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Abstract

In this article we use pairs of Dembowski Ostrom polynomials with spe-
cial properties (see (1)-(3) in the introduction below) to construct trans-
lation planes of order ¢" which admit cyclic groups of order g™ — 1 having
orbits of lengths 1,1, (¢" — 1)/2,(¢" — 1)/2 on the line at infinity. The
same pairs also define semifields of order ¢?". We discuss the properties
of these translation planes and semifields. These constructions extend the
related construction in [7].

1 Introduction

Let ¢ a prime power of the odd prime p, n an odd number, and F = GF(¢"). Let
¢ be a non-square in K. In [7] P. Miiller and the author considered Dembowski
Ostrom polynomials of the form P(X) = L(X)X, L(X) = Z?:_ol a; X9 such
that (1) F' 3 « — L(x) € F is bijective, (2) |P(F*)| = qn2_1, and (3) P(F*)n
CP(F*) = (). Tt was shown that such polynomials define translation planes of
order ¢" which admit a collineation group having orbits of lengths 1, 1, ¢" — 1
on the line at infinity.

The purpose of this article is to exploit these polynomials further. We will
show (see Theorem 3.2) that pairs of polynomials with the above properties
define in the same simple way as in [7] translation planes. This leads to a
uniform description of some twisted field planes, the planes of [7], the planes of
Suetake [18], and two new classes of planes (Theorem 3.7).

We also will show that such pairs of polynomials can be used to define
semifield planes of order ¢?”. One class can be viewed as quadratic extensions of
twisted fields. It should be noted that our definition of semifields has nothing to
do with the definition of commutative semifields by planar Dembowski Ostrom
polynomials although our polynomials are planar too (see [7, Lemma 5.1]).

In the next section we will prove some preliminary results and introduce
some notation. In the third section the family of translation planes of order g™
containing the planes of [7] and [18] will be introduced and isomorphism (The-
orem 3.7) and automorphism problems (Theorem 3.13) will be discussed. The
most important properties of the new classes are collected in:




Theorem A Let ¢ > 3 be a power of the odd prime p, n an odd number,
0 < 7 < n a number coprime to n, and 0,+1 # o € GF(q). Then one can
associate with the quadruple (q,n,r,a) two translation planes Ay and Az of
order q" such that the following holds.

(a) The kernel of A1 and Ay has order q.

(b) Let G; be a translation complement of the plane A;, i = 1,2. Then G has
orbits of lengths 2 and q" — 1 on the line at infinity while Go has orbits of
lengths 1,1, (¢" —1)/2 and (¢" — 1)/2.

(¢) Each group G;, i = 1,2 has a normal subgroup G such that G has normal
subgroups H and Z with G/H ~ Gal(GF(q) : GF(p)la]), H/Z ~ C,,
and Z ~ Cyn_1 x Cg_1y/2. Moreover |Gy : G| = 4 or = 2 according as
to whether or not there exists o € Aut(GF(q)) with o = —«. Finally
Gy =G.

(d) Both types of planes define new families of translation planes.

In the last section we construct with the help of our polynomials semifields of
order ¢*" and we compute their nuclei (Theorems 4.3, 4.9). The multiplication
in these planes are given by (see Theorems 4.1 and 4.4):

Theorem B Let g be a power of the odd prime p, n an odd number, F =
GF(q™) and denote by ¢ a non-square in GF(q).

(a) Let P1(X) = L1(X)X and Po(X) = La( X)X two permutation polynomials
satisfying (1)-(3) and assume Py(F*) = Py(F™*). Define a multiplication
on F? by

(U,’U) * (:Ea y) = (U.’L‘ + le(y)a uy + C’ULQ(QE))
Then (F?,+,%) is a pre-semifield.

(b) Let0 < r <n and a € F* such that ald" =D/ =1 # 1. Assume further
0<s,t<n,s#t, andt=s (mod (n,r)). Define a multiplication on F?
by

(u,v) * (z,y) = (ux + eyl — avqtyqﬂ,uy + §(vqsscqr — avqtzqir)).
Then (F?,+,%) is a pre-semifield.
The major part of the last section is devoted to the computation of the nuclei
of the semifields.

2 Preliminaries

For the remainder of this note ¢ will be a power of the odd prime p and n will
be a positive odd integer. We set

K =GF(q), F=GF(¢"), with prime field Ko = GF(p),



and no : F' — K will be the norm. By V we denote an n-dimensional K-space.

Spreads and translation planes We assume that the reader is familiar
with the basics of finite translation planes (see [1], [5], [16] or [12]). For conve-
nience we recall the description of translation planes by spreads. Let W = V x V.
A spread S in W is a set of n-dimensional K-spaces such that

W=|JX XNY=0forXYeS X#Y
Xes
Then |S| = ¢™ + 1. The corresponding affine plane A = A(S) has as points the
vectors of W and as lines the cosets of the fibers of S. Sometimes it is convenient
to consider such a plane as a projective plane, i.e. as the projective extension.
The points of the extension are the elements of W together with symbols (X),
X € S and the lines are the line at infinity

Loo ={(X)[ X € 5}

and lines of the form (X +w)U{(X)}, X € S, w € W (i.e. X +w is the ”affine
part” of this line).

Spread sets. Concrete coordinatizations of spreads lead to spread sets. A
set 0 € ¥ C GL(V) U0 is called a spread set iff det(T' —T") # 0 for T,T" € X,
T # T and |X| = ¢". Then

§=8(%) ={V(c0)} U{V(T)|T € 2}
is a spread where
V(ew)=0xV and V(T)={(v,vT)|veV}.

Vice versa: using a suitable basis of W any spread can be described by a spread
set.

Suppose that two spreads defined by ¥ and ¥’ share the fibers V(0) and
V(o0) and let D be a semilinear transformation mapping the first spread onto
the second. If D fixes both V(0) and V(oco) we write D = diag (A4, B) where
A = Dy (g), B = Dy (), and both fibers are identified in an obvious way with
V. A fiber represented by X € ¥ is then mapped to the fiber of the second
spread represented by A~!X B. If D interchanges V (0) and V (co0) we write

Since (v,vX)D = (w,wA ' X1B), w = vX A, a fiber represented by X is then
mapped to the fiber represented by A~' X! B.

Translation complements. Denote by T'L(W) the group of invertible semi-
linear operators on W. Then

G ={T e TL(W)|ST = S}



is called the translation complement of A. It induces in the obvious way a group
of collineations and the full automorphism group of A is the semidirect product
of W (identified with the group of translations) with G. In particular the
automorphism group is determined completely by the translation complement.

It will be convenient to identify an n-dimensional K-space V with F. For
a € F and 0 < k < n we define a K-linear mapping T (a) by

2T (a) = az?".
The basic multiplication rule for such maps is
£
Ti(a)Te(b) = Tite(a? b)

where k + ¢ is read modulo n. A K-endomorphism 7" of V' has a unique repre-
sentation

n—1
T:ZTi(ai), a; € F.
=0

Let v be an automorphism of F' and T € Endg (V). Denote by [y,T] the
operator on V defined by
[v,T]: v+~ T.

