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Abstract

In this article we investigate the autotopism group of the so-called
cyclic semifield planes. We show that the group generated by the homol-
ogy groups of the nuclei is already the full group of autotopisms which
are linear with respect to the nuclei. The full autotopism group is also
computed with the exception of one special subcase.

1 Introduction

Let V be a m-dimensional space over a field K = GF(q"), 0 € Aut(K) an
automorphism of order n, and T' an irreducible o-linear operator on V. Then

m—1 m—1
S=S(I)=> KI'=)» T'K
=0 =0

is an additively closed spread set (see [6] but also [8]). Let Ko = GF(q) be the
fixed field of o and let ¥ be an arbitrary Ky-isomorphism from V onto S. Then

wxy = wi(y)

determines on V a presemifield multiplication. Note that if one chooses ¥ such
that for y € V in addition 1~1(1)¢(y) = y holds one obtains even a semifield
multiplication. The (pre)semifields of this isotopism class were called cyclic
semifields in [6]. If n = 1 the semifield is actually a field. We say therefore that
cyclic semifield is proper if n > 1.

On the other hand the spread set S determines a translation plane P = P(T)
on W =V &V, where the associated spread is

E={V(0)} U{V(s)|s € S}
with
V(iw)=0aV, V(s)={(z,zs)|zeV}

Our aim is to determine the autotopism group of these planes. We will show:

Theorem 1. Let V be a m-dimensional space over K = GF(¢"), o €
Auwt(K) an automorphism of order n > 1, and T an irreducible, o-linear, opera-
toronV. Set Ky = K, = GF(q). Then F = CEndKO(V)(T) is a field isomorphic
to GF(¢™). Moreover the following holds:



(a) The right and middle nuclei of P = P(T) are isomorphic to K and the
left nucleus is isomorphic to F.

(b) Denote by M the normal subgroup of autotopisms of P which are linear
with respect to the nuclei. Then M is the product of the homology groups
associated with the nuclei. In particular

M~ (K*x K* x F*)/Kj.
For autotopisms outside of M we state:

Theorem 2. We assume that P satisfies the assumptions of Theorem 1 and
we keep the notation of this theorem. Assume further ¢ = p!, where char K = p,
and denote by G the autotopism group of P. Then n divides |G/M|. Moreover
|G/M| divides f-m -n if n > (m,n) and |G/M| divides f-m-n-(m,n) if
n=(m,n).

We will observe that—in contrast to Theorem 1—the quotient G/M does
depend on the individual operator 7" and not only on the parameters m and n.
In fact we will compute the group G/M except the case that n divides m and
n < m, where we have only incomplete information.

The notation of this paper can be found in 2.1, 3.1 and in the definitions at
the beginning of sections 3 and 4. Section 2 includes some auxiliary results on
field extensions. Section 3 is devoted to the proof of Theorem 1 and section 4
to the proof of Theorem 2.

In section 5 we determine the full autotopism group G in the case (m,n) = 1.
This result will be used in sections 6 and 7 where we treat the cases n > m
and n < m respectively. The precise structure of G/M (excluding the case n|m,
n < m) is given in Propositions 6.3 and 7.4.

The terminology on semifield planes follows standard texts like [3] or [5].

2 Semilinear operators and preliminary results

In this section we explain the description of irreducible linear operators of [4].
The work of Kantor and Liebler [9] on cyclic semifields contains a representation
of such transformations too. However it seems convenient to use the very con-
crete description of [4]. We also collect some special results on field extensions.

2.1. Description of semilinear operators. We make the following as-
sumptions:

V is a m-dimensional space over the field K = GF(¢").
o is an automorphism of K of order n, i .e. Ko = GF(q) is the fixed field.
Set F' = GF(¢™), d = (m,n), m’ = m/d, and L = GF(¢™'™).



(I) From [4] we take:

Theorem. Let V, K, o, etc. satisfy the above assumptions and let T be an
wrreducible, o-linear operator on V. Then:

(a) There is a decomposition
V=Uy® - ®Ui
into K-spaces such that U;T = U;_1 for all i (and U_1 = Uy_1).
(b) T? induces on each U; an irreducible, c@-linear operator.

(c) Each U; can be identified with L and T¢ induces on such a space a mapping

of the form x +— wx” with w € L* and v € Aut(L) such that v = .

(d) T™ restricted to U; has the form (1 where F' = Ky|[(].
Using coordinates we can identify V with L? U; with Le; (e; a standard

basis vector), and the K-structure of V' is given by

d—1
a-x = (axg,a’x1,...,a° x4-1), a € K, where x = (z¢,...,24-1) € V.

The action of T is given by
2T = (z1,...,T4-1, wx}),

where ( = Np.p(w) with v and ¢ as in (d) of the Theorem. For the remainder
of this paper T will usually denote a o-linear operator and this context the
symbols

w and ¢ =Np.p(w)

will always refer to the foregoing representation. Note that any choice of w and
¢ with ¢ = Np.p(w) and F = Ky(C) defines by the above equation an irreducibe
semilinear transformation. We also describe T formally by the matrix

00 -+ 0 yw
10 --- 0 O
o1 --- 0 O
00 --- 1 0

In the sequel we will use similar matrix descriptions for other semilinear trans-
formations too.

(IT) When we will describe autotopisms the following two types of semilinear
operators (acting on V = L%) will be relevant:
Let ag,...,aqa—1 € L*, ¢ € Aut(L), and let P(m) = (J; (j))o<i,j<a be permuta-
tion matrix associated with the permutation 7 which is a power of the d-cycle
(0,1,...,d —1). The semilinear operator described formally by the matrix



(a) diag(gag, ..., daq—1) has diagonal form of type ¢ and
(b) diag(¢ag,...,daq—1)P(7) is an operator of permutational form of type .

Definition. We will call an additive endomorphism S of V' linear, if it
is a linear transformation with respect to the K- and F-structure of V, i.e.
(a-z)S=a-(xS) and (bx)S =b(xS) fora € K and be F.

Lemma 2.2. Let S be an invertible operator on V which is semilinear
with respect to the F- and K-structure. Then S induces a permutation of
{Uo, U1, ...,Uq—1} which lies in the group generated by the cycle (Uy, U1, ..., Uq-1).
If S is even linear then S fixes each U;.

