On Irreducible Semilinear Transformations
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Abstract

In this note irreducible, semilinear transformations on finite di-
mensional vector spaces are studied. We assume that the field auto-
morphism associated with the operator has finite order and that the
centralizer ring of the operator is a field. We characterize and classify
these operators and describe them concretely. These results are ap-
plied to semilinear transformations on finite dimensional vector spaces
over finite fields.

1 Introduction

Jacobson [9] seems to be the first one who studied semilinear operators thor-
oughly. Using a theory of noncommutative polynomial rings, he determined
the module structure induced by a semilinear operator on a finite dimensional
vector space. More standard methods lead in [5] and [6] to the same results.
However none of these papers contains a description and classification of
irreducible operators.

In their course of studying finite semifields, Kantor and Liebler [10] were
lead to the investigation of irreducible, semilinear transformations on finite
vector spaces, i.e. finite dimensional vector spaces over finite fields. They give
a first description and a rough classification of such operators. Our intention
is to extend their result. The final remark (b) gives a precise statement of
their theorem and discusses the relation with our results.

In the next section we consider irreducible, semilinear operators 1" over a
finite dimensional K—spaces V such that the skew field S of endomorphisms
commuting with 7" and K is a field. We call such operators separable and
note that this class includes irreducible, semilinear transformations on finite
spaces. The key observation is that the dimension of V over S is the order



of the field automorphism associated with this operator (see Theorem 2.4).
For applications an explicit description of such operators is desirable. A first
concrete construction of separable transformations is given in 2.8. We reduce
the classification problem to the classification of irreducible, linear operators
(Theorem 2.10). A main consequence of Theorems 2.4 and 2.10 is:

Theorem Let V' be a finite dimensional K—space, o a field automorphism
of K of order n, and T an irreducible, o—linear operator on V. Assume that
the skew field S of endomorphisms commuting with 'T' and K is a field. Then:

(a) dimgV = n.

(b) Let T" be an irreducible, o—linear operator such that T™ and (T")" are
conjugate in GL(V'). Then T and T' are conjugate under GL(V).

In the last section we consider the special case of finite vector spaces.
This includes a second construction of irreducible, semilinear operators (see
3.3) and the classification of irreducible, semilinear operators (Theorem 3.4).

2 Separable irreducible, semilinear transfor-
mations

The following notation will be fixed throughout this paper. Let K be a field
with an automorphism o. Set Ky = Ck(0). Let V be a K—space. We also
will consider V' as a M-space for various other fields M and we write

Vi if we consider V' as a M —space.

Let T" a o-semilinear operator on V. Then o € K defines a Ky-linear
operator R(«) by
vR(a) = aw.

We have
R(a)T = TR(a®) *)
as VT R(a”) = a’(vT) = (av)T = vR(a)T. Define a set
IT={R(a)|aec K}U{T}

of Ky—linear operators. The following Lemma is obvious:

Lemma 2.1



(a) dimV =1 and T =0 iff T is irreducible and singular.

(b) Let T be non-singular. T is irreducible iff the set T is irreducible on
Vi, -

From now on we assume that 7' is non-singular and irreducible, ¢ has the
finite order n, and that V is a finite dimensional K-space. If we define the
semi-direct product

G = R(K")(T)

we may also consider Vi, as an irreducible G-module. This view point is
taken in Corollary 2.6 and 3.2 below. By [1], Satz 14, [4], Theorem 3.4.1
K : Kj is a Galois extension with Galois group

Gal(K : Ky) = (o).
Schur’s Lemma shows that
S = Cindg, (v)(T)

is a skew field. It’s center contains Ky and T™. The following notion is es-
sential for the remainder of this note.

DEFINITION We call the irreducible, o—linear operator T' separable if S
is commutative, i.e. a field.

Lemma 2.2 The minimal polynomial fo of T™ over Ky is irreducible and
Ko[T"] is a subfield of Endg, (V) (even of the center of S).

Proof. Let fy be an irreducible divisor of the minimal polynomial. Then
ker fo(1™) is invariant under Z. Hence V' = ker fo(7™) and f; is the minimal
polynomial of T". The assertion follows. a

Use the notation of Lemma 2.2. Then
F = Ko[T"] ~ Ko[X]/(fo)

is an extension field of K of degree [F': Ky = deg fo. We consider V = Vg
as an F—space by defining (a; € Kj)

O a1y = Z au(T™)

i
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Note that the operators in Z are F-linear. Let K = Kjy[w] and f be the
minimal polynomial of w over K. Denote by

L the splitting field of f over F.

