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Abstract

The problem of computing the automorphism groups of elementary
abelian Hadamard difference sets or equivalently of bent functions seems
to have attracted not much interest so far. We describe some series of such
sets and compute their automorphism group. For some of these sets the
construction is based on the nonvanishing of the degree 1-chohomology
of certain Chevalley groups in characteristic two. We also classify bent
functions f such that Aut(f) together with the translations from the un-
derlying vector space induce a rank 3 group of automorphisms of the
associated symmetric design. Finally we discuss computational aspects
associated with such questions.

1 Introduction.

Let V = V(N,2) be an N-dimensional GF(2)-space and B a subset of V. We
assume that B+ v # B for 0 # v € V and set B = {B+v|v € V}. If
the incidence structure D(B) = (V,B) is a symmetric (2VV, k, \)-design one
calls B an (elementary abelian) Hadamard difference set, we abbreviate and
call B a B-set. By a theorem of Mann [Ma] N = 2n is even and (k,\) =
(27=1(27 —1),27=1 (271 — 1)) or (27~ 1(2" +1),27~1(2"~! + 1)). The function
fB = xB + 1, where xp : V — GF(2) is the characteristic function of B, is
called a bent function, i.e. it’s zeros are the B-set B. Since the set B =V — B
is a B-set too also fp 41 = f is a bent function. Any function f: V — GF(2)
can be represented by a unique boolean polynomial py = p(z1,...,%2,) in 2n
variables. In the case of fp this polynomial has degree 2 < deg fp < n (see [Di2]
for instance). Two B-sets B, B’ are equivalent iff there is an affine transformation
B =T € AGL(V), f:a — aT 4 v, such that B’ = B = {zT +v|z € B}.
Since affine transformations do not change the degree of a boolean polynomial
this degree is a useful invariant for equivalence. 8 € AGL(V) is an autornorphism
of B iff B = Bf. The group Aut(B) = {# € AGL(V)|B = BB} < AGL(V) is
the automorphism group of B.

Let A = Aut(D(B)) be the automorphism group of the associated symmetric
design. Then the semidirect product of Aut(B) with the translation group [V]
is

N4(V) = Aut(B)[V].

In general it seems difficult to decide as to whether or not this group is equal
to A.



The most prominent bent functions are nondegenerate quadratic forms on
V. Up to equivalence these are © = OF = z129, + T2T2p 1+ * + TpTpy1 and
©=0" =0T+, + 2,41 ~ O = O +1 and the associated B-sets are the
isotropic and anisotropic vectors of V with respect to ©F. We call these B-sets
standard and denote them by the symbols B° and B

In this paper we are concerned with the equivalence and automorphism
problem of B-sets. Contributions to the equivalence problem are contained
for instance in [Bd], [Dil], [Di2], [Hou], [Ka2], [Ro]. As expected invariants play
a decisive role. The computation of the automorphism group of B-sets seems
to have attracted not much attention yet. However in [CRB1] and [CRB2]
automorphisms of some homogeneous cubic bent fuctions have been computed
with the help of MAGMA [MAG]. The thesis of Bending [Bd] contains the
computation of some automorphism groups of bent functions in dimension 8
with the help of GAP.

We will introduce in the next section more notation and a few observations
on B-sets. We also collect some results on representations and 1-cohomology
of finite groups of Lie type in even characteristic and some number theoretic
results. These results will be used in the proofs of the main results which we
describe now.

In section 3 we describe in (3.1.a-d) and B-sets which will be called standard
parabolic, twisted parabolic, special parabolic, and sporadic parabolic. They are
obtained by distortions of the standard B-sets B° and B°. Associated with
every such B-set is a totally singular subspace U say of dimension m of the or-
thogonal space V = (V,0), © = ©¢. The standard parabolic B-sets are defined
for ¢ = 4+ and these sets depend only on the parameter m called the degree
which ranges between 3 and n. The twisted parabolic B-sets depend on m and
two more parameters b, ¢ where m ranges between 1 and n — 2 and b divides
n —m and € = + or —. The special parabolic B-sets exist if n = m, e = + and
3 divides n. The sporadic parabolic B-sets exist only for n = m = 12, € = +.
The automorphism problem is solved by the following theorem.

Theorem A. Let V' be a 2n-dimensional GF(2)-space and © a nondegener-
ate quadratic form. Let B be a B-set of one of the parabolic types and let U be
the totally singular subspace of dimension m associated with B. Let Sp(V') be
the symplectic group with respect to the bilinear form obtained by polarisation
of © and let Py = Sp(V)y be the mazimal parabolic subgroup of Sp(V') which
is the stabilizer of U. Set Q = Oy(Py). Then Aut(B) ~QL < Py, LNQ =1.
The group L has the following structure:

(a) Let B be standard parabolic. Then L = L1 X Lg, L1 ~ SL(m,2) and
Ly ~ Sp(2(n —m),2). In particular Aut(B) ~ Py.

(b) Let B be twisted parabolic with parameters m,b,e. Then L = Ly X Lo
where Ly is as in (a) and

Sp(2a,2%), m=1,ab=n—1,

Ly~<{ O0%(2a,2), m>1,ab=n—m,e=+
07(2a,2%), m>1,ab=n—m,e=—.

(c) Let B be special parabolic. Then m = n = 3b and L ~ SL(3,2°) - Z with
Z ~ Gal(GF(2%)).



(d) Let B be sporadic parabolic. Then m =n =12 and L ~ Ga(4) - Z where
Z is cyclic of order 2 and induces the field automorphism on Go(4).

This theorem of course settles the equivalence problem for B-sets of parabolic
type too. See also the remark after (6.8).

Set ' = GF(2"). Denote by ¢(k), 0 < k < 2" — 1 the endomorphism
x + z¥ of the multiplicative group F* of F. Let ¢(k) be an automorphism, i.e.
(k,2™ —1) = 1. Then we associate with ¢(k) two B-sets Bi(k), i=1,2, |B§k)| =
277127 + (—1)) (see (3.2)) which are called cyclic of trace type. We say that
two numbers k, k' are equivalent and write k ~ k" iff ¥’ = 2%k (mod 2™ —1). Let
k ~ —1. It follows from the definition that in this case Bék) is a standard B-set
and B{k) is standard parabolic with m = n. The equivalence problem for the
B-sets of cyclic trace type is solved by:

Theorem B. Let B and B’ be B-sets of cyclic trace type of the same size.
(a) Let B= B§k> and B’ = Eék). Then these B-sets are equivalent iff k ~ 1.

(b) Let B= Bi(k) and B' = Bi(k,)or B = E;k ), {i,7} = {1,2}. Equivalent
are:

(1) B~ B'.
(2) k ~ K. Moreover if k 1 also B = Bi(k,).

The automorphism groups of the B-sets of cyclic trace type are described by
the next theorem.

Theorem C. Let B = Bfk) be a B-set of cyclic trace type in V =V (2n,2)
and assume k o —1. Set K = Aut(B). Then V contains a n-dimensional,
K -invariant subspace U. Moreover K = QL, QN L = 1, with Q = O3(K) =
{z € Klzy = 1y, zyu = lyyju}. L =~ Z-(t) is the semidirect product of the
group Z isomorphic to the multiplicative group of F with the group (t) where t
induces the Frobenius automorphism on Z. The group Q has a decomposition
Q=X3®Y ®T into L-invariant subgroups such that the following holds:

(a) Assume n # 6 Then there is at most one a € {0,...,n — 1} such that
|(F*)2"F=1| divides some 2¢ —1, 1 < ¢ < n — 1. In that case choose c as
small as possible. Then |T| = 2°14=Y) where n = cd. In the case n = 6
one has either T =1 or |T| =27 and k ~ 11 or k ~ 23.

(b) Y # 1 iff there exists an a € {0,...,n — 1} with k ~ 1 —2%. In this case
a is uniquely determined and |Y| = 2™. Moreover T =1 and |X| = 2™ if
kd1land |T|=2"""1 and X =1 ifk~ 1.

(c) |X| = 2 where ¢ is the number of pairs {a,b} C {0,...,n — 1} with
1—2% ~1—2%.



Indeed statement (c) makes sense as there do not exist triples {a,b,c} C
{0,...,n — 1} with 1 — 29k ~ 1 — 2%k ~ 1 — 2k (see (2.12.a)). The explicit
action of L on @ is given in (5.4). Theorems B an C will be proved in section 5.

In section 6 we classify the B-sets admitting Aut(B)[V] as a rank 3 groups
of automorphisms of the associated symmetric design D(B). A consequence
of [De2] is that if Aut(B)[V] acts primitively as a rank 3 group then B is a
standard B-set. We now allow also an imprimitive action and prove:

Theorem D. Let B CV =V (2n,2), be a B-set such that Aut(B)[V] acts
as a rank 3 group on V. Then one of the following holds:

is standard.

(a
(b

B
B is standard parabolic of degree n.
B is special parabolic.

(d) B is sporadic parabolic.

)
)
()
)
(e) B= Bfk) s of cyclic trace type and k ~ 1 — 2%, a suitable .

This result implies a classification of symmetric designs which admit a rank 3
group of automorphisms with a normal, elementary abelian, regular 2-subgroup.

In the last section we discuss computational aspects of the equivalence and
automorphism problem.

An appendix contains a few results of general nature. First we determine
subgroups of GL(2n,2) which contain a semiregular cyclic subgroup of order
2" — 1. Important are some unpublished results of P. Sin about the degree
1-cohomology of the groups G2(2™).

Our group theoretic notations follow the usual conventions (see [Asl] for
instance) but note that X ) stands for the commutator group of X.

2 Notation and preliminary results.

In this sections we start with some facts and some notations for B-sets. We
add results about group representations and 1-cohomology and some number
theoretic observations. The reader may continue after the introductory material
about B-sets with section 3 and skip back whenever it is necessary.

In the sequel the letter B usually stands for a B-set and B = V — B will
be the complementary B-set. The letter K will stand for a subgroup of Aut(B)
and by H < GL(V) we denote the stabilizer of 0 in the semi-direct product
G = K|[V]. Then H and K are two complements of [V] in G. Hence there is a
uniquely determined 1-cocycle ¢ = ¢p : H — V such that K = {h[c(h)]|h € H}
and the map k : H — K, h+— hx = h[c(h)] is an isomorphism.

As before © = ©F = 119, + T2T2n—1 + +*+ + TnTpne1 denotes the usual
quadratic form which makes V' into a nondegenerate orthogonal space of type
V*(2n,2). We denote the associated symplectic bilinear form by ¢(z,y). We
recall that the set B® = I(V) of isotropic vectors in V' and the anisotropic
vectors B form B-sets of sizes 2n=1(2" + 1) and 2" 1(2" — 1) respectively. Up
to equivalence we call these B-sets standard. In this case K° = Aut(B°) ~



Sp(V,¢) ~ Sp(2n,2) [Kal]. Analogously to x and ¢ we define k° : H? =
K°[V]o — K and a 1-cocycle ¢ by H® 3 h +— hx® = h[c"(h)].

One knows that for any function g = g(zp41, .. ., T2,) the function f = O+g
is a bent function [Di2; thm. 10]. We give another desription via B-sets:

(2.1) Lemma. Let V = V1 (2n,2) be an nondegenerate, 2n-dimensional,
orthogonal GF(2)-space of (+)-type and let V.=U @ U’ be a decomposition with
totally singular spaces. For v € U’ set U, = {U N ()", U — ()"}, and set
U=U,cpUp. Let 0: U — U be a map such that o(v) € Uy,. Then

B, = U o(v)+wv

velU’

s a B-set.

Proof. For convenience we write © in the equivalent form O(z) = x1x,41 +
-+ 4 zpTo,. We denote by U the subspace of vectors whose entries in positions
n+1,...,2n are 0 and by U’ the subspace of vectors whose entries in positions
1,...,n are 0. Let g be any function on U’. For u € U, v € U’ we have
glu+v)=gw) and (O+g)(u+v) =u-v+g(v). If v # 0 then © + g vanishes
one one of the sets in U,, and has value 1 on the other. Moreover © + g either
vanishes on U or has constant value 1. This shows that © + g has a B-set of
type By. Since there are 22" functions g and 22" sets B, the lemma follows.

Remark. For any B-set of type B, the automorphism group contains
O2(KY) ~ O3(Sp(V,¢)u) as this group not only fixes every coset of U in V/
but also both sets in U, v € U’.

(2.2) Lemma. Let B be a B-set in V =V (2n,2) and o € Ngv)(B) be of
odd order > 1. Assume that o acts fixed-poini-freely on B. Then Cy(a) = 0.

Proof. If |B| = 2"71(2" +¢), € = £1 then |a| divides 2" +e¢. Take v € Cy ()
then o normalizes B N (v + B). If v # 0 then |a| would divide 2"~ ! + ¢, a
contradiction.

Remark. Suppose Z < Aut(B)g and V = U @ U’ is a decomposition
into irreducible nonisomorphic n-dimensional Z-modules. Assume U C B or
UN B =1{. Then:

(E) Caut(B),(Z) contains no elementary abelian p-group A of order p?, podd.

By assumption A fixes U and U’ and we have an element 1 # z € A with
Cy(z) = U. Thus x acts semiregularly on B or B which is in conflict with (2.2).
We refer to this application as argument (E).

Results about Group Representations

(2.3) Let X be a group and U, W be F[X]-modules, FF = GF(q), ¢ =
p’, p a prime. Then X acts on Hom(U, W) = Homgp(y) (U, W) by u(o - g) =



ug~log; u € U, g € G, o € Hom(U,W). Let ¢ be the Frobenius automorphism
of F. Denote by H;(U, W) the ¢'-semilinear maps from U to W. Then (see
[Be])

f-1 f—1 f—1
Hom(U, W) = P Hi(U W) ~ P U ' @r W ~ P U* @r W'
=0 =0 1=0

where M* denotes the dual module of M and My’ is the twist of the F[X]-
module M by ¢

In applications in the succeeding sections we will consider X < GL(V), V =
V(2n,2), and a X-invariant, n-dimensional subspace U. Assume n = ab and
U ~ My, V/U ~ M, with F[X]-modules M; and F = GF(2°). Let E be the
centralizer of the flag0 C U C V, ie. E = {x € GL(V)|zy = 1y, zyjy =
ly,u}. For 0 € Hom(V/U,U) and v € V define vo’ = v 4 (v + U)o. Then
o +— o’ defines an isomorphism of the X-module Hom(V/U, U) onto the module
FE where X acts on E by conjugation. Hence

f-1 f-1
E~ @Méﬂpz ®p My ~ @M§ ®F Mip*
i=0 =0

where Gal(F) = (p). Also note that X N E is the kernel of the action of X on
E,ie. X induces XE/E on E.

(2.4) Lemma. Let V,U,E, X be as in (2.3). Assume further that one of the
following holds X = X/FE ~ SL(a,2%), ab=n, a > 1; X ~ Sp(2a,2°)"), 2ab =
n, a>1; or X ~ Go(2)V), 6b = n and that U ~ M, V/U ~ M* where M is
the natural X -module. Set M; = M Qar(2v) Myt. Then E is the direct sum of
the M;, 0 <i <b—1, and the following holds.

(a) Let i # 0,b/2. Then M; is an absolutely irreducible GF(q)[X]-module
viewed as a GF(2)[X]-module and as GF(2)[X|-modules M; ~ My_; but
MZ;LLMJ fO’f’j?éZ',b—Z..

