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Abstract

We describe two classes of permutation polynomials over finite fields
F in characteristic 2 of the shape L(X)Xk where L(X) is an additive
polynomial. Such polynomials determine translation planes of order |F |.
We show that our polynomials define new classes of translation planes and
we compute the automorphisms of these planes.

1 Introduction

Let F be a finite field. In this paper we consider permutation polynomials
of the form L(X)Xk where L(X) is an additive polynomial and k a positive
integer. The motivation for a search of such polynomials is a simple connection
with translation planes of order |F | which admit a cyclic collineation group of
order |F | − 1 fixing two points at the line of infinity and permuting the others
transitively (see Proposition 2.1).

One class of permutation polynomials, presented in Theorem 3.2, is obtained
in even characteristic and L(X) is a truncated trace map in this case. These
polynomials are of particular interest since they are related to the class of excep-
tional permutation polynomials, which are permutation polynomials in infinitely
many fields. Implicitly contained in a paper of Kantor and Williams [18] is a
large class of permutation polynomials of the special form L(X)X . Theorem 3.3
gives a twisted version of the polynomials of Kantor-Williams. The polynomials
of 3.2 and 3.3 lead to new classes of translation planes in characteristic 2. We
finally mention a very simple construction (Theorem 3.4) of permutation poly-
nomials. However it turns out (Proposition 3.5) that this last class does not
produce new translation planes.

Translation planes which admit a collineation group fixing two points at
the line of infinity and permuting the others transitively have been studied
before. In [17] they are called triangle transitive and in [18] nearly flag-transitive.
Chapter 70 of [1] gives a survey of known planes with this property. Among such
planes are nearfield planes, generalized twisted field planes, planes of Suetake
[23] and some André planes. Particularly many planes of this type were found
by Kantor and Williams [18] in even characteristic and by the authors [6] for
odd characteristic.
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In the next section we introduce some notation and give a preliminary discus-
sion of the planes defined by permutation polynomials. Section 3 is concerned
with the construction of permutation polynomials. In section 4 we compute
automorphisms of the associated translation planes and in section 5 we are con-
cerned with isomorphisms between such planes and other nearly flag transitive
planes. In section 6 we show that our planes have – in contrast to the planes of
[18] – no symplectic spreads.

2 Permutation polynomials and translation planes

Finite weak quasifields and translation planes. We assume that the
reader is familiar with the fundamental notions of finite translation planes (see
[1], [4], [22] or [16]). For convenience we repeat some basics and fix thereby
some notation.

Let (F,+) be a finite abelian group and · : F × F → F a binary operation
with the following properties:

(WQ1) x · 0 = 0 · x = 0 for all x ∈ F .

(WQ2) x · (y + z) = x · y + x · z for all x, y, z ∈ F .

(WQ3) For all 0 6= a ∈ F the mappings x 7→ x · a and x 7→ a · x are bijective.

Then F = (F,+, ·) is called a weak (left) quasifield [16] or (left) pre-quasifield
[1]. One knows that (F,+) has to be an elementary abelian p-group, p a prime,
i.e. F is a vector space over GF(p). The associated spread of the weak quasifield
is the set

S = {V (a) | a ∈ F ∪∞}

of GF(p)-spaces of W = F × F where

V (∞) = 0× F and V (a) = {(x, a · x) |x ∈ F}.

The linear maps N(y), y ∈ F , defined by N(y)x = y · x define a spread
set Σ = {N(y) | y ∈ F} associated to the spread. The spread in turn de-
fines an affine plane A = AS whose point set is W and whose lines have
the form w + X , w ∈ W , X ∈ S. For w ∈ W the translation x 7→ x + w
induces a collineation of A, i.e. the plane is a translation plane with trans-
lation group ≃ W . The full collineation group is the semidirect product of
the translation group with {T ∈ GL(W ) |TS = S}, the translation comple-
ment. We usually consider collineations which either fix the fibers V (0) and
V (∞) or interchange both fibers. In the first case T (x, y) = (T1x, T2y) with
linear transformations Ti. A typical element in the fiber V (y) has the form
(x,N(y)x). Since T (x,N(y)x) = (z, T2N(y)T−1

1 z) (z = T1x) we see that T
maps V (y) onto the fiber V (y′) with N(y′) = T2N(y)T−1

1 . In the second case
one has T (x, y) = (T1y, T2x). A similar computation as before shows that
TV (y) = V (y′) where N(y′) = T2N(y)−1T−1

1 .
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Consider translation planes satisfying the following hypothesis:

Hypothesis (NF). Let A = AS be a translation plane of order pn, p a
prime. The translation complement contains a cyclic group Z of order pn − 1
which fixes two fibers X , Y of S, acts faithfully on X , and permutes the re-
maining fibers of S transitively.

In our setup we may assume under hypothesis (NF) that X = V (0) and
Y = V (∞). Using suitable bases of X and Y we may identify F with GF(pn)
and Z with the group of transformations µc, c ∈ F ⋆, such that the action of the
µc’s on W is given by

µc(x, y) = (c−1x, cky). (Ak)

where k is an integer between 0 and pn−2. For k = 0 one sees immediately that
the associated plane is desarguesian. The planes of [18] represent the case k = 1.

Permutation polynomials, additive polynomials. Let F be a finite
field and P (X) ∈ F [X ]. We denote by the symbol P the polynomial map
x 7→ P (x) on F . The polynomial is called permutation polynomial if P is a
bijection of F . The polynomial L(X) ∈ F [X ] is called additive if L is additive,
i.e. linear over the prime field. We also write for polynomials P (X) ≡ Q(X) if
they induce the same polynomial maps.

Proposition 2.1 Let p be a prime, 0 < n an integer and F = GF(pn).

(a) Let L(X) = a0X + a1X
p + · · · + an−1X

pn−1

be an additive polynomial,
0 ≤ k < qn − 1, and assume that L(X)Xk is a permutation polynomial.
Then L(X) is a permutation polynomial and

x · y = L(xy)xk

defines the multiplication of a weak quasifield on F . The associated trans-
lation plane satisfies hypothesis (NF) and has action (Ak).

(b) Let A be a translation plane of order pn satisfying hypothesis (NF) such
that the cyclic group has action (Ak). Then there exist an additive poly-
nomial L(X) such that a quasifield is associated with A which has a mul-
tiplication as in (a).

Proof. (a) Set P (X) = L(X)Xk. Assume L(x) = 0 for some x ∈ F .
Multiplying with xk we obtain P (x) = 0, i.e. x = 0 and L is bijective.

We now verify the properties of a weak quasifield. Clearly, (WQ1) and
(WQ2) hold. We have to verify (WQ3). Assume first x · y = x1 · y for y 6= 0.
We have to show x = x1. Multiply this equation with yk. We obtain P (xy) =
P (x1y) and x = x1 as P is bijective.

Assume now x · y = x · y1 for x 6= 0. Multiply the equation with x−k. We
obtain L(xy) = L(xy1) and therefore xy = xy1 as L is bijective. Hence y = y1.
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Define µc by action (Ak). A typical element in V (b) has the form (x, b ·x) =
(x, L(xb)bk). Set y = c−1x. Then

µc(x, b · x) = (c−1x, L(bx)bkck) = (y, L(bcy)(bc)k)

which is a typical element of V (bc).