Proof. Let w be a generator of the field K; = GF(¢?). When we consider w
as an element of I this element induces on V' the Ky-linear map wl. Considering
w as an element of K we denote the Ky-linear map = — w-x by w. In particular
w1 and w agree on Uy. The U,’s are the homogeneous components of the group
(wl,@) on V. A homogeneous component of a G-module, G a group, is the
sum of all irreducible submoduls of one isomorphism type. This notion of basic
representation theory is connected with Clifford’s theorem (see for instance [1],
(12.11-13), p. 40) which is used here in a very elementary fashion. Since S
normalizes the group (wl,®) we see that it induces a permutation on the set
{Uo, U1, ...,Uq-1}. Clearly, if S is linear, then S fixes each U;.

So assume that S is not linear. The operator T" from 2.1 satisfies the assertion
of the lemma. So adjusting S by a power of T' we may assume wlog. that S
fixes Up. Denote by ¢ the automorphism induced by S on F and by 3 the
automorphism induced by S on K. Then for u € Uy also uS € Uy and

w’(uS) = w? - (uS) = (w-u)S = (wu)S = w?(us).

Hence
w? = w?.

Now let u € U;, 1 > 0, and assume uS € U;. Then:
wto’ (uS) =w? - (uS) = (w-u)S = (w"iu)S = wai‘z’(uS)

Hence w¥?’ = w?'¢ and therefore

oIt e el

j—i
w7 =w? or w w

which in turn implies ¢ = j as |j —i| < d. The proof is complete. a
The next result is known (see [2]). For convenience we supply a proof.

Lemma 2.3. Let V,W be a finite dimensional L-spaces. Let L : K be a
Galois extension with Galois group I'. For v € I' denote by H., the K-subspace



of v-linear mappings in Homg (V,W). Then

Hom (V, W) = P H,.

~yer

Proof. Assume [L : K] = ¢, dim;,V = m, and dim; W = n. Then
dimg Homp (V,W) = ¢mn and dimx Homg (V,W) = ¢?mn. If T is invertible
and 7-linear, then H, = THomp (V, W), so that dimx H, = ¢mn too. Hence it

suffices to show
> H,=H,.

vyel yel

We proceed by induction and suppose, that for any subset A C T' of size
< r we have already shown } ;.\ Hs = @scp Hs and let Q = {w1,...,w,} be
a r-subset. Assume

0:T1+"'+Tra TieHwi-

We have to show: T; = 0 for all i.
Let L = K[c|]. Then for v € V

T

v(i T;cY) = ¢ i:TZ = —cT = —(ew)Th = i:cwivTi = v(z T;c“?).
=2 =2 i=2

=2

Hence ), Tic*' = >, Tic¥". Since each T;¢*' and Tjc*' is w;-linear induction
forces T;c*t = T;¢** and thus T; = 0 for ¢ > 1 by the choice of ¢. Then T3 =0
holds too. O

The following result is a slight generalization of Theorem 5 of [7]. The proof
is taken from this article.

Lemma 2.4. Let L : K be a field extension of degree n and let {u®|0 < i <
n} and {w'|0 < i < n} be K-bases of L. Let k be a number between 1 and

(n—1)/2. Set U = @f:o Ku® and W = @f:o Kw'. Equivalent are:
(a) There exists a A € L with W = AU.

(b) w lies in the orbit of w under PGL(2, K) (acting naturally on PG(1,L)).

Moreover, if (a) and (b) hold and if

b
w:H—u, a,b,c,d € K,
c+du
then )
re —K.
e(chdu)k



Proof. (a)=-(b). There exist polynomials

k
0#B; =Y bX7 e K[X], 0<i<k,
j=0
such that '
AB;(u) = w.
In particular
1 Bl (U)
= , w =
Bo(u) Bo(u)
Assume k=1, By =a+bX, and By =c+ dX. As w ¢ K the pairs (a,b) and
(¢,d) are K-linear independent. Hence the mapping

A

a+ bx
c+dx

T —

lies in PGL(2, K') and we are done.
So we assume k > 1. Substituting A we see

w' = , <3<k
BQ (u)
For i > 1 we also have wi = wi~ly = Z=t0) Bilw) o) i g

Bo(u) Bo(u)

This is a polynomial equation of polynomials in u of degree < n. Hence we
obtain even an equation of (formal) polynomials in K [X]

B;By= Bi_1B1, 1<i<k.

In particular B? = By By.

CASE 1 B; does not divide By. Then there exists f € K[X] irreducible with
By = g1ft, (f,91) = 1, and f* does not divide By. Therefore fi*! divides Bs.
A straightforward induction shows

By =g ", g€ KIX|,1<i<k
In particular By, = g, ffT*1. Since deg By, < k we see that

degf=1, grekK, t=1, ie Bj=guf"

Then BB B
By_1 = ]_Log L= gpfit=E
1 g1
Hence ¢; divides By and as deg Bi—1 < k one has
B
0<degE<1 for E==2.
9



Moreover

Br(v)  f(u)

T Bioi(w)  EBw)

Set f=a+bX and E = c+dX. Again w ¢ K implies ad — bc # 0 and w has
the desired form. Note that

wk 1 1

A Bw) T gB@F < Bl

K.

CASE 2 Now we assume that By divides By. Since w ¢ K, we even have
deg B; < deg By and using B; = B;_1B1/By we obtain

degB; <k—i, 0<i<k.
But as By # 0 we have
Bre K, and degB;=k—i, 0<:<k.
This shows

B
E:E(X):B—(z:chdX, c,de K, d#0.

Using again B; By = B;—1B1 we have

B; = BLEM, w= = A

and we are done.
(b)=-(a). Assume now

F
w=FW b X, E=ectdx
(u)
Then define
\ o 1
- B(uw)fk
and inductively
1
BOZXa B;=wB;—1, 1<i<k.

A straightforward computation shows

Bi(u) = F(u)'E(uw)*"eU, 1<i<k,

= (5) -

Now W = AU follows. O

and then




Lemma 2.5. Let L : K be a field extension of degree m and L = K[u]. For
1<s<mset Ly = @;:Ol Ku' and let x € L satisfy xLy = L,. Then x € K.

Proof. Write E = L, and = ag + a1u + - - - + a;u? with a; € K, a; # 0.
Sincex=x-1€ F weseet <s. Weclaim t =0 and thus x € K.
Assume t > 0. Then

s—t

2wt = qout Tt + aguttTt 4 -

<+ apu’.

But then zu®~! ¢ F as u® € L — E, a contradiction. O

Lemma 2.6. Let L : Ky be a field extension of degree mn, (m,n) =1, and
let F, K be subfields such that [F : Ko] = m and [K : Ko] = n. Assume further
that L : F is a Galois extension with a cyclic Galois group ¥ = (o) and that
K : Ky is a Galois extension too such that the Galois group is the restriction of
YtoK. SetY ={yeL*|y’y ' € K}. ThenY = F*K*.