Then [v,T] is a semilinear operator, i.e. semilinear with respect to the auto-
morphism vg. There is some ambiguity in this representation: v and y7 induce
the same automorphism on K for 7 € Gal(F : K). In fact the K-linear map
(v) = (v?) is the same as T7(1). We remove this ambiguity by requiring v € T’
where

T is a set of coset representatives of Gal(F : Ky)/Gal(F : K).

Note that the latter group is isomorphic to Gal(K : Ky). Using this convention
the description of semilinear operators is now unique.

Definition (a) For P(X) € F[X] we denote by the letter P the polynomial
map P: F — F, z — P(x). If the map P is invertible we denote by P~(X)
the unique polynomial of degree < |F| — 1 which induces the inverse of this
mapping. Assume |F| = p™. A polynomial P(X) is called Dembowski-Ostrom
polynomial or short DO polynomial if it has the form

m—1
P(X)= > ayX"™, a;€cF
4,5=0
(b) We call a polynomial L(X) € F[X] a K-linear polynomial if L is a K-
linear. We call Pr(X) = L(X)X the associated DO polynomial.

(¢) Assume now that ¢ is a non-square in K (hence a non-square in F' too).
We say that L(X) has property (P) (see the introduction) if the following holds:



(P1) L is bijective.
"1

(P2) |PL(F")] = 45
(P3) PL(F*)N(PL(F*) = 0.

Proposition 2.1 Let ¢, n, F and K = GF(q) be chosen as usual.

(a) Let L(X) € F[X] have property (P). Then L=1(X) € F[X] has property
(P) too and Py, (F*) = Py-1(F*).

(b) Let 0 <r <n and a € F* such that ald" =D/ =1) #1. Set Ay (X) =
X9 —aX9 . Then A, has property (P).

(c) Let 0 <r <n andb € F* such that pla"=1/(@™ =1 # +1. Set By (X)) =
2A7Y(X) — X where A(X) = X —bX? . Then By, has property (P).

Proof. (a) As L(z)x = yL~1(y) for # = L(y) the assertion follows.
(c) was proved in [7]. We show assertion (b). Set A = A, and P = Pj.
Suppose A(z) = 29 —ax? =0 for some x € F*. Then
x? x?

a = zq—r = (xqr)q—2r

and hence a(¢"~D/(@""”=1) = 1 4 contradiction. So (P1) holds. To prove (P2)
we first observe P(z) = P(—x). Assume P(z) = P(y) for z,y # 0 and y # +z.

This implies

vl vl —rqq —riq
24+ _ —yt ).

Y =a(a?

Since (¢" — 1,¢" + 1) = 2 the equation 29 t1 = 39 +1 leads to y = =4z, a
contradiction. Hence

x? gt 41 zd g1

a = =
—r41 —r1q 41 T4 1\g—"
x4 +1 _ yq + (xq +1 _ yq + )q

giving the same contradiction as before. Finally assume
zqr+1 B axq*rJrl — P(:L') — CP(y> — C(quJrl _ ayq*TJrl)

for z,y # 0. Then we get
zd 1 —
T (@0t =y g

again a contradiction. This shows property (P3). m]
Proposition 2.2 With the notation of Proposition 2.1 the following holds:

(a) Assume @ =D/@" =1 £ 11 Then A'((F*)?) = Pg,, (F*) where
A(X)=X - X7,



(b) Assumea = b? and pla" =1/ =1) # £1. Then Pa, , (F*) = Pp, _, (F*).

Proof. (a) Set P = Pp, . A typical element in P(F™) has the form w =
(2A7Y(2) — o)z where A(X) = X — bX 4 . Write z = A(y). Then

w=(2y — A(y))A(y) = (y +by? )(y — by” ) = A'(*).

(b) Set P(X) = Pa,,(X) and P'(X) = Pp, . (X). A typical element in P(F"™)
has the form 29 t1 — az? "*! and a typical element in P'(F*) has by (a) the

2

form 22 — az?? . Writing z = (¢ *1/2 we see that both elements are equal.0

3 Translation planes of order ¢" defined by DO
polynomials

We assume that q, p, n, K , Ko, and F' have the same meaning as in the previous
section. By ¢ we denote a non-square from K and no : F — K denotes the norm.

Lemma 3.1 Let L(X) € F[X] satisfy property (P). Define fory € F a K-
linear Operator N, = NyL :F — F by Ny = L(zy)y. The following holds.

(a) The operator N, is invertible for 0 #y € F.
(b) Ny =N, iff z=+ty.
(c¢) Let y,z € F such that z # ty. Then N, — N, is invertible.

Proof. (a) From 0 = N, = L(xy)y we deduce Pr(zy) = 0. This implies
2y =0, i.e. x =0 and hence L, is invertible.

(b) Clearly, N, = N_,. The rest of the assertion follows once we verified
part (c).

(c) Let y,z € F*, z # +y. Assume 0 = (N, — N,), i.e. L(zy)y = L(zz)z.
Multiply both sides of this equation by xz. We obtain Pr(xy) = Pr(xzz), ie.
xz = txy by property (P). But this can only hold if z = 0. Thus N, — N, is
invertible. o

Theorem 3.2 Let L1(X), La(X) € F[X] be polynomials with property (P) such
that Pr, (F*) = Pr,(F*). Then

{NJ' (N2 |y e F}
is a spread set of K -linear operators on F'.

Proof. By Lemma 3.1 we already know that X; = {NyL1 |y € F} and
¥y = {(NJ? |y € F} are partial spread sets. It remains to show that 7' — S
is invertible for 0 # T = NyL1 €Yy and 0 # S = (NI2 € ¥y, So assume
achLl = (zNl? with 2,9,z € F, y,2 # 0. Multiplying this equation with = we



get Pr,(zy) = (P, (xz). By assumption this implies Pr, (zy) = (Pr,(xzz) =0
from which we deduce zy = xz =0, i.e. x = 0. O

Notation Let L;(X), La(X) € F[X] be polynomials with property (P)
such that Pr,(F*) = Pr,(F*). We denote the spread set from Theorem 3.2 by

S(Ly,Lg) = {N}',(N}? |y € F}.

Lemma 3.3 The spread sets ©(Ly, L), ¥(La, L1), ©(LTY, LY, and ©(Ly Y, LT

define isomorphic planes.

Proof. Note that (K*)?%(Ly, La) = X(L1, Lz). This implies that the map-
ping W > (x,y) — (,(y) maps ¥(L1, L2) onto X(La, L1). Moreover ¥(Ly, L2) ™!
(XY X €%(Ly,Le) —0}U0=%(L7Y LyY). |

Definition The spread set X(Lo, L1) (the associated spread, the associated
translation plane) has type I if Ly = Lo, type II if L1_1 = Lo, and type III if
LE' +# L.