(b) We may assume that W and Z are represented as in in the section
about quasifields and translation planes. Let X 6= V (0), V (∞) be a fiber of
the Z–invariant spread S. Then X has the form {(x, L(x)) |x ∈ F} where

L(X) = a0X + a1X
p+ · · ·+ an−1X

pn−1

is an additive permutation polynomial.
By assumption S = {V (0), V (∞)} ∪ {µcX | c ∈ F ⋆}. A similar computation as
in part (a) shows Xµc = {(x, L(xc)ck) |x ∈ F}.

We claim that P (X) = L(X)Xk is a permutation polynomial. Assume
P (b) = P (c) for b, c ∈ F ⋆. Then

(1, P (b)) = (1, P (c)) ∈ Xµb ∩Xµc

and b = c by the basic properties of a spread. 2

The preceding proof shows that the operators N(y) of the spread set have
the form N(y) = Ly where Ly is defined by the additive polynomial

Ly(X) =

n−1∑

i=0

aiy
pi+kXpi

.

The preceding lemma motivates:

Problem. Find additive polynomials L(X) on GF(pn) and integers k such
that

L(X)Xk is a permutation polynomial.

3 Permutation polynomials of the form L(X)Xk

In this section we study permutation polynomials on a finite field F of the form
P (X) = L(X)Xk, where L(X) ∈ F [X ] is additive on F , and k ∈ N.

To such a polynomial we relate another permutation polynomial of this form.
The construction and the proof of the basic properties work in a more general
context. Let F/K be a finite separable extension of fields, and let T : F → K
be the trace form. The bilinear form on F defined by (u, v) = T (uv) is nonde-
generate. Thus, to any K-linear map D : F → F there exists the adjoint map
D⋆ uniquely defined by T (D(u)v) = T (uD⋆(v)) for all u, v ∈ F . Furthermore,
D is invertible if and only if D⋆ is invertible.

Lemma 3.1 Let L : F → F be K-linear, and let M : F → F be a multiplicative
bijection. Then the map x 7→ L(x)M(x) is injective on F if and only if x 7→
L⋆(x)M−1(x) is injective.
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Proof. Associated to L,M and y ∈ F we consider the K–linear map ∆L,M,y

defined by
∆L,M,y(x) = L(xy)M(y).

Write P (x) = L(x)M(x). Then

P (xy1)− P (xy2) = (∆L,M,y1
(x)−∆L,M,y2

(x))M(x).

Clearly, x 7→ P (x) is injective if and only if the linear maps ∆L,M,y1
−∆L,M,y2

are invertible for all distinct y1, y2 ∈ F , and this holds if and only if ∆⋆
L,M,y1

−

∆⋆
L,M,y2

is invertible. The same reasoning shows that x 7→ L⋆(x)M−1(x) is
injective if and only if ∆L⋆,M−1,y1

−∆L⋆,M−1,y2
is invertible for distinct y1, y2.

Since M is bijective, this latter condition is equivalent to ∆L⋆,M−1,M(y1) −
∆L⋆,M−1,M(y2) being invertible. Thus we are done once we know that ∆⋆

L,M,y =
∆L⋆,M−1,M(y). For this we have to show that the following holds for all u, v ∈ F :

T (∆L,M,y(u)v) = T (u∆L⋆,M−1,M(y)(v)).

In terms of L and L⋆ this is equivalent to

T (L(uy)M(y)v) = T (uL⋆(vM(y))y).

But by definition, T (L(w)z) = T (wL⋆(z)) for all w, z ∈ F , so the assertion
follows from setting w = uy, z = M(y)v. 2

Theorem 3.2 Let F = GF(2n) with n odd. Let m be odd with 1 < m < n

and relatively prime to n. Let L(X) =
∑m−1

i=0 X2i be a truncated trace map. Set
k = 2n−1−2m−1−1, and choose 1 ≤ k′ ≤ 2n−1 with kk′ ≡ 2m−1 (mod 2n−1).
Then

L(X)Xk and L(X)Xk′

are permutation polynomials on F .

Proof. Note that

L⋆(X)2
m−1

≡ (

n∑

i=n−m+1

X2i)2
m−1

≡ L(X).

We show that the bijectivity of L(X)Xk implies the bijectivity of L(X)Xk′

:
Choose ℓ ∈ N such that kℓ ≡ 1 (mod 2n − 1), so ℓ2m−1 ≡ k′ (mod 2n − 1). By

the previous lemma, L⋆(X)Xℓ is bijective, and hence so is (L⋆(X)Xℓ)2
m−1

≡

L(X)Xℓ2m−1

≡ L(X)Xk′

.
Thus it remains to show that L(X)Xk is a permutation polynomial on F .
We first note that 0 is the only root of L(X) in F : Since exactly half of the

elements of GF(2m) are in the kernel of the trace polynomial L(X), and L(X)
has degree 2m−1, we see that all roots of L(X) are in GF(2m). But m and n
are relatively prime, and L(1) = 1 since m is odd, so 0 is the only root in F .

Thus it suffices to show injectivity of L(X)Xk on F ⋆ = F \ {0}.
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By assumption 2k ≡ −(2m+1) (mod 2n− 1), so (L(X)Xk)2 gives the same

map on F ⋆ as the rational function g(X) = L(X)2

X2m+1 . Set f(X) = g( 1
X ). Then

f(X) =
∑m

i=1 X
2m+1−2i is a polynomial of degree 2m−1. Clearly, we only need

to show that f(X) is injective on F ⋆.
For the moment, write fm(X) for this polynomial for any m ∈ N. Then

fm(X) = fm−1(X)2+X2m

X . Let Z be another variable. Then, using this recursion
and induction, we get

fm(Z +
1

Z
) = Z2m−1 +

1

Z2m−1
.

But that is exactly the defining property of a Dickson polynomial, see e.g. [20]
or [19]. The permutation behavior of these polynomials is well known (see e.g.
[20, Theorem 7.16]) and easy to work out: Suppose that f(x) = f(y). Pick u
and v in a possibly quadratic extension of F with x = u+ 1

u , y = v + 1
v . So

u2m−1 +
1

u2m−1
= f(u+

1

u
) = f(x) = f(y) = f(v +

1

v
) = v2

m−1 +
1

v2m−1
.

This implies u2m−1 = v2
m−1 or u2m−1 = 1

v2m−1 . Since u, v ∈ GF(22n) and

2m− 1 is prime to 22n− 1, we get u = v or u = 1
v , hence x = y in either case. 2

A connection to Cohen–Matthews polynomials. Despite the similar
shape of the polynomials L(X)Xk and L(X)Xk′

in Theorem 3.2, the latter
polynomials have an interesting connection to a class of permutation polynomi-
als for which the permutation property is more difficult to prove than for the
Dickson polynomials in the previous section.

In [3], Cohen and Matthews define the following polynomials under the same
assumptions onm and n as in Theorem 3.2: Let c, d be integers with cd = 2m+1.
Then set

fm,d(X) =
L(Xc)d

X2m
.