We call L the composite field of K and F'. Then by the Translation Theorem
([1], Satz 34, [4], Proposition 3.4.7) aroot @ of f in L can be chosen such that
L = F[&%] and we have a Ky-linear embedding ~: K — K = K,[&] C L with
w — w (which depends on the choice of @). For convenience we summarize
this situation in:

HypoOTHESIS I K = Ky[w] is a Galois extension of K, of degree n with
a cyclic Galois group (o). V is an m—dimensional K—space and T an irre-
ducible, o-linear operator on V. The composite field of K and F = K,[T™"]
is Land7: K — K = Ko[@] C L, w — @ is a Ky-linear embedding.

We start with a general lemma on irreducible, semilinear operators (with-
out assuming separability).

Lemma 2.3 Assume hypothesis I. Set [KNF : Ko] = d, KNF = Ko[&o),
and let wy be the counter image of Wy in K.

(a) We have a decomposition

Ve=Us@ U @@ Uy,
where U; 1s the eigenspace to the eigenvalue wgi for R(wg). The group
(T) /(T induces a regular action on the U;’s.

(b) Consider Uy as a K-space. The operator T¢ is an irreducible, o%-
linear operator on Uy and S = CEndKO(V)(I) ~ CEndKO(UO)(IO) =S
where Ty = {R(a)y, | € K} U{T{ }.

(¢) Denote by R;(a) the restriction of R(a) to U;, 0 < i < d. Then
L; = F[R;(w)] ~ L is an extension field of F of degree n' = n/d.
Consider U; as an L;—space. T? induces on U; a ~;—linear operator,
where v; 1s a field automorphism of L; of order n'.



Proof. (a) Wy, the counter image wy, and R(wy) have the same minimal
polynomial over Ky. By our assumptions Kylwg] : Ky is a Galois extension,

—_—~——

i.e. Koy[wo] C F contains all roots Wy, &E, ...,wg"" of this polynomial.

Denote by U;, the eigenspace for the eigenvalue w§ " of R(wy). Clearly, the
U;’s are K—spaces. Let g € Ky[X] be a polynomial such that wj = g(wo).
Let u be in U;. Then

—~ —_
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uR(wf) = ug(R(wo)) = g(wg')u = g(wo)”"u = w§

Hence U; is the eigenspace for the eigenvalue wg'"' of R(wg) and therefore
UT =U;_y for0<i<d(and U_;y =Uy_1) by (*). Then Uy @ ... ® Uy_; is
a T-invariant K—space. Therefore V is equal to this sum. All assertions of
(a) follow.

(b) The K-space Uy is irreducible under the o%-linear operator T'%: Sup-
pose 0 # U C Uy is a K-space invariant under 7¢. Then the K-space

W=UsUT '®---0oUT"

is invariant under 7. We conclude V =W and U = U,.

Then Zy = {R(a),|a € K} U {T%} induces on U an irreducible set of
Ky—linear operators. We claim Sy ~ S

By definition s € S fixes Uy, so that sg, lies in Sy. As S is a skew field
the restriction map S 3 s — sy, € Sy is a ring monomorphism.

Take now ¢ € Sy and define ¢ € Endg, (V) by «T ¥t = utT* for u € U,
and 0 < k < d. Tt is easy to see that ¢ commutes with the R(a)’s and that
for k > 0 one has uT~*T = uT~*T%. Moreover

Wt = wtT = wtTéT Y = o TH T~ — 7741 — o T%,

Hence ¢ — ¢ is an embedding of Sy into S and this map is the inverse of the
map s — Sg,-

(c) Let g = X" — Z?:Ol m; X7 be the minimal polynomial of w over
Kolwo]. For m; € Kylwp] there exist a m; € Kylwg] C F with R;(m;) =
m;|u,. This shows that § = X" — Z;Ll:_ol m; X7 € F[X] annihilates R;(w)
and therefore divides the minimal polynomial f of w over Ky. We know that
the polynomial f splits over I into d irreducible factors of degree n’ since it’s
splitting field L has degree n’ over F'. As g has degree n’ it is an irreducible
polynomial over F. Hence L ~ L; = F[R;(w)] € Endr(U;). An element
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y € L; is uniquely represented as y = ZZ:Ol yrRi(w)* with y, € F. By the
Translation Theorem the map v; : y — y¥ = ZZI:_ol ykRi(w"d)k is a field
automorphism of L; of order n’. We have

n'—1 n'—1
d o .
de _ Td Z yk(Rz(W)k)T _ Td Z ykRi(W )lc _ Tdy'Yz.
k=0 k=0
So Tgi is a y,—semilinear map when we consider U; as a L;—space. O

The following characterization of separable operators has various conse-
quences.