For the construction of the planes we use the polynomials A, ,(X) and
By.»(X) of Proposition 2.1 with a(¢"=D/(@"7=1) £ 1 p@" =D/ =) 2 41
(and b? = a if both types are used simultaneously (see Proposition 2.2)). Ac-
cording to the preceding lemma it suffices to consider for types I or II the sub-
cases I.A and II.A where L(X) = A, ,(X), I.B and IL.B where L(X) = B, »(X)
and for type IIT we take L1(X) = Ay (X), L2(X) = Bp,_(X). Note that in
the cases 1.B, I1.B and III we have

q> 3.

Remark If (n,r) = e > 1 weset K/ = GF(¢°), ¢’ = ¢°, and n’ = n/e. Then
the polynomials L1(X) and Ly(X) are even K'-linear. Considering V = F as
a K'-space and replacing our construction the pair (n,q) by (n’,q’) we obtain
the same spread set. So by assuming (n,r) = 1 we do not loose any spread sets.
Therefore we will assume for the remainder of this section

(n,r) =1.

Notation We will denote by G the translation complement of a plane of type
I, IT or ITI. The symbol

Go, Gocos Giooeey, Gy, ete

will denote in G the stabilizer of the fiber V(0), the stabilizer of the fibers
V(0),V(00), the stabilizer of the set {V(0),V(c0)}, the stabilizer of the fiber
V(Ny) respectively. The following technical lemma will be used repeatedly.

Lemma 3.4 Let u,v € F* and o € Aut(F). Write 0 = yo 1 where vy € I' and
T 18 the k-th power of q. Also G denotes the translation complement of a plane
of type I, II, or III. Then the following holds.

D)



(a) Let y € F and 0 < ¢ <n. Then
'l
[, T ()] ™ Te(y) by, Tho(0)] = Te(w™ vy?).
(b) Assume that L(X) has property (P). Then
To(u)Ny To(u) = N,

In particular p,, = diag(u=',u) lies in Go,c0-

(c) Assume that L(X) has property (P) and uw € K*. Then
To(u)Ny To(u) = w’ N,y = NFTo(u?).
In particular A, = diag(1,u?) lies in Go co-

(d) Assume L(X) = A,.(X) and that there are u,v, z € F* such that 27 71 =
u=%v. Then ,
[, T ()] ™ Ny [y, Ti(v)] = Ny

y
with L'(X) = Ay1—ary1-av go (X)) and y' = zy°.
(e) Assume L(X) = By, (X). Then
[, T ()]~ Ny [y, To(u)) = Ny
with L'(X) = By-ampe (X) and y' = y°.
Proof. (a) A straightforward computation shows Ty (y)[vy, Ti(v)] = [y, Tk(w)]Te (u_qevy“).
Moreover (b) follows from 2Ty (u) N, To(u) = L(zuy)yTo(u) = xN.L, .
(c) As L is a K-linear map we get

:ETO(U)NyLTO(u) = L(uxy)uy = v*L(zy)y = ZCNyLTo(’u2).

(d) Obviously N} = T,.(1)~T_,(a) and from (b) we deduce NF = T, (y? +1)—
T_.(ay? "*1). Using (a) we see

[ To(@)) T Ny by, T (w)] = To(u™ " o(y”) T ) = Top(@u™ To(y?)? ).
Substituting u=9 v by 27 7! wesee 24 T = (24 "F1)9 " and get the expression
T, ((zy°)? 1) = T_.(au'~7 v' =9 (2y?)9 "+1) which shows the assertion.

(e) Clearly, N{ = 2(To(1) — T,-(b))~! — 1. This implies by (a)
[ ()] ™ NE by, Ti(w)] = 2(To(1) = To(w™? H197)) ™ = 1= N}

As [y, Ti(w)] " To(y) [v, Tk (u)] = To(u”) we deduce from (b) [y, Ty (u)] "N [v, Ti(u)] =
NL. o



Some automorphisms Again G shall denote the translation complement
of a plane of type LII, or III. Set

Zy = {j1 = dinag(To(u™"), To(w)) |u € F*}, Zo = {A, = diag(1, To(u)) |u € K*}

and
7 71 X Zy, for type I,
Tl Z1 x 23, else.

Then by Lemma 3.4 Z < G o0. Set

0 1
A= < 5 ) |
Then A € GL(W) is a collineation of a plane of type II which interchanges V'(0)
and V(oo). For b € F™* set

Ay = {o € Aut(F) |67 =b (mod (F*)? 1)},
and
A ={o € Aut(F) [ =4b (mod (F*)7 1)}

Clearly, | A7 : Ap| < 2.
For o € Ap choose y € T'and 7 € Gal(F : K), a7 = qu, such that 0 = yor.

It follows from Lemma 3.4 that there exists some x = xz, € F* such that
vy = diag([y, Tr(2)], [, Tk(2)]) € Go,00- We set

g = Z{I/g | S .Ab} < GO,oo'
We denote by H the intersection of G with GL(W). It follows from [7]
G/H ~Gal(K : Kolo]), H/Z~C,, Z~Cyn_1)2xCq1

where o« = no(a) (types LA, II.LA) and « = no(b) otherwise, a and b as usual.
Note that the group G has on the line at infinity orbits of lengths 1,1, ¢™ — 1 for
type I and orbits of lengths 1,1, (¢™ — 1)/2, (¢"™ — 1)/2 for types II and III. For
Type II the group G(A) has orbits of lengths 2, ¢™ — 1.

Lemma 3.5 The group K = K*1w is the group of kern homologies. In par-
ticular the kernel of a translation plane of type I, II or III is isomorphic to
K.

Proof. The proof is the same as of [7, Lemma 4.5]. a

Lemma 3.6 (a) Let p be a p-primitive divisor of ¢" — 1 and S € Syl;(Z).
Then S # 1 and S € Syl,;(G).

(b) Let T € GL(W) be of the form diag([y, Ts(a)], [¥'T+(b)]) and assume that
T normalizes S. Then s =1t and v =7'.



Proof. (a) First S # 1 by Zsigmondy’s theorem [19]. Clearly, Z restricted
to a fiber X = V(0) or V(o0) is a Singer group in GL(X), i.e. this restriction
contains a Sylow p-subgroup of GL(X). So if S would be a proper subgroup of
a Sylow p-subgroup of G o this group would contain a subgroup isomorphic to
Cp x Cp centralizing Z, i.e an element of the form diag(1,c) of order p. Since
this prime is odd there exist y,z € F* such that NyLLTO(c) = NE. Therefore
L(zy)yc = L(zz)z for all x € F. It is easy to see that the relation L(zu) =
L(u)w for all z € F implies u = w € K. Hence yz~lc=y 12 € K,orce K, a
contradiction. R

Hence S € Sylﬁ(Gom). Let S be a Sylow p-subgroup of GG containing S.
Then S is abelian as a Sylow p-subgroup of GL(W) has the form Czr x Cpr
where p* = (¢" — 1). Thus S leaves invariant the set {V(0),V(c0)} of fixed
fibers of §. As p#2 even S € Syl;(Go,0) and the assertion follows.

(b) This is Lemma 5.3 of [8]. Note that the representation of semilinear
operators differs slightly from the notation we use here. O

Theorem 3.7 Translation planes of different types are not isomorphic. More-
over:

(a) A plane of type I.A is a twisted field plane. A plane of type I.B belongs to
[7].