(b) Let b = 2c. Then M. is the the direct sum of two isomorphic, abso-

lutely irreducible GF(2°)[X]|-modules viewed as GF(2)[X]-modules. The
irreducible composition factor of M. does not occur in Mj, j # c.

(¢) My has a flag0 C Ny C No C M on-sEbmodules with No/Ny ~ M ~
M, Ny~ A2(M) and Ny ~ S?(M). Let X be linear or of Ga-type. Then
the smallest submodule of My which covers the quotient M is Ns.

Proof. (a) As GF(2)[X]-modules one has
My=M@Mp' ~ (M@ Mp )"t~ M P @ M ~ M @ Mt = M,_;.

Consider M; as a GF(2)[X]-module and tensor with the splitting field GF(2°).
Then this module splits into the direct sum of the Galois conjugates of M; as
GF(2%)[X]-modules (see [Asl; (25.10), (26.2)]). By Steinbergs tensor product
theorem these modules are pairwise nonisomorphic so that GF(2°) is the field
of definition. This also implies M; % M; for j # i,b —i. Hence (a) holds.



(b) Since (M ® Mp©)p® ~ Mp® @ M ~ M. as GF(2%)[X]-modules we see
that GF(2°¢) is the field of definition of this module. Then M. ®gp(2) GF(2°)

splits into the direct sum of the Galois conjugates of the GF(2¢)[X|-module M..
Since dimgp(2) Mc = 2c¢ - (dim M)? we conclude that as an GF(2)[X]-module
M. splits into two isomorphic irreducible modules.

(c) Let Ny = S?(M) be the symmetric part of M ® M which is generated
by elements of the form v ® w + w ® v and v ® v. The alternating part is
the submodule N; = A%(M) generated by the first type of elements. Then
dim Ny = ("), dim Ny = (3) and Na/Ny ~ M ~ M as GF(2)[X]-modules.
It is well known that in the case of X ~ SL(a,2%) the module N; is simple and
N, indecomposable. In the case of X ~ G5(2°)() the module N; has GF(2°)-
composition factors of dimension 1 and 14. However N is the smallest module
in M ® M which has the quotient M¢ by theorem 4 of the appendix.

We keep the assumptions of the previous lemma and determine the compo-
sition factors of S%(V) and A%(V).

(2.5) Lemma. Let V,U, E, X be as in (2.3) and assume that X ~ SL(a,2°), n =

ab. Denote by Ey the submodule of E isomorphic to A?>(V') (the module of alter-
nating forms on V) and by Ey the submodule isomorphic to S?>(V') (the module
of symmetric forms on V). Let M;, N; have the meaning as in (2.4). Then the
following holds.

(a) If b is odd we have for i = 1,2 the decomposition

E; = (MoN E;) & EP((M; & My—) N E;)
>0

and if b = 2¢ we have

Ei=(MyNE)®(MNE;) D @ ((M; & My—;) N E;).
i#0,c

Moreover (M; @ My—;)NEy = (M; ® My_;) N Eq; i #0,¢, and M. NE; =
M. N Es are irreducible while My N E; = N1, Mo N Ey = No.

(b) Let M be the largest X -submodule of M; & My_;, i # 0,c, or of M. such
that M _leaves invariant the No-orbits on the cosets U +v, v € V — U.
Then M = (M; ® My—;) N Eq or M = M. N E;y respectively.

Proof. (a) As GF(2)[X]-modules A2?(V) is isomorphic to V ® V/S?(V') while
S2(V)/ A% (V) is isomorphic to M as a GF(2)[X]-module [Gr; lemma 2]. By
(2.4) the assertion follows.

(b) As (M; & Mp—;) N Ey (or M. N E4) leaves the Na-orbits on nontrivial
cosets of U in V invariant we have (M; ® My_;) N Ey or M.NE; C M. However
as M; is transitive on the coset we have equality.

We stay in the situation of the previous lemmas and consider the first coho-
mology of the X-module E. We record two instances where H'(X, E) gives a
nontrivial contribution to H'(X, E/FEy). This will be used for the construction
of B-sets of special and sporadic parabolic type.



(2.6) Lemma. Let V,U,E, X be as in (2.5).
(a) Assume X ~ SL(3,2%), n=3b, b> 1. Then H (X, E/E>) is nontrivial.
(b) Assume X ~ Go(4), n = 12. Then HY(X, E/E5) is nontrivial.

Proof. (a) By [Be; thm. (3.2)] H*(SL(3,2°), M;) is nontrivial iff i = 1 or
b—1. Apply (2.5). (b) follows by (2.5) and Sin’s theorem 4 (b) of the appendix.

Remark. Let Y ~ SL(3,F) or Go(F) with F = GF(2°),n = 3bor F =
GF(4), n =12. Let M = M;, i = 1,b—1 be as above and set A = Gal(F’). Then
M is a GF(2)[Y A]-module. Let X be an arbitrary root subgroup of ¥ with
respect to a fixed Cartan subgroup. The concrete computation of H(Y, M)
shows that one can choose a cocycle ¢ € CY(Y, M) — BY(Y, M) such that ¢
induces an A-isomorphism of X on to a one-dimensional subspace in Cas(X).
Then A normalizes the group {zc(x)|x € X} and thus {yc(y)|y € Y'}. Therefore
HY (YA, M) #0.

The next lemma is required for the construction of twisted parabolic B-sets.

(2.7) Lemma. Let W be a 2n-dimensional, nondegenerate symplectic vec-
tor space over GF(q) with respect to ( , ). Denote by G = Sp(W) the as-
sociated symplectic group and assume n = ab. Then there exists an element
z € GL(W), |z| = q® — 1 such that the following holds:

Cq(z) = {x € G| (vzx,wzz) = (vz,wz); v,w € W} ~ Sp(2a, ¢°)

Proof. Choose a symplectic basis B = {v1,...,0n,w1,...,wy}, i.e. the
{vi,w;} are pairwise orthogonal hyperbolic pairs with (v;,w;) = 1. Take zo €
GL(b,q) with |z0] = ¢” — 1 and 2§ = 2y (see [Ba]). Then F = (z) U {0} ~
GF(q¢") is a subfield of the ring GF(q)*?. With respect to the above basis
define z = diag(zo,...,20). Then C = Cgrw)(2) ist the set of invertible
2a x 2a-block matrices with entries in F. Hence C ~ GL(2a, ). The matrix
z = (x;;) € C, x;; € F lies in Cg(z) iff 2Tz’ =T, where

_ 0 Inxn
I'= < _1n><n 0 >

is the Gram matrix with respect to B. This implies C(z) ~ Sp(2a, ¢°). Define
a new symplectic form on W by

[v,w] = (vz, wz).

The Gram matrix of this new form with respect to B has the form

_ . 0o J
I‘o—zI‘z—<_J 0 )

where J = diag(z3,...,22) is a 2a x 2a-block matrix. If z € G leaves the form
[, ] invariant we have 2T'z® = T" and a2Tgz’ = T'g. Therefore I'oI' ! = 22 com-
mutes with 2 and all assertions follow.



The next two results deal with the possibility of a nonsplit group extension
inside a split group extension. These observations will be used in the proof of
theorem D.

(2.8) Lemma. Let X be a group and V' a F[X|-module, F a field.

(a) Let G = XV denote the semidirect product of X with V and let H < G
be a subgroup with G = HV and set U = HNV.

(1) Suppose V=W T is a X-decomposition such that U = (UNW )&
(UNT) and T is completely reducible. Then V has a complement Y
i G withY < HW and H has a subgroup Hy <YW with HHU = H
and HH NV <UNW.

(2) Suppose H does not split over U. Then the complements H/U and
XU/U of V/U in G/U are not conjugate. In particular HY(X,V/U) #
0.

(b) Let V' be an indecomposable X -module which is the extension of F by a
simple module W or the extension of W by F. Assume dim H (X, W) = 1
and that Hom(X/X W, F) is trivial. Then dim H*(X,V) = 0.

Proof. (a.1) Let T =Ty ® Ty, To = UNT be a X-decomposition. For h € H
there exist x € X, w(z) € W, t;(z) € T;, with h = z(w(x) + to(z) + t1(z)). Set
Y ={(zti(z) |z € X) < HWNXTi. Then YNV < (HWNV)N(XT1NV) < (W
To)NTy =0 and H; = (z(w(z) +t1(x)) |z € X) = (yw(z) |y = at1(x) € Y) <
H. Then HHNV < (HNV)N(YWNV)<UNW.

(a.2) Suppose v € V with XU/U = H"/U. Then XU = H" or X" 'U=H
and XV ' is a complement of U in H, a contradiction.

(b) Assume first that the socle of V' is W. For v € V define ¢(v) : X — V by
c¢(v)(x) = v—vx. Then ¢(v) is a coboundary and ¢ : V' — B1(X, V) is a surjection
onto the space of 1-coboundaries. Next we observe that C*(X, W) and C}(X, V)
are canonically isomorphic: Let f be a cocycle from X into V. The composition
with the canonical epimorphism from V onto V/U is a homomorphism. By
assumption this map is trivial, i.e. f € CL(X,W). By definition ¢(W) =
BY(X,W) and if v € V — W then as V is indecomposable c(v) ¢ B}(X, W). As
dim H' (X, W) =1 we see that ¢: V — C!(X, W) is a surjection. Now we have
BY(X,V)=CYX,W) = CYX,V) and therefore dim H!(X, V) = 0. Using dual
modules we also have dim H*(X, V) = 0 if the socle of V is F.

(2.9) Lemma. Let V be a 2n-dimensional GF(2)[X]-module, n > 5, and
U a n-dimensional submodule. Let Q = O2(X) = {z € X |zy = 1y, 2yjy =
Ly} be the 2-radical and X/Q ~ SL(a,2%), n = ab, a > 2, or X/Q ~
G2(2")M), n = 6b, and assume that U and V/U are faithful GF(2)[X/Q]-
modules. Then X splits over Q.

Proof. Let E be as before the centralizer of the chain 0 C U C V in GL(V).
Then Q@ = X N E and G = XF is the semidirect product of E with a group
Y ~ X = X/Q. Set W = V/U and consider U as the natural F[X]-module,
F = GF(2%), viewed as a GF(2)[X]-module. Now U ~ W or W* and E =~



@;W* @ Ug® where ¢ is the Frobenius automorphism. Set M = My = W*®U.
Then E /M is completely reducible and hence by (2.8.a.1) there exists a subgroup
X7 < X with X = X7Q and X3 N E < M. Replacing X by X; we may assume
Q<M and X <YM.

Case X ~ SL(a,2%). Assume first U ~ W. Then M ~ F & A if a is odd
and if @ is even then M is a uniserial, indecomposable module with composition
factors F, A, F' where A denotes the adjoint module (see [Be] or [JP]). If a is
odd (2.8.a.1) implies that X splits over (). So assume that a is even. Then
HZ%(SL(a,2%), F) = 0 so that we may assume X N Q < L where L is the second
term of the socle series of M, i.e soc(L) = F. We apply (2.8.a.2) with YM/F
in the role of G, YF/F in the role of X, XF/F in the role of H, M/F in the
role of V and L/F in therole of U. AsYL/L = XL/L we see that X F/F splits
over L/F. So we may assume X NQ < F and the assertion follows.

Now we assume U ~ W* as GF(2)[X]-modules and we also assume a > 2
as a = 2 was covered before. As we have noted before M is uniserial with
0 C Ny C Ny C M such that Ny ~ M/Ny ~ A?(U) and No/N; ~ S?(U)/ A2
(U) ~ U ~ U as GF(2)[X]-modules. By [Be] H'(SL(a,2%),U) = 0 and
H'(SL(a, 2%), A2(U)) = 0 so that X splits again by the same argument as before.

Case X =~ Go(2°)M. The module M = U @ U = V(6,2%) ® V (6, 2°) has the
submodules Ny = A2(U) and Ny = S?(U). Then as M is selfdual Ny ~ M /Ny ~
A@F and No/N, ~ S?(U)/ N2 (U) ~ U ~ U as GF(2)[X]-modules, where A
is the 14-dimensional adjoint module (see the proof of thm. 4 of the appendix).
By proposition 5 of the appendix H'(X, A) = 0 and of course H'(X, F) = 0.
As X <YM and M/N, is completely reducible we can assume by (2.8.a.1)
that Q@ < Ny and X < YN,;. If Q = Ny we are done. If Q < N;j then
Y N1/N; and X N;/N; are two complements of M/Ny in YM/N;. By (2.8.b)
these complements are conjugate. By (2.8.a.2) we see that X splits over Q.

We finish the group theoretic section with a technical lemma.

(2.10) Lemma. Let V be a finite dimensional vector space over GF(q)
and X < GL(V) such that V is the direct sum of n irreducible, isomorphic
X-modules. Let Vi be such a submodule and denote by X the restriction of X
to this submodule. Then Ngrvy(X)/Carovy(X) =~ Narvy)(Xo)/Carvy) (Xo)-

Proof. Take y € Ngrv)(X). One has Cqrv)(X) ~ GL(n,q°) where
Endx, (Vo) ~ GF(¢®) and Cgr,v)(X) acts transitively on the X-irreducible sub-
spaces of V. Norming if necessary y with an element from Cgqr,v)(X) we may
assume that y fixes Vp. Then the restriction yo of y to V lies in Nar,(v;)(Xo) and
as X 2 x — zg € Xy is bijective we conclude that the automorphism induced
by y on X corresponds to the automorphism induced by yg on Xj.

Number Theoretic Observations
These results are used in the proofs of theorem C and D. The first one has a
routine verification.

(2.11) Lemma. Let g be a prime power and n > 2 an integer. Then:

(@) (¢"+q¢" '+ +1g—1)=(n+1,¢g—1).
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(b) Set M =q" 2 +q¢q*3+---+1. Then (¢" —1,M) = (¢ —1,n—1).
() " "—1=q¢" "M (q" —1) (mod ¢" — 1) for 1 <r <n—1.
(d) 1—¢" "M =q¢""(1—-q¢ M) (mod ¢g" — 1) for 1 <r <n—1.

(2.12) Lemma. Let k be a unit modulo N = 2™ — 1.

(a) Suppose 1 — k = 2%(1 — 2°k) = 2%(1 — 2¥k) (mod N) with 0 # b(mod n).
Then y =0 or b (mod n).

(b) Suppose k =27%(1—2%) (mod N) with 0,1,—1 # b (mod n). If 1 — 2%k =
2Y(1-2%k) (mod N) and x # z (mod n) then (x, z) or (z,2) = (a+1,a—0b)
modulo n.

(¢) Assume (1 —2%)(1 —2¢) =0 (mod N) for a diwvisor ¢ of n, ¢ < n. Then
the equation 1 — 2%k = 2%(1 — 2¥k) (mod N) has for y only the solution
y = a (mod n).

(d) Suppose 1 —2% = 2% (mod N) and (1 —2%k)(2Y — 1) = 0 (mod N) for a
divisor y < n of n. Then k = —2° (mod N), ¢ suitable.

Proof. (a) As
(2% — 1)(2°TY — 1) = (2970 — D)k(27TY — 1) = (2T —1)(2° - 1)

we get
2a+z + 2w + 2c = 2c+:p + 22 + 2a
where ¢ = a + b and z = x + y modulo n. Since a Z ¢ modulo n we get from
[Del; (2.3)] the assertion.
(b) As y = 0 implies = z we have y # 0. Replacing in the second equation
of (b) k by 27%(1 — 2°) we obtain two expressions for some positive integer M:

M = 2z—a+b + 2y+z—a + 1= 2y+z—a+b + 2r—a + 2y

where exponents are reduced modulo n.