Theorem 2.4 Assume hypothesis I. The following are equivalent:

(a) T is separable.
(¢) F'=25= Cpna,) (D).

Proof. We use the notation of Lemma 2.3. (c) = (a) follows from the
definition of separability.

(a) = (b). We use induction on n. If d > 1 we know by induction (applied
to the pair Uy, Tf]lo) that dimp Uy = n’. Then dimp V = d - dimp Uy = n.

So assume now d = 1, i.e. KNF = Ky. Then by the Translation Theorem
L = F[0] is an extension field of F' of degree n with a cyclic Galois group (7).
Choosing the notation of the embedding K = Ky[w] — Kyw] C L suitably
we may assume W = 7. Set VL := L @ Vp. The action of 7 extends
naturally to VL (if y € L, v € Vr one has (y @ v)X = y @ vX for X = R(«a)

or T). Then R(w) has as a L-linear map the eigenvalues @, w?, ..., w" . Let

V(@),V(w?), ... be the respective eigenspaces. Then V (wo’ )T~ = V (wo’*)
by a similar argument as in the proof of Lemma 2.3.a. Let ¢ be any element
in End,(V(@)) and v € V(@). We define ¢ € End,(VY) by vT % = vtT—F.
Arguing as in the proof of Lemma 2.3.b we see that t commutes with Z. Set
r = dimg V(w). Then Cgug, (vry(Z) contains a subring isomorphic to L™,
On the other hand by [8], V, 11.9 we have (as S = Cgnap(vy)(Z) by Lemma
2.2)

CEndL(VL)<I> ~ L Qp CEndF(VF)(I) ~LQrS.
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Actually, the quoted result is stated for the centralizer ring of a representation
of a finite group. However the formal proof can be extended without any
changes to the centralizer ring of a set of linear operators. The right hand
side is abelian which implies r = 1. Therefore n = dim; V* = dimg V.

(b) = (c). We have Sy = C’EndKO(UO)(IO) = Cndp (o) (Zo) again by Lemma
2.2. By assumption dimp Uy = 5 =n' = [L : F] holds. w, @, and R(w) have
the same minimal polynomial over K, and over F' this polynomial splits
into d irreducible factors of degree n’. Therefore U, as an F-space is irre-
ducible under R(w). We conclude Ly = (Ro(K))r = Cindp o) (Fo(K)) as
dimp Cina,p o) (Ro(K)) < n' = dimp Uy. Hence Sy C Lg. Since t € Sy com-
mutes with T¢ we see that t € Cp,(T%) = (Ro(Ko|wo]))r. This shows that
t = My, with a scalar A in ' and Sy = Fy, follows. The proof is complete. O

Remark In the next section we outline in the case of finite vector spaces
an alternative proof of Theorem 2.4.

Example Set K = C and Ky = R. Consider the quaternions H =
K @ Kj where K = Ky ® Koi and H = Ky ® Koi @ Koj & Kok, k = ij.
The left multiplication by j defines a o—semilinear operator T, o being the
conjugation of the complex numbers. It is easy to see that this operator is
irreducible. As T? = —1 we have F' = K but dimg, H =4 # 2 = |o|. This
shows that the Theorem does not hold if T is not separable, i.e. S is not a
field. Indeed it is easy to see that S ~ H.

We note that separability can be detected by the minimal polynomial of
the linear part of a semilinear transformation:

Corollary 2.5 Let K be a field with an automorphism o of order n. Set
Ky = Ck(0). Let T'" be a o-linear operator on the finite dimensional K-
space W. Assume that F = Ko[(T")"] is a field (i.e. the minimal polynomial
of (T")™ over Ky is irreducible) and that W has dimension n as a F-space.
Then T" is irreducible and separable.