(b) A plane of type IL.A is a plane of Suetake [18]. Planes of type II.B are
new.

(¢) Planes of type III are new.

The term "new” should be read with some caution. We will show that the
planes of type II.B or III are not nearfield planes, not semifield planes, nor
generalized André planes. Besides the known planes of type I and II these are
the natural candidates for possible isomorphisms. See also Chapter 70.1 [1].
To the best of our knowledge these planes are all known planes which admit a
cyclic automorphism group of order g™ — 1. We prove this theorem by a series of
lemmas. We first observe that planes of type I can be defined by permutation
polynomials in the sense of [8]. For a group element z of a finite group denote
by xo (zo/) the 2-part (2'-part) of this element.

Lemma 3.8 Let L(X) be a polynomial with property (P). Choose a multiple
N of (¢" —1)/(q — 1) such that 2V = x5 for x € F*. Then L(X)X'N is a
permutation polynomial on F.

Proof. Let O = F* — (F*)N be the set of elements of odd order in F*. Then
Py, is injective on 0. Let w generate a Sylow 2-subgroup of F* and assume
(g —1)2 = 2% Then
28 2571
Pu(F*) =] P(Ow’) = | ] PL(O)w'
i=1

=1

10



is a partition as Pp(O)w! = Pp(Ow') = PL(Ow™2 ") and |O] = (¢" — 1)/2.
Set P(X) = L(X)X'™N and assume P(x) = P(y) for z,y € F*. Writing
x = xoxy and y = Yoy and using that L is K-linear and x2,y2 € K we get

Pr (o) = Pr(y)(y2/22)* ™.

By property (P) we conclude that (yo/z2)**N € (w) is a square. Looking
at our partition we see that (ya/z2)?T™ = 1 and zo = yo follows. Hence
Py (z2) = Pr(y2) which implies xor = yor too. O

Lemma 3.9 Planes of type I.A are twisted field planes.

Proof. A typical non-trivial element of ¥ = ¥(Aq,, Aqr) has the form
Ny =T(y? ) + T_p(—ay? ') or (N, y € F*. As (y9 17" =y "1 and
since (¢ = ¢ we see that the entries in the T_, component are obtained from

the entries of the T, component via the additive map = — —az? . Hence &
is closed under addition. The assertion follows from (b) of Lemma 3.8, (1) and
(2) of [8], and the main result of [6]. O

Lemma 3.10 A planes of type I.B, II or III is not semifield plane.

Proof. That follows from [7, Lemma 3.3]. |
Represent T € GL(V) as T = Y27 Ti(a;). The notation

spi(T) = {ia; # 0}

will be used frequently. The following observation which has an obvious verifi-
cation will be useful.

Lemma 3.11 Leta,be F*, v€T and 0 <t <n. Then PolPlane2.ps

spi([v, Te(a)] " Ty, Ty(b)]) = spi(T).

Lemma 3.12 Two planes of type I.A, I.B, II.A, I1.B or III are non-isomorphic
if they have different types.

Proof. By Lemma 3.9 and Lemma 3.10 only the planes of type I.A are
semifield planes. So we can assume that the two planes have type 1.B, II.A,
IL.B or III. Let ¥ = X(L1, La) and ¥’ = (L}, L)) represent the two planes
and let ¢ € TL(W) be an isomorphism which maps S(X) onto S(¥). Since
S is a Sylow p-subgroup in the translation complement of both planes we may
assume that ¢ normalizes S. This shows that ¢ fixes the set {V(0),V(c0)} of
fixed fibers of S. In particular either ¢ = diag(A, B), ¢ fixes both fibers, and
Y =A'SBor¢= ( ;)1 g ), ¢ interchanges both fibers, ¥’ = A™'X !B
(see the introduction of Section 2).

11



The second case can be reduced to the first case: Note that the type does
not change if we replace ¥ by ¥=! = ¥(L;',L;"). Then diag(A, B) is an
isomorphism of the two planes which maps S(X 1) onto S(¥’) and the assertion
follows from Lemma 3.3. So we assume ¢ = diag(A, B).

Assume first that ¥ has type II.A. As ¢ normalizes S we have

o= diag(h’ Tt(a)]’ ['Ya Tt(b)])

by Lemma 3.6. One has precisely for (¢"—1)/2 elements T' € ¥ with |spi(T)| = n
and |spi(T)| = 2 for the other (¢" — 1)/2 nontrivial elements in ¥ (see [18]).
Assume that ¥’ has type I.B or ILB then |spi(T)| = n for all 0 # T € ¥’
(see [7, Lemma 4.1]). But then ¥’ = [v,Ti(a)] ! S[yTy(b)] is in conflict with
Lemma 3.11. If ¥’ has type III we can replace ¥’ by (¥)~!. Then by [18] and
[7] again |spi(T)| = n for all 0 # T € (¥')~!. We get the same contradiction as
before. Similarly possible isomorphisms between planes of type I.B or II.B with
planes of type IIT are ruled out.

Finally one knows from [7, Lemma 4.9] that a plane of type I.B has no
collineation in GL(W') which interchanges V'(0) and V(c0). But planes of type
I1.B have such a collineation (denoted by A above). So planes of type I.B and
I1.B can not be isomorphic either. O

Proof of Theorem 3.7 Lemma 3.9 and the definition of the planes of type 1.B
together with [7] show assertion (a).

The definition of planes of type II.A and of the planes of Suetake [18] coincide
showing one half of assertion (b).

It remains to show that the classes II.B and III are new. By Lemma 3.12
these planes are not of types I.A, I.B or II.A. They are not generalized André
planes or nearfield planes either: By [16], Thm. 11.7 or [9] the homology group
with axis V(co0) and center (0) contains in both cases a cyclic group of order p.
We deduce from Lemma 3.6 that a plane of type II.B or III is not generalized
André plane or nearfield plane. a

The automorphism groups of twisted field planes (panes of type I.A) [2], of
the planes of Suetake (panes of type IL.A) [18] and of type I.B [7] have been
described in detail. It remains to determine the automorphism groups of planes
of type II.B and III.

Theorem 3.13 Let G be the translation complement of a plane of type II.B or
II. Then G = Gyo,00y- Moreover the following holds:

(a) Assume type I.B. Then |G : Gooo|l = 2 and Go.oo = G if Af = Ap and
|Go,00 1 G| =2 if Af > Ap.

(b) Assume type III. Then G = G.

We prove the theorem by a series of lemmas.
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Lemma 3.14 Let L(X) = By, - (X). Assume that we have (with Ny = N¥)
[, Tu(@)] ™" Naly, Ta(y)) = CNp

Denote by o the automorphism of F which is the composition of v and the
t
automorphism x +— x% . Then the following holds.