Assume first that the 2-adic expansion of M has three terms. Since y # 0
we have z—a = 0 or y+2z—a+b = 0. In the first case x = z = a (mod n), which
is a contradiction. In the second case we obtain zt —a=-bandy=z—a+b
modulo n. But then y = 0, a contradiction.

Assume next that M has a 2-adic expansion with two terms. We have
y+z—a=0,z—a+b=0ory+z2—a=x—a+b We treat only the second
case, the other cases are similar. Here:

2y+z7a 4+92= 2y+z7a+b + 2717 + 2y

and the right side reduces to two terms. If —b =y then z—a=y+2z—a+b=1
sothat t=a—0b, z=a+1follows. f y=y+z—a+bthenz=a—-b=ux, a
contradiction. —b =y + z —a + b leads to z = a — b = x, again a contradiction.

Finally assume that M is a 2-power. Then on both sides of the equation two
exponents coincide while the third one exceeds this number by 1. Let {«, 3} be
the left duo and {v,d} the right duo. If 0 € {«, 8} then y ¢ {7,0}. But then
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0=x—a=y+z—a+b=y+z—aor=2x—a+bgiving a contradiction in each
case. If however 0 ¢ {«, 3} then x —a ¢ {,0} givingx —a+b=y+2—a=
y+ 2 —a+ b=y, again a contradiction.

(¢) Rewrite the second equation in (¢) as 1 — 2¥k = 2" %(1 — 2%) (mod N).
Then:

0=2""7(1—29)(1 —2°) = (1 — 2k)(1 — 2°) =
= (1 —2v=920k)(1 — 2°) = (1 — 2U=0 4 2U—a — QU—a9ef)(] — 2¢)
= 2v=a(1 — 29k)(1 — 2°) + (1 — 29=9)(1 — 2) = (1 — 2=)(1 — 2¢) (mod N)

By Zsigmondys theoren y = a (mod n) if n # 6 while the case n = 6 follows by
inspection.
(d) is proved by similar arguments as (c).

(2.13) Lemma. Set N =2" —1.

(a) Suppose m = 2420 +2¢ 424 = 20 4 28 4+ 97 4 29 wyith exponents between
0 and n — 1 such that o # b,c,d; B # a,c,d; v # a,b,c and 6 # a,b,c.
Then one of the following holds:

(1) a=a,b=0,c=~,d=4.

(2) The 2-adic expansion of m has two terms. Up to a permutation of
(a,...,d) we have a = b,c = a+1 and m = 292 +2%. Moreover there
is a permutation (e, p,0,7) of (a, 8,7,0) such thatc =7, e =0+ 1
andm =224 20 andp=c+1,d=c+1.

(b) Suppose 1 — k = 2%(1 — 2%k) (mod N) with 0 # a,b,a + b (mod n) and
(a,m)=(a+bn)=1.If 1 -2 =2Y(1 — 2°k) (mod N), = # z (modn),
then k = —2¢ (mod N), ¢ suitable or (z,z) = (0,b) or (b,0).

Proof. (a) The assertion is obvious if the 2-adic expansion of m has 4 terms.
If the 2-adic expansion of m has one term then wlog. a =b, c=a+1, d=c+1
and m =291 =2t2 ora =b=c=d = ¢, m = 2°"2. Similarly m = 2°*t! =
272 or 2°%2 with p,7 € {a,...,d}. Then by our assumptions on both sides
only the first alternative occurs. Hence p = d and (1) follows by induction.

Assume that the 2-adic expansion of m has three terms. Wlog. a = b and
m = 20T 4+ 2¢ 4+ 24 Similarly there is a permutation (e, p,0,7) of (, 3,7,9)
such that 0 = e and m = 2771 427 4+ 2. If 0 = ¢ = a = b we get (1) again.
Otherwise - choosing the notation suitably - m = 2011 42¢ 424 = 22 .26 4 27+1
which contradicts the assumptions.

Assume finally that the 2-adic expansion of m has two terms. Up to sym-
metry we have (1) a=b, c=d, m =21 +2*1or 2) a=b,c=a+1, m=
2¢t1 424 Assume o = 7, p =&, m = 251 4+ 2% If we have case (1) then wlog.
a=c¢, ¢ =0 and (1) follows. If however (2) holdsweget c =e=porc=0 =7,
a contradiction. By symmetry we conclude m = 2¢t1 4+ 2¢ = 25%1 | 27 with
oc=T1,e=0+1.1fc=¢, d = p we have (1) while the remaining case gives (2).

(b) is verified again by considering 2-adic expansions. We omit the straight-
forward but lengthy computations.

(2.14) Lemma. Let n = ds, d odd, such that {q,d}, q = 2° is a Dickson
pair [Li; p. 33]. Then:

12



(a) Fvery prime which divides 2™ — 1 divides (2" — 1)/d too.

(b) Assume (k,(2"—1)/d) = 1 and 2° = 1-2% (mod (2"—1)/d), 0 < a,b < n.
Then:

(1) (bn) = 1.
(2) If2°=1—-2Yk (mod (2" —1)/d), 0 < ¢,y <n then c=b and y = a.

Proof. (a) Every prime which divides d also divides ¢ — 1 and d divides
(2™ —1)/(¢ — 1) too [Lii; p. 32, (4)]. The claim follows.

(b) Assume (b,n) # 1. Then there exists a prime ¢ which divides (2° —
1,2" — 1) and therefore (2" — 1)/d by (a). Hence 2%k = 1 —2° = 0 (mod t), a
contradiction. Thus (1) holds.

Assertion (2) is verified again by considering 2-adic expansions. These cal-
culations are omitted too.

3 Constructions.

We describe series of B-sets whose automorphism groups will be computed in
the next two sections. Although we are convinced that these series are included
in the constructions of Dillon, Rothaus and others we take the liberty to present
them again in a fashion suitable for our computations.

(3.1) Parabolic B-sets. Let © = O¢ (use the notation of the introduc-
tion) be a quadratic form on V =V (2n,2) and U a totally singular subspace of
dimension m - say U = {e1, ..., en). In the following cases ¢ = + except case
(b) where e is arbitrary. Set W = U-=L.

(a) Standard parabolic type. Denote by I(V') the set of isotropic and by A(V)
the set of anisotropic vectors in V and set B = (I(V)NW)U (A(V)N(V —W)).
Then fp = Oxw + (©+1)xv—w = O+ xv_w is the boolean polynomial whose
zeros are B. Clearly xy_w = 14+ (z2n—m+1+1)(@2n—m+y2+1) - - (x2,+1). Hence
f5 is a bent function (see [Di2, Thm. 10]) and B a B-set of size 2"~1(2" +1). As
deg fp = max(deg ©,deg xy_w) B is standard iff m < 2. In any case P = HJ)
is a maximal parabolic subgroup of H° = Sp(V'). The corresponding subgroup
Ky in K is a subgroup of K = Aut(B). Later we will show K = Ky if m > 2.
We call these B-sets and their complements standard parabolic of degree m.

(b) Twisted parabolic type. Assume dimU = m < n — 1. Then © induces on
W/U a quadratic form such that W/U becomes a space of type V¢(2(n—m),2).
Let D C W be a set satisfying the following properties:

(1) D+U =D, (2) D/U is a B-set in W/U.

Define B= B(D)=DU(I(V)N(V —W)). We claim:

(*) B is a B-set of size 2"~ 1(2" + 1).
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This claim is verified below. The characteristic function of D is a boolean
polynomial of the form xp = p(Zm+1, Tm+2, - - -, Tan—m) and has (as a B-set in
W/U) degree 2 < deg xp < n — m. Then we have for B the bent function:

fB=0xv_w+pxw =0+ (O+p)xw =0+ (0+p)(z2n—ms1+1)- - (2, +1)

Let ©; be the sum of the monomials in © in the variables x,,41, ..., Z2,—m and
set ©g = © —01. Then fg = Opxw + O+ (©1+p)xw. Ifdeg (01 +p)=r>1
then deg (©1 + p)xw = r +n — m and no monomial in (©1 + p)xw of degree
r-+n—m occurs in Ogxw + 0. Hence deg fg > r+n—m and B is nonstandard
if this number is larger than 2. We will always choose the set D as a linear
transform of a standard B-set:

Assume W =U L W, with Wy = V¢(2(n—m), 2) and pick T' € GL(W)). Set
T=1y @ T. It is easy to see that D = (I(V) N W)r satisfies (1)-(2). Moreover
B is nonstandard if T' € GL(Wy) — O(Wp).

Assume now that n—m = ab > b > 2. By (2.7) we can choose 7 = 1y ® T in
such a way that Cgpwy) (T) ~ Sp(2a,2°). We say in this case that B is twisted
parabolic with parameters m,b,e. For this particular kind of twisted parabolic
B-sets we will compute the automorphism group.

Verification of (*) in the case e = 1: Set I = I(V), A = A(V) and I; =
INW, Iy =1n(V —W). Note that for D = I; (i.e. B =1 = BY) assertion (*)
is true. Take 0 £ v € V.

Case 1. v =wu € U. Then

|IBN(B+u)|=|D|+ LN Iy +u) =2""12" 1 +1)

as || = |D|.
Case 2. v=we W — U. Then

IBN(B+w)|=|DN(D+w)|+ LN (L+w)|=2"""2""+1)

by the same argument as in case 1.
Case 3. v € V — W. Choose u € U with (u,v) = 1 and set Dy = DN
()", Dy = D—Dy. For a coset =+ U C D choose  such that (z,v) = 0. Then

r+U=(@+UN©H U@+ w+Un @)

is a partition into sets of equal size. Hence |Dg| = |Dy| = 2m~1(2n—m=1(2n—m 4
1)). For i = 0,1 define further D} = {z € D;|z +v € I} and D] = {x €
Di|x +v € A} and set x; = |D;f|, yi = |D;|. Then x; +y; = 2""2(2""™ + 1)
and D +u= Dy, Dy +u= Dy, ie. xg=y; and 21 = yo. Moreover

|IBN(B+wv)|=Ibn(D+v)|+|DN 2+ v)|+ [IoN (I +v)]
and |I; N (D +v)| = |D N (Iz + v)|. Finally

|, N (D +v)| =D |+ |Df | = 2o + 21 = 2o +yo = 2"2(2"" +1).

As I is a B-set we have [I, N (Iy +v)| = 27712771 +1) —2.2n72(2n~™ 4 1)
and therefore |[BN (B +v)| = [loN(Iz+v)|+2- [N (D +v)| = 2"~ 1(2" "1 +1).
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(c) Special parabolic type. Assume dimU = n = 3b. Set Fy = EN
Sp(V) where E is the centralizer of the chain 0 C U C V in GL(V) (com-
pare with (2.5)) and let K, be the stabilizer of U in K = Aut(B°). The
the 2-radical Q@ = Oq(K};) has the form Q = {z[c(z)]|z € Ea} with an epi-
morphism ¢ : By — U. Set U' = (upt1,...,u2,) where {us,...uz,} is a
symplectic basis. Let X < K&U/ be a subgroup isomorphic to SL(3,2%). Pick
[@] € Extare)x)(V/U,U) ~ H'(X,E). Define X¢ = {z¢|z € X} ~ X by
vre = vx + (v + U)P(z), v € V. By (2.6) we can choose the 1-cocycle @ in
such a way that the restriction to F/F5 is not a coboundary. Xg normalizes @
but XeQ £ K°. Now Xg is transitive on V/U — 0 and each coset v+ U, v & U
splits into two @-orbits. Thus either Xg¢ is transitive on all Q-orbits in V — U
or X¢ has precisely two orbits each intersecting a coset v + U in one Q-orbit.
However the first case can not occur as the stabilizer in SL(3, F), F = GF(2%)
of a nontrivial vector v in F? has no subgroup of index 2. Thus X¢Q has two
orbits in V' — U which are B-sets by (2.1). We call these B-sets (and their com-
plements) of special parabolic type. Now F™* has an action on V' which commutes
with the action of X. From [Be] one deduces that dimr H'(E/E>) = 1. Hence
the type does not depend on the choice of [®] and the two orbits of Xg result
(up to equivalence and complementation) in at most two B-sets. See also the
more explicit remark after (6.8). Set A = Gal(F'). By the remark to (2.6) we
see that even AX4@ lies in the automorphism group of the constructed B-sets.
Note that A fixes both X¢Q-orbits, as otherwise the Forbenius automorphism
would interchange both orbits and act therefore fixed-point-freely on V- — U
which is absurd.

(d) Sporadic parabolic type. Assume dim V' = 12. Define U’ as in (c¢). Choose
X < K{yrs X ~ Ga(4) and [®] € Extarp(a)x)(V/U, U) such that the restriction
of ® : X — E/FE> is not a coboundary. The same arguments as (¢) show that
XQ has two orbit on V — U which are B-sets and also that X6Q £ K°. We
call these B-sets (and their complements) of sporadic parabolic type. Again as
in (c) these B-sets depend up to equivalence not on [®] and AXsQ lies in the
automorphism group of the B-sets where A = Gal(GF(4)).

(38.2) B-sets of trace type. Identify V = V(2n,2) with F2, F = GF(q), q =

2". Let a — @ be any permutation of F* and let Fy = {8 € F |tr 8 = 0} be the
GF(2)-subspace of elements with trace 0. Define B; = {(af,@)|a € F*, 8 €
Fo}, small trace type, and Bo = B1 UU, U = (1,0)F, big trace type. Then it is
easy to see that By and By are B-sets of sizes 27 ~1(2"~! —1) and 2"~ }(2" "1 +1)
respectively. In fact it is also not difficult to see that these B-sets are of the type
described by McFarland [McF]. We will only consider the case where o — @ is
an automorphism of the multiplicative group F*, i.e. @ = o¥, (k,2" —1) = 1.
We see that the mappings z(a) : V. — V, (2,9) — (ax,a*y) define automor-
phisms of the B;’s. We therefore call these B-sets of cyclic trace type and denote
them by the symbols Bi(k). Note that TL(1, F) ~ Z(t) < Aut(Bi(k)) where Z is
the group of the z(a)’s and (z,y)t = (22, y?).
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4 Proof of Theorem A.

We keep the general notations from the introduction of section 2. Moreover
with the notation of (3.1) B denotes a B-set of parabolic type, V = V(2n,2)
is an othogonal space with quadratic form © and U = (eq,...,e,,) is a totally
singular subspace with respect to ©. This quadratic form is of (4)-type in all
cases except the twisteted parabolic case where also © can be of (—)-type. Then
V =UeWyaU’' with a totally singular subspace U’ = (€2p—m+1, - - -, €2,) and a
nondegenerate 2(n — m)-dimensional subspace Wy = (€m+1, - - -, €2n—m) Which
has the same type as V. The structure of K = Aut(B) is closely related to
Kp, = H{ kP, the stabilizer of U in the automorphism group of a standard B-
set BY. We describe the latter group. We have H = LoQ where the 2-radical
Q = Oy (H})) is the centralizer of the chain 0 C U C U+ =W C V and Ly is the
stabilizer of U in HY}. Moreover Ly = Ly x Lo with with Ly = Cr, (W) ~ SL(U)
and Ly = Cr,(U) ~ Sp(Wo,¢). Then Ly = L1k’ < KJ. We will show
Qx = QkY and H = Kx~! = LQ with a group L isomorphic to a group
between L; and Ly X Ly. Finally we do assume n > 4: For n = 4 theorem
A can be verified by a computer calculation. Possible approaches for such a
computations are described in the remark after (7.1).