Proof. Let V' be an irreducible T"-subspace of W. Consider T' = T7,.
By Lemma 2.3.a (and with it’s notation) we have dim Vp = d - dimg U and
Lemma 2.3.c shows dimp Uy = [L : F]dim; Uy > n’. Hence V =W and we
can apply the Theorem. O



We consider Vi as a G-module. The resulting matrix representation is
given by:

Corollary 2.6 Assume hypothesis I and that T is separable. Suppose
further [K N F : Ko) = d and n = dn’. The module Vi induces a matrix
representation D : G — GL(n, F) in block form (with blocks X,Y (a°") of
size ' x n') such that

0 0 0 X
10 -+ 00

D(T) = 0 1 Q 0 [, D(R(a)) = diag(Y (a),Y(a?),...,Y(a” ),
00 - 10

for o€ K. Moreover X~ 'Y ()X = Y (a”").

Proof. Use the notation of Lemma 2.3. Let B = {v1,...,v,} be a F—
basis of Uy. Take C = BUBT ' U---UBT'? as a basis of V. By the
choice of the basis T is represented by a matrix of the form D(T). As
T 'R(a) = R(a”)T™! the matrix of R(a) with respect to C has the form
D(R(«)) with Y(«) € GL(/, F'). Moreover

2

R(a”) = T'R(a)T = diag(Y(a?),Y(a”),...,Y(a”

d—1

), XY (a)X)
which implies X1V ()X = Y (a”"). O

As we have seen a separable, o—linear operator 7" on an m—dimensional
K-space is associated with a field extension F': Ky, F' = Ky[T"], of degree
m. Starting with a field extension F': K of degree m we ask which genera-
tors of F' can take the role of T™. The next result shows that the generator
can not be arbitrary.

Corollary 2.7 Assume hypothesis I and that T is separable. Then T"
s a value of the norm map Np.p : L — F.

Proof. To see this we use the notation of the proofs of 2.3 and 2.4. The
field L; ~ L acts regularly on U; as dimp L; = dimpU; = n/. In partic-
ular L; is self-centralizing in Endg(U;). Pick 0 # u € U;. The automor-
phism ~; defines a F-linear operator 7, by (uy)y, = uy”, y € L;. Then
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3y = T7%TY = . We deduce T, = w¥; for some w € L;. This

implies (1T™)y, = (T¢)" = ww -- = Nz, r(w) and the claim follows.
]

2.8 FIRST CONSTRUCTION OF IRREDUCIBLE, SEMILINEAR TRANSFOR-
MATIONS Let K = Ky[w], Ky, n, and o have the usual meaning. For a given
0 < m € Z we construct all separable, oc—linear operators on a m—dimensional
K-space. The construction is based on Corollary 2.6.

For this purpose we take any field extension F' : K, of degree m and
denote by L the composite field of F' and K. By Corollary 2.7 a candidate
for T™ is any element u € F' such that u lies in the image of the norm
map from L into F' and which generates F', i.e. F' = Ky[u]. We know that
[L : F| = n’ divides n, say n = dn’. Moreover Gal(L : F') = (y) ~ C,, and
we have an embedding~: K — L, a — & such that a°® = @”. Choose w € L
such that Np.p(w) = u. Set V = L4. First we turn V into a K-space and
define for a € K

—_~—

~ -~ d—1
a-x=(ary,a’ry...,a% x4 1).
Then Vi has dimension

[L . KQ]

dimg V = [L: K]dim, V = +———2-d = m.
im g [ | dimy, K Ko m
We define the operator T' by
2T = (x1,..., x4 1, wx])
for v = (xg,...,24-1) € V. One checks immediately that 7" is o-linear.
Finally
2T = (wag,...,wz)_)), 2T" = Np.p(w)r =uz.

By Corollary 2.5 T' is a separable operator. Theorem 2.4 and Theorem 2.10
below show that all separable, o—linear operators are covered by this con-
struction. The drawback of this construction is the rather artificial definition
of the K—structure. Under 3.3 in the next chapter we give for finite fields
K an alternative construction with a more natural action of this field on the
underlying vector space.

The most natural groups under which one can consider the conjugacy
problem of irreducible, o-linear operators are the groups GL(Vk ) and I'L(V).
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The next two results address this question.