(a) o € A}, more precisely b7 = —bzd L
(b) y = (.
() [, Te(@)] 7 N Tu(w)] = €N
Proof. Write Ny = 27! T;(b;) and Nyt = """ ' T5(B;). Then

14 no(b) 2

S TROY) and by, = ——_plHa T i s )
1 —no(b) anc oy 1 — no(b) orj >

by =

and the b;’s are obtained from the b;’s if we replace b by —b (see equation (5)
and Lemma 4.1 in [7]). A computation shows

n—1
[y, Tu( ZT [ Tu(w)] =Y Ti(ba=y).
i=0
Since no(—b) = —no(b) we obtain the equations
14+ no(b)? 1 —mno(b
0 _ 1o,
1 —no(b)e 1+ no(b)
and for j > 0
2 - G-Dr 2 - G-Dr v
plta +-+q Oh — _p)i+a tta .
1 —no(b)e ( )y 1+ no(b) (=) *
Divide the equation for j = 2 by the equation for j = 1. We get
B9)7 = (=) 2% "7 or b7 = —ba? L.
This implies assertion (a) and no(b)? = —no(b). The first equation therefore

imples y = (x, i.e. (b) holds.
Our computation shows also

[%Tt(‘r)]_lcN1 v, Te(y CUZT b x_q

It follows from our (simplified) equations that C’ij_qiy = ((¢9b; for all 0 <
i < n. Thus (c) holds too. O

Remark Let 0 € A} and x be as in (a). Then we deduce form Lemma 3.4
that diag([y, T¢(x)], [, Tt(Cx)]) € Go,00 for type IL.B.

The following lemma has a similar proof as Lemma 3.14.
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Lemma 3.15 Assume L(X) = By ,(X) and (with Ny = N{) that
[, To(@)] = N[y, Tu(y)] = Ni.

Denote by o the automorphism of F which is the composition of v and the
t
automorphism x — % . Then b° =b (mod (F*)971).

Lemma 3.16 Let G be the translation complement of a plane of type 1I.B de-
fined by the polynomial L(X) = By (X). The following holds:

(a) |G{O,oo} : G01m| =2 and G{O,oo} = G01m<A>

b) Assume that S is normal in Go . Then Gooo = G if A = Ap and
( : : b
|Go,00 : G| =2 if A} > As.

Proof. Assertion (a) follows from the existence of the collineation A.

(b) Let T be a collineation in Gg,.. By assumption and Lemma 3.6 we
have T = diag([y, T()], [, T:(y)]). Since the nontrivial Z orbits on the spread
are represented by the fibers V/(N1) and V(¢ Ny ') we can adjust T by an element
from Z such that either [y, Ty(x)] =1 Ny [, Ty (y)] = Ny or [y, Ty(z)] "1 N1 [y, Ty (y)] =
¢N; ! holds. In the first case we define o as in Lemma 3.15. Then o € Aj.
We can adjust T further by an element of the form v, so that ¢ = 1 and
To(x)"*N1To(y) = Ni. The computation of the proof of [7, Lemma 4.5] shows
then that T € K.

So assume now that we are in the second case. By Lemma 3.14 and the
succeeding remark we see that ¢ € Aj — A and that T is a collineation which
interchanges the two nontrivial Z orbits on the spread. In fact we know by this
remark that | A} : A,| = 2 guarantees the existence of such a collineation. O

Lemma 3.17 Let G be the translation complement of a plane of type III. The
following holds:

(a‘) G{O,oo} = GO,oo-
(b) Assume that S is normal in Go,eo. Then Go.oo =G.
Proof. (a) Set ¥ = ¥(L1,Lz). A Frattini argument shows Grooy =
G0,00NG (.00, (5)-
Assume Gyg o} > Go,0o- Then there exists a T' € NG{U,M}(S) — Gp,0- By

Lemma 3.6 (c) (note that the transformation (z,y) — (y,z) lies in Ngr,w)(S))
T has the form

r=( 9§ ) A=bIEl B=hTol

which implies
[, T ()] 7157 0y, T ()] = =

But |spi(S)| = n for all S € ¥~ — {0} while ¥ contains transformations S’ with
[spi(S")| = 2. This contradicts Lemma 3.11.
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(b) We know by Lemma 3.6 that any transformation in G o has the form
T = diag([y, Tr(2)], [v, Tk (v)]) and again by Lemma 3.11 we then see that the
transformation X — [y, Ty (z)] 7' X [y, Ti(y)] must fix the subsets { N} [y € F'}
and {¢(N}? |y € F} of ¥ invariant. By Lemma 3.15 ¢ € A, where o is defined
as usual. We can adjust T by an element from G and assume ¢ = 1 and
To(x) "N Ty(y) = N, As usual we deduce T € Z. |

Lemma 3.18 Let G be the translation complement of a plane of type II.B or
III. The following holds:

(a) The group S is normal in Go,cc-

Before we start with the proof we record an observation on the stabilizer of
a partial spread whose proof is similar as the proof of the analogous statement
on kernels of spreads.

Lemma 3.19 Let U be a partial spread on W = V(2n,q), n > 2, of size >
@'+ 1. Let H < GL(W) fiz all fibers of U. Then H is a cyclic group whose
order divides q" — 1.

Proof of Lemma 3.18. The proof follows the lines of the proofs of [7, Lemma
4.6] and [8, Proposition 4.6]. We refer to these proofs if the arguments can be
carried over and give the details if the present situation needs modifications.
We set M = Ng, . (5). This group is known by Lemmas 3.16 and 3.17.

(1) Let T € Go,0 such that Ty gy € My (o) and Ty () € My(oo). Then
T e M.

This is proved as (1) in the proof of [7, Lemma 4.6].
(2) Assertion (a) holds, in particular M = Gg .

Assume the converse. By (1) one has My gy < (Go,00)v(0) OF My (o) <
(Go,00) v (00)- Suppose for instance that the first case holds. From the classifica-
tion of 2-transitive affine groups (see [15]) it follows that (Go o0 )v (o) Will contain
a subgroup of the form GL(m, ¢*), m > 1, mt = n. As shown in [7] such a group
can not act on A.

We are now in the position to prove assertion (b) in the case II.B. We already
know from Lemma 3.16 that |G g o} : Go,00| = 2 and that Gyp o} has on Lo
orbits of size 2 and ¢" — 1.

Assume G > Gg,0}- Then G is transitive on Lo, and thus G acts flag
transitive on the associated plane (note that Z acts transitively on V(0) — 0).
We apply the classification of flag transitive linear spaces [3, Theorem]. Let p
be a p-primitive divisor of ¢?" — 1. If case (II) of this theorem holds we see that
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G < Nrpw)(T) where T is a Sylow p-subgroup of GL(W). But then S would
centralize 7 and T would therefore fix the set Fizy_(S) = {(0), (c0)}. But T
acts semiregularly on L., and p > 2, a contradiction.

If case (I) of this theorem would hold then our plane would be an example
in [3, Section 3] which is false.

So from now on we assume that our plane has type ITII. We know by Lemma 3.17
that G{g,oc} = M has orbits of sizes 1,1, (¢" —1)/2,(¢" —1)/2 on L.