(4.1) Lemma. The centralizer of the chain 0 CU CU+ =W CV in K is
Qr°, ie. Q< H.

Proof. Let Q be this centralizer. By definition

B= |J (w+U)nB)u |J (0+W)NB)
weWy velU’—0

and (w+U)NB = w+U or ) while (v+W)NB = (v+W)NB° or = (v—&-W)ﬂFO.
Thus Qx' fixes B, i.e. Qx° < Q. Any element in Q fixes every coset w + U and
both sets in {(v+W)NBY, (v+W) NB"}. Hence Q fixes B® and thus Qx° > Q.

(4.2) Lemma. Set P = Hy Then:

(a) ¢ maps P into W.
(b) W is P-invariant. In particular @ < P.

(¢) The P-modules U and V/W are dual with respect to the duality induced
by ¢.

(d) Hy = P.

Proof. Set © = fg.
(a) Assume c(z) € V — W for some x € P. Then urk = uzr +c(z) €V -W
for u € U. By definition of © (in any case):

0 = O(u) = O(uzk) = O(c(x)) + d(uz, c(x)).

However one can choose u such that ©(c(z)) # ¢(uz,c(z)), a contradiction.
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(b)We can assume U # W. Then we are in the standard parabolic or
twisted parabolic case. Suppose w € W,z € P but wx € V — W. By (a)
wx +c(z) € V—W. Pick uw € U. Then:

(
(
(wz + c(z)) + O(ux + wz + c(x))
(ux) + ¢(ux, wzr + c(z))

However ranging with u over U we see that the right side is not constant, a
contradiction.

(c) Set Qo = Co(W) = Co(V/U). Let S C GF(2)™*™ be the set of symmet-
ric matrices and Sg = SJ,,, where J,, is obtained from 1,, x,, by reversing the or-
der of the columns. Using the given basis we have an isomorphism A : Qo — Sp
and matrix representations Dy : P — GL(m,2), Dy,w : P — GL(m,2) such
that A(y”) = Dy w(z) ' A(y)Dy(z) for y € Qo, € P. Note that the same as-
sertion holds if we choose 2 € HY}. From Sy = Dy ()~ 'Sy Dy (2) we conclude
Dy w(x) = JmDy(x) " Jm. The assertion follows.

(d) In this case we may assume that B is standard parabolic or twisted
parabolic. (wy,w2) +— G(w1,ws) = O(wr + w2) + O(wy) + O(ws) defines an
alternating form on W whose radical is U. A straightforward computation
shows that this form is invariant under the action of Hy,. The assertion follows.

(4.3) Lemma. Let B be standard parabolic or twisted parabolic and P =
Hy. Then:

(a) Cp(U)/Q acts on W/U as a subgroup of Sp(Wo, ¢).

(b) P = HY, in the standard parabolic case and Cp(W/U) = L1Q in the
twisted parabolic case.

Proof. (a) With respect to the choosen basis of V' we see that y € Q is
represented by a matrix of the form

1
Aly) 1
* Cly) 1

with A(y) = J;,C(y)! Jpr, where m’ = 2(n—m) and Jy, as in the proof of (4.2.c).
2 € Cp(U) is represented by a matrix of the form

Thus A(y®) = D(x Y A(y), C(y*) = C(y)D(z) and hence C(y)D(z)Jp =
C(y)Jpm D(z)t. As C : Q — GF(2)™ ™ is an epimorphism with kernel Qo =
Co(W) = Co(V/W) we see that Q/Qo as a Cp(U)-module is isomorphic to
the direct sum of m copies of Wy and Cp(U) induces on W/U a subgroup of
Sp(Wo, ¢) since Jy,s is the Gram matrix of ¢ restricted to Wy x Wy.
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(b) By definition HY; < P in the standard parabolic case and L1Q <
Cp(W/U) in the twisted parabolic case. By (4.2) and (a) equality holds in
both cases.

(4.4) Lemma. Theorem A holds in the standard, special, and sporadic
parabolic case.

Proof. Let B first be standard parabolic. If m < 2 then deg fg = 2 and
B ~ B (see [Di2]). So assume m > 3. By (4.3) Hy = H, and 0 C U C U+ =
W C V is the unique Hy-composition series. If H = Hy we are done. Otherwise
H would be irreducible by (4.2). We can apply a result of Mc Laughlin [McL]
and conclude H ~ Sp(V) or SL(V). But then by [De2] B is standard and
deg fp = 2, a contradiction.

Let B now be special parabolic. Using the notation of (3.1.c) we know al-
ready that Ky = AXeQxO lies in K. If H would not be irreducible then again
with [McL] and [De2] we reach a contradiction. So H = Hy (and K = Ky)
and Q = Oq(H). Set Hy = Kox~'. If S = E(Hy/Q) is not normal in H/Q
we apply the result of Hering [Hel, He2, Li2] and see that H,/Q = E(H/Q) ~
SL(a,2°), ac = n and a > 3. Since Xg ~ S < H;/Q the nontrivial class
[@] € EXtGF(Q)[E](V/U, U) extends to the group ring GF(2)[H;/Q] which is
in conflict with [Be]. Hence S < H/Q. Assume Hy < H. As Hy/Q covers
I'L(3,2%)/GL(3,2%) we would find an h € H such that h induces a nontriv-
ial diagonal automorphism on S by conjugation. But the nontrivial diagonal
automorphisms act fixed-point-freely on ExtGF@)[g] (V/U,U), a contradiction.

Let B be finally sporadic parabolic. As before H = Hy. Set Ko =
AXsQr, Hy = Kok™' and S = E(Hy/Q) ~ Xg ~ Gg(4). If S is normal
in Hi/Q then H = Hy and we are done. Otherwise by Herings theorem
Sp(6,4), SL(6,4), Sp(12,2) or SL(12,2) < H/Q. In any case we have a sub-
group SL(2,25) in H/Q. The proof of theorem D will show that B is either
standard or standard parabolic, so that we have H/Q ~ SL(12,2) anyway and
again [®] would extend to a nontrivial class of Extgr(2)m/)(V/U,U) which is
impossible.

(4.5) Lemma. Theorem A holds twisted parabolic case.

Proof. Set P = Hy. Let m,b,e be the parameters of B and define a by
ab=n —m. Set © = fp. The restriction of © to W is a qudratic form with
radical U such that W, is a nondegenerate space of type €. Let ¢ be the polar-
isation of © on W. First we claim:

(1)
0¢(2a,2%) = O(W,,0) N O(Wy,0) < Cp(U)/Q
< Sp(Wo, ¢) N Sp(Wo, ¢) ~ Sp(2a, 2")

By the observation in the proof of (4.2.d) and by (4.3.a) we have Cp(U)/Q <
Sp(Wo, ) N Sp(Wo, ¢) which is isomorphic to Sp(2a,2°) by (2.7). On the
other hand Ly N H® ~ O¢(2(n — m),2) ~ O(Wy, ©) and by (2.7) O(Wyp,0) N
Sp(Wo, ¢) = O(Wp, ©) N O(Wy, ) ~ O¢(2a,2%). Since an element in Ly N H
leaves Oy and Oy invariant it even lies in Cp(U) N K and (1) follows.
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Let S be the subgroup in GL(V) which acts trivially on U@ U’ fixes Wy and is
isomorphic to Sp(Wp, ¢). Then there exists a unique 1-cocycle ¢ : S — Wy such
that {s[¢(s)] | s € S} is the automorphism group of the (standard) B-set BNW,.

Let Sy be the subgroup of S which corresponds to Sp(Wy, ¢) N Sp(Wo, ¢). We
claim.

(2) Let m = 1. Then Cp(U)/Q =~ Sp(2a, 2°).
For x € Sy we define T € GL(V) by T = 2w and e2,T = ea, +c(x) +2(x).
We check that Z[¢(x)] lies in K. For w € W we have

O(wz[e(z)]) = O(wz + () = O(w)

—~

by definition of ¢. Also ©® = © on V — W. Thus:

O((w + e2n)Z[E(x)]) = O(wz + ean + (x)) = O((w + €20)[c’(z)])
= O(w + ea2,) = O(w + eap).

Together with (1) we get claim (2).

(3) Let m > 1. Then Cp(U)/Q ~ O¢(2a, 2%).

Assume Cp(U)/Q =~ Sp(2a, 2®). Use (4.3.b) and choose t € L1, |t| = 2™ —1.
Note that t € H. If x € Cp(U) then [, ] centralizes the chain 0 CU C W C V,
ie [z,t] € Q. Then Glaubermans fixed-point-theorem implies Cp(U) = Q - C
with C = C¢, ) (t). Pick x € C. Then z fixes Wy = Cy(t) and U @ U’ = [V 1]
as t and  commute. Thus vz = v + uy (z), v € U’, with u, (x) € U. As
C N Q lies in the center of C this group contains a subgroup Cy ~ Sp(2a, 2°).
The map u, : Cop — U is a homomorphism. As (Y is simple we see that wu,, is
trivial and therfore U’ is Cp-invariant. As zx = z[c(z)], € Cy commutes with
t we get ¢(x) € Wy. Now

() =06()=
(u' +e¢

(u') + O(c(x))-

This implies ©(c(z)) = 0 for all z € Co. Hence x lies in O(Wy,©) and thus
C < 0(Wy,0) N Sp(Wy, ) ~ O¢(2a,2°), a contradiction.

)
S)
S)

(4) H = P: Assume P < H. If H would be irreducible then H ~ Sp(V') or
GL(V) and the same argument as in the standard parabolic case (proof of (4.4)),
leads to a contradiction. So H is reducible. Then W/U is reducible as otherwise
P < H and (4.2) would imply that H is irreducible. This shows a =1, € = +
and PW/U ~ 0%(2,2°), b = n — m, is dihedral of order 2(2* — 1). Again this
group is irreducible if b > 2. Thus b = 2 and P"/U ~ Sym(3). In this case
there is a unique P-invariant subspace Uy between U and W and dim Uy /U = 2
in this case. As neither U nor W are H-invariant we see that U; and V/U; are
H-irreducible and by MacLaughlins theorem [McL] HV' ~ HY/Ur ~ GL(n,2).
Also

|02(H) N P > 2("2")+2=1) 5 o(3).

As U and V/W are dual with respect to the action of Ly ~ GL(n — 2,2) we

conclude using the information of [Gr] that even |O2(H)| > 2("s"). But then
|Oo(P™/V)| > 1 contradicting PV/V ~ Sym(3).
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5 Proof of Theorems B and C.

In this section we consider B-sets B = Bi(k)7 1 = 1,2, of cyclic trace type as

defined in (3.2). We note that if ¥ = —1 and then (if B is big) fp(z,y) =
trace ry showing that Bfl) is standard parabolic and Béfl) is standard. Also
we observe that B ~ B*) if k ~ k: Namely if k' = 2% (mod 2" — 1) then
(z,y) — (ac,yy) maps ng) on Bi(kl). To prove theorem C we are therefore
interested in the computation of K = Aut(B) if k # —1. Theorem C will be
used to show theorem B afterwards.

As usual we set H = K[V]y. We will follow the pattern of the proof of theorem
A and first determine Hy, with U as in (3.2). We then show H = Hy. Both
steps rest completely on group theory. In particular step two is difficult and
requires a description of irreducible subgroups of GL(V') which contain a cyclic,
semiregular subgroup of order 2™ — 1 (see theorems 3 and 4 in the appendix).
By the same reason as in the proof of theorem A we will assume n > 4 in this
section.

For the remainder of this section we keep the notation of (3.2) and add some
more. Set U’ = (0,1)F. Then V =U @ U’ is a Z(t)-decomposition and if k 5 1
this decomposition is even unique. For 0 < a < n —1, 8 € F, and we define
GF(2)-linear mappings t,(5) on V by:

(2, 9)ta(B) = (v +y* B.y)

Then we have the following relations

[ta(ﬁ)v [u]] = [ta(ﬁ)vtb( )] 1,

ta( )z(a) =1, ( 1— Q“kﬁ)7
[u]**) = [ua], ta(B)" = ta(5?

); z(a) = z(a?)

foruelU, 0<a,b<n—1, a€ F* g,y€ F. Clearly Z{t) < KNH. Let E be
the centralizer of the flag 0 C U C V in GL(V) and set E = E[U] < AGL(V).
We first intend to determine the intersection of E with K. For this purpose we
define Z(t)-invariant subgroups of E by T, = [U] and T, = {t,(8) |8 € F}, 0 <
a < n. We say that a GF(2)[Z]-module of dimension n is of type M (m) if z(«)
acts via multiplication with " when this module is identified with F. Note
that M (m) ~ M(m/') if m ~ m/. The following lemma describes the Z-module
structure of E.

(5.1) Lemma. With the above notation the following holds:
(a) Too ~ M(1) and Ty, ~ M (1 —2°k), 0 < a <n —1, as GF(2)[Z]-modules.

(b) For each a the Z-module T, is homogeneous (i.e. the direct sum of isomor-
phic irreducible Z-modules) and T, is not irreducible iff (1—2%k)(1—2°¢) =
0 (mod 2™ — 1) for some proper divisor ¢ of n.

(¢) There is a partition T = {00,0,1,...,n — 1} = P U Q such that P =
{a1,b1} U---U{as,bs} is a partition into pairs and the following holds:

(1) If a € Q, then the irreducible Z-composition factor of Ty, occurs in
no T,, c € T — {a}.
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(2) Ty, ~z Ty, for 1 <i<s. The irreducible Z-composition factor of T,,
occurs in no Te, ¢ € T — {a;, b;}.

Proof. (a) and (b) are clear by the relations above. Assume 0 < a < b <
c<n—1land T, ~T, ~T,. Then

1 — 2% = 2%(1 — 2%k) = 2Y(1 — 2°k) (mod 2" — 1)

with x,y suitable. Replacing if necessary k by k2 we may even assume a = 0.
But then (2.12.a) yields a contradiction. Finally T, ~ T, gives 1 — 2% =
2% (mod 2™ — 1). But then a is unique. Now (c) follows.

The following groups will occur in EN Qk. For 0 < a,b,c <n—1 we define

Yo = {ta(B)[(B.0)]| 8 € F} and Xaep = {ta(F*)te(B)|B € F}, a # c,

which are elementary abelian of order 2.

(5.2) Lemma.

(a) Suppose {a,c} belongs to the partition of P and 1—2%k = 2°(1—2°k) (mod 2" —
1). Then Xq.cp < K NH and Z normalizes this group.

(b) Suppose 0 < a,b<n—1 and 1 —2% = 2° (mod 2" —1)). Then Yo < K
is Z-invariant. Moreover Xq_pqy1.—6 < KNH if kA4 1.

Proof. Since U is invariant under E we may assume that B is small. Now:

(1Y) = 1@ 2592 Y012 H) = tal(02 2 F)? (a2 Hs)

Therefore Z normalizes X, ¢ in case (a). A similar computation shows that
Z normalizes Y, 5 in case (b). Take a typical element (a3, a*) in B and x =
(ta(72b)tc(7) € X Then (af, a®)z = (8,1)z(a)z = (3, 1)3:Z(a)_1z(a). So as
obviously (8,1)Xg4.c0 C B we see BX,, ..p = B. A similar argument shows in case
(b) that BY, , = B. Finally in case (b) 2° = 1—29k implies 2° — 29k = 1—29+1f
and thus 1 — 297k = 27%(1 — 29+1k). Apply (a).

Remark. For k =1onehas 1 —2" 'k =2""! sothata —b=a+1=
0 (mod n). So in this case the group X, ... in (5.2.b) is not present.