Proof. For y € Y we have y” = yv, v € K. Hence

a_n—l

y=y" =y’ 7 =yNg.,(v),

i.e. Ng.x,(v) = 1. By Hilbert’s theorem 90 there exists a v € K such that
v =wuu~'. This implies (y/u)o = y/u, i.e. y/u € F. O

Lemma 2.7. Let K : Kg be a cyclic Galois extension with Galois group {¢)
of order > 1. Let L : K be a field extension of degree £ and assume L = Kolu)

Then B = {u*|0 < i < ¢} is a K-basis of L. Writex € L as x = foéxzui,
z; € K, and set T = Zlf:l 2Put. Assume z € L and that 7-T = % - T holds for
allz € L. Then z € K.

Proof. Clearly, B is a K-basis. Let f = X — Zf;é a; X* be the minimal

polynomial of u over K and assume z = Zf:o ziut, 7 € K, 2 20, k < L.
Suppose k£ > 0. Then

k
Z’U/eik § l k41 __ § 2 0— k+z+zk§ a;u
i=0
2k g aiuz—i— g (2k—t4i + zra;)u’
i=0

i={—k
ie.
E k—1 -1
2 ul z g aul+ g zk é+l+zk ¢)uz.
=0 i={—k
Similarly
l—k—1 -1
z.oul-k =7k = z,f E a;u’ + (z,f_é_i_i + z;fai)uz
i=0 i=l—k



Since z # 0 we obtain a? = a; for all 0 < i < £. Hence f € Ky[X] and thus

i

[L : Ko] < ¢, a contradiction. |

3 Cyclic semifields and the proof of Theorem 1

We first introduce some notation 3.1 for cyclic semifield planes which will be
kept fixed throughout this paper. Then we compute the nuclei (Proposition 3.3)
and prove Theorem 1.

3.1. Description of cyclic semifield planes. Let V, K, F,0,T etc. have
the same meaning as in 2.1. We introduce the following notation:

m—1 m—1
S=8(I)=P KT =P T'K
i=0 i=0
is the spread set of the cyclic semifield plane defined by T
Set W=V &V and

N=3(T) ={V(0)} U{V(s)|s €S}

with V(co) = 0 x V and V(s) = {(v,vs)|v € V}. Then ¥ is the spread
on W associated with S.

Set d = (m,n). Then
S=So®---PSy-_1.

where Sg = {s € S|Ups C Up} and S; = TSy = ST" for 0 < i < d. Note
that S; is the set of transformations in S which move U; onto Uy.

Let S7 be the set of o7-linear transformations in S. Then (see Lemma 2.3)
S — SO P Smin(m,n)fl-

Note that 87 = KT7 if m <n. f m >nset m =en+r, 0 <r <n. Then

S/ = EB K(TI = @ CTK
=0 =0

with ¢’ = e if j < r and ¢’ = e — 1 otherwise. Recall T™ = (1.

An autotopism « is identified with an element in GLgp(,) (W), p = char K,
which stabilizes ¥ and fixes the fibers V(oco) and V(0). We also write
a = (aq, a2) where a; is the restriction to V(0) and a2 is the restriction
to V(oc0). We call a diagonal of type ¢, ¢ € Aut(L), if both a1 and ag are



diagonal of type ¢, i.e. we have a matrix description of a; and as in the
form:

a1 = dia'g((baOa SRR ¢ad—1)a Qg = dlag(¢b05 ) ¢bd—1)

We call o semidiagonal of type ¢ if o is diagonal of type ¢ and «s is
permutational of type ¢, i.e. as has a matrix description in the form

diag(ébo, . . ., pba—1)P(T)
with 7 € ((0,1,...,d — 1)).
3.2. Some autotopisms. For 0 # a € K the maps L, and R, defined by
(@,y)La = (a-2,y), (2,y)Ra = (2,0-y)

are homologies and we see that middle nucleus N,,, = {a € Endg, (V)| aS C S}

contains the group
L={L,|0#a€ K} ~K*

and the right nucleus N, = {« € Endg, (V) | Sa C S} contains the group
R={Rq|0#a€ K} ~K".
For 0 # b € F' the map D, defined by
(x,y)Dp = (bx, by)
is a kern homology. Hence the left nucleus N, contains the group
D={Dy|0#£be F} ~F~.

Finally, we observe that the transformation T defined by (z,y)T = (2T, yT) is
an autotopism.

Proposition 3.3. N, ~ N,,, ~ K and Ny ~ F.

Proof. Let 0# 8 € N,., i.e. SG=S. Write

k
TB=) Ta;, k<m-1, ap#0.
i=0
Assume k > 1. Then
k k—1
TmfkTﬂ _ Z TmkarzaZ_ _ Tmak + Z Tmkarzai.
i=0 i=0

If £ > 2 then T™a and thus T™ lies in S. This implies ST = S, a contradiction,
since S is proper.

10



Hence k < 1. Ifag #0then 8 =1a; +T 'agand B =15 € S,ie. T"1 €S
and ST~! = S, a contradiction. We conclude ap = 0 and 3 = 1a;. This shows
N, ~ K and by symmetry N,, ~ K.

Let 0 £ 8 € Ny, i.e. s8 = (s for s € S. Since f also commutes with K we
see that

B e CEndKO {T}UK1).

From (Theorem 2.4 in [4]) we get 8 € F. The second claim follows. O

Definition. We call an autotopism linear if it commutes with all elements
from the nuclei.

For instance the group
M = LRD.

is a group of linear autotopisms. 7T is linear with respect to N, but only semi-
linear respect to N, and N...

Lemma 3.4. Set K =DN(LXR). Then K~ K§ and M ~ (DxLxR)/K.

Proof. Suppose L,Ry, = D. € (L x R) N D. Then
V(1) =V(1)D.=V(1)LoRy = V(a"'b)
implies a = b. Moreover
V(T) =V (T)D, = V(T)LoR, = V(a *a’T)

which shows a™'a’ =1, i.e. a € Ky. The claim follows. O
The following observation will be used repeatedly:

Lemma 3.5. Let i,j be numbers in {0,...,d —1}. Let s, s’ be elements in
S; and 0 # w € U;. Then s = s if us and us’ have the same image under the
projection onto Uj_;. In particular if s,s" € S and sy; = SIUj then s = s'.

Proof. We may assume that s,s' # 0. As U;—; = U;s = U;s’ we see for
u € U; that u(s —s") = 0 and since s — s’ € S we obtain s = s’ |

Lemma 3.6. The claim of Theorem 1 is true if d = 1.