Note that fm,d(X) is indeed a polynomial. See also [11, Theorem 4.3] for a deep
Galois theoretic characterization of these polynomials.

The polynomials fm,d(X) are bijective on F by the main result [3, Theorem
3.15]. The proof, as well as some subsequent proofs like [24], use the fact that
none of the irreducible factors of (fm,d(X) − fm,d(Y ))/(X − Y ) over GF(q) is
absolutely irreducible. To the best of our knowledge, there is only one direct
proof of the permutation behavior of these polynomials. In [7], Dillon and
Dobbertin use discrete additive Fourier transforms to relate the permutation
behavior of the Cohen–Matthew polynomials to that of the Dickson polynomials.

Theorem 3.2 gives an alternative and even more direct proof of the per-
mutation property of the Cohen–Matthew polynomials fm,d(X): Set P (X) =

L(X)Xk′

. Since c and 2k are relatively prime to 2n − 1, the rational map

(
1

P (Xc)

)2k

=
1

L(Xc)2kX2kk′c
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is injective on F ⋆. Using that 2k ≡ −2m−1 (mod 2n−1), 2kk′ ≡ 2m (mod 2n−
1) and cd = 2m + 1 shows, that this rational map induces the same map on F ⋆

as the following rational function:

L(Xc)2
m+1

X2mc
=

L(Xc)cd

X2mc
=

(
L(Xc)d

X2m

)c

= fm,d(X)c.

Thus fm,d(X) is injective on F ⋆ and then also injective on F , since L(X) has
no root in F but 0.

Remark A polynomial f(X) ∈ K[X ] over a finite field K is called ex-
ceptional if it induces a bijection on infinitely many finite extensions of K. In
contrast to permutation polynomials, exceptional polynomials are rare. Still,
they are not fully classified. If we write an exceptional polynomial as a com-
position of polynomials, then each of the constituents is exceptional too. The
converse holds as well, but that is less obvious. Thus one tries to classify the
functionally indecomposable exceptional polynomials.

Using the classification of the finite simple groups and Weil’s theorem about
points on algebraic curves over finite fields, a thorough Galois theoretic inves-
tigation has begun, see e.g. [9], [10], [11], [12] and the references given there.
It turns out that there are three types of candidates, distinguished by Galois
theoretic properties:

Let K̄ be an algebraic closure ofK, t a variable, and G = Gal(f(X)−t/K̄(t))
the Galois group of f(X)− t, considered as a permutation group on the roots.

Dickson case. The easiest and best understood examples arise when the de-
gree n of f(X) is prime to the characteristic of K. Then G is cyclic or
dihedral, and f(X) is essentially a Dickson polynomial Da,n(X) (a ∈ K),
which is related to the cyclic polynomial Xn by the twist Da,n(Z + a

Z ) =

Zn +
(
a
Z

)n
. Note that D0,n(X) = Xn. In the proof of part (a) of our

theorem, we have f(X) = D1,2m−1(X).

Affine case. Other possibilities arise when G is an affine group, of degree which
is a power of the characteristic ofK. A prototype is an additive polynomial
L(X) which is bijective on K. Let the splitting field of L(X) over K have
degree r. Then L(X) has no nonzero roots on each finite extension F of K
whose degree is prime to r, thus L(X) is bijective on these infinitely many
fields. It is easy to see that G is elementary abelian. One can slightly twist
L(X) to obtain affine groups with cyclic point stabilizers. However, not
all exceptional polynomials with affine G come from additive polynomials,
see [10]. It is an open question if there are more affine examples beyond
the additive polynomials and their twists and those in [10] (together with
their characteristic 2 analogs which weren’t studied there).

PSL–case. The remaining possibilities only arise in characteristic 2 and 3. In
this case, q is an odd power of the characteristic of K, and G = PSL2(q) in
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it action on q(q−1)/2 points. The rather peculiar possibilities were classi-
fied in [11] and [12]. The polynomial f(X) in the proof of (b) corresponds
to this case.

A computer search showed that for n ∈ {5, 7, 11, 13} the examples in the
theorem are the only ones where L(X)Xa is bijective on F = GF(2n), where
L(X) ∈ GF(2)[X ] is additive with at least 3 terms, and 1 ≤ a < 2n − 1.

If n is not a prime, then different constructions are possible which are not
related to the cases in the theorem:

Set Fn = GF(2n) and if d divides n denote by Tn:d : Fn → Fd the trace map.
We now give a twisted version of permutation polynomials of the form L(X)X
which arise from the nearly flag transitive planes of [18]. Let d1 be a divisor of
n such that n/d1 is odd. Assume d1|d2| · · · |dh|n and let ci ∈ F ⋆

di
, 1 ≤ i ≤ h,

such that
∑i

j=1 cj 6= 0 for all i. Choose 1 ≤ ℓ < d1 with (2d1 − 1, 2ℓ + 1) = 1
and c0 ∈ F ⋆

d1
. Set

L(X) = (
h∑

i=1

ci)X +
h∑

i=1

ciTn:di
(X) + c0Tn:d1

(X)2
ℓ

.

Then we have:

Theorem 3.3 The polynomial L(X)X is a permutation polynomial on Fn.

Proof. Set P (X) = L(X)X and assume P (x) = P (y) for x, y ∈ Fn, x 6= y.
We make induction on h.

Case h = 1. Apply Tn:d1
to the equation P (x) = P (y) and we obtain

c0Tn:d1
(x)2

ℓ+1 = c0Tn:d1
(y)2

ℓ+1.

Since (2d1 − 1, 2ℓ + 1) = 1 we have even Tn:d1
(x) = Tn:d1

(y). This shows

c1x
2 + ax = c1y

2 + ay with a = c1Tn:d1
(x) + c0Tn:d1

(x)2
ℓ

. Hence y = x + a
c1
.

Since a
c1

∈ Fd1
we get

Tn:d1
(x) = Tn:d1

(y) = Tn:d1
(x) +

a

c1
.

Therefore a = 0 which implies x2 = y2, a contradiction.

Case h > 1. Apply Tn:dh
to the equation P (x) = P (y). Using Tn:di

(z) =
Tdh:di

(Tn:dh
(z)) and writing x1 = Tn:dh

(x) and y1 = Tn:dh
(y) we obtain

(

h−1∑

i=1

ci)x
2
1 +

h−1∑

i=1

ciTdh:di
(x1)x1 + c0Tdh:d1

(x1)
2ℓx1

= (
h−1∑

i=1

ci)y
2
1 +

h−1∑

i=1

ciTdh:di
(y1)y1 + c0Tdh:d1

(y1)
2ℓy1.
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Then Tn:dh
(x) = x1 = y1 = Tn:dh

(y) by induction and hence Tn:di
(x) = Tn:di

(y)

for all i too. Therefore P (x) = P (y) implies cx2+ax = cy2+ay with c =
∑h

i=1 ci

and a =
∑h

i=1 ciTn:di
(x) + c0Tn:d1

(x)2
ℓ

. So y = x + a
c with a

c ∈ Fdh
. After ap-

plying Tn:dh
we reach as in the case before the contradiction x = y. 2

We finally give a very simple construction which produces permutation poly-
nomials of the form L(X)Xk+a using permutation polynomials of the form
L(X)Xk.