(5.3) Lemma.

(a) Tu,B # 1 iff there exists a proper divisor ¢ of n such that (2°k—1)(2°—1) =
0 (mod 2™ —1). If ¢ is the smallest divisor with this property and n = cd
then | T, p| = 2°14=1).

(b) Set Qo ={a € Q|Ty5#1}. Then |Qo| <1 ifn #6.

Proof. (a) Assume Bt,(u) = B forsome 0 # u € F,ie. (af+a?"*u,a*) € B
for a € F* and § € Fy. This is equivalent to a2 1u € Fy for all a € F*.
But also t,(u)*(® = t,(a'~2"%u) fixes B. These elements generate a subgroup
of T, which is isomorphic to <a1’2aku |a € F*> as a subgroup of the additive
group of Fy. Therefore the (2%k — 1)-th power of Z does not act irreducibly on
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U. Hence (2% —1)(2¢ —1) = 0 (mod 2™ — 1) for some 0 < ¢ < n, ¢|n. Choose ¢
minimal with this property. Set GF(2¢) ~ Fy; C F' and denote by Fyg C Fy the
kernel of the trace map on F’ relative to Fy. Then Fyg is a maximal Fi-subspace
of Fy and Ty g = {ta(u) |u € Fyo}.

(b) Assume (2% — 1)(2° — 1) = 0(mod2" — 1) and (2°k — 1)(2¢ - 1) =
0 (mod 2™ — 1) with proper divisors c¢,d of n. Since n # 6 there exists a 2-
primitive prime divisor r of 2* — 1. Then r divides 2%k — 1 and 2°k — 1 and
hence k(2% —2%). If a # b then r divides k and hence (k,2%k—1), a contradiction.
Assertion (b) follows.

Remark. The case n = 6 is exceptional with respect to (5.3.b): For k = 11
we have |T1 | = 16, |T5,5| = 8 and for k = 23 we get [T1 5| =8, |T5,5| = 16.

(5.4) Proposition. Denote by Q the centralizer of the flag 0 C U C V
in H. Then Q = O2(Hy) and we have a Z (t)-invariant decomposition Qk =
X &Y & T with the following properties:

(a)

S
X = @ Xaibise:
i=1

with ¢; suitable and the sum ranges over these pairs of P which do not
contain oo.

(b) Y =Yg, with b suitable if {oco0,a} is a part of P and Y =1 otherwise.
(¢) Letn#6. Then T =Ty p if Qo = {a} and T =1 otherwise.
Proof. As Z is irreducible on U and V/U we see that O2(Hy) = HNE = Q.

The image Q« lies in E[V]. We claim that Qk even lies in E:

Otherwise Qr would cover E[V]/E ~z V/U ~ M(k). As QcN[V] =1 we see
that E/[U] ~ E has a quotient of type M(k), i.e. T, ~ M (k) for some a. Hence
1—2% = 2k (mod 2" — 1) or k! = 2% +2° (mod 2" — 1) with a suitable b. Thus
this factor is unique. In particular Qx contains a group {y[c(y)]|y € T4} such
that the map T, > y — c(y)[U] € [V]/[U] ~ V/U is an isomorphism. However
if 1 #y € T, then Cy (y) = [V, y] showing that (y[c(y)])? is a nontrivial element
in K N[U], a contradiction.

By lemmas (5.1-3) the groups X,Y and T all lie in Qx. By (2.12.c) we see
To,p = 1 if a belongs to a pair in P. This shows |(Ty x Tp)g| = 2™ if {a,b}
belongs to P. All assertions follow.

In view of theorem D the following special case is of particular interest and
we give a more direct description of @k in this case.

(5.5) Corollary. Suppose Y = Y, # 1. Then ZY[V] induces a rank 3
group on V. If k o0 1 then T =1 and X = Xy—pat1,-b- If k~1 then X =1
and |T| = |T0)B| =on-1

Proof. Clearly T, < @ and T,k =Y. The first assertion follows as ZT, has
3 orbits on V. Assume k o 1. Then Xq_p q41,—6 < X by (5.2.b) and (2.12.b)
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shows that equatity holds. Moreover 7' = 1 by (2.11.d). Assume k ~ 1. Then
Y =Y_1 1 and |T, g| = 27! by (5.3). Together with the remark following
(5.2) we have X = 1.

Remarks. (a) Suppose 1 — 2% = 2°(1 — 2°k) (mod 2" — 1), a # ¢, and
assume (2° —1,2" —1) =1 (i.e. (b,n) =1). Then X = X, . by (2.13.b) as
ko~ 2%.

However log, |X| is not bounded linearly by n. Of course in the exceptional
case k ~ —1 we have |X| =2"" if n = 2m + 1 or n = 2(m + 1) respectively.
But also for the generic cases there is no such bound:

Assume n =mt, m >3, (m—1,2' —1) =l and set ¢ = 2%, k= q¢™ 24+ ¢m 3+
.+ 1. By (211d)for 1<r<m-—1landa=t(m—r+1), b=t(n—r) and
¢ = t(r+1) we have X, < X. Hence |X| > 20"~ Te. log, |X| > (m —1)n.
(b) We will show in the sequel that K = Z(t)Qx. If Y = 1 we observe that
@ = Qr has at least two orbits on every nontrivial coset of U in V. This implies
that K[V] = H[V] has at least rank 4 as a permutation group on V. In other
words K[V] is a rank 3 group iff Y is nontrivial.

(5.6) Proposition. Let k ot —1. Then Hy = Z (t) Q.

Proof. Using the classification of 2-transitive affine groups [Hel], [He2], [Lie2]
and Hupperts information about Singer-groups [Hu] we observe:

(*) Let W = V(m,p), p a prime and T'L(1,p™) < G < GL(W). Then there
is a factorization m = ab and G ~ I'L(a, p°).

Hence HY ~ T'L(a, 2%) with n = ab. A similar statement holds for HYY , W =
V/U. Using argument (E) we see that the kernel of the action of Hy on U and
on W is in both cases Q. Therefore Hy;/Q ~ HY ~ HY. If a = 1 we are done.
Assume a > 1. We define subgroups Q< Ho<H,<\Hy by Hy/Q ~ SL(a,2%), H;/Q ~
GL(a,2%). As Cy(Z) = 0 we have Z < H; N K. By (2.9) Hy splits over Q and
by a well known theorem of Gaschiitz H; splits over @ too. So we find sub-
groups Lo < Ly < H; such that Lo = Ly N Hy ~ SL(a,2%), L; ~ GL(a,2%) with
H; = L;Q and Z < L;. We do indentify U with the natural Ly-module. As
GF(2)[Lo]-modules W ~ U or U*.

We claim that we may assume Ly < HNK: If a < n then 1 # Zy =
Z(L1) < Z and Zy = Zpk. Then Cy,x(Zok) = Cu,x(Zo) ~ Ly and as this
group fixes Cy(Zp) = 0 we see that this group is L;. If a = n then L, = Ly
and H'(L;,U) = H'(L;,W) = 0. Thus ¢ induces a coboundary from L; in
V/U. Conjugating with a suitable element from [V] (i.e. and replacing B by
an equivalent B-set) we may assume that the induced map is even trivial. But
now ¢ : Ly — U is a coboundary and adjusting with an element from [U] we
may assume that ¢ =0, i.e. [ < K.

As we have seen in (2.3) @ is isomorphic to a submodule of Hom(W,U) ~
@;W*¢' ® U where ¢ is the Frobenius automorphism of F' = GF(2}).

Assume first £k = 1. Then U and W are isomorphic as Z-modules and therefore
W ~ U as a GF(2)[Lo]-module. Also |Q| = 22""1 and |Cg(Z)| = 2""! by (5.6).
Now Z N Ly has no nontrivial fixed-points in U*¢’ @ U, i > 0, so that by (5.5)
the centralizer of this group in (U* ® U) NQ has dimension n — 1. Let A be the
irreducible adjoint module. As we have seen in (2.9) we have U*®@U ~ A® F' if
a is odd whereas this module is uniserial with factors F, A, F' in this order if a
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is even. This shows that a is even and that @ contains the bottom factors F, A.
But then |Q| > 20T(a*=2)b > 927 4 contradiction.

So from now on assume k ¢ 1. We choose a basis {v1,...,v2,} of V such that
U= (vy,...,v,) and that the associated matrix representation

toee o= (P L0 ) (4 0)

has the property Do(z) = Di(x) if W ~ U and Dy(x) = Dy(x)"t if W ~ U*.
We use the notation of (2.3) and write A(z) = Zf;é A;(x) where A;(x) cor-
responds to the component in H;(W,U). The map A; defines a class [4;] in
HY (Lo, W*p! @ U) ~ Extar(2)(Lo] (Wi, U). We now invoke the result of Bell
[Be; thm. 3.2]: These cohomology groups are always trivial with the exception
a=3 W ~U*and i =1or b— 1. In all other cases U has a Lg-invariant
complement and even a Lj-invariant complement as |L; : Lo| is odd. As k 4 1
this complement is U’. Choose 0 # v € U’ and set L= Lo y.

Case 1: V is a completely reducible Lo-module. Assume first @ > 2 and
U~ U ~W as Lo-modules. Then L has on U and U’ precisely 2° orbits of
length 1 and one orbit of length 29> — 20 =2 —2b. Also C = BN (v+U) is a
L-invariant set of size 271 implying 271 > 2" — 20 a contradiction.

So assume U* ~ U’ ~ W and note that for a = 2 automatically U* ~ U
holds. This time L fixes an irreducible, (n — b)-dimensional subspace Uy of
U and U — Uy splits into 2° — 1 orbits of length 2", By definition of the
B-set C = BN (v+ U) = v+ Uy with a hyperplane Uy of U. This implies
Uy C U;. Clearly Ly leaves invariant the quadratic form © = 2?21 TiTign-
Conjugation with a suitable element of the form z = 2o ® 1y, 20 € Z(GLp(U))
fixes Lo and moves U; onto U N v+ (the L symbol refers to the bilinear form
induced by ©). Thus we may assume C' = BN (v + U) with the standard B-set
BY. But CLyUU is the standard parabolic B-set and as B = CLg or CLqUU
we see that B is standard parabolic or standard. Hence k ~ —1, a contradiction.

Case 2: V is an indecomposable Lg-module, i.e. a = 3,U >~ W* as observed
above. Using again Bells result we can choose our basis in such a way that
A(J?) = Al(a:)—i—Ab_l(x), x € Lg. As before C = BO(U—I—U) =v+Uy, Uy CUs.
Conjugating again with an element z as above we may assume C = BN (v+U)
but we have to replace Ly and L by L§ and L*. Let E; be the submodule of
corresponding to A?(U) (see (2.5)). If A induces a coboundary on the module
E/Ej then L§ lies in K° = Aut(B) and again B is either standard or standard
parabolic, a contradiction. In the other case A induces a 1-cocycle which is not
a coboundary. Thus B = C'Lg or CLyUU is of special parabolic type according
to the definition of (3.1.c). But by theorem A the group H does not contain a
cyclic, semiregular subgroup of order 2 — 1, again a contradiction.

Our goal for the remainder of this section is to show that we already have
found the full automorphism group of B, i.e. to show that H = Hy holds. The
next result excludes the possibility that H fixes U’ but not U.

(5.7) Lemma. Assume Oz(Hy+) # 1. Then Q = O2(Hy) # 1 too.
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Proof. As Q # 1 for k = 1 we can exclude the case k ~ 1. Let E’ be the
centralizer of the flag 0 C U’ € V. For 0 < a < n,u € F, define a linear
map sq(u) by (z,7)sq(u) = (z,y + 2% u). Then s,(u)*® = s,(aF2"u). Set
T! = {s4(u)|u € F}. Then E' = @!_}T! is a Z-invariant decomposition and
T! ~y M(k—2%) ~z M(27°k—1). Set T/, = [U’]. The same argument as in the
beginning of the proof of (5.4) shows Q'x C E' = E'T’, where Q' = Oy(Hy).
First we note:

(1) B is big and B = {(a,a*37%) |0 £ a € F,0# 3 € b} UU UU’: Assume
that B is small and 0 # s = t[v] € Q'k, t € E', v € U'. Then for w e V - U’
the set C = BN (w+ U’) has size 2"1 — 1. Also ws = w+ (w+ U’)to +v where
to: V/U — U’ is a linear map such that yt = y + (y + U’)tg. As tg # 0 we can
choose w in such a way that (w 4+ U’)tg # v. Then s acts fixed-point-freely on
C which is impossible. Hence B is big. The second assertion is obvious.

Since we have an analogue statement as (5.1) for E’ we see that @’ # 1 implies
T, g # 1or (T, xT)p # 1 for some 0 < a < n or that (T x T;)p # 1 for
some 0 <a <c<n.

(2) Assume T, 5 # 1. Then T, p # 1: Let 1 # sq4(u) € T, 5 and (o, o 37F) €
B. Then (o, a*37% + au) € B showing o*37% + a®"u = 0 or = akﬂo_k for
some 0 # By € Fy. Set F0 = {87110 +# B € Fy} U{0}. We conclude that for
al0 £a € F, % e Fy™:

—k k-2 —k
B +a" T uwe Fy T,

In particular Fofk + Foo = Fo’k where Fy is the additive group generated by
the o ~2"u’s. As in (5.3) we conclude that |Fyo| divides 2¢ — 1 for some proper
divisor ¢ of n. Again by (5.3) we deduce T_, p # 1.

(3) Assume (T x T!)p # 1. Then (T—, X T_.)p # 1: Because of (2) we assume
T! ~5 T! and hence k — 2% = 2°(k — 2¢) (mod 2" — 1), b suitable. This shows
1 —279% = 2b+¢=9(1 — 27¢k) (mod 2" — 1) and we can apply (5.2).

(4) Assume (T, xT')p # 1. Then (T_q—1 X Tp—p)p # 1, b suitable: Again this
is a consequence of (5.2).

(2)-(4) show @ # 1.

The next lemma rules out the possibility that H is irreducible but leaves
invariant the set {U,U’}.

(5.8) Lemma. Let H be irreducible and k + +1. Then O?(H) is irreducible
too.

Proof. Assume that O?(H) is reducible. As k ¢ 1 this group has two
nonisomorphic composition factors on V. This implies that there exists a normal
subgroup O?(H) < Hy of index 2 such that V = U @ U’ is a Hy-decomposition
and h € H — Hy interchanges U and U’. By a Frattini argument we find such
an h € HN K which normalizes Z. Then (x,y)h = (yh1, xhge) with GF(2)-linear
mappings h; on F. Since z(a)" € Z we see that hy and hy lie in the normalizer
of the multiplicative group F* of F' in GL(F'). This normalizer is (p)F™*, ¢ the
Frobenius automorphism. Modifying h with an element from (t)Z we can even
assume ho = 1. Hence (z,y)h = (y* v, z) with some v € F* and some number
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u. Take (af,a®) € B. Then (a*?",a3) € B. If 3 # 0 set 6* = af8. Then
(6(37*2"~),6%) € B and thus Fofk’y = Fy. Using proposition 3 of the appendix
we deduce k ~ —1, a contradiction.

Remark. Suppose k ¢ 1. The proof of (5.8) shows:
(I) Let h € Ny (Z) interchange U and U’. Then k ~ —1.

We will apply this as argument (I) in the sequel.

(5.9) Lemma. Suppose Z < G < H, n=2m, m # 3. Assume further:
(1) E = E(G) ~ SL(2,2™).