Proof. Let a be a linear autotopism. We can make the identifications V = L
and T = wx?. By our assumption we have

(x,y)a = (az,by), a,b€ L.

Take 0 # s € S°. Then V(s)a = V(a~1bs) and hence a=1bs € S°, i.e. a=1bS" =
S° By Lemma 2.5 (and as m # n) we get a~'b € K. Adjusting a by L,,-1 € £
we may assume wlog. that a = b.

11



Choose now 0 # s € S*. Then s = 59T, 59 € S” and

V(s)a=V(a 'sgTa) = V(aa 'soT) = V(a®a's)

and a®a~!s is a o-linear operator in S. Hence a®a~!s € S! and a®a~'S! = S'.

As before we deduce a®a~! € K*. Apply Lemma 2.6 to conclude a € F*K*.
This shows o € M. |

Lemma 3.7. Let o be a linear autotopism. For each i € {0,...,d — 1} the
following holds.

(a) « leaves invariant W; = U; ® U;.
(b) aflsiag = Si.

(c) So induces on W; a cyclic semifield spread which is invariant under the
linear autotopism oy, .

(d) For each i there exist a p; € M such that
aw; = (MZ)WI

Proof. (a) By Lemma 2.2 o and as leave each U; invariant. Therefore o
leaves all W;’s invariant.
(b) Let 0 # s be in S;. Then V(s)a = V(aj 'sas) and for j € {0,...,d — 1}
we have:
Ujozflsozg = UjSOéQ = UjinéQ = Ujfi
Hence al_lsag €S;.
(c) We know that T; = (T'%)y, is an irreducible, o9-linear operator on the

K-space U;. Note that the fixed field of 0% is K1 ~ GF(¢?) and that (T7;)" and
K induce on U; the field F. In particular

Ky, N Fy, = (K1)u, -

Hence (with K7 in the role of Ky) Sp induces on W; a cyclic semifield spread
and « induces a linear autotopism.

(d) Set m = m'd and n = n'd. By Proposition 3.3 and Lemma 3.5 the
nuclei of the semifield induced by Sy on U; coincide with the nuclei of S when
restricted to U;. Moreover, [K : K1) = n/, [F : K1) = m/, and (m/,n') = 1.
Therefore we can apply Lemma 3.6 to W; and aywy,. Our statement on the nuclei
implies assertion (d). |

Now Theorem 1 follows from Lemma 3.6 and:
Lemma 3.8. The claim of Theorem 1 is true if d > 1.

Proof. Let « be a linear autotopism. We keep the notation of Lemma 3.7.
Suppose first that Sy induces on Wy a proper cyclic semifield spread. Then by

12



Lemma 3.6 the homology groups associated with the nuclei are already induced
by the elements of M. Hence we find p € M such that
HWy = Oza/t.

Assume now that Sy is not proper, then F' = L ~ S, i.e. n divides m and
L=K®oK(D ---P Kcmlfl. Adjusting « by a suitable element in M we can
assume (a1)y, = 1. We identify (So)y, with L and as (So)v, (a2)v, = (So)u,
we may identify (aq)y, with some z € L. Apply Lemma 2.7. Hence z € K and
(OéQRZ—l)UO = 1.

So in any case a can be replaced by some au, u € M, such that (ap)w, = 1.
Then

(al_la2)Uo =1

Using Lemma 3.5 we deduce a7 = ag and («1)y, = 1. Therefore «; is repre-
sented in matrix form by

] = diag(l,Ag, ces ,Ad>

with A; € L. As
(Oél_leal)Uo = Tgo

we deduce from Lemma 3.5 that T« = a1 T9. Hence A]w = wA; for 2 <i < d,
ie. A; = A} or

A, eF 1<i<d, (1)

since the fixed field of v in L is F. Moreover there exists a 77 € S; = T'Sg such
that
V(T)a =V(ay'Tay) = V(T')

with
0 0 0 ywAyg
At 0 0 0
T 0 AglAg 0 0 =TA
0 0 - A7'A4 0
and

.A = dl&g(A;l, A;lAQ, e ,A;lAdfl, Ad) € So.

Replacing T' by any element in S; we see by the same argument that Sg.4A = Sq
and A represents an element in Sg as 1 is in Sp.

Set x = Ay'. Then zy, € (So)u, and (So)v,zv, = (So)v,. Using Lemmas
3.6 and 3.7 with (Sg)y, in the role of S, v in the role of o we see that xy, € Ky,.
This shows using (1)

zy, € (FNK)y, = (K1)v,- (2)

13



We conclude A5 ' € K. This shows (using Lemma 3.5 again)

d—1

A = diag(a,a’,...,a° )

for some a € K;. We obtain A;l = a, Agl = a"AQ_1 = aa’, ..., A;l =

aa’---a®" . Finally the equation A4 = a®"  implies aa®---a®" = = 1.

Hilbert’s theorem 90 shows that there is a b € K; with a = b/b°. We con-
clude

O A
alzdiag(l,?,T,..., b )
and
a=Dy-1LyRy e M
follows. o

4 Proof of Theorem 2

In this section we show that autotopisms of P(T) can be described by some
kind of "normal form” (see the definition and 4.1 below). Subsequently we ver-
ify Theorem 2.

Definition. Denote by G; the subgroup of G (autotopism group of P =
P(T)) consisting of diagonal autotopisms and by Gy the subgroup which con-
sists of diagonal and semidiagonal autotopisms (see 3.1).

The next result shows that the quotient G/M is determined by the subgroup
Goi

Proposition 4.1. M < Gy <G, G = Go(T), and |G : Go| = d. Moreover
all autotopisms in Ggy are diagonal, that is Go = G1, if n is not a divisor of m.

We need:

Lemma 4.2. Let a be an autotopism of P =P(T).
(a) a1 and as are associated with the same field automorphism of F.

(b) a1 and a2 are associated with the same field automorphism of K or n

divides m.

(¢c) a1 and az induce the same permutation on {U,...,Us—_1} or n divides
m.

(d) Let oy and ag induce the trivial permutation on {Uy,...,Us—1}. Then oy

and ao are associated with the same field automorphism of K.
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Proof. (a) As kernel of P is F' one knows that « is a semilinear map on W
with respect to F. This shows the claim.

(b) Suppose that «;, i = 1,2, are associated with the field automorphisms ¢;
of K. Then aj'ay is associated with the field automorphism 7 = ¢7 ¢y of K.
Hence aflsoag is a set of T-linear mappings on V (considered as a K-space)
contained in S. Therefore 7 = o* for some 0 < k < min(m — 1,n — 1).