Assume G > M. If G would be transitive on Lo, we can argue as in the
case of typ II.LB an we would reach a contradiction. So we assume that G is
not transitive on Lo, and note that by Lemma 3.17 G has no orbit of length
2. The following possibilities for the orbit lengths can occur: (i) 1,¢", (ii)

L(¢"=1)/2,(¢"+1)/2, (iii) (¢" +1)/2,(¢" +1)/2, or (iv) (¢" —1)/2,(¢" +3)/2.

CASE (i) This case is eliminated in the same way as in the proof of [7, Lemma
4.6] steps (2) and (3).

CASE (ii) In this case G fixes a fiber X € {V(0),V(c0)} and G contains
a Sylow p-subgroup 7 of GL(W). But this is in conflict with the irreducible
action of 7 on W.

CasE (iii) In this case G has orbits of lengths 1, (¢*" —1)/2, (¢** —1)/2 on W
and contains a Sylow p-subgroup 7 of GL(WW). We now apply the classification
of affine rank 3 groups by Liebeck [15, Theorem]. Again we can rule out the
case G < Nppw)(T) as before, i.e. (A.1) of this theorem is impossible. Also
any of the cases (A.2)-(A.11) is impossible: either the orbit lengths are not of
the form 1, (¢®" —1)/2, (¢*™ — 1)/2 (for instance (A.2)) or p does not divide the
group order (for instance (A.3)).

The extraspecial case (B) of this theorem does not occur since ¢” has not
the form p® of the Table 1 in [15].

By the same reason (using Table 2) all exceptional cases (C) can not occur
with the only possible exception of ¢** = 55 and G(*)/Z(G(>)) ~ J,. But
P = 31 does not divide the order of Js.

CASE (iv) Now G is an irreducible subgroup of I'L(W) of order | M| - (¢" +
3)/2. Moreover G has on L, orbits O1, Oy of length (¢"™ + 3)/2 and (¢" —1)/2
respectively.

Assume there is a T € G such that V(0)T = V(co0). Then T~'ZT and
T71ST lie in Goo = Go oo (Lemma 3.17). But S is a characteristic Sylow p-
subgroup of Go,«. Hence S = T7'ST and T~'ZT = Cg, . (S) = Z. Clearly,
V(0) and V(c0) are the only proper Z-invariant spaces in W. We conclude T €
G 10,00} — (0,00 Which contradicts Lemma 3.17. Therefore the set A = {(0), (c0)}
is a block for the action of G on ;. Then G induces a 2-transitive action on
Q = {AT|T € G} of degree (¢" + 3)/4 and by Lemma 3.17 the kernel of this
action is K.
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Denote by U/K the socle of G/K and assume first that U/K is simple. We
inspect the list of possible examples [4].

If U/K is a sporadic case the degree is 11,12,15,22,23,24,28,176, or 276.
But none of these numbers has the shape (¢™ + 3)/4.

Assume U/K ~ Alt(m), m = (¢" + 3)/4. Since m > 31 the minimal degree
of a non-trivial projective representation of Alt(m) over GF(q) is > m — 2 (see
[10]). We get (¢™ — 5)/4 < 2n which is impossible.

Assume U/K ~ PSL(d,q), d > 2. Then (¢" +3)/4 = (g% —1)/(g — 1) and
U/K has a projective representation of degree < 2n over GF(q). Inspecting the
order of G we see that (¢,q) = 1. By [10] a lower bound m for a projective
representation of U/K over GF(q) is

We get a contradiction as before.

The cases (U/K,|Q]) = (Us(q),q® + 1), (Suz(q),¢* + 1), (Re(q),¢> + 1), or
(Psp(2d, 2),22¢=1 + 29=1) are ruled out in a similar fashion.

Assume that U/K is an elementary abelian p-group of order p™ = (¢™ +3) /4.
Act with U/K on the orbit O of length (¢" —1)/2. As ((¢"+3)/2,(¢"—1)/2)) =
2 we see that U/K fixes at least one point in Os if p > 2. As U/K is a minimal
normal subgroup in G/K we see that U/K acts trivially on Os, i.e. the pre-image
U fixes all the fibers which correspond to the points in Os. From Lemma 3.19
we deduce that U is cyclic and |U| divides ¢" — 1. This is impossible.

Assume finally p = 2. Then (¢" — 1)/2 = 2 (mod 4). If U/K would act
nontrivially on Oy all U/K-orbits on Oy would have length 2™ since U/K is a
minimal normal subgroup. That is impossible. Hence U/K acts trivially on Oy
and we reach the same contradiction as before. O

Proof of Theorem 8.13 and Theorem A. Theorem 3.13 follows from Lem-
mas 3.14 to 3.18 and Theorem A follows Theorems 3.7 and 3.13. a

Remarks (a) One can show as in [7, Lemma 4.10] using Lemma 3.4 that
the number of planes of type II.B and IIT and order ¢" is in each case ¢(n)M,/2
where ¢ is the Euler function and M, the number of orbits of Aut(K) on
K — {0, +1}.

(b) The translation complement of a plane of type II.B acts transitively on
the set of non-vertices of each side of the triangle Lo, V(0), V(c0). This adds
another class of planes to the family of translation planes which are called tri-
angle transitive in [13] and nearly flag-transitive in [14].

(c) Assume ¢ = ¢3 and denote by 7 the involution in Aut(F). Let L(X) =

By (X) define a plane of type II.B and order ¢". Assume further b™ = —b.
Then ¢ defined by (z,y) = (v7,27) is a Baer involution. One can now apply [7,
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Proposition 5.5] and one observes that the subplane Cyy (¢) is the same kind of
flag transitive plane of Kantor-Suetake type as in this proposition.

2n

4 Semifields of order ¢°" and their nuclei

We assume that g, p, n, K, Ky, and F' have the same meaning as in Section 2.
By (¢ we denote a non-square from K. We will use again pairs of polynomials
L1(X), Ly(X) with property (P) to define (pre)-semifields of order ¢*". We will
take F? as the additive group of the semifield. The multiplication will have the
form

(,0) * (2,y) = (uz + voy,uy + (v o 2))

where the semifield multiplications o and e are derived from the polynomials
with property (P). In the simplest version the multiplications have the shape
voy =vL1(y) and v e x = vLy(x). Namely:

Theorem 4.1 Let L1, Ly € F[X] be K-linear polynomials which have property
(P). Moreover assume Pr,(F*) = Pr,(F*). Define

Y=%r1,= {M(:c,y) = ( Ljy) §L2y(x) > |z, y € F} C F2%2,

Then X 1s an additively closed spread set.

Notation and Remark From the theorem we deduce that the multiplica-
tion
(’LL, U) * (:L'a y) = (’LL, ’U)M('Ta y) = (UZE + le(y)a uy + CULQ(‘T))

turns F? into a pre-semifield. The pre-semifield determined by %, 1, will be
denoted by

S =S(Ly, La).
Proof. Clearly, X is closed under addition. Moreover det M (z,y) = Pr, (z) —
CPr, (y). The assertion follows from the assumption. ]

Note that the spread ELI—I Ly is equivalent to X1, 1, and that the spread
EL;1 1, 18 obtained from X, 1, by transposition. Because of Theorem 4.1 and
Proposition 2.1 we consider spread sets ¥ = X, , with:

(a) Ly = Ly has the form A, ,(X) or By ,(X).
(b) Li(X) = Ap2(X) and Lj(X) = By, —(X) for {i,5} = {1.2}.