Theorem 3.4 Let q be a prime power, n a positive integer, and F = GF(qn).

Set N = qn−1
q−1 . Let L(X) ∈ F [X ] be a GF(q)–linear polynomial on F such

that L(X)Xk is a permutation polynomial on F . Then (k + 1, q − 1) = 1. Let
(k + 1)ℓ ≡ 1 mod q − 1 and let b be a multiple of N such that (bℓ + 1, q − 1) =
1. Then L(X)Xk+b is a permutation polynomial. In particular if L(X) is a
permutation polynomial and b a multiple of N such that (b + 1, q − 1) = 1 then
L(X)Xb is a permutation polynomial.

Proof. Set P (X) = L(X)Xk and P ′(X) = L(X)Xk+b. If d = (k + 1, q − 1)
and u ∈ GF(q) such that ud = 1 we see P (1) = P (u) which implies d = 1 and
we can choose ℓ as desired. Now

P ′(z) = L(z)zk+b = L(z)zk+b(k+1)ℓ = L(z1+bℓ)(z1+bℓ)k = P (z1+bℓ)

for z ∈ F . Assume P ′(x) = P ′(y) for x, y ∈ F ⋆. Then P (x1+bℓ) = P (y1+bℓ)
and x1+bℓ = y1+bℓ follows. Now x(1+bℓ)bℓ = y(1+bℓ)bℓ implies xbℓ = ybℓ as
(bℓ+ 1, q − 1) = 1. Dividing the equation x1+bℓ = y1+bℓ by xbℓ we reach x = y.
The last assertion is obtained if we specialize k = 0. 2

Form the view point of translation planes however the last result is irrelevant:

Proposition 3.5 The permutation polynomials L(X)Xk and L(X)Xk+b of The-
orem 3.4 define the same translation plane.

Proof. Define P (X) and P ′(X) as in the proof of 3.4. The quasifield mul-
tiplication defined by P (X) has the form x · y = L(xy)xk and the quasifield
multiplication defined by P ′(X) has the form x ◦ y = L(xy)xk+b. As we have
seen in the proof of the preceding theorem we have x◦y = x1+bℓ ·y which implies
that both multiplications define the same spread sets, i.e. identical planes. 2

4 Automorphisms

In this section A will denote a translation plane defined by a permutation poly-
nomial of the form L(X)Xk over a field F = GF(pn). We also do assume
(pn−1, k) = 1. By G we denote the translation complement of A. The symbols
W = F × F and Z = {µc | c ∈ F ⋆} will have the same meaning as in section
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2 (i.e. Z has action (Ak) on W ). We assume that a p-primitive prime divisor
p of pn − 1 exists and denote by S a Sylow p-subgroup of Z. Note that the
existence of such a prime divisor is guaranteed (by Zsigmondy’s theorem [25])
in the concrete cases which we will consider. We write the additive polynomial
again as L(X) =

∑n−1
i=0 aiX

pi

. We first prove some results in this general setting
and specialize later to the case p = 2 and the polynomials of section 3.

For a ∈ F = GF(pn) and 0 ≤ r < n we define the operator Tr(a) ∈ ΓL(1, F )
by

Tr(a)x = axpr

.

A cyclic group in GL(n, p) is called a Singer group if it acts regularly on the
nontrivial vectors of V = GF(p)n. The following result about Singer groups [15,
II.7.3] is useful.

Lemma 4.1 Let V = GF(p)n.

(a) Identify V with F = GF(pn) Then C = {T0(a) | a ∈ F ⋆} is a Singer group.
It’s normalizer in GL(V ) is NGL(V )(C) = {Ti(a) | a ∈ F ⋆, 0 ≤ i < n}.

(b) Any two Singer groups in GL(V ) are conjugate.

(c) Let T ∈ GL(V ) be an irreducible operator. Then T lies in a unique Singer
group which is the centralizer of T in GL(V ).

The notation
spi(L) = {i | ai 6= 0}

will be used frequently. The following observation which has an obvious verifi-
cation will be useful.

Lemma 4.2 Let L(X) be an additive polynomial, a, b ∈ F ⋆ and 0 ≤ s, t < n.
Then

spi(Ts(a)LTt(b)
−1) = {i+ r | i ∈ spi(L)},

where r = s− t and the numbers i+ r are read modulo n.

Lemma 4.3 Set
r = gcd{i− j | i, j ∈ spi(L)}.

Then the kernel of A is isomorphic to GF(pr).

Proof. The group S normalizes the group K of kern homologies. It is easy
to see that then S even centralizes K (see the proof of [6, 4.4]). Therefore by
Lemma 4.1 κ ∈ K has an action of the form κ(x, y) = (T0(a)x, T0(b)y), a, b ∈ F ⋆,
on W . Since κV (z) = V (z) (i.e. T0(b)LzT0(a)

−1 = Lz) for all z ∈ F we obtain
the identity

n−1∑

i=0

aix
pi

zp
i+k =

n−1∑

i=0

aia
−pi

bxpi

zp
i+k

10



for all x ∈ F . Hence ap
i

= b if ai 6= 0. In particular ap
i−j

= a if ai 6= 0 6= aj .
This shows that a, b ∈ GF(pr). Since all arguments can be reversed the proof is
complete. 2

For a, b ∈ F ⋆ and α ∈ Aut(F ) define the operator τa,b,α onW by τa,b,α(x, y) =
(axα, byα). Note that (axα, byα) = (Ts(a)x, Ts(b)y) if x

α = xps

.

Lemma 4.4 The operator τa,b,α lies in G if aαi a
−pi

b = ai for 0 ≤ i < n.

Proof. As similar computation as in Lemma 4.3 shows that under our as-
sumptions we have τa,b,αV (z) = V (zα), z ∈ F . 2

By Lemma 4.3 we see that the group of kern homologies has the form

K = {τa,apj ,1 | a ∈ GF(pr)⋆}

for any j with aj 6= 0. By Lemma 4.4 the group

A = {τa,b,α | aαi a
−pi

b = ai for 0 ≤ i < n}

lies in G. We set
G = ZKA.

We will see that in the generic case G is essentially equal to G. Denote the
stabilizer of a fiber V (z) in G by Gz .

Lemma 4.5 Let A be non-desarguesian. The following hold.

(a) S is a Sylow p-subgroup of G0,∞.

(b) Let γ ∈ G0,∞ normalize S. Then γ = τa,b,α for some a, b ∈ F ⋆ and
α ∈ Aut(F ).

(c) G = NG0,∞
(S).

Proof. (a) Obviously SV (0) (SV (∞)) is a Sylow p-subgroup of GLGF(p)(V (0))
( GLGF(p)(V (∞))). Assume that S is contained properly in a Sylow p-subgroup
of G0,∞. As such a group is certainly abelian it contains an element ν = τ1,b,1
with b of order p. Suppose νV (1) = V (z) (i.e. Lz = T0(b)L1). Then we obtain
the identiy

n−1∑

i=0

aibx
pi

=

n−1∑

i=0

aix
pi

zp
i+k

for x ∈ F . This implies b = zp
i+k for ai 6= 0 or bz−k = zp

i

. As A is non-
desarguesian at least two ai’s are nontrivial. Hence z ∈ GF(pr) and then
b ∈ GF(pr) too which is impossible by the assumption on p.