Assume k > 0. Suppose first n > m. Then aflsm’kag is a set of ¢"™-linear
mappings inside of S, which is impossible.

Assume next m >n and set m =en+1r, 0 <7 < n. Then dimg 87 =e+ 1
for 0 < j < r and dimg S/ = e for r < j < n. Assume 7 > 0. Then
dimg S* = dimg S° implies k& < r. But then

e =dimg S” = dim al_lsT_kag =dimS " F=e+ 1,

a contradiction. Therefore if ¢1 # @9, i.e. T # 1, we see, that n divides m.

(c) Assume that S; = aflsoag # Sp. Then aflsoag C S, is a set of
semilinear, but not linear mappings with respect to K. I.e. the automorphisms
of K associated with a; and as must be different. Apply (b).

(d) By (b) we only have to consider the case that n divides m; i.e. F' contains
a subfield isomorphic to K and each element of K when restricted to a U; lies
in this subfield. By (a) the claim follows. O

Proof of 4.1. By Lemma 2.2 every autotopism of G induces a permutation
of the subspaces {U; x 010 < i < d} and Gy is the kernel of this permutation
representation:

Let a be an element in Gy. If n is not a divisor of m, we see by Lemma 4.2.c
that « fixes all spaces 0 x U; and by Lemma 4.2.d that a; and as induce on K
the same field automorphism. As L is generated by the subfields K and F we
see (using Lemma 4.2.a) that « is a diagonal autotopism. If n divides m then
K is isomorphic to a subfield of L = F and « is semidiagonal by Lemma 4.2.a.
Moreover Gg < G.

Using Lemma 2.2 again we see, that we can adjust any autotopism with an
element from (7') to obtain a semi-diagonal autotopism. This implies the second
assertion. Clearly, T permutes the above subspaces transitively and again by
Lemma 2.2 the permutation representation is semi-regular. Hence |G : Go| = d.
Moreover by Lemma 4.2.c we have n | m if G contains a semi-diagonal, but not
diagonal autotopism. a

Lemma 4.3. Theorem 2 is true.

Proof. By Proposition 4.1, |G/Go| = d and G; is the subgroup of auto-
topisms in G which fix Wy = Uy @ Uy. The mapping G; — Aut(L) which maps
a to ¢ where ¢ is the type of « (see 3.1) is obviously a homomorphism with
kernel M. Thus

Gy /M| [AW(L)] = f - m - n/d.
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Assume first that n does not divide m. Then by Proposition 4.1 Gy = G;
and therefore |G/M| divides f-m - n.

Assume next now that n divides m. Then (using Lemma 2.2) G induces a
semiregular permutation representation on {0 x U; |0 < i < d} with kernel G.
This shows

|Go/G1||d

Therefore |G/M| divides f-m - n - d. |

5 The case (m,n) =1
We assume throughout this section
d=(m,n) =1.
In view of 3.1 we can identify V = L and T with the mapping
x — wr’,

where F' = Ky[¢], L = KI(], and ( = Np.p(w). Clearly, all autotopisms are
diagonal, i.e. Go = G. Therefore we may write formally (abbreviating ag = e,
bp = v in (2.1)):

ap =ge, as=q¢v, eveEL.

Lemma 5.1. Let m < n and ¢ € Aut(L). Equivalent are:
(a) There exists an autotopism of type ¢.
(b) w?=t € (L*)° 1K*.
Proof. Let a be an autotopism of type ¢. Use the notation from above.
Then a; ' = ¢~ f with f =e™?.

Let x € K*. Then aflTk:Eag is ak—linear, i.e. aflTkxag = Tky for some
y € K*. On the other hand

k—1

. i o T
ay'Trray = ka‘wk (ww? - - - w" Vouz? =T* (ww = v Ukﬂ) fd’”kvx‘ls
ww DR w
Hence we have for 0 < k <m
P A U
w0 pet, ¢ k. o
ww? - - - w?
Specializing k = 0 we get
A
v=7s (2)

16



with A € K* and specializing k = 1 we have

w? (f9)° .
w o -Ae K™ (3)

Therefore the condition
wqbfl c K* (L*)afl

is necessary for the existence of an autotopism of type ¢.

Suppose conversely that this condition is true. Then choose f € L* such
that (3) holds with A = 1 and define v € L* by (2) and then «; and ay as
above.

We claim that this defines an autotopism. The foregoing computations show
that we have to verify equation (1) for all 0 < k < n. We notice that the cases
k=0,1, i.e. equations (2) and (3), are already true.

Assume k > 2. Then

— — k
(wwa“,wgk l)d)fdwkv _ (wwa...wgk 1)¢ . f¢>a
wwe - - - wo'k71 wwe - - - wo'k71 fd)
o (wu - e (fo et ftye
o ww? - wo Tt (ffo .. fotTh)e
k—1

(S (SN (SN ke
N w f¢ w f¢ w f¢

by (3). The proof is complete. m]

Lemma 5.2. Let m > n and ¢ € Aut(L). Equivalent are:

(a) There exists an autotopism of type ¢.
(b) ¢? lies in the orbit of ¢ under PGL(2, K) (acting naturally on PG(1,L)).

Moreover if

¢? = ). F(X),E(X) e K[X], 0<degF(X),degE(X) <1,

E(¢)’

then BE(Qw?™ € LYK ifn =2, and E({) € K, w?™! € L°7'K if
n> 2.

Proof. (a)=-(b). We choose the same notation as in the proof of Lemma 5.1.
Write m =en +r.
Then for 0 < k < n we have a; 'S*Fay = S*. Set L(k) = @;_, K( for k <r
and L(k) = @, K¢ for r <k < n. Then 8% = TFL(k). Set
(ww? - -w”

Cow )¢ so*
Ak = W - Wt f v.
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The same computation as in the proof of Lemma 5.1 shows AxL(k)? = L(k)
(& A 'L(k) = L(k)?). By Lemma 2.4 (with ¢ in the role of u, (¢ in the role
of w) we have

. F(X)=a+bX,E(X)=g+hX € K[X],

and

_J B 0<k<m "
Ak:{ B, r<k<n, mod K~.

In particular

— (wlfqb)ar’l(flfa)qbaT’l mod K*.

This implies

g+ h e w9 LK.
If n=2then r=1and F({) = g+ h( € (W ?)L'""K = (w'=?)L°"1K and
we are done.

So assume n > 2. Thenn—1 > r orr > 1. We only treat the casen—1 > r,
the other case is similar. In the first case A, = A,;1 mod K*. Hence
AA—H _ (w¢—1)aT(fa—1)¢aT c K*.

This implies
(@) = () mod K
and therefore
E() = "7 (f7)% =1 mod K*.