Lemma 2.9 Let E be a field, W be an E-space of dimension m, and
M C Endg(W) a field such that M : E is a Galois extension with Gal(M :
E)=(y) ~C,,. Let m = ab and X, X' € GL(Wg) such that X* = (X')*
and BX = BX' = B for B € M. Then there exists a p € M such that
X' =Xr.

Proof. One has Cgna,w)(M) = M as dimg M = dimg W = m. This
shows X 'X' € M, ie. X' = Xp, for some py € M. Set 7 = ~® and let N
be the fixed field of 7. Then M : N is a Galois extension and a computation

shows
X = (X)"=Xop5-py = X"Narn(po)-

Therefore Njr.n(po) = 1. By Hilbert’s Theorem 90 ([1], Satz 30, [4], 3.9.3)
there exists a p € M such that py = p'~7. Hence X? = X', a

Theorem 2.10 Assume hypothesis I and separability of the operator T'.
Let T" be a second irreducible, o—linear operator.

(a) The following are equivalent:

(1) T and T" are conjugate by an element from GL(V).
(2) T™ and (T')" are conjugate in GL(Vk).
(8) T™ and (T')" have the same minimal polynomials over K.
(b) Assume that o lies in the center of Aut(K). The following are equiva-
lent:
(1) T and T" are conjugate in T'L(Vk).
(2) T™ and (T')" are conjugate in P'L(Vi).
(8) The minimal polynomials of T™ and (T")" over K, are conjugate
under Aut(K).

Proof. (a) The implications (1) = (2) = (3) are obvious.

(3) = (1): First, by Corollary 2.5 T" is separable too. Let fy be the (irre-
ducible) minimal polynomial of 7" over K and g € K[X] be an irreducible
divisor of fy. Then fy = Z;é g (where g°" = g) and as ), ker i (T™)
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is T-invariant we have even V = @_f ker g° (T™). Also ker g(T™)T =
ker g?(T™) by (*), i.e. all subspaces of the decomposition have the same
dimension. A similar decomposition is induced by (7”)". Therefore T™ and
(T")™ are conjugate in GL(Vk) and we can assume 7" = (T")".

Let d, n/, etc. have the same meaning (with respect to T') as in Lemma
2.3. So for a fixed k the operator Tgk is a yg—semilinear map when we
consider Uy as a Li—space. Also (T[’]k)d is semilinear associated with the
same automorphism. Set X = Tj] and Xj = (T}, )* which are F-linear
maps. By Lemma 2.9 applied to M = Ly and E = F' there are p, € Ly,
0 < k < d, such that X; = X*. Set P = diag(po,...,pd—1). Then P is a
K-linear map (as it is a Ky—linear map which commutes with R(w)) with
(TP = (T

So we assume from now on

T4 = (7).

We choose as in Corollary 2.6 a basis of V which induces the matrix repre-
sentation D. Since T" permutes the spaces Uy, Uy, ... in the same way as the
operator T" we get

0 0 0 Ay
A 0 0 0
D(T") = 0 A, 0 0
0 0 Ag1 O

The relation R(a)T" = T'R(a”) implies A;Y () = Y (a)A; for 1 <i < d and
AqY (a”") = Y («)Aq. This shows that the operator A defined by

D(A) = dlag(l, A17 A2A1, oy Ad,1 cee AQAl)

induces an K-linear map. Since T¢ = (T")¢ we have X = AgAq_1--- A A,
(= Ag1A42---A1Ay = ...) with X defined as in Corollary 2.6. Then

D(T"YP®) = D(T)

and the proof of (a) is complete.

(b) Again the implications (1) = (2) = (3) are trivial.

(3) = (1): By assumption the field K is invariant under Aut(K). As-
sume 7 € Aut(K) and that fy (f]) is the minimal polynomial of 7" ((17)")
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over Ky. Pick X € I'L(Vk) such that 7 is the associated automorphism.
Then 0 = X' fo(T™) X = f7((TX)"), i.e. the minimal polynomial of (7%)"
is f7. By assumption 7% is o-linear. By (a) we have a Y € GL(Vk) such
that 7" = (TX)Y = TXY and the assertion follows. O

3 Finite vector spaces

Wedderburn’s Theorem on finite division rings implies that the results of the
previous section apply to finite vector spaces:

Proposition 3.1 Fvery irreducible, semilinear operator on a finite vec-
tor space is separable.