(b) Write γ(x, y) = (γ1x, γ2y). There exists an m such that γµcγ
−1 = µm

c

for all µc ∈ S. This implies γiT0(c)γ
−1
i = T0(c

m). The assertion follows from

11



Lemma 4.1.

(c) Clearly, G ≤ NG0,∞
(S). By (b) an element γ in NG0,∞

(S) has the form
γ = τa,b,α if we adjust this element by an element from Z we may even assume
γV (1) = V (1). We get the identity

n−1∑

i=0

aαi a
−pi

bxpi

=

n−1∑

i=0

aix
pi

for x ∈ F . Hence γ ∈ A. 2

The proof of the following proposition is purely group theoretic and essen-
tially identical with the proof of [6, 4.6]. We will only outline the proof and refer
the reader to [6] for details. The main ingredient of the proof is the classification
of 2-transitive affine groups by Hering [13], [14] and Liebeck [21].

Proposition 4.6 Assume that A is not a semifield plane. The following hold.

(a) G0,∞ = G.

(b) The group S is a normal Sylow p-subgroup in G.

(c) G = G{0,∞}, i.e. G fixes the set {V (0), V (∞)}.

Proof (Sketch). Step 1. Let T ∈ G0,∞ such that TV (0) ∈ GV (0) and
TV (∞) ∈ GV (∞). Then T ∈ G.

This is (1) in the proof of [6, 4.6]. An immediate consequence is that S is a
Sylow p-subgroup in G.

Step 2. G0,∞ = G

Assume the converse. By step 1 one has GV (0) < (G0,∞)V (0) or
GV (∞) < (G0,∞)V (∞). Suppose for instance that the first case holds. From

the classification of 2-transitive affine groups it follows that (G0,∞)V (0) will con-
tain a subgroup of the form GL(m, pt), m > 1, mt = n. As shown in [6] such a
group can not act on A.

Step 3. G0,∞ = G0 = G∞.

Assume for instance G0 > G0,∞. As A is not a semifield plane one has
GV (0) < (G0,∞)V (0) or GW/V (0)) < (G0,∞)W/V (0). A similar argument as in step
2 leads to a contradiction.

Step 3. G = G{0,∞}.

Assume G > G{0,∞}. Then by step 3 the group G is nonsolvable and acts
transitively on the nontrivial elements ofW . By the result of Hering and Liebeck

12



the group G is known. Again it can be shown that non of the resulting possi-
bilities can act on A (or use directly [2, Theorem]). 2

If A is a semifield plane then the structure of the polynomial L(X) is rather
restricted:

Lemma 4.7 Let A be a non-desarguesian semifield plane and denote by L−1(X)
the additive polynomial which defines the inverse of the transformation induced
by L(X). Then at most two coefficients of the polynomials L(X) or L−1(X) are
nontrivial.

Proof. Clearly, V (∞) or V (0) is the axis of the shears group. In the first case
it follows from [5, (3.3)] that at most two coefficients of L(X) are non-trivial.
In the second case we observe that interchanging the roles of V (∞) and V (0)
means that the original spread set is replaced by the inverse spread set and
L−1(X) takes the role of L(X). 2

Remark We now turn to the case p = 2 and the polynomials of section
3. According to the preliminary results on automorphisms two main tasks are
left: 1. Decide as to whether or not A is a semifield plane and (which amounts
to the investigation of L−1). 2. Decide as to whether or not G = G0,∞ or
|G : G0,∞| = 2.

Definition. We call A of type I if A is defined by a polynomial of Theo-
rem 3.2 and A is of type II if A is defined by a polynomial of Theorem 3.3.

Theorem 4.8 Let A be a plane of type I. Then the kernel is isomorphic to
GF(2). Moreover

G = G0,∞ = Z{τ1,1,α |α ∈ Aut(F )} ≃ C2n−1 · Cn.

We use:

Lemma 4.9 Let L(X) be an additive polynomial of type I and L−1(X) the
inverse additive polynomial. Then L−1(X) ∈ GF(2)[X ]. Moreover:

(a) L−1(X) is not the sum of one or two monomials.

(b) For any 0 ≤ r < n and any 1 < m′ < n, m′ odd, spi(L−1) 6= {i + r | 0 ≤
i < m′}.

Proof. Since L (and the identity) commute with the Frobenius automor-
phism of F the polynomial L−1(X) has coefficients in GF(2). An easy com-
putation then shows that L−1(X) must have more than two nontrivial terms,
assertion (a) follows.

To (b): Assume spi(L) = {i | 0 ≤ i < m}. A matrix of L is the circulant

matrix whose whose 0-th row is L0∗ =
∑m−1

i=0 ei+1−m (ei is a usual standard
basis vector of the row space GF(2)n and we index rows and columns from 0 to
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n− 1). Suppose spi(L−1) = {i+ r | 0 ≤ i < m′}. Then the matrix of L−1 is cir-

culant and has the 0-th column L−1
∗0 =

∑m′−1
j=0 etr+j. The m+r−1-th row of L is

Lm+r−1∗ =
∑m−1

i=0 er+ie. We see that (LL−1)m+r−1,0 = 1. Moreover if m ≤ m′

we have (LL−1)m+r−2,0 = 1 and if m > m′ one has (LL−1)m+r−1,n−2 = 1, a
contradiction in either case. 2

Proof of Theorem 4.8. We recall that A is determined by a polynomial of
the form L(X)Xk or L(X)Xk′

with L(X) =
∑m−1

i=0 X2i and 1 < m < n and
m,n are both odd. The assertion about the kernel follows from Lemma 4.3
and Lemma 4.4 shows the existence of the collineations τ1,1,α. We now know
G = NG∞,0

(S) = Z{τ1,1,α |α ∈ Aut(F )} by Lemma 4.5. By (a) of Lemma 4.9
and Lemma 4.7 A is not a semifield plane. In view of Proposition 4.6 it remains
to show that there exists no T ∈ G interchanging V (0) and V (∞).

Assume the converse. We may adjust T by an element from Z so that T
fixes V (1). As T normalizes S it has the form T (x, y) = (Ts(a)y, Tt(b)x) and
therefore Tt(b)LTs(a)

−1 = L−1 contradicting Lemma 4.2 and Lemma 4.9 (b). 2

Using the notation of section 3 for polynomials of type II we have:

Theorem 4.10 Let A be a plane of type II and let ci, di, L(X), ℓ have the
meaning of Theorem 3.3. Then the kernel is isomorphic to F(ℓ,d1) and K =
{τa,a,1 | a ∈ F ⋆

(ℓ,d1)
} is the group of kern homologies. Moreover G = G0,∞ and

G/ZK is isomorphic to the group of all α ∈ Aut(F ) such that there exists an

a ∈ Fd1
with cα−1

i = ab−1 for b = a2
ℓ

c1−α
0 and all 1 ≤ i ≤ h.