(2) V is an irreducible GF(2)[E]-module, isomorphic to M & M® where M is
the natural E-module and o = 2° is a Galois automorphism with 0% # 1.

Then E is not normal in H.

Proof. By the assumption G1 = Ngrv)(E) ~ I'L(2,2™). Let Go be the
normal subgroup of Gy which corresponds to GL(2,2™) and set Zy = Z(Gy).
Let r be a 2-primitive prime divisor of 2" — 1 and S a Sylow r-subgroup of G.
As r > n+1 we see that S < E and since |S| = |Z|, we may even assume
S < Z.Hence Z < Cg, (S) = Cq,(S) = Zy x Zy where Z; = Cg(S) is cyclic of
order 2™ + 1. We conclude Z = Zy x Z; and Gy < G.

Let A be a generator of GF(2")*. The eigenvalues of a generator zg of Zj
are the m Galois conjugates of A2” 1 (each eigenvalue has multiplicity 4). The
eigenvalues of a generator z; of Z; are the n Galois conjugates of ACQT-D(+2%)
and the n Galois conjugates of A@T-DE"+2") Then » = Zpz1 is a generator
of Z and as a GF(2)[Z]-module V splits as V = U @ U’ where U and U’ are
nonisomorphic, irreducible Z -modules. Of course U and U’ have the usual
meaning. Up to a reversal of the roles of U and U’ we have that z has on U the
Galois conjugates of p; = A2"+H1H@"=DA+2") — \2" 42" -2" 414 on U the
Galois conjugates of pp = \2"F1+E"-1DE@"+2") — \24+27H"-2"
As both cases are symmetric we just consider one of them.

We may identify z with the map z(p1) (see (3.2)). Then

as eigenvalues.

ta(w)® = ta(ppy > ).
Hence z has the Galois conjugates of 111115 2" as eigenvalues on the module T}:
T, ~ M(2m+1 4 gm+b _ b _ gat+l _ gm+a+b 4 gatb)
In particular
Ty~ M(2(2™ — 1)) ~ M(2°FL (2™ — 1)) >~ T},

as Z-modules. Then Y # 1 in the sense of (5.2-4) and Yk~! < H. As Y1 n
E =1 the assertion follows.
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(5.10) Proposition. Assume k # —1. Then H = Hy.

Proof. Suppose H # Hy. Then G = O?(H) is irreducible: If & o 1 the
spaces U and U’ are not Z-isomorphic and the claim follows from (5.7-8). If
k ~ 1 then @ NG # 1 again impying the claim.

As we want to use Zsigmondys theorem we exclude first the case n = 6. Then
up to equivalence k = 1,5, 11, 13 or 23. Accocrding to (5.4) in case k = 1 Hy has
3 orbits on V' and in the remaining cases H has orbits of lengths 1, 63,2016, 2016.
Now H # Hy would imply that H[V] is 2-transitive or a primitive rank 3 group.
So by [De2] B would be standard, a contradiction to (5.6).

So from now on n # 6. Hence there exists a 2-primitive prime divisor r of
2" — 1. We apply proposition 1 of the appendix to the groups G and Z and
examine the various cases.

First we rule out the generic case (e), i.e. E = E(G) is irreducible and
quasisimple. By [De2] H[V] is not 2-transitive or a rank 3 group. Using theorems
3 and 4 of the appendix we see that G fulfills the assertions of (5.9). But then
F is not normal in H, a contradiction.

We now treat the nongeneric cases of proposition 1 and start with (a),
ie. F*(G) is homogeneous and cyclic and contains the r-part of Z. Hence
Car(v)(R) ~ GL(2,2") contains Z and F*(G) as Rchar F*(G). If F*(G) is
irreducible then |F*(G)| divides 22" — 1 and (|F*(G)[,2" + 1) # 1. As F*(G)
has odd order we may assume F*(G) < K. Since F*(G) acts semiregularly on
V' — 0 we see that the order of F*(G) divides |B| if B is small and |B| —1if B
is big, which is impossible. Hence F*(G) is reducible, i.e. [F*(G)| < 2™ —1 and
|G/F*(G)| < n. But then |G| < |O?(Hy)|, a contradiction.

Assume next that we are in case (b) or (d) of the proposition. Then E(G)
has at most two components and the components are normal. One component
- say E; - lies in H. According to theorem 3 of the appendix E;/Z(FE;) is of
Lie type in characteristic 2. By [Hel, He2, Li2] (see also [GPPS]) we have
E\/Z(E,) ~ PSL(a,2%), ab = n; E1/Z(E) ~ Sp(2a,2°) or Q~(2a,2%), 2ab =
n; B1/Z(E1) ~ PSU(a,2%), 2ab = n, a odd; E1/Z(E;) ~ G2(2°), 6b = n;
E1/Z(Ey) =~ Sz(2%), 4b = n. Moreover Cgr,(v)(E1) ~ GL(2,2°) in all cases with
the exception of the unitary case where Cr,v)(E1) =~ GL(2,2?°). Now F*(G) <
E1 xCg(Er) < By x Cgrevy(E1). The list of subgroups of SL(2,2¢), ¢ = b or 2b,
(see [HB; 11, 8.27]) shows us F*(G) = E1 x D and D = O*(Cg(E1)) = Zo X S
where Zj is isomorphic to a subgroup of Z(GL(2,2¢)) and S ~ SL(2,2%), d|c
or S is a cyclic subgroup of odd order in SL(2,2¢). Moreover if E; % SL(2,2%)
then 7 does not divide | D).

We first treat the case E; % SL(2,2%). Now R € Syl.(Z) is a Sylow r-
subgroup of Ey and H. As Cg, (R) = Cauy(g,)(R) we have Z < Cp, (R)Cerv)(E1).
An upper bound for the order of Z is:

(*)

1Z] < |Cr, (R)] - i(Carv)(£1))
Here p(X) denotes the maximal order of cyclic group of odd order in X.
Moreover if we replace the p-term by the order of a suitable cyclic group of
odd order in Cgr(v)(£1) we see that |Z| divides the right hand side. Set
mo = u(Car(v)(£1)).

If By ~ G2(2%) then |Cg, (R)| divides (23° + 1)/(2° + 1), mg = 22* — 1
contradicting (*).
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If By ~ Sz(2%) then |Cg,(R)| = 20 +2°TL + 1, b = 2¢, my = 22 — 1
contradicting (*) again.

If By/Z(F;) ~PSU(a,2%) then |Cg, (R)| = (2?°4+1)/(2° +1), mo = 2% — 1.
Now (*) implies a = 3 and n = 6b. Then (23° —1,|GL(2,22*)|s/) = 2° — 1, which
is impossible too by the remark which follows (*).

If By ~ Q7 (2a,2%) or Sp(2a,2°) then |Cg, (R)| = 29°+1, mgy = 22*—1 which
implies @ = 2. Set ¢ = 2°. As |Cauy(s,)(R)|2 = |CE, (R)| = ¢* + 1 we have
7 = 71X Zy where Z; = ZNEj has order ¢>+1 and Zy < ZNCg(E1) has order
q?> — 1. Since By < Cg(Z3) we see that Z3 acts homogeneously on V. Therefore
we can consider V' a a 4-dimensional GF(¢?)[E; X Z3]-module where Z5 induces
the group of scalars. Let z; be a generator of Z;, i = 1,2. Then (with respect to
the GF(g?)-structure) 2o induces on V' a multiplication with 7 € GF(¢?), |7| =
¢*>—1 and 21 has a minimal polynomial of the form p = (z24+ax+b)(z?+a%x+b7)
with @ = v+ 7, b = vy9 where ~ is an element of order ¢* + 1 in GF(g*).
Considering V' as a GF(2)[Z]-module again we see that z = 2122 has on U the
Galois conjugates of 7 as eigenvalues and on U’ the Galois conjugates of 79.
Then k ~ ¢3 —?+q+1. As |(F*)4’ ~C+a+1-2| = |(F*)(@+D(a=D)| divides ¢2 — 1
we can apply (5.3.a). Hence Cy(Z7) contains an elementary abelian 2-group T'
of order ¢?, i.e. ¢* divides |Cy(Z1)| and thus |GL(2, q)|, a contradiction.

If By ~ SL(a,2%), a > 3 then V ~ M @& M with the standard SL(a, 2°)-
module M viewed as a GF(2)[E1]-module. Then FEj has on V — 0 precisely
2 41 orbits of length 2% —1 = 2" — 1 and one orbit of length (2" —1)(2" — 2°).
Also as HY(SL(a, 2°), M) = 0 we may assume E; < K which is impossible.

Now we handle the case E; ~ SL(2,¢q), ¢ = 2°. We claim that Z < F*(G) =
E1 xD. Let (y) be a Sylow r-subgroup of Z and write y = y1y2 with y; € E; and
yo € D. Let g € G of odd order centralize y. Then g centralizes both componets
of y as g normalizes Fy and D. If y» # 1 then E; < Carv)(y2) ~ GL(2,q)
which implies O?(Cg(y2)) < O*(Cg(E1))E1 < F*(G). Ify1 # land g € Cg(y1)
then ¢ induces an inner automorphism on E; and therefore g € Cq(E7)E;. We
deduce Z < F*(G).

First observe k ¢ 1: Otherwise Cyni(Z) contains an elementary abelian
2-group of order 2"~! > ¢. But clearly F*(G) = F*(H) and |Cp-(c)(¥)]2 < ¢,
a contradiction.

This observation implies U %7 U’ and as Cqr,v)(Z) is the direct product of
two cyclic groups of order 2" —1 we apply argument (E) and obtain C¢(Z) = Z.
The involution v = t* normalizes Z and fixes U and U’. Let v be another in-
volution in Ny (Z). If v interchanges U and U’ then k ~ —1 by argument (I),
a contradiction. Hence v fixes both spaces too and therefore induces the same
automorphism on Z as u. Therefore:

(**) Ng(Z) contains only one class of involutions.

Write a generator z of Z as z = 21298 with 21 € E1, 29 € Zp and s € S.
Then Z < Cg,(z1) X Zo x Cg(s) < Cg(Z). If an odd prime p divides the
order of two of the components of the direct product then C(Z) contains an
elementary abelian p-group of order p? contradicting argument (E). Therefore
the odd parts of the orders of the components are pairwise coprime. This
implies (z1) = Z1 = ZNE; and |Z;| and |Z;| are coprime where Zy = (20s). An
involution v in Ng, (Z71) induces the same automorphism on Z as the involution
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u. Then |Zs| divides ¢ — 1 = |Cz(u)| and |Z;| divides ¢ + 1 = |[Z,u]|. Thus
|Zi| = q—(—1)!, i = 1,2. As|Zp| and |Cs(s)|2 are coprime also Za = (2g) X (s).
If S woud be nonabelian then an involution v in Ng((s)) normalizes Z and
centralizes Z; contradicting (**). So S is abelian and D = F(G) is cyclic.
Again with argument (E) we conclude D = Z3. As an abelian subgroup of order
(g —1)% in Car(v)(E1) leaves precisely two n-dimensional E-spaces invariant
we see V = Wp & Wy with Ey X D-modules W;. Also by (5.8) F*(G) = Ey x D
acts homogeneously on V. Thus Wy ~ Wy as F*(G)-modules implying k ~ 1,
a contradiction.

Finally assume that we are in case (¢) of proposition 1. Hence r divides
the order of Zy = F(G) and E = E(G) ~ SL(2,2™) where m divides n. Then
m < n as otherwise E is transitive on V' — 0. The case 2m = n is a subcase
of (d). So assume m < n/2. Let (y) be a Sylow r-subgroup of F*(G). Then
(y) < Zp and F*(G) < Ca(y) < Carvy(y) ~ GL(2,2"). Again an inspection of
the subgroups of GL(2,2") shows Z < Cq(y) = F*(G) and as |F*(G)|s = 2™ <
27~1 we exclude the possibility k ~ 1. Then argument (E) implies Z = Zy x Z;
with Z; = ZN E; and again (**) holds. An involution v in Ng, (Z;) normalizes
Z and centralizes y. This contadicts (**). Thus case (c) is ruled out too.

Theorem C now follows by propositions (5.4),(5.6) and (5.10).
(5.11) Proof of theorem B.

(a) We first decide as to whether or not B = B%k) and B’ = Eé’“) can be
equivalent. For k = 1 we observe Bty(y) = B’, tracey # 0 while for k = —1
B is standard parabolic of degree n while B’ is standard, i.e. the sets are
inequivalent.

So we assume k ¢ +1 and B’ = Bg, g € AGL(V). The automorphism group
of K of B and B’ contains precisely one conjugacy class of cyclic groups of order
2" — 1 whith representative Z. Adjusting g with an element from K we may
therefore assume g € Nacrv)(Z) = Narv)(Z). Then g fixes the set {U, U’}
since these are the only proper Z-spaces. However BNU = () # BNU’ and
B'NU = (=B NU’, a contradiction.

(b) We already observed in the introduction of this section that the impli-

cation (2) = (1) holds.
(1) = (2): We may assume B = B and B’ = B*) or B = EQ’“ ). Now B-sets
of type k ~ —1 are characterized by the fact that the automorphism group K
is nonsolvable and B-sets of type k ~ 1 are characterized by the fact that for
the cyclic subgroup Z of K one has |Cg(Z)| = 2"~1.

So from now on we assume k ¢ £1 £ k'. Let B’ = Bg, g € AGL(V).
Denote by K’ the automorphism group of B’ and denote by Z’ a cyclic subgroup
of order 2" — 1 fixing U’. Arguing as in (a) we may assume Z9 = Z' and as
Cy(Z)=Cv(Z") =0 also g € GL(V). Then again arguing as in (a) we obtain
that g fixes the subspaces U and U’ and that B’ # E;k ). Choosing generators
z of Z and 2’ of Z’ appropriately we also can assume zy = z;;,. Modifying g
with an element from Nk (Z) we can even assume gy = ly. By definition of
the B-sets B and B’ the projections of the groups Z and Z’ to U’ are the same.
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This shows that gy normalizes Zy = Zj;,. Identifying U’ with F we see that

gu is a map of the form x — ya2 . Hence B’ = {(aB, Wakze) |a € F*, B € Fy}.
Therefore o — o = 70/“22 is an automorphism of the multiplicative group F*.

Hence v =1 and k ~ k'

6 Proof of Theorem D

In this section B C V = V(2n, 2) is a B-set and K is a subgroup of Aut(B) such
that G = K[V] acts as a rank 3 group on V. As usual we set H = Gy < GL(V)
and by k : H — K we denote the canonical isomorphism with hx = h[c(h)] and
a l-cocycle ¢ : H — V. In view of [De2] we may assume that G is imprimitive
and B is nonstandard. Hence there is an H-invariant subspace 0 C U C V such
that the H-orbits are V — U, U — 0 and 0. We denote by m the dimension of U.
By¢: H— V/U, ¢h) = c(h) + U we define a 1-cocycle of H into the module
V/ U. The kernels of the action of H on V/U and U define normal subgroups

=Cy(V/U), Ny =Cg(U). Set Q@ = N1 N No. Again we can assume n > 4:
The case n = 4 is covered by our computer calculations which we describe in
the next section. The following lemma is obvious.

(6.1) Lemma. H acts transitively on the nontrivial vectors of U and V/U

and Q = Oy(H).

The subgroups of GL(d,q) which act transitively on the nontrivial vectors
of V(d,q) are classified by Hering [Hel], [He2] and Liebeck [Li2]. Information
about the first cohomology groups of these groups are in [Be], [JP], [Sil], and
the appendix. We summarize the relevant facts:

(6.2) Lemma. Set W =V (d,2) and let X < GL(V) be transitive on the
nontrivial vectors of W.