If (r,n) =d>1weset ' =r/d. Then Ay, (X) (By(X)) can be considered as
a polynomial of the form Then A, . (X) (By (X)) with K’ = GF(q%) in the
role of K. We therefore make the assumption

(r,n) = 1.
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In this way we do not loose any semifield but avoid some double counting. The
associated pre-semifield
S = S(L1, La) will be called of type (a) if L1 = Lo
and of type (b) if Ly # Lo.

Lemma 4.2 Let L(X) = Ay r(X) or = By (X). The following holds:
(a) Assume c¢,d € F* such that cL(x) = L(dx) forx € F. Thenc=d € K.
(b) There is no pair ¢,d € F* such that cL(x) = L~Y(dx) for z € F.

(c) Let L(X) = Agr(X) and L' = Bg'frl(X). There is no pair ¢,d € F* such
that cL'(x) = L(dx) for x € F.

Proof. We consider only the case L(X) = By, .(X) = 2A(X) ! - X, A(X) =
X —bX4". The case A, is similar. We know by [7] that L(X) = Y1) a; X7
with a; # 0 for all 4. _

(a) The equation c¢L(x) = L(dz) implies ¢ = d9° for all 4 and the assertion
follows.

(b) Using [7, (3.4)] and the remark after [7, (3.5)] we see that L™1(X) =
S X9 with af) = agt, a), = (—1)7ag aj, for j > 0. Assuming cL(z) =

1=0 Jr
L=(dx) for z € F we get 47 =d = —d?", a contradiction.
Assertion (c) is verified in a similar fashion. a

Theorem 4.3 Set S = S(L1, L2). The following holds.
(a) The middle nucleus of the pre-semifield S is isomorphic to K.
(b) The left nucleus (i.e. the kernel) of S is isomorphic to F.

(¢) The right nucleus is isomorphic to K for type (b) and isomorphic to
GF(¢?) for type (a).

Proof. We use the connection between the nuclei and certain homology
groups as described in [1, Result 12.4], [12, Theorem 8.2].

(a) A nontrivial element from the middle nucleus corresponds to a A €
GL(2, F) with ¥ = AY. Let A = (a;;) then

AM (z,0) = < a1z a12¢La(x) >

a1 GQQCLQ (.T)

We get the equations Lo(a11z) = agalo(x) and Li(a12(La(z)) = agix for x €
F. Write the second equation as aja(La(x) = Lfl(aglx). We deduce from
Lemma 4.2 that a;1 = a2 € K* and a12 = as1 = 0.

(b) Clearly, by (a) 3 is not desarguesian. Since the left nucleus contains F
the second assertion follows.

(c) Let A = (a;;) € GL(2, F)) correspond to an element of the right nucleus,
i.e. YA =2>. Then

a11x a2z
M(:C,O)A = < a21C111/2(.’L') a2241[2’2($) )
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lies in . We conclude Lo(a112) = ageLa(z) and Li(aiex) = a21{La(x) for
x € F. From Lemma 4.2 we conclude aj2 = ag; = 0 in the case L; # Lo and
a11 = age € K. This shows the first assertion.

Assume now L = L; = Ly. Again Lemma 4.2 implies a1; = age and a1 =
a21¢ and both elements lie in K. Obviously

K1{<fl Ccd > |c,d€K}~GF(q2)

and it is easy to see that XA C ¥ for A € K. The proof is complete. ]

We now consider a semifield multiplication of the form
(u,v) * (2, y) = (uz +voy,uy + ((vow))
where o defines a pre-semifield (F, +, o) isotopic to a twisted field.

Theorem 4.4 Let q be an odd prime power, 0 < n € N odd, F = GF(p") and

K =GF(q). Let 0 <r <n and a € F* such that ald" =D/ -1) # 1. Assume
further 0 < s,t <mn, s #t, and t = s (mod (n,r)). Define a multiplication on
F? by

(u,0) * (2,) = (uz + 07 y" —av? y? " uy + (v 2 —av? 2 ).

Then (F,+,*) is a pre-semifield.

Notation and Remark The pre-semifield defined in this lemma will be
denoted by
S =S(a,r,s,t).

Note that the multiplication v oY= Tyt — avqty‘fr is isotopic to the multi-
t—s _—27

plication v oy = vy —av? y9 = which is the multiplication of a twisted field

of order ¢". Moreover note that if

2r+t=s (mod n)

the multiplication o is isotopic to the multiplication of a field.

Proof. Let (x,y) # (0,0). We have to show that (u,v)x(z,y) = (0,0) implies
(u,v) = (0,0). If z = 0 we get u = 0 and then even v7 y4 — av?y? =0, i.c.

S ™
vyl

a =

r

'thyq7

contradicting the choice of a. Similarly the case y = 0 is ruled out. So assume

s T t7 —r s r
x # 0 # y. The equations u = —z~1(v? y? —av? y? )andu = —y 1((v? 29 —
avqt:cqir) imply

a =

v? < y? 1 — (' >

qut yq7T+1 — C$Q7T+1
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leading to the same contradiction as in the proof of Proposition 2.1. O

Remark Set
S(x) =Ty(z?) — Ty(az? "), x€F.

A spread set associated to the above multiplication has the form

S = S = {M(z,y) — ( 7;3((;)) 569(%)) ) |2,y € F}.

Lemma 4.5 Let M = Z;:ol T;(m;), b € F* and assume S(z)M = S(bz) for
allx € F. If2r +t # s (mod n) then b € GF(¢™")) and M = Ty(b). If

—t—r

2r +t=s (mod n) then M = S(1)"1Tp(b? ~ ")S(1).
Proof. Assume first 2r +t¢ # s (mod n). We compute
i i gt
S(x)M = ZTS_H(.Tq m;) — ZTt+j(aq z? T my)
i J
= ZTsH(mimqrﬁ - aqiﬂftm”s_txqi“ftﬂ).

For i # 0,t — s we deduce m; = mj;5—+ =0asr+iZi+s—t—r (modn).
Considering the terms T(x) and T () we see that the only mg, ms_; or ms_, can
be non-trivial. Also if i = 2(¢ —s) then i # 0, — s. Hence my;_g) = mi—s = 0.
Similarly, as s —t # 0,t — s we obtain ms_; = 0. This shows m; = 0 for i > 0
and
S(z)M = Ty(mox? ) — Ty (amoz? )

which implies by assumption moz9 = (bx)9" and mex? = (bz)? for z € F.
We conclude b = b7 showing b € GF(¢(™").

Assume now 2r +t = s (mod n). Then S(z) = Ty(a?
the equation S(bz) = S(z)M implies M = S(1)"'Ty(b? "

—t—r

)S(1). Therefore
)S(1). O

Lemma 4.6 Let M = Z;:ol T;(m;), b € F* and assume MS(x) = S(bz) for
all z € F. Then b € GF(q¢%), d = (n,2r +t —s), and M = Ty(b).