We need two lemmas. Let d be a divisor of n. Use the notation of section 2
and define T̂n:d(x) = Tn:d(x) + x. Then we have:

Lemma 4.11 Let e|d|n such that n/e is odd. Let a ∈ Fd, b ∈ Fe.

(a) T̂n:d(bT̂n:e(x)) = bT̂n:d(x)

(b) T̂n:e(aT̂n:d(x)) = aT̂n:d(x)

Proof. (a) T̂n:d(bT̂n:e(x)) = Tn:d(bTn:e(x) + bx) + bT̂n:e(x) = bTn:e(x) +

bTn:d(x) + bT̂n:e(x) = bT̂n:d(x).

(b) As Tn:e(ax) = Td:e(aTn:d(x)) we have:

T̂n:e(aT̂n:d(x)) = Tn:e(aTn:d(x) + ax) + aT̂n:d(x)

= Td:e(aTn:d(x)) + Tn:e(ax) + aT̂n:d(x)

= aT̂n:d(x)

2
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Lemma 4.12 Let ci, di, L(X), ℓ have the meaning of Theorem 3.3. Then the

operator defined by L(X) can be written in the form L(x) =
∑h

i=1 ciT̂n:di
(x) +

c0Tn:d1
(x)2

ℓ

. Let L−1(X) be the additive permutation polynomial defined by the
inverse of L. Then L−1 acts as

L−1(x) =

h∑

i=1

fiT̂n:di
(x) + f0Tn:d1

(x)2
d1−ℓ

with fi ∈ Fdi
and f0 = c−1

0 , f1 = c−1
1 .

Proof. The first assertion is obvious. For the second assertion we induct on h.

Case h = 1. Set L′(x) = c−1
1 T̂n:d1

(x)+c−1
0 Tn:d1

(x)2
d1−ℓ

. Then by Lemma 4.11

L(L′(x)) = c1T̂n:d1
(c−1

1 T̂n:d1
(x) + c−1

0 Tn:d1
(x)2

d1−ℓ

)

+c0Tn:d1
(c−1

1 T̂n:d1
(x) + c−1

0 Tn:d1
(x)2

d1−ℓ

)2
ℓ

= T̂n:d1
(x) + 0 + 0 + Tn:d1

(x) = x

Hence L′ = L−1.

Case h > 1. Set L1(x) = L(x) + chT̂n:dh
(x). By induction there exist

f0 = c−1
0 , f1 = c−1

1 , f2, . . . , fh−1, with fi ∈ Fdi
, such that

L−1
1 (x) =

h−1∑

i=1

fiT̂n:di
(x) + f0Tn:d1

(x)2
d1−ℓ

We set L′(x) = L−1
1 (x) + fhT̂n:dh

(x) with a fh ∈ Fdh
which will be determined

later. Then

L(L′(x)) = L1(L
−1
1 (x) + fhT̂n:dh

(x)) + chT̂n:dh
(L−1

1 (x) + fhT̂n:dh
(x))

= x+ L1(fhT̂n:dh
(x)) + chT̂n:dh

((L−1
1 (x)) + chfhT̂n:dh

(x).

By Lemma 4.11

L1(fhT̂n:dh
(x)) =

h−1∑

i=1

ciT̂n:di
(fhT̂n:dh

(x)) + c0Tn:d1
(fhT̂n:dh

(x))2
ℓ

=

h−1∑

i=1

cifhT̂n:dh
(x)

as
Tn:d1

(fhT̂n:dh
(x))2

ℓ

= T̂n:d1
(fhT̂n:dh

(x))2
ℓ

+ fhT̂n:dh
(x)2

ℓ

= 0.

Moreover

chT̂n:dh
((L−1

1 (x)) = ch

h−1∑

i=1

T̂n:dh
(fiT̂n:di

(x)) + chT̂n:dh
(f0Tn:d1

(x))2
d1−ℓ

=
h−1∑

i=1

chfiT̂n:dh
(x)
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as again T̂n:dh
(Tn:d1

(x))) = 0. Therefore

L(L′(x)) = x+ (fh

h∑

i=1

ci + ch

h−1∑

i=1

fi)T̂n:dh
(x).

Define

fh :=
ch

∑h−1
i=1 fi∑h

i=1 ci
.

Then L−1 = L′. 2

Remark Using induction and the formula of the proof we see that all fi’s
are nontrivial and that

∑i
j=1 fj 6= 0 for all 1 ≤ i ≤ h.

Proof of Theorem 4.10. It follows immediately from the definition of the
polynomials of type II that L(X) can be written as

∑n−1
i=0 aiX

2i with

ai =





c0, i ≡ ℓ (mod d1),
c1 + · · ·+ cs, 0 < i, ds|i, ds+1 6 | i,

0, otherwise.

From Lemma 4.3 we deduce that the kernel is isomorphic to F(ℓ,d1). It is then
clear that the group K are the kern homologies.

Claim. Equivalent are:

(a) τa,b,α ∈ A.

(b) a, b ∈ Fd1
, b = a2

ℓ

c1−α
0 , and cα−1

i = ab−1 for all 1 ≤ i ≤ h.

Assume (a). By Lemma 4.4 and Lemma 4.5 we have aαi a
−2ib = ai for

0 ≤ i < n. In particular as ai = c0 for i = d1j + ℓ, 0 ≤ j < d1, we have

a2
d1j+ℓ

b−1 = cα−1
0 .

This shows a ∈ Fd1
and b = a2

ℓ

c1−α
0 . As ads

= c1+ · · ·+cs we get c
α
1 + · · ·+cαs =

(c1 + · · ·+ cs)a
2ds b−1 = (c1 + · · ·+ cs)ab

−1 and the last assertion of (b) follows
by induction on s. Starting with (b) similar computations show that then τa,b,α
is a collineation of A.

At this point we know by Lemma 4.5 and Proposition 4.6 that G0,∞ has
the desired form. From Lemma 4.12 we deduce that A is not a semifield plane.
Finally if there exist T ∈ G − G0,∞ we can assume as usual that T (x, y) =
(Tt(b)y, Ts(a)x) which would imply by Lemma 4.2 that spi(L−1) = {i + r | i ∈
spi(L)}, where r = s− t. But this contradicts Lemma 4.12. 2
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5 Isomorphisms

In this section we consider isomorphisms between planes defined by permutation
polynomials of section 3 and we show that these planes are not isomorphic to
previously known nearly flag transitive planes. Often an isomorphism between
two planes can not occur as the automorphism groups differ. In the remaining
case an isomorphism φ : A → A′ is a GF(2)-linear map on W which maps the
associated spread S onto the spread S ′. Clearly, φ fixes the 2-set {V (0), V (∞)}
and normalizes the Sylow p-subgroup S. Using the action of the group Z we
may assume in addition that V (L)φ = V (L′), where the additive polynomials
L(X) and L′(X) determine A and A′ respectively.

We first consider polynomials (planes) of type I. We write A = An,m if A
has order 2n and A is defined by L(X)Xk with L(X) = X +X2 + · · ·+X2m−1

and k = 2n−1 − 2m−1 − 1. We write A = A⋆
n,m if A is defined by L(X)Xk′

.