3.2 PROOF OF THEOREM 2.4 FOR FINITE VECTOR SPACES We show
that Theorem 2.4 for finite vector spaces is a direct consequence of results
from representation theory.

Assume hypothesis I. Then T is separable by the proposition. We consider
Vk, as a G-module (G defined as in the beginning of section 2) and show
(a) dimgV = n, S = Endg(Vk,) = Cgnay,(v)(Z), and (b) F' = S. Thus
hypothesis I implies all three assertions of Theorem 2.4. We fix some notation
and set Ky = GF(q), K = GF(¢"), and K* = (w).

To (a): We verify the assertion in five steps.

(1) Vs is an absolutely irreducible SG-module: By definition S = Endg(Vs).
Then [2], (25.8) implies the assertion.

(2) The only maximal abelian normal subgroup of G which contains the
commutator group is A = R(K*)(T™): The routine verification is left to the
reader.

(3) Let W be an irreducible CG—module, dim W > 1. Then W = U9 with
a 1-dimensional CA-module U: By a Theorem of Shoda (see for instance
3] or [8], p. 585) the module W has the form U9 where W = UY with a
1-dimensional CB-module U and B a maximal abelian normal subgroup of
G which contains the commutator group. Apply (2).

Let p be the characteristic of K, and K, be the algebraic closure of K.

(4) Let W be an irreducible KoG-module, dimW > 1. Then W = U9
with a 1-dimensional K¢A-module U: This follows from (3) and a Theorem
of Richen [7], Theorem 1.7, p. 417, which states that in our situation every
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irreducible character of G is irreducible as a Brauer character in characteristic

p.

__(5) Assertion (a) holds: By (1) Vs is absolutely irreducible. Then V=

Ky ®g Vs is irreducible and has dimension |G : A| = n by (2), (3), and (4).
To (b): We already know S = Endg(VF). As Vg is an irreducible FG—

module, [2], (26.2.1) implies

(Vi)® = S @r Ve = W,

where W is an irreducible SG-module and a ranges over a set of coset rep-
resentatives of Np(W) in I' = Gal(S : F'). Clearly, Vr is a F'G-submodule
of (Vr)® and hence a submodule of some W%, But then V is even a FG-
submodule of every We. By [2], (26.2.2) W ~ W as SG-modules for all
coset representatives a,a’. This implies Np(W) = I' so that Vg is absolutely
irreducible. S = F' follows. a

Remark Assume hypothesis I with Ky = GF(q), K = GF(¢"), and
F ~ GF(¢™). Set d = (m,n) and m' = m/d. By the structure of Galois
fields we see that K N F ~ GF(¢%) and L ~ GF(¢™"). In particular our
numbers m’ and n’ are coprime.

3.3 SECOND CONSTRUCTION OF IRREDUCIBLE, SEMILINEAR TRANS-
FORMATIONS Let K = GF(¢") and ¢ be an automorphism of order n, for
convenience we assume x° = z? (the adjustments for an arbitrary automor-
phism of order n are straightforward). For 0 < m € Z we will define o—linear,
irreducible operators on a K-space V of dimension m.

We define d = (m,n), m" = m/d, ' = n/d, L = GF(¢™"), and F =
GF(¢™). Finally let V. =Uy® --- ® Uy_1, U; = Le;, be a d-dimensional L—-
space, which we consider in the obvious fashion as a K—space. There exists a
0<ceZ, (e,n)=1,such that 29" = 29" for © € K. We define v € Aut(L)
by 27 = 297", As z — 24" is an automorphism of K of order n’ and as ~
acts trivially on F' we conclude |y| = |yk| = n/, ie. Gal(L : F) = (v).
Define an extension @ € Aut(L) of o by 7 = 27 and a second automorphism
p =~o %1 Note that px = 0 = 5.

For w € L* we define T'=T,,,: V — V by

2T = (w28, ..., 25 ,)
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where © = (xg,21,...,24_1) is identified with xgeg + -+ + x4_1€4-1. Then
T is a o-linear operator on V. A computation shows

d _ Y oY gl oy
2T = (wzg,wex],...,w" "z ;)
and
n d\n' T -1
xT" = x(T)" = (uxg,u’xy,...,u° T4-1)
. '_1
with © = ww?---w’" = Nz.r(w). As a consequence of Corollary 2.5 we
note:

Proposition Choose w € L such that F = GF(q)[Np.p(w)]. Then
T =T, ts irreducible.