Proof. We compute
MS(z) = Y Tei(mf 2%) =" Tppj(amf a9 ")
i J

—r

).

= Z Ts+i (mgs ‘rqr - amgjrsft‘rq
Also if i = 2(t — 5) then i # 0, — 5. Hence myy_g5) = my—s = 0. Similarly, as
s—t#0,t —s we obtain mgs_; = 0. This shows m; = 0 for ¢ > 0 and

MS(z) = Ts(mgsxqr) - Tt(amgtxqﬂ).

T

s r t —r —r s r
We conclude m z¢ = (bz)? and md 29 = (bx)? . Thus m{ = b9 or
0 0 0
2r4+t—s

mo =07 " sothat b4 =b¢ " implying b = b2 : O

21



Lemma 4.7 Let M = Z;:ol T;(m;), and assume MS(x) C To(F) for all x €
F. Then M = 0.
Proof. We have seen before

r

).

MS(z) = Z Topi(md 27 — amgjrsftxqf

K2

For i # —s we have m; = m;y1s—¢ = 0. The only possible nontrivial m;’s are
m_g and m_y. Since t —2s # —s we get m_s =0 and as s #Z t alsom_, =0. O

Lemma 4.8 Let A= Z?;ol Ti(a;) and B = Z?;ol T;(b;). The following holds:
(a) Assume ATy(x) = To(x)B for allx € F. Then A= B € Ty(F).

(b) Assume AS(z) = S(x)To(b), b # 0 for all x € F. Then A = Ty(b) and
b € GF(q°) where e = (n,t — s).

(c) Assume ATy(x) = S(z)B for allxz € F. Then A= B =0.
Proof. (a) Since ATy(x) = 3200 Ti(a;z) and Ty(x)B = Y1) Ti(bia') the
assertion follows. . .
(b) We already know AS(z) = >, Teyi(af 27 —aal,,_ 29 ") and S(z)To(b) =
T,(bz9") — Ty(abz? "). Therefore the LHS must have the form

t T

Ts(ags 27 —aad_z7 ")+ Tt(ags_s:cqr — aagtz'f ).

We deduce a; = 0 fori > 0and af =b= agt. Hence A = Ty(b) and b € GF(¢°).

(c) We already know S(z)B =), Topi(biz? " —a®" "bpe_pz? ") and
ATy(z) = >, Ti(a;x). Since the terms on the RHS must be of the form T (xx)
we conclude B = T,.(b,) + T_,(b_,). Then S(z)B has the form

2r

Torr(byz® ) — Ty (a? by) + Tsop(boyrx) — Tp_r(a? "b_pz? ).
As s #t and 2r # 0 # 4r we deduce b, =b_, =0,ie. A=B=0. o
Theorem 4.9 Set S = S(a,r,s,t). The following holds:
(a) The middle nucleus of S is isomorphic to GF(q%), d = (n,2r +t — s).
(b) The right nucleus of S is isomorphic to GF(q?), f = 2(n,7).
(c) The left nucleus of S is isomorphic to GF(q%), e = (n,t — s).

Proof. Again we use [1, Result 12.4], [12, Theorem 8.2].

(a) Suppose A = (A;j)1<ij<2 € GL(F?) such that AY = ¥ where ¥ =
Ya,rst Then there exist (additive) functions z — 2’ and x — 3’ such that
AM (x,0) = M(a',y"). Using the block decomposition of A we obtain

AHTo(.Z‘) = To(.r/), CAHS(.Z‘) = To(y/), A21T0($) = S(y/), CAQQS(,@) = CS(.Z‘/)
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From Lemma 4.7 we deduce Aj2 = 0 and thus As; = 0. Hence A;; # 0.
Therefore A1 = To(b), b # 0. We deduce that x — 2’ = bz. From Lemma 4.6
we get Agz = Tp(b) and b € GF(¢?). On the other hand if A has this shape it is
easy to see that AY = X.

(b) Assume now YA = ¥ and write A as in (a). Writing M(z,0)A =
M (', y’) obtain similarly as before

To(x) A1 = To(z"), To(x)Arz = To(y'), ¢S(x)An = S(y'), (S(x)Az = (S(2")

for all z € F and functions x — ' and = — y/'.

Assume first 2r+t £ s (mod n). Suppose Ay; # 0. Then A3 = Tp(b), b # 0
and hence S(x)Asz = S(bx) for x € F. From Lemma 4.5 we obtain Ags = Ty (b),
b€ GF(¢mm).

Suppose next Ajp # 0. Then A3 = Tp(c), ¢ # 0 and hence (S(x)Ay =
S(cx) for x € F. Again by Lemma 4.5 Ay = Tp(¢"'c) and ¢ € GF(¢(™").

Assume now 2r +t¢ = s (mod n). This time Lemma 4.5 shows A1 = Tp(b),
Ary = To(c), CAy = S(1)™1Tp(c? " 7)S(1), and Agy = S(1) " Tp(b7 " )S(1).
We also have an equation M (0, z)A = M (z”,y”) for all z € F and functions z —
x” and x — y” which shows A2; = Ty(d) and Ay = To(e). Thus S(1)Tp(d) =
To(c? " ")S(1) and S(1)Ty(e) = To(c® "~ ")S(1). This implies again b, c,d, e €
GF(q™")). On the other hand if

7o) To(ce)
1= (70 By ) nesoma)

—t—r

then a calculation shows YA C X. Clearly, the matrices of this shape form a
field isomorphic to GF (¢g2(™™).

(¢) In order to compute the left nucleus we consider pairs A = (A;;)1<;j<2, B =
(Bij)i<ij<2 € GL(F?) such that AM (z,y) = M(z,y)B for all z,y € F. Spe-
cializing (z,y) = (x,0) we obtain

AHT()(,T) = To(.%')Bu, CAHS(.T) = To(.%')Blg, A21T0(.T) = CS(.Z‘)BQl, AQQS(ZC) = S($)322

for © € F. By Lemma 4.8 A;; = Byy = Tp(b) and Ay = B2y = 0. Specializing
(z,y) = (0,x) we obtain

A12S(1'> = T()(SC)B21, AllTo(ZL') = T()(SC)BQQ, AQQS(SC) = S(SC)Bll, Ango(ZL') = S(SC)Blg
Hence A1z = Bia = 0 and Bay = Ty(b), b # 0. The equation AypS(x) =
S(2)To(b) shows by Lemma 4.8 that Ase = Ty(b), b € GF(¢°). O

Remark Our semifield multiplications have some resemblance to semifield
multiplications introduced by Pott and Zhou [17]. Let F, K, { as before. These
authors define semifield multiplications on F? of the form:

(u,0) % (2,y) = (uz + vy, uoy + ((ver))

where o and e are suitable semifield multiplications. In fact these mutiplications
can be choosen as multiplications of twisted fields [17, Theorem 2.1] producing
again quadratic extensions of the twisted fields.
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