(a) Either X <TL(1,2%) or T < X and:

(1) T ~ SL(a,2%), a > 2, ab =d.

(2) T =~ Sp(2a,2°)V), a > 1, 2ab = d.
(3) T~ Go(2%)V), 6b=d.

(4) T ~ Alt(7), d = 4.

(b) For the first cohomology groups in cases (1)-(4) of (a) we have:

(1) dimH'(SL(a,2%),V(a,2%) =1ifa=2,b>1,0ora=3, b=1, and
this dimension is 0 otherwise.

(2) dim H(Sp(2a,2%)M), V' (2a,2%)) =

(3) dim H(G2(2%)™M,V(6,2%)) = 1.

(4) dimH(Alt(7),V (4,2)) = 0.

(¢) Let T be as in (b.1-3) and ¢ : T — W be a 1l-cocycle but not a 1-
coboundary. Set' Y = {t[c(t)]|t € T} < AGL(W). Then Y has on W
orbits of lengths 2f=1(27 + 1), 2f=1(2f — 1), d = 2f except in the case
T = SL(3,2) when Y is transitive on W.
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(6.3) Lemma. ¢(Q) = 0. Moreover ¢(N1) =0 or m =2n — 1.

Proof. Since Ny acts trivially on V/U the cocycle ¢ : N3 — V/U is a
homomorphism and and as ¢(z") = &(z)h, * € Ny, h € H, this map is a
morphism of H-modules. As V/U is irreducible we have ¢(N7) = V/U or 0.

Suppose ¢(N7) = V/U. First we claim: (*) ¢(Q) = 0.

Assume instead ¢(Q) = V/U. Suppose 1 # y € ker¢N@Q. Then choose x € @
with ¢(x)y # c(x). But as zy = yx and c(y) € U we obtain

1= (zle(@)ylew)))? = 2*y[e(@)y + c(@)] = [e(@)y + c(2)] # 1,

a contradiction. Hence: ¢ : Q — V/U is an isomorpism. Also N;/Q acts
faithfully on @ but trivially on V/U showing N; = @ and thus |N;| = |Q] =
|V/U| — 2277,—m.

Any element 1 # z[c(z)] € Qk acts fixed-point-freely on V/U and therefore
on V too. This implies that 227~ divides |B|, i.e. m > n + 1. Assume first
m # 6 and let  be a 2-primitive divisor of 2™ —1. Then r divides | H/Nz| which
in turn divides |H/Ny| = |H/Q|. This is impossible as H/N; is isomorphic to a
subgroup of GL(V/U) ~ GL(2n —m,2). If m = 6 then n =5 and 2n — m = 4.
But no quotient group of H/Q < GL(V/U) ~ GL(4,2) can induce a transitive
subgroup of H/Ny < GL(U) ~ GL(6,2). Thus (*) holds and Nfl)Q < kere.

Also N1/Q ~ N1 N3 /Ny < H/Ns has an elementary abelian quotient of order
22n=m_ Inspecting (6.2) this can only happen if m = 2n — 1.

(6.4) Lemma. m = n.

Proof. Assume that the assertion is false and let r be a 2-primitive prime
divisor of max {2 —1,22"~™ —1}. Note that such a prime divisor always exists
with the only exception of n = 5 and m € {4,6}. We treat the latter case at
the end of the proof.

Pick R € Syl,.(H). We also may assume R < K replacing if necessary B by
a suitable translate. We distinguish two cases: (I) € is a coboundary. Then V/U
splits into two orbits By, By with [B1| = 1, [By| = 22"~™ —1 (i.e. we can assume
¢=0and By = {U}). (II) ¢ is not a coboundary. By (6.2.c) V/U splits into two
orbits By, By with |By| = 2971(2¢ —¢), |By| = 297 1(2%4-¢), 2n—m = 2d, e = +1.
We also assume that B is one K-orbit while B splits in the two remaining K-
orbits. The elements of B map into one of the orbits By or By. Choosing €
suitably we can assume that B maps into B2 in any case. In case (II) however
we have

2n—1(2n _ 1) < |B| < |BQ| . |U| < 22n—1 + 62271—d—1.

Therefore € = 1.

CASE n > m. Then R € Syl.(N2). In case (I) R acts fixed-point-freely on
B2 and hence on B too. By (2.2) |Cy(R)| = 1, a contradiction. But in case
(IT) again R acts fixed-point-freely on B as Cy,y(R) = 0 and (|By],r) = 1. We
have the same contradiction.

CASE n < m. Then R € Syl,(N1). By (6.2) either HY is solvable or N; is
nonsolvable and transitive on U — 0.
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Assume first that Np is nonsolvable. As a Nj/@Q-module the centralizer F
of the chain 0 C U C V is the direct sum of 2n — m copies of U. As Q < F
by (2.8.a.1) Ny splits over @, say Ny = LQ, L < N1, LNQ = 1. By (6.2.c)
and (6.3) Lk has on each coset v+ U either two orbits of lengths 1 and 2™ — 1
or two orbits of lengths 2/-1(2/ — 1), 2/=1(2/ + 1), m = 2f. This implies
|B| = |B2|2™, |Ba|(2™ — 1), or |Bz|2/71(2/ £1). But in any case | By # 2771,
a contradiction.

So assume that Nj is solvable. Then RQ/Q < H/Q and H = Ny (R)Q by
a Frattini argument. Also = Ng(R)NQ = 1 as R acts fixed-point-freely on Q.
Moreover V =U & U’, U’ = Cy(R) is a Ny (R)-decomposition and as H has
three orbits on V we see Q # 1. Assume first case (I). Any w’ € U’ defines a
R-morphism from Qx into U by zx +— [zr,u'] = (' + c(z))(z+ 1) =v/(z + 1)
(as c(xz) € U by (6.3)). As U is R-irreducible we find an ' € U’ such that
[Qk,u'] = U. But then

212" 1) > |B| = Bs| - [U] = 22" — 2™,

implying m = 2n — 1 and |B| = 2™, a contradiction. So assume case (II). Then
HV/Y is nonsolvable, i.e. N is nonsolvable. Hence Ny contains a cyclic group
S # 1, the order |S| divides 2¢ + 1 and Cy(s) = U for 1 # s € S. Let s be of
prime order. As (|Bi],]s|) = 1 we have the same contradiction against (2.2) as
before.

Finally we rule out the possibility n = 5, m = 4 or 6. Using (6.2) one
observes that K must contain a group L = Ly X Lo, L1 < GL(6,2) and Ly <
GL(4,2) such that Ly ~ Z5 and Ly ~ SL(2,8) or L; is cyclic of order 21. A
Computer computation (the methods are described in the next section) shows
that only standard B-sets are L-admissible.

(6.5) Lemma. € is a coboundary.

Proof. Assume that ¢ is not a coboundary. Then K has on V/U two orbits
Bi, Bo of lengths 2971(2¢ — 1) and 2971(2% 4+ 1), 2d = n by (6.2.c). Assume that
B is one K-orbit and B is the union of the two remaining orbits. Then as in
the proof of (6.4)

B= |J (0+0)nB).
b+U€EB->

and

B=( |J w+vnu (J (b+U)nB).

b+UeB; b+U€eB2

Therefore |B| = 2"71(2" +1). But if 0 # u € U then

24d72 + 22d71 — |Eﬂ (U—FE)‘ > ‘ U (b+ U)| — 24d71 _ 23d’
b+U€eB;

a contradiction.

Remark. By the previous lemma we can and do assume (replacing B if
necessary by a suitable translate) that ¢ = 0. Moreover U is invariant under K
and U can not split under K into two orbits as one of the orbits would be a
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B-set. Thus U is a K-orbit. We may assume wlog. that B is a K-orbit and Bis
the union of U and an other K-orbit. Then |(U+v)NB| = |(U+v)NB|=2""1
for every v € V — U.

(6.6) Lemma. H/Q acts faithfully on U and V/U.

Proof. Assume first n # 6. Let R € Syl,.(H) where r is a 2-primitive prime
divisor of 2™ — 1.

(1) R is a cylic group and its order v is the r-part of 2™ — 1. R is faithful on
U and V/U. If H/N; is nonsolvable then (H/N;)(>) = E(H/N;) has an order
divisible by r¢:

Using argument (E) we see that R can not contain an elementary abelian
group of order r?>. Hence R is cyclic and as r*||H/N;|,i = 1,2, the first
assertions follow. The last one is a consequence of (6.2).

(2) Let H/N; be nonsolvable, ¢ € {1,2}. Then H/N;, i # j, is nonsolvable
too. Moreover E(H/Q) ~ E(H/N1) ~ E(H/N3):

We know by (1) that r® divides |E(H/N;)|. Suppose H/N; is solvable. Then
(H/N;)(*®) = 1. As r* divides H/N; the Jordan Holder Theorem implies that
r?* divides |H|, a contradiction. Hence H/Nj; is nonsolvable. If N /Q,k =1 or
2 would be nonsolvable then (N,/Q)(>) ~ (N, Ny/N;)(®) = E(H/Ny), {k,{} =
{1,2} and again r* divides |H/N}| and |Ny|, a contradiction. Hence N /Q is
solvable for k =1, 2.

Set H = H/Q. The map H > h +— (hN1,hN2) € H/N; x H/N3 is a
monomorphism and it projects surjective on both components. Hence H has
precisely one nonsolvable composition factor which occurs in E(H) as well as in
E(H/Ng), k=1,2. Using (6.2) we get assertion (2).

(3) The assertion of the lemma holds if H is nonsolvable:

Suppose 1 # Ny. Then Ny ~ NoN, /Nl is a solvable normal subgroup of
H /N. Therefore this group is cyclic of odd order and is contained in C w5, (E (H/Ny)).
Then Ny = CQ with a cyclic group C of odd order. As C' has odd order wlog.
C < K and Cy(C) = U, which contradicts (2.2).

So assume 1 # N;. The same argument as before shows N; = CQ, C < K
is a cyclic group of odd order and V = U @ U’ with U’ = Cy(C). A Frattini
argument shows H = QNg(C) and Q "Ny (C) =1 as Co(C) =1. Now e =0
implies Ny (C) < K. Lemma (2.2) excludes the possibilities U’ C B or B. As
Ny (C) is tansitive on U’ — 0 we may therefore assume U'N B =0, U'N B =
U’'—0. Then |BN(B+u')NU’| = 2" —2 for 0 # «’ € U’ and C acts semiregularly
on (BN (B +u'))—U'. Thus |C| divides (2" — 1,27~ 1(27~1 —1) — (2" —2)) = 1,
a contradiction.

(4) The assertion of the lemma holds if H is solvable:

Now RN;/N; < H/N;. Therefore [N;, R] < RN N; = 1. Now we can use the
same arguments as in (3) to obtain Ny = Ny = Q.

Finally if n = 6 one can modify our arguments suitable using the primes 3
and 7 instead of r. We leave the details to the reader.

(6.7) Lemma. Q contains a H-invariant subgroup Qo such that Q/Qo and
U are isomorphic as H/Q-modules.
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Proof. Since ¢(H) C U we can dismiss the symbol co and we identify from
now on ¢ with ¢;. As U is a trivial Q-module ¢ : Q — U is even a group
homomorphism and a quick computation shows that this map is even a H/Q-
momorphism. Set Qo = kerc. As U is irreducible either Q@ = Q or U ~ Q/Qq
as H/Q-modules.

Assume @ = Q. Then ¢(hQ) = c(h) defines a 1-cocycle of H/Q into U
which is not a 1-coboundary. By (6.2) we see Sp(n/b,2°)(") < H/Q or G2(2%) <
H/Q, n = 6b, and the image c(H) = ¢(H/Q) has size 2971(2¢ £ 1), n = 2d.
But then U is not a K-orbit, a contradiction.

Remark. In the following lemma we investigate the case where H is
nonsolvable. By (6.2) there exists Q T < H such that T/Q is quasisimple. As
T has three orbits on V we can assume H = T. Because SL(2,2%) < Sp(2a, 2°)
we also dismiss the case H/Q =~ Sp(2a,2°), a > 1.

Suppose H/Q =~ SL(a,2%), a > 3. We identify U with the natural module
M =V (a,2°) (considered as a GF(2)[H/Q]-module). Then V/U considered as a
GF(2)[H/Q]-module is isomorphic to M*: Otherwise this module is isomorphic
to M as a GF(2)[H/Q]-module. By (2.3) and (2.4) Q is isomorphic to a submod-
ule of @f;é M* @ Mg, © the Frobenius automorphism. None of the modules
M*® M " has a composition factor isomorphic to M as a GF(2)[H/Q]-module,
a contradiction to the preceding lemma.

(6.8) Lemma. Let H be nonsolvable. Then assertions (a)-(c) of theorem
D hold.

Proof. According to the above remark and (6.2) we only have to consider the
cases H/Q ~ SL(a,2%), n = ab,a > 1, or H/Q ~ G5(2%), 6b = n. By (2.9) H
contains a subgroup Xg with H = Xo@Q, XoNQ = 1. We now use the notations
of (2.4-5). As U ~ M, V/U ~ M* the group E has a decomposition as

b1
E = @Mi, M; ~ M ® M¢',
=0

 the Frobenius automorphism. M; has the composition factor M iff i = 0 and
then N5/Nj is the unique section with this property (for the Ga-case we use
theorem 6 of the appendix). As Q is a submodule of E we deduce from (6.7)
that @ N My = Na. Set N = Nak = {y[c(y)] |y € N2}. Then ¢: Ny —» U is a
H/Q-morphism with kernel N7. Note that NV lies in the 2-radical Oz (Aut(B%)y)
of the stabilizer of U in the automorphism group of a suitably chosen standard
B-set BY. Also E; lies in this radical. Therefore any N-orbit is invariant under
El. This implies that NE1 S QK}, N2E1 S Q

We observe that Xo@Q has three orbits. Our goal for the remainder of the
proof is to show that Xy can be choosen in such a way that NXgx can be
identified with a subgroup of the automorphism group of a standard B-set or a
parabolic B-set of the kind we like to classify. Since the orbits of N Xk recover
the B-set we can identify then B with the desired type. In particular if we can
show Xy < H N K and that U has a Xp-invariant complement we know that
our B-set is standard or standard parabolic.
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CASE H/Q =~ SL(a,2%), a > 3. Here H'(Xo, M) = 0 and H' (X, M;) = 0
for i > 0 and H'(Xo,A’M) = 0 [Be ; 3.1,3.2]. This shows that c restricted
to Xy is a coboundary and replacing K if necessary by a suitable conjugate
we can assume Xo < H N K. Also by the structure of E the vanishing of the
cohomology groups shows that U has a Xy-invariant complement. Thus B is
standard or standard parabolic.

For the remaining cases we choose a basis By = {u1,...,u,} of U and extend
it with B2 = {wy,...,wy,} to a basis B= By UB; of V. Let D(x), x € H be the
matrix of xy with respect to By. We choose By in such a way that zy,y has
with respect to Bz (modulo U) the matrix D(z)~*. With respect to B one has
a representation for x as:

Here the second matrix represents an element from E. According to the de-
composition of E we write ®(z) = Z?;é ®;(z) where ®;(z) represents the part
which lies in M;. The maps ®; : Xg — M, are 1-cocycles.