We have already described all irreducible, semilinear transformations on
finite vector spaces:

Theorem 3.4 Let V be a finite dimensional vector space over the finite
field K. Using the notation of 3.3 the following holds.

(a) Any irreducible, semilinear transformation on Vi is conjugate under
GL(Vk) to some operator T, ..

(b) Assume from now on that K = GF(¢") and dimg V = m. Let o be an
automorphism of order n. Set F = GF(¢™) and L = GF(¢™™) where
m' =m/d, d = (m,n). The following are equivalent:

(1) The irreducible, o-linear operators To,, and T, , are conjugate

under GL(Vi).

(2) The linear operators Ty, , and Ty, . are conjugate in GL(Vi).

(3) Np.p(w) and Np.p(w') are conjugate under Gal(F : Ky) where
Ky = GF(q).

(c) The following are equivalent:

(1) The irreducible, o-linear operators T,,, and T,y , are conjugate
under in I'L(V).

(2) The linear operators T, . and T _ are conjugate in I'L(Vk).

w,o w’,o

(3) Np.p(w) and Np.p(w') are conjugate under Aut(F).
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Proof. In order to be specific we use the notation of (b).

(a) Let T be an irreducible, o-linear operator. By Theorem 2.4 the
minimal polynomial fy of 7" over K| is irreducible and has degree m. Choose
w € L such that u = Np.p(w) (the norm map is surjective) has the same
minimal polynomial over Ky. As we have seen in 3.3 the operator T} , has
also the minimal polynomial f, over K. By Theorem 2.10.a 7" and T, , are
conjugate.

(b) Set ' = T}y, and T" = T, . According to Theorem 2.10 the asser-
tions (1) and (2) are equivalent. Set u = Np.p(w) and v = Np.p(w’). By
Theorem 2.10 we have to show that 7™ and (7”)™ are conjugate if u and u are
conjugate under Gal(F : Kj). But in the latter case the minimal polynomial
of u over Kj is also the minimal polynomial of u’ over K. Then the minimal
polynomials of 7™ and (7")" over K, agree and we can apply Theorem 2.10.a.
The equivalence of (2) and (3) follows.

(c) Again (1) < (2) follows from Theorem 2.10. Satz I1.7.3 of [8], implies
that the maps x¢ = v’z and z¢) = (u')?x in GL(Lg) are conjugate under
I'L(Lg) iff u and u’ are conjugate under Aut(L). Using the notation of (b)
we see that 7" and (77)" are conjugate in I'L(Vk) iff u and u" are conjugate
under Aut(L). The image of the restriction of Aut(L) to F'is Aut(F'). The
proof is complete. a

We illustrate the previous results with some small examples.

Example Let V be a vector space of size 2'2. We consider V as a K-
space, K = GF(2%), 1 < a < 12, and determine all irreducible, semilinear
operators with the help of Theorem 3.4. We set m = dim Vg, n = |o|, and
T =T, denotes a semilinear operator, such that F' = Kylu|, u = Np.p(w)
and F', L, and Kj as usual. The I'L(V )—classes are determined by the action
of Aut(F') on the elements u € F' which generate together with K, the field
F. The action of the group Gal(F : Ky) on such an orbit splits this orbit
into suborbits. The collection of all suborbits corresponds to GL(Vk )-orbits
of semilinear operators.

CASE K = GF(2?), m = 6: Then n =2, FF = L = GF(2%), K, = GF(2),
and d = 2. Hence Np.p(w) = w has order 9,21 or 63. We have one I'L(Vy)-
class with |T'| = 18, two classes with || = 42, and 6 classes with |T'| = 126.
Each I'L(Vi)—class is also an GL(Vi )-orbit.
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Case K = GF(2%), m — 4: Then n — 3, F — GF(2), L = GF(22),
Ky = GF(2), and d = 1. Hence N.r(w) = w?™ has order 5 or 15. We have

two field automorphisms and for each automorphism one class with |T'| = 15
and two classes with |T| = 45. Each I'L(Vj)—class is also an GL(Vx)-orbit.

CasE K = GF(2Y), m = 3: If n = 4 then F = GF(2%), L = GF(2'?),
Ky = GF(2), and d = 1. Hence Nz.p(w) = w®® has order 7. We have two
field automorphisms and for each field automorphism two I'L(Vy)-classes
with |T'| = 28. These classes are also GL(Vk)-orbits.