Theorem 5.1 For planes of type I the following hold.

(a) An,m ≃ An,m′ or A⋆
n,m ≃ A⋆

n,m′ iff m = m′.

(b) An,m 6≃ A⋆
n,m′ for all m,m′.

Proof. As explained before we can assume that an isomorphism φ : A → A′

of planes of type I normalizes S. Thus it has the form φ(x, y) = (Ts(a)x, Tt(b)y)
or = (Ts(a)y, Tt(b)x), and we can assume L′ = Tt(b)LTs(a)

−1 or L′ = Tt(b)L
−1Ts(a)

−1.
Assertion (a) follows immediately from Lemma 4.2 and Lemma 4.9. If A =
An,m ≃ A⋆

n,m′ = A′ then by Lemma 4.2 and Lemma 4.9 the isomorphism has
the first type and m = m′. But then Z has at the same time action (Ak) as
well as action (Ak′ ) which is impossible. 2

We turn now to planes of type II. Such a plane is determined by the following
parameters: a number n, two sequences ch = (c0, . . . , ch), dh = (d1, . . . , dh), and
a number 1 < ℓ < d1 which satisfy the conditions of Theorem 3.3. We denote
the associated plane by An,c

h
,d

h
,ℓ. By Lemma 4.12 and the remark afterwards

the polynomial L−1(X) defines a plane with parameters n, f
h
, dh, d1 − ℓ. We

call these parameters inverse to the parameters n, ch, dh, ℓ. Interchanging the
roles of V (0) and V (∞) defines the same plane but L−1(X) takes the role of
L(X). Hence

An,c
h
,d

h
,ℓ ≃ An,f

h
,d

h
,d1−ℓ.

Using this notation we obtain.

Theorem 5.2 Assume An,c
h
,d

h
,ℓ ≃ An,c′

h′ ,d′

h′ ,ℓ′ (for planes of type II). Then
h = h′, dh = d′h and there exist α ∈ Aut(Fn) and a ∈ F ⋆

0 such that one of the
following hold.

(a) ℓ′ = ℓ and c′i = cαi ab
−1 for b = a2

ℓ

c′0c
−α
0 and 1 ≤ i ≤ h.

(b) ℓ′ = d1 − ℓ and c′i = fα
i ab

−1 for b = ad1−2ℓc′0f
−α
0 and 1 ≤ i ≤ h where

(f
h
, d1 − ℓ) is inverse to (ch, ℓ).
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We use

Lemma 5.3 Let T ∈ GL(W ) be of the form T (x, y) = (Ts(a)y, Tt(b)x) and
assume that T normalizes S. Then s = t.

Proof of Lemma 5.3. Assume Tµc = µm
c T for µc ∈ S and some number m.

Since k = 1, Tµc(x, y) = (ac2
s

y2
s

, bc−2tx2t) and µm
c T (x, y) = (ac−my2

s

, bcmx2t)

we see c2
s

= c−m = c2
t

. 2

Proof of Theorem 5.2. Let φ : A = An,ch,dh,ℓ
→ A′ = An,c′h′ ,d′

h′ ,ℓ′ be an
isomorphism. Again we can assume that φ normalizes S and maps V (L) onto
V (L′) (where L(X) is associated with A and L′(X) is associated with A′). By
Lemma 5.3 φ has the form φ(x, y) = (Ts(a)x, Ts(b)y) or = (Ts(a)y, Ts(b)x), i.e.
L′ = Ts(b)LTs(a)

−1 or = Ts(b)L
−1Ts(a)

−1.
Assume first that φ fixes V (0) and V (∞). The same computation as in

Lemma 4.5 shows
a2

s

i a−2ib = a′i, 0 ≤ i < n,

where L(X) =
∑

i aiX
2i and L′(X) =

∑
i a

′
iX

2i. The first nonvanishing co-
efficient in L(X) (L′(X)) is aℓ = c0 (a′ℓ′ = c′0). This implies ℓ = ℓ′ and

c2
s

0 a−2ℓb = c′0. The second nonvanishing coefficient in L(X) (L′(X)) is ad1
= c1

(a′d′

1

= c′1) implying d1 = d′1 and c2
s

1 a−2d1 b = c′1. Moreover

c2
s

0 a−2jd1+ℓ

b = c′0, 0 ≤ j < d1; c2
s

1 a−2id1 b = c′1, 0 < i < d1.

Set xα = x2s . This together with an obvious induction gives assertion (a).

Assume now that φ interchanges V (0) and V (∞). Let L−1(X) =
∑

i aiX
2i .

A similar argument gives

a2
s

i a−2ib = a′i, 0 ≤ i < n.

Assertion (b) follows in the same manner as the previous case. 2

Theorem 5.4 (a) A plane of type I is not isomorphic to a plane of type II.

(b) A plane of type I or II is not isomorphic to generalized twisted field plane,
a nearfield plane, a generalized André plane or a plane of Kantor Williams
[18].

Proof. (a) Assume that A ≃ A′ where A has type I and A′ has type II. Let
φ : A → A′. Since interchanging the roles of V (0) and V (∞) for A′ just means
that we replace a parameters (ch, ℓ) by the inverse parameters (f

h
, d1 − ℓ) we

may assume that φ fixes V (0) andV (∞). As usual we conclude spi(L) = spi(L′)
where the polynomial L(X) (L′(X)) is associated to A (A′), a contradiction,
since 0 ∈ spi(L)− spi(L′).
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(b) Let A be of type I or II. Form the structure of the automorphism groups
(Theorems 4.8 and 4.10) we can rule out immediately that A is a generalized
twisted field plane or a nearfield plane. If however A is isomorphic to a gener-
alized André plane we see by [22, Thm. 11.7], or [8] that A admits homologies
of order p with axis V (∞) and center (0). That is in conflict with the structure
of S.

Assume finally that A is isomorphic to a plane of Kantor and Williams
[18]. Then A has a kernel of size > 2. Therefore A has type II, say A =
An,c

h
,d

h
,ℓ. Let A′ be a plane of order 2n of [18]. Then this plane is described

by a permutation polynomial L′(X)X with

L′(X) = X +

h′∑

i=1

[c′i−1Tn:d′

i
(c′i−1X) + c′iTn:d′

i
(c′iX)]

where d′h′ | · · · d′2|d
′
1|n, n/d′h′ odd, and c′i ∈ F ⋆

d′

i
, 1 ≤ i ≤ h′ (c′0 = 1). As

1 +
∑h′

i=1[(c
′
i−1)

2 + (c′i)
2] = (c′h′)2 6= 0 we see 0 ∈ spi(L′) ⊆ {i | d′h′ |i}. Assume

φ : A → A′ is an isomorphism. We know that φ normalizes S and fixes the
set {V (0), V (∞)}. Again we deduce from Lemma 4.2 and Lemma 5.3 that
spi(L) = spi(L′) or spi(L−1) = spi(L′) where L(X) is associated with A. But
this contradicts 0 6∈ spi(L) ∪ spi(L−1) (use Lemma 4.12). 2

6 Are the spreads symplectic?

The spreads defining the planes of Kantor and Williams [18] are symplectic.
These planes are closely related to planes of type II: It can be shown (using

the notation of Theorem 3.3) that if L(X) = (1+
∑h

i=1 ci)X +
∑h

i=1 ciTn:di
(X)

the polynomial L(X)X defines a permutation polynomial and the associated
spread is symplectic. In fact with some additonal work one can show that these
planes are of Kantor and Williams type and vice versa every plane of Kantor
and Williams type is defined by a polynomial as above. So the planes of type
II can be considered as perturbations of the planes of Kantor and Williams.
However, we will see they produce no longer symplectic spreads. We also will
see that the planes of type I do not arise from symplectic spreads.