So we may assume E(¢) =1 and ¢? = F(¢) = a + b(.
The case r > 1 (use Ag and A;) leads to the same assertion. So (b) holds.

(b)=(a). Assume now (¢ = % where F(X), E(X) € K[X] have the shape

from above. Moreover assume E(¢) € (w!'=?)L'"°K if n = 2 and E(¢) € K,
w®™ ! € L'=9K if n > 2. In both cases choose f € L* such that
(f)7 = E(Qw®' mod K*,
and define v € L* by the equation
Ag = E(Q)° = 7.

Moreover define Ay, L(k), 1 < k < n as above. Using Lemma 2.4, a straightfor-
ward computation shows
ARL(k)? = L(k).

Then a;' = ¢~ f and ay = ¢v define an autotopism of type ¢. O

Remark. The case m > n = 2 is implicitly contained as Theorem 5 in the
article of Johnson, Polverino, Marino, and Trombettti [7].
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6 The case n>m

We keep the description of V', T', and autotopisms as explained in 2.1 and 3.1.
We assume throughout this section

n>m.
In view of the previous section we may assume
d=(m,n)> 1.
It will be convenient to write k() instead of k%’ for k € K and j=0,1,....

Lemma 6.1. Assume m =n. Then F ~ K ~ L.
(a) G1/M ~ {¢ € Aut(L) |w?~! € Ko}.
(b) Go/G1 ~Cs if m =2 and Gy = G otherwise.

Proof. We have S = @' T'K.

(a) Let o = (a1, 2) be a diagonal autotopism of type ¢ € Aut(L). We
write oy ' = diag(¢~'ag, ¢ 'a1,...) and ay = diag(pbo, dbi,...) as in 3.1. By
adjusting « with a suitable element from M we may assume ag = by = 1 and
a1 = ag. This implies (note d = n)

bi: 1§i<n.

1
aj
For Tk € S = TK there exists an ¢/ € K with

Oél_lTkOQ =1T7

and a computation leads to the equations

O a? _m a? AR a?_, D) el e
B X N X R S T

This implies
£(0)

) gyt
NKKU(k¢(O)) w .
Therefore a necessary condition for the existence of a diagonal autotopism of

type ¢ is
’LU(Zs_1 € K.

We show that this condition is sufficient too. So take a € K such that Ng.x, (a®) =
w?~1 and define:

a0 =1, a;=a®, a3 =a®a®, . an_=a®a)... g0
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and a1 = as as above. A computation shows
-1
o] Tog = Ta?.

Now aj 'Tias = (a] 'Ta;)* € T'K follows. Hence a = (v, ) defines a diag-
onal autotopism associated with ¢.

(b) Let @ = (a1,2) be a proper semi-diagonal autotopism of type ¢ €
Aut(L). We split our argument into subcases.

(1) Let oy induce a permutation of order n. Then n = 2 and such auto-
topisms do exist.
We may assume wlog. that

Ty = (blzf, bg:cg), ce bn,lxifl, bozg)
and by adjusting the autotopism with a suitable element from M we may even
assume al_lag =T, ap =1, and by = w. This implies

bi: 1§i<n.

1
al’
Assume first n = 2. Then al_lTag € So = K which shows that there exists a

k € K such that 5
O = w—d), ED = afw.
aq
Choosing ¢ = ¢ and a; = 1 we obtain a solution.
So we assume from now on n > 2. Then aj 'Tay = kT? for some k € K.

Comparing both sides we obtain the equations

ar = k?W gy = keW e Up_q = kPD PR pen—1)

ey

with ¢ = ¢~!. This forces as in (a) w?~! = Ng.x, (k).
Finally aflT”_lag € K, i.e. there exists £ € K such that the equations

¢ ¢, ¢,
00 — w_¢ v ;}1 ) W (D) = e?
ap a Ap_1
hold. Replacing the a;’s we get
@ ]
00— Wy vt sy W
Ok £ E(n—1)

and

[l
(n=1) _ () (2) . p(n-1) _ W
! wkWEk k Ok

This shows w? = (k1) = p(r=DEO) forcing w’ = w, a contradiction. Hence
(1) is true.
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(2) Let n =2k, k > 1. Then 2 is not the order of the permutation induced
by as.
Assume the contrary. Then

Ty = (bkxi, e bn_lxﬁ_l, boxg, ... ,bk_w}f,l)

and adjusting « with a suitable element from M we may even assume ag = 1
and al_lag = T*. This shows

w 1
by = w, bi:—¢,1§i<k$; bi=—¢,k:§i<n.
a;

Also o 'Tag = €T+ for some £ € K. We obtain the equations
Oy = w‘z’bn,l,ﬁ(l)w = afbo, .. ,E(k)w = aibk,l,

1) — aﬁ_ﬂbk, AU DR aiflbn_z.
This leads to

a? =M af = 1M @ a_, = (M@ .. =1

and
’Ll}d)_1 = NK:KO (E)

Finally we have o] 'T*as = s with s € K. One obtains the equations
s = w¢bk, s = w‘bafkarl, ey =1 = w‘baz_lbn,l,

n=1) — ai_lbkfl.

stk = aibo, ceey s(

We eliminate the a;’s and the b;’s and get

7 w k+i 141 k+1 .
In particular

$(1) ¢
5(1) _ w - w

02) .o pkt1) T p(2) L p(R+1)

But then w?() = w?, a contradiction. This implies assertion (2).

Using (1) and (2) we may now assume that n > 2 and that the permutation
induced by as has an odd order r, where r is a proper divisor of n, say n = fr.
Then as leaves invariant the subspace

V:Uo@Uf@"'EBU(T_l)f

and B
S=KoKT e ..¢ KT~V
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induceson W =V xV a cyclic semifield plane and ag3; induces a semi-diagonal
autotopism whose associated permutation has order r. This shows that we are
in the situation of (1). Hence r < 1, i.e. the autotopism is diagonal. The proof
is complete. O

Lemma 6.2 Assume m < n. Then Gq is the group of diagonal autotopisms.
Let ¢ be an automorphism of L. Equivalent are:

(a) There exists a diagonal autotopism associated with ¢.
(b) wt=! e Klto++o?  py—1
In particular Go/M ~ {¢ € Aut(L) |w®~! € Kl1tot-+o' -1},

Proof. The first assertion follows from Proposition 4.1. Let o = (a1, a2) be
a diagonal autotopism associated with ¢ € Aut(L) (we represent the a;’s as in
the proof of 6.1). As S* = T'K and as S* is the set of o'-linear maps in S we
have o] 'S’as = S'. In particular by adjusting o with some element from M
we may assume o1 = ag. This implies

b; = 0<i<d.

