iw), (15)

where G(iw) = Ciw — A) 1B + D and Gy (iw) =

Ap By
(10 v=Xu) : | w—A)"1B+ |

AY By
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