Lemma 6.1 We use the notation of the previous sections.

(a) For all 0 ≤ k < n and b ∈ F we have Tk(b)
⋆ = T−k(b

2−k

).

(b) Assume that the spread defined by the spread set {N(x) |x ∈ F} is sym-
plectic. Then N(x)⋆A = A⋆N(x) for some A ∈ GLGF(2)(F ) and all x ∈ F .

Proof. (a) follows from Tn:1((Tk(b)x)y) = Tn:1(x(T−k(b
2−k

)y)).

(b) We consider F as a vector space over the prime field. According to
the theorem of Witt all non-degenerate symplectic bilinear forms on F 2 are
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equivalent. Moreover

F 2 × F 2 ∋ ((u,w), (u1, w1)) 7→ Tn:1(uw1)− Tn:1(wu1) ∈ GF(2)

is a nondegenerate symplectic bilinear form such that V (0) and V (∞) are
isotropic. Combining these facts it is easy to see that a nondegenerate sym-
plectic form associated with the symplectic spread can be written in the form
as

((u,w), (u1, w1)) = Tn:1((Au)w1)− Tn:1(w(Au1))

for some A ∈ GLGF(2)(F ). Since for u,w ∈ F the vectors (u,N(x)u) and
(w,N(x)w) are perpendicular, an obvious computation shows that N(x)∗A =
A⋆N(x) must hold. 2

Proposition 6.2 A plane of type I is not isomorphic to the plane defined by
the dual spread. In particular the spread is not symplectic.

Proof. The proof is similar to the proof of Theorem 5.1. The spreadset
defining a plane A = An,m of type I has the form Σ = {N(x) |x ∈ F},

N(x) = Lx = T0(x
k)LT0(x) with L =

∑m−1
i=0 Ti(1) and m and k have their

usual meaning. The spread set of the plane A′ defined by dual spread has
the form Σ⋆ = {N(x)⋆ |x ∈ F}, N(x)⋆ = T0(x)L

⋆T0(x
k). Assume that the

two planes are isomorphic. As usual an isomorphism φ can be written as
φ(x, y) = (Ts(a)x, Tt(b)y) or = (Tt(b)y, Ts(a)x). But using Lemma 4.2 and
Lemma 4.9 as in the proof of 5.1 we see that only the first case is possible. Ad-
justung φ with an element from Z we may assume that the fiber represented by
L = N(1) is mapped onto fiber represented by L⋆ = N(1)⋆. Adjusting further
with an element of the form τ1,1,α we may even assume t = 0. Hence

m−1∑

i=0

T−i(1) = L⋆ = T0(b)LTs(a)
−1 =

m−1∑

i=0

Ti−s(ba
−2i−s

).

This shows s = m−1 and a = b = 1. The group Z acting on A is represented by
the operators µc : (x, y) 7→ (T0(c

−1)x, T0(x
k)y) and acting on A′ the operation

has the form µ̂c : (x, y) 7→ (T0(c
k)x, T0(x

−1)y) where c ∈ F ⋆. Now φ−1µ̂cφ = µc′

where c 7→ c′ is an automorphism of F ⋆. We compute

φ−1µ̂cφ(x, y) = (T0(c
k2m−1

)x, T0(c
−1)y).

Set c = d−k′21−m

. So that φ−1µ̂cφ(x, y) = (T0(d
−1)x, T0(d

k′21−m

)y) i.e. c′ = d
and therefore k ≡ k′21−m (mod 2n − 1). Multiplying with k we get k2 ≡ 1
(mod 2n − 1) which is false. The case that the plane is of the form A⋆

n,m is
handled similarly. 2

Remark The planes An,m and A⋆
n,m are defined by spreads which are dual

to each other: A typical element of the spread set of An,m has the form N(x) =∑m−1
i=0 Ti(x

k+2i ). A computation shows Tm−1(1)N(x)⋆ =
∑m−1

i=0 Ti(x
2m−1+k2i ).

Define y by yk
′

= x2m−1

. Then Tm−1(1)N(x)⋆ =
∑m−1

i=0 Ti(y
k′+2i) which is a

typical element of the spread set associated with A⋆
n,m.
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Proposition 6.3 The spread defining a plane of type II is not symplectic.

Proof. Let Σ = {N(x) |x ∈ F} be a spread set defining a plane of type II
and assume that Σ defines a symplectic spread. Then

N(x) = S0(x) + S1(x), S0(x) =

d1−1∑

j=0

Tjd1+ℓ(c0x
2jd1+ℓ+1)

and

S1(x) =

h∑

i=1

di−1∑

j=0

Tjdi
(cix

2jdi+1).

From Lemma 6.1 we deduce

S0(x)
⋆ =

d1−1∑

j=0

Tjd1−ℓ(c
2−ℓ

0 x2jd1−ℓ+1), S1(x)
⋆ = S1(x).

Choose A =
∑n−1

k=0 Tk(ak) as in Lemma 6.1 and write the equation N(x)⋆A =

A⋆N(x) as
∑n−1

s=0 Ts(bs). We compute N(x)⋆A and A⋆N(x) explicitly and con-
sider the term Ts(bs) for a fixed s. We obtain the equation

d1−1∑

j=0

ujx
2jd1−ℓ+1+

h∑

i=1

di−1∑

j=0

ui,jx
2jdi+1 =

d1−1∑

j=0

wjx
2s+2s−jd1−ℓ

+

h∑

i=1

di−1∑

j=0

wi,jx
2s+2s−jdi

with uj = c2
−ℓ

0 a2
jd1−ℓ

s+ℓ−jd1
, ui,j = cia

2jdi
s−jdi

, wj = c2
s−jd1−ℓ

0 a2
s−jd1−ℓ

−s+jd1+ℓ, and wi,j =

c2
s−jdi

i a2
s−jdi

−s+jdi
.

Let s > 0. We consider the exponents of x reduced modulo 2n. The expo-
nents occurring on the LHS have the form 2jd1−ℓ + 1 and 2jdi + 1 and on the
RHS we have exponents of the form 2s + 2s−jd1−ℓ and 2s + 2s−jdi .

We leave it to the reader to show that exponents of the form 2jd1−ℓ + 1 or
2s + 2s−jd1−ℓ occur just once. Since our equation holds for all x ∈ F we obtain
as+ℓ−jd1

= a−s+jd1+ℓ = 0 for 0 < s < n and 0 ≤ j < d1, i.e. all ai’s are 0, a
contradiction. 2
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