L
al’
There exist some k € K such that ] 'T'as = Tk. We obtain the equations
albo = kO, . ad_bao =KD w?al®by_y = wkdD.
Eliminating the b;’s we get
a‘f = /{:(O)ag, ag = k:(o)k(l)ag, - ,a371 = kO ... k(d72)ag

and
w¢—1ag¢> = kO @ . ]{;(d_l)ag.

Therefore condition (b) is necessary for the existence of a diagonal autotopism

of type ¢.
Conversely, we assume that condition (b) holds and show the existence of
an autotopism. Choose ag € L and k € K such that

w?t = kO gD (o)1

and define a; for 0 < i < d by
a‘f — kO . .k(i—l)ag’

and a1 = as by

1 o ¢71 ¢71
zog = (aoxy ...,04—1TY ).
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Then the above computations show a; 'S'ay = S for i = 0,1. Now o] 'S'ay =
a;'S'a; = S’ follows for all 0 < i < m. The proof is complete. O

Summarizing Theorem 1, Proposition 4.1, Lemmas 5.1, 6.1, and 6.2 we have:

Proposition 6.3 Assume n > m and use the notation of 2.1 and 3.1. Then
MG <G <G, M| = (¢"—1)*(¢"™—1)/(¢—1), and |G : Go| = d. Moreover:
(a) G1/M ~ {¢ € Aut(L) |w?=! € Kitot—+o" [y=1}
(b) Go/G1~Cs if m=n =2 and Gy = G otherwise.

7 The case m >n

We assume throughout this section
m > n.
In view of the section 5 we may assume
d= (m,n) > 1.

We set further m = m’d, n = n’d. We recall from 2.1 and 3.1 v € Aut(L) such
that v = 0?. A K-basis for L is {1,¢{,¢2,...,¢™ ~1} where

n'—1

¢ =Npr(w) =ww” - w”

If x = 2:1071 ;¢ x; € K, we set (0 = z and

m’—1

2V =3 a7

i=0
and define inductively z(*+1) = (£(®)(1),

Lemma 7.1. Assume for ¢ € Aut(L) that (* = a+b( with a,b € Ko. Then

for all x € L we have
2 (D¢ _ (1)

Proof. Both mappings are additive. So it suffices to consider monomials of
the form x = k¢7, k € K. We calculate

7 .
$(1)¢ — Z <¢;) ktﬂbaj—@b@é-é

£=0

and

7 .
B(1) _ I\ o j—t1\a 0
x ;(6)/{ (a7~ )¢

0
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and the claim follows by the assumptions. O

Lemma 7.2. Assume that for ¢ € Aut(L) both (¢ = a + b¢; a,b € Ko and
w1 € Kot -+ [7=1 hold. Then there exists a diagonal autotopism of
type ¢.

Proof. Choose s € K and ag € L such that

w1l = sOgM) .. S(d—l)ag(’“l)
holds. Define further aq,as,... by

¢ — 4250 g8 = q2s@s . a? = als®...502)

af = af 5 =als e,
and set
oyt = diag(¢™'ag, ..., ¢ 'ag_1).
Then
a1 = dlag((bea ) ¢bd—1)

with b; = 1/af. Set s = a3 and a = (ag,a2). Then calculations show
a;'S%; = 8% and oy 'Ta; = Ts. Then even a;'Sa; = S and the assertion
follows. O

Lemma 7.3. Assume m > n > d > 1. Then G1/M is isomorphic to
the subgroup of ¢ € Aut(L) such that (* = a + b, a,b € Ky, and w®™! €
Kl+a+---+ad71L'yfl‘

Proof. Let m' =en’ +71', v' <n/. Thenm =en+r, r =1r'd < n. For
0 < k < n set (as in the proof of Lemma 5.2)

_ @fzo K¢, 0<k<m,
L(k) = { @f;ol K¢, r<k<n.

Alsoset Lj = @]_o K¢, ie. L(k) = Le if k <r and L(k) = Le—1 if r < k < n.
Then

S* = L(k)T* = T*L(k).
Moreover 8 = Sy @ -+ @ Sy_1 with Sg = @y, S’ = By ' KT% and S, =
T*Sp, 0 < k < d. Let o = (a1, as) be a diagonal autotopism of type ¢ € Aut(L).
We represent ozfl and ag as in in the proof of 6.1. We verify the assertion of
the lemma by splitting the proof into intermediate steps.

STEP 1. The restriction of Sg on W; = U; ® U;, 0 < i < d, defines with
respect to the ~-linear operator T% a cyclic semifield plane.

Since dimp L = n’ (we identify U; with L) the v-linear operator (T'%)y, is
irreducible (see [4], Cor. 2.5). Also dimg L = m’ and the assertion follows from

24



[6].

STEP 2. We have:
(a) ¢¢ = £, F(X),E(X) € K[X], 0 < deg F(X),deg E(X) < 1. More-

over E(¢) = (wl’d’)’YTLlaz(-l_V)Mr " modK* if ' = 2 and w?! €
KL', E() € K if n/ > 2.

(b) For0<i<dand 0 <k <n'set

k—1
YooY @
i e T e
k wwY - - .w’)’k71 C v

Then ALL(k)? = L(k) and A% = E(¢)¢ mod K*, where ¢/ = ¢ if k < r
and €/ = e — 1 if k > r. In particular A} = afbi = FE(¢)°* mod K*.

Apply step 1 and Lemma 5.2 onto the restriction of Sy and a to Wy. As-
sertion (a) follows. From the proof of this lemma and the restriction of Sy and
a to W; we obtain the assertions from (b) too (the pair (f,v) of the proof of
Lemma 5.2 is replaced by (a4, b;)).

Set FF=a+bX and F = g+ hX. We can adjust the nominator and denom-
inator of the rational function F/E by some element from K*, i.e. we can and
do assume that one of the coefficients a, b, g, h is 1.

STEP 3. The element E(¢) lies in K* even if n/ = 2.