If n = 2 then F = GF(2%), L = GF(2'?), Ky = GF(2?%), and d = 1. Hence
Nr.p(w) = w5 has order 7,9,21 or 63. We have two I'L(Vy)—classes with
|T| = 14, one class with |T'| = 18, two classes with |T'| = 42, and 6 classes
with |T'| = 126. The classes with |T'| = 14 are also GL(Vk)-orbits while each
the other I'L(Vi)—class splits into two GL(V )—orbits.

CasE K = GF(26), m = 2: Ifn = 6 then F = GF(2?), L = K, K, =
GF(2), and d = 2. Hence Ny.p(w) = w?! has order 3. We have two field
automorphisms and for each automorphism we have one I'L(Vix )—class which
is also an GL(Vy)-orbit and |T| = 18.

If n = 3 then F = GF(2%), L = GF(2'?), Ky = GF(2?), and d = 1. Hence
Nr.p(w) = w?™ has order 5 or 15. We have two field automorphisms and for
each field automorphisms we have one I'L(Vx)—class with |T| = 15 and two
classes with |T'| = 45. Each I'L(Vk)—class splits into two GL(Vj )—orbits.

If n = 2then FF = L = GF(2%), K, = GF(2%), and d = 2. Hence
Ni.rp(w) = w has order 3,9, 21 or 63. We have one I'L(V)—class with |T'| = 6,
one with |7T'| = 18, two with |T'| = 42, and 6 with |T'| = 126. The class with
|T| = 6 is also an GL(Vx)-orbit. Any other I'L(Vk)-class splits into three
GL(Vk)-orbits.

Example In the previous example the o-linear operator T' = T, , is
represented as #T = wz? (with a suitable b) if d = 1 and V = L = GF(2!2)
and as (z,y)T = (wy*",2%") (with a suitable a) if d = 2, V = L2, and
L = GF(2°%). Therefore it may be tempting to assume that an irreducible, o—
linear operator on a finite vector space Vi, K = GF(¢"), can be represented
in a simpler form than 3.3:

T = (wxg_l, :L‘g, . ,xg_Q) (+)
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where @ is an extension of ¢ to a field M C Endg(V), w € M, and where
V =];Me;.

However this assumption is false: Let K = GF(2%), L = GF(2'?), V = L2,
and let o be the Frobenius automorphism of K. Choose w € L such
that Nz.p(w) € F = GF(2%) has order 15. Then T = T, , defined by
(z,y)T = (wy?,2?) is an irreducible, o-linear operator of order 90 on V.
On the other hand it is easy to see that any operator of the form (+) has an
order which is coprime to 5.

Remarks (a) Let T' be an arbitrary semilinear operator on a finite vector
space V. By [5], [6], or [9], V' is the direct sum of indecomposable, uniserial
T—spaces and all composition factors of an indecomposable summand are
isomorphic. More precisely, the semilinear operator operator is character-
ized by the number of indecomposable summands, the isomorphism types of
irreducible composition factors (precisely one type for each indecomposable
space), and the lengths (number of composition factors) of the indecom-
posable summands. Therefore Theorem 3.4 implies the enumeration of the
equivalence classes of semilinear operators on a finite vector space.

(b) Kantor and Liebler show in [10]:
Theorem Let T be an irreducible, o—semilinear transformation on a fi-
nite vector space V' over a finite field K. Then there is a decomposition

V=Vie&---aV

of V into subspaces V; permuted cyclically by T such that Ty, is a 1-
dimensional affine map over an extension field of K. Moreover, t divides the
order of o, and the map T*|y, uniquely determines T up to GL(V')~conjugacy.

This result can be regarded as an intermediate step towards Theorem 3.4:
Kantor and Liebler show that an irreducible, oc—semilinear transformation 7T’
is characterized by T (d with it’s usual meaning). Our theorem shows that
T™ already characterizes T'.

ACKNOWLEDGMENT [ like to thank W. Kantor. His comments lead to
an improvement of the readability of this paper.

NoOTE. After the submission of this article the author became aware

of "Uber halbeinfache Transformationen” Math. Annalen 115(1938), 87-
144 by K. Asano and T. Nakayama. Using the theory of non-commutative
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polynomial rings the validity of part (b) of the theorem is shown even in the
non-separable case.
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