A typical element s in S° has the form s = diag(z(®, 2™ ... 2(@=1D) with
x € L(0) = L. For 0 <4 < d we have

o raix @b, = afbix(i)d’ = AbzD?
which shows
ot sag = diag(AQz O, Alz(MWe . AdT1 =19y € 8O,
This implies for 1 <i < d and = € L,
(A(i)*lx(iflw)(l) - Agz(i)d’,

By step 2 we have A} = k;F(¢)¢ with some k; € K. We specialize z = (/.
Then (V¢ = 2() and Az = &k, E()¢(F(C)/(C)) = kiB(¢)* 7 F(¢)’ and we
obtain:

k(B IR = kBT F(C) (1)

ki Then specializing j = e we get for 1 <i < d

k7 4"

Set m; =
e

S ((4) ey e =m S ((¢) e

Jj=0 Jj=0
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and specializing 7 = 0 we obtain

() ary e = m3(6) wa e,

Jj=0 j=0
This shows

(a?)® =mua®,  (b7)° =m;b®,  (¢7)° =mug°®, (h7)¢ = m;h°.
In particular m; = mo = --- = mg_1. A typical element in S% has the form
s = diag(ywz®, ... ywz4™Y)
where z € Ly. Then a similar computation as above shows
oy tsag = diag(ywAYz(O? qwAlzWe L qwAdT 49y ¢ g4,
We deduce for 1 < i< dand z € L(d) = Le_1 (note that ' =1 as n' = 2)
(A1 g(=1o) (1) — iz (D)e,
Specializing 2 = ¢/ we obtain similar as before
TABEQ T RQONY = LEQOTTIFEY (2)

with some ¢; € K. Now choosing j = 0 and j = e — 1 we obtain

(aa)efl — niaefl7 (ba)efl — nibeil, (ga)efl — nigefl7 (ha>efl — nihefl.

4
=

i—1

where n; =

Againny =ng =+ =ng_1. Set z = 7;1_11 Then

a® =za, b° =2zb, ¢° ==zg9, h° =zh.

As one of the coefficient a, b, ... is 1 we conclude z =1 and a, b, g, h € K. This
shows for j < m’ that

(B =EB(©Q). (3)

Finally, a;'S'ay = S'. For s € L(1) there exist s/ € L(1) such that the
equation ozflTsozg = T's’ holds. Computing the left hand side and comparing
both sides we see

alb; 1 L(1)? = L(1), 1<i<d.

Since L(1) = L. we deduce from Lemma 2.4 that af’bi,l = FE(¢)¢mod K* for
all i. This implies (as a’b; = E(¢)¢ mod K*)

w=a1=---=aqg_1, bg=by=---=by_1 mod K*.
Let z = alby = kE(C) with k € K. Then

oy 'Tay = T diag(2®, ..., 2(@7D)
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which shows
2= = w‘b_lagd)bd,l.

Also
A0 = w03 aghany = Mg T albe = w0t (TP B(Q) mod K.

We know by step 2 and as r’ = 1 that E(¢) = w'~?(ay~")? mod K*. Using (3)
this yields
E()* ! =2047Y = B(¢)® mod K*.

But then E({) € K and the assertion of step 3 follows.
STEP 4. The assertion of the lemma holds.

By step 3 we have E(¢) € K which implies A} € K for 0 < i < d. Hence we
may adjust o by some element of M such that we even can assume AJ = 1. As

oy 'ay = diag(1, A, ..., A7) €S

we deduce from Lemma 3.5 that all Af) =1 for all 4, i.e. @y = as. Then for
s = diag(z(®, 2™ ... 24=D) € 8 we obtain

o7 tsay = diag(z0?, V¢ pd=D9)
which in turn implies that the equation
2(Vé — o)
must hold for all © € L(0) = L. In particular
a+bC =W = M) = g7 4 po¢
which forces
a,b e K. (4)

Conversely, this condition implies by Lemma 7.1 that our equation z(1¢ =
2?1 holds even for 2 € L. Moreover L(k)? = L(k) for all k. We have aj 'Ta; =
Tswiths € L(1) = L. Also ozfthozl = ozflTozlafltozl = Tozfltozls fort € L,
which implies L.s = L.. So by Lemma 2.5

s e K.
We already have seen in step 3 that aflTal = T's leads to the equations
50 = afbo, o, sldm2) = aﬁilbd_g, sl@=Dyy = ag¢bd_1w¢.
This shows (using b; = a; )

wh ! = 3(0)3(1) - s(d_l)ag(liv) = Sl+a+m+adilbg_1.
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Therefore the condition
w1 e giottot T gyl (5)

is necessary for the existence of a diagonal autotopism of type ¢. However we
see by Lemma 7.2 that conditions (4) and (5) are even sufficient for the existence
of the autotopism. The proof is complete. O

Summarizing Theorem 1, Proposition 4.1, and Lemmas 5.2, 7.2, and 7.3 we
obtain:

Proposition 7.4. Assume m > n and use the notation of 2.1 and 3.1.
Denote by Gy the subgroup of diagonal autotopisms. Then M I G; <Gy 1 G,
IM| = (¢" —1)%(¢™ —1)/(qg — 1), and |G : Go| = d. Moreover:

(a) Assumen >d > 1. Then Gy = Gy and
Go/M ~ {¢ € Aut(L) |w? € KMot -+ [v=1 ¢ = 44bC, a,b € Ko

(b) Assume n =d. Then [Go : G1] divides n and G1/M contains a subgroup
isomorphic to

{6 € Aut(L)|w? ! € KIrot+o" " [7=1 ¢ — ¢+ b, a,b € Ko}

Example 7.5. Assume n = d < m. For ¢ € Aut(L) define a K-subspace
of L by
Ly ={ceL|(cx®)V =MgM? g e L},

Computations like the previous ones show that a necessary condition for the
existence of a diagonal or semidiagonal autotopism of type ¢ is that

Ly #0.

Suppose now n = 2, m = 4, and Ly # 0. Computations show that a diagonal
autotopism of type ¢ exists iff w?~! € K'*° and that a semidiagonal auto-
topism of type ¢ exists iff w?*t! € K177, In the special case K = GF(4),
L = F = GF(16), a computer calculation shows Ly # 0 iff |¢| = 2. Also |w]| is
divisible by 5. Therefore no diagonal autotopism of type ¢ do exist. A semidi-
agonal autotopism of type ¢ exists iff |w| = 5.

Final remarks. (a) Assume the notation of Section 7. A complete treat-
ment of the case n = d, n < m, would require a characterization of the sets L
for ¢ € Aut(L), where L, is defined as in the previous example. We do not
have such a characterization.

(b) Let V' be a m-dimensional vector space over the not necessarily finite
field K. Let o € Aut(K) be of order n and let T' be an irreducible, o-linear

28



operator on V. It is easy to see that S = 22161 KT still defines a semifield.
Let F' = Crndy, (V) (T') be a field (not merely a skew field), i.e. T is separable
in the sense of [4]. Then Theorem 1 is still true: by [4] the description of T
is completely analogous as in the case |K| < oo and it is not hard to see all
arguments of the proof of Theorem 1 carry over to our more general situation.
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