CASE H/Q ~ SL(3,2%). Again as H'(Xo, M) = 0 we can assume X, <
H N K. This time H' (X, M;) = 0 except for i = 1 or b — 1. Modifying the
elements in By with suitable elements from U we can achieve for ¢ # 1,6 — 1
that <I>1(x) =0,z € Xg. Set W = E; N (Ml D Mb—l) and Wi = My & My_+.
Now z +— ®(x) + W defines a 1-cocycle of Xy into Wy /W. If this map is a
coboundary we can adjust the elements in By with suitable elements from U in
such a way that ®(z) € W for ¢ € Xy3. As W < E; we can replace X( by a
group X; < XoW < K, X; ~ X, such that ®(z) = 0 for z € X;. Now with
X1 in the role of Xy we conclude that B is standard or standard parabolic.

Suppose now that the above map is not a coboundary. Then Xy = Xg in
the sense of (3.1.c). We conclude that B is a special parabolic B-set.

CASE H/Q ~ SL(2,2°). Again H!(Xy, M;) = 0 for i > 0. Therefore we can
assume ®(x) € My, v € Xo. Suppose that ¢ : Xg — U is not a coboundary.
We claim that we can replace Xyx by a suitable subgroup X; < XgxN such
that X; < HnN K. Consider the Xg-module W = (U + N2)/N; ~ M & M.
Then x — (®(x) + c¢(z)) + N1 defines a 1-cocycle of X into W. The submodule
N/N; of W projects surjectively on both components No/N7 and (U + N1)/Ni.
We can adjust « by a suitable element n(z) € N such that we obtain a group
X = (zrn(z) |z € Xo) < HN K with X NNy < Np. As the Schur multiplier of
SL(2,2%), b > 2, is trivial we find inside of Xa group X1 ~ Xy. Thus renaming
X1 by Xy we now have Xo < HN K and ®(z) € My. By (2.8.b) however
H! (X0, Mp) = 0 (or use [Al; thm. 3]). So as usual B is standard or standard
parabolic.

CASE H/Q ~ Go(2°)(M). Assume first b # 2. Then H!(Xy, M;) = 0 for
i > 0. As in the case before we may assume that ®,(x) = 0 for z € X,. If ¢
restricted to X is not a coboundary we can argue as in the previous case and
replace X by a group X3 < HNK, X7 ~ Xjy. So assume Xy < HN K anyway.
My/Ny ~ A@® F where F = GF(2°) is the trivial module and A the adjoint
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module. Apply theorem 6 of the appendix. So adjusting By again we achieve
®(x) € Ny. Then by (2.8.b) @ restricted to Xy is a coboundary into N3. So as
usual B is standard or standard parabolic.

Next we turn to the case b = 2. Arguing as before we can assume Xg < HN K
and ®( restricted to Xy is trivial. Consider the module W = M; /(M N Ey).
Then z — @4 (x)+ (M;NEY) defines a 1-cocycle from Xy into W. Now we argue
completely similar as in the case H/Q ~ SL(3,2%): If this map is a coboundary
B is standard or standard parabolic and if it is not a coboundary B is sporadic
parabolic.

Remark. In the special or sporadic parabolic case we have at most two
equivalence classes (up to complementation): Let C' ~ GF(2°)* be the central-
izer of {D(x) |z € Xo} in GL(n, 2) where X ~ SL(3,2"/3) or G(2"/%) and let X
be the group of block diagonal matrices of the form diag(D(z), D(z)~ "), x € Xj.
Then the block diagonal matrices with diagonal (z,27"), 2 € C induce a tran-
sitive action on H'(X, My/N5). Choose any cocycle ® € C!(Xy, My/No) and
define X as in (3.1). Then the two orbits of X¢ N on V — U represent at most
two equivalence classes of B-sets.

The next lemma is useful to reduce the number of cases which have to be
considered when H is solvable.

(6.9) Lemma. Let X < TL(1,F), F = GF(2"), be transitive on F* =
F —0. Then X contains a sharply transitive subgroup.

Proof. Let w be a generator of F*. Then Y = I'L(1, F') is generated by
the maps z and ¢ with 2 : 2 — wz, ¢ 1z — 22 Set e = |Y : X (2)], m =
n/e, (a) = X N{(z) and d = | (z) : {(a)|. Then X = (a,b) with a : x +— wiz, b :
x — wtxd, ¢ = 2° ¢ suitable.

(1) d divides (¢™ — 1,m) and (d,t) = 1:

We have m = | X (z) : (2) | = |X : (a)| and as ¢" — 1 divides | X| we see that
d=(¢™ —1)/| (a)| divides m and the first assertion follows. Since X = (a) (b)
we see that the orbit of 1 under X lies in the group (w, w') < F*. Transitivity
of X on F* implies the second assertion.

We now proceed by induction on m/d. If m = d then |X| = ¢ — 1 and we
are done. So assume m = df, f > 1. We get:

(2) ¢ =1 (mod (¢ — 1)d) and ¢* # 1 (mod (¢ — 1)d) for 1 <i < d:

The stabilizer X7 of 1 in X has order f. As X/ (a) is cyclic and X1 N{a) =1
we have X; < (a,b) and (a)X1 = (a,b?). Therefore

1-0% =ut qqd:11
lies in the orbit of 1 under (a). By (1) d divides ¢™ — 1 and therefore ¢¢ =
1 (mod (¢—1)d). Assume ¢* = 1 (mod (¢ — 1)d) for some i between 1 and d — 1.
Choose A € Z such that Ad = t(¢* — 1)/(q — 1). Then bia=> fixes 1 which is in
conflict with b'a™ € X — (a,b%) . We apply now [HB; XII, (9.6)] to obtain:

(3) Every prime divisor of d is also a divisor of g — 1.

Suppose the prime 7 divides f but not d. Then X = X;({a, b") so that (a,d")
is transitive on on F* and we are done by induction. So assume that every
prime divisor of f also divides d. Then:

36



(4) Every prime divisor of m also divides ¢ — 1.
By (1) and (4) the group (a’,b) satisfies the assumptions of [HB; XII, (9.7)]
and is therefore sharply transitive.

Let m = ds, ¢ = 2%, such that {q, d} is a Dickson pair in the sense of [Li, p.
33]. For the corresponding Dickson nearfield group X < T'L(1, F), F = GF(¢?)
we can choose generators a, b such that

ra = wox, tb=wzl, x € F,

where w is a suitable generator of F* and wy = w?. Note that b% = a* with
p = (¢% —1)/d(q — 1). With this notation we have:

(6.10) Lemma. Let D : X — GL(F) be a faithful representation. Then
there exists a number k, (k,(¢? —1)/d) = 1, such that D is up to GF(2)[X]-
equivalence defined by xD(a) = wz, xD(b) = wFa?, x € F.

Proof. Up to GF(2)[X]-equivalence one has

zD(a) = whz, xD(b) = wia? x€F,

for some numbers i, k, ¢ with (k,(¢® —1)/d) = 1. As a — D(a), b — D(b)
induces an isomorphism we get i = 1. Now D(a)* = D(b)? implies w®* =

a_
WFT = W Hence w’ = why with v € <wq*1>. Choose an integer t such
that v = (w')?~!. Then D(a*') = D(a) and 2D(b*') = w27 where z is defined

as in the proof of previous lemma. The assertion follows.
(6.11) Lemma. Let H be solvable. Then assertion (d) of theorem D holds.

Proof. By (6.9) H/Q contains a subgroup which is sharply transitive on
V/U — 0. Hence H has a subgroup D of order 2™ — 1 which has the same
property. By (2.2) D sharply transitive on V/U — 0 too. Therefore we may
assume H = D@, Q < HN K and D is cyclic of order 2" — 1 or a nearfield
group belonging to a Dickson nearfield (see [HB; XII, (9.7)] for instance). Also
by Maschkes theorem @ is a completely reducible D-module. In particular
Q = Qo ® Q1 with D-modules Q; where Qo = K N Q and @Q; is D-isomorphic
to U. We identify V = F@ F and U = F(1,0). w will denote a generator of F*.
As usual F is the centralizer of the chain 0 C U C V in GL(V).

Assume first D = (z) is cyclic and that z is the mapping (z,y) — (wz,w®y), (k,2"—
1) =1 (like in (3.2)). By (2.14.b) (see also (5.2.b), (5.4.b)) there is precisely one
pair 0 < a,b<mn—1with 2 =1— 2%k (mod 2™ — 1) such that U ~p T, < FE
where T}, is defined as in the introdution to section 5. Hence

Qir = {ta(6*)[(c0B.0)] | B € F}

with 0 # ¢9 € F suitable. A transformation with the operator (z,y) —
(cglm,cgwy) shows that we may assume cp = 1 (i.e. Q15 = Y, in the no-
tation of section 5). However the orbits of lengths 2"~1(2" — 1) of DQ1x and
their unions with U are B-sets of the desired cyclic trace type.
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Assume now that D is not cyclic. So we are in the situation of (6.10) and
with that notation we have n = ds, ¢ = 2%, s > 1 and {q,d} is a Dickson pair.
Moreover D = (p, o) and there exists a number &, (k, (¢¢ —1)/d) = 1, such that

(z,9)p = (woz, wiy), (z,y)0 = (wr?,w*y?),

wo = w?. By (2.14.b) there is exactly one module U ~p T, < E. Hence we have

a unique number b with (b,n) = 1 such that wéfzak = w%b and @1k contains an
element of the form ¢,(e)[(1,0)], e € F* suitable. As

x b
(ta(@)[(L,0)])"" = ta(ews®)[(w,0)]
we have ,
Q1 = {to(eu®)[(u,0)]|u € F}.
Also as Q1x leaves invariant a B-set [Q1r(,1)| = 2 and there is some ug € F*

with (0, l)ta(eu%b)[(uo,O)] = (0,1), i.e. eugb = ug. Thus we can represent Q1%
in the form ,
Q1 = {ta(uou?® )[(uou,0)]|u € F}.

We have w! 2% = 2"y for some v € (F*)(@"=1/d Therefore

(ta(10) (10, 0)])7 = ta(ufew ") (ufw, 0)] = ta(ufrew® ) (ufe, 0)] € Qi

q—1

2 = (ugd w)gb showing

and thus ud™'vw
- uéqfl)@b*l) and ug € (F*)@"~D/da-1),
We compute the orbit ¥ = (0,1)Q1xD. First
S = Q1 (p) = {(uo(u® + w)a,a®) | € (wp), u € F}.
Next

(uo(u2b +u)a, oot = (ugi (qu + u)qiaqiw%,akqiwkqtz:ll ).

Since the Frobenius automorphism fixes (wo) and the set of elements with trace
0 we get

Y= U{(ugi(u” Fu)aw T, oW T [ € (wo), u € F).

Set = ud"'. Then

d b i1 i1

Y= U{(uo(u2 + w)a(pw) =T, W) o € (wo) , u e F}.

i=1
By [Lii, p. 32, (4)] d divides (¢* — 1)/(q¢ — 1) and any prime divisor of d also
divides ¢ — 1. Hence every prime divisor of ¢¢ — 1 also divides (¢¢ — 1)/d.
Now p € (F*)@'=D/d je p = wi@-1/d and |wital@’=D/d| = |y| = ¢¢ — 1.
Therefore there is a number z of the form x = y(q?—1)/d with wr(+alg’=1)/d) =

ktz — k. Also we have oft® = oF. Thus

w—kal@’=1/d showing (pw)
Y= {(uo(u2b +u)a, o) Ja € F*, u € F}.

We conclude that our B-set has cyclic trace type.
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7 Computations

In this section we discuss computational methods for bent functions and results
obtained by computer calculations. To compute automorphisms of a B-set or
to test two B-sets on equivalence are closely related problems. A key for a
successful approach to these problems are effective invariants. We discuss two
invariants displayed in (7.1-2) below which lead to an acceptable performance of
equivalence and automorphism programs. These procedures were written in the
GAP code. We further present various results on B-sets obtained by computer
applications in dimensions 8,10, and 12. For details, a descriptions of more
results, and relevant files in GAP format the reader is refered to my homepage:
www.mathematik.uni-kl.de/~dempw/

(7.1) Plane Matrices and Intersection Numbers. Let B be a B-set in
V =V(2n,2).

(1) Choose u € B. Define a symmetric matrix P = P*(B) = (pyw); v,w €
B, the plane matriz with respect to (B, u) by

[0, u+v+w¢B,
Pow = 1, u+v+we B.

L.e. pyw = 1 means that the affine plane determined by u,v,w lies completely
in B. Of course also for any nonempty subset of B on can define similarly plane
matrices.

(2) For v1,...,vx € B denote by xp(vi,...,v;) the number of blocks in
D(B) which contain vy, ..., vk.

(7.2) Applications. Recall that a frame F = {ug,...,ug,} in V =V (2n,2)
is a set of vectors such that for all 0 < k < 2n the sets By, = {u; —ug |0 <3 <
2n, i # k} are bases. Any pair F, F of frames determines a unique affine trans-
formation 3 € AGL(V) with u; = u;3, 0 < i < 2n, where F' = {ug, ..., ub,}.
Let B, B’ be B-sets in V.

(1) Our first application describes the core of an inductive algorithm for the
computation of Aut(B) or for a test on the equivalence of B and B’'.
Suppose that we have reached the following situation: F = {ug,...,us,} C B
is a fixed frame and Fj = {u(,...,u},_;} is a partial frame in B’ such that
there exists possibly an affine transformation sending B into B’ and u; onto
w,0<i<k—1.
Find if possible all candidates uj € B’ such that Fj U {u}} is a partial frame
with the same property!
The invariants now decide if we allow u), € B' — F{ to be a candidate: Let
P = P“(B) = (pyw) be the plane matrix with respect to (B,ug) and P’ =
P (Fy U {ul}) = (pl,,) be the plane matrix with respect to (F4 U {u)},}, uf).
Then v}, is admissible iff:

I (pusu;) = (P, ) for 1 <d,j < k.

IT zp(ug,...,uk) = xpr(ug, ..., ul).
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This sets up in an obvious way an inductive procedure for an equivalence
test or a procedure for the computation of the automorphism group of a B-set.
The pattern of such an algorithm is outlined for instance in [CD].

(2) Next we describe an invariant derived from the plane matrix which allows
us to detect nonequivalence of B-sets before we have to enter the more costly
computations of (1). Let P* be the plane matrix of B with respect to u € B.
Set S* = (P%)? = (s%,). The diagonal entry s¥, counts the number of affine
planes in B which contain u,v. The nondiagonal entry si,,, v # w, counts the
number of pairs of affine planes in B which contain u,v and w,w respectively
and whose intersection has size 2. Let S}, be the v-th row ordered decreasingly
and and let T}, be the set of these rows ordered lexicographically. Finally denote

by 7 (B) be the set of T,,, u € B. A B-set B’ can only be equivalent to B if:
Il 7(B) = T(B').

Thus 7 (B) # T(B’) means that B and B’ are inequivalent. In our appli-
cations it turned out that a pair B, B’ of B-sets always was equivalent if the
equation (III) did hold.

(3) The invariant 7 (B) also induces a partition of B according to the dif-
ferent values of T,, for v € B. If this partition is nontrivial the expense for the
computation of automorphisms is reduced substantially.

Remark. Our main applications of the routines in (7.2) were in dimension
8. The precalculation of the invariant 7 (B) is already rather time consuming
in dimension 10. In practise it turned out that the simultaneous use of both
invariants is advisable as for special examples the use of only one invariant led
to a poor performance.

There are also other ways to compute the automorphism groups of B-sets.
One can describe D(B) by the incidence graph and use the GRAPE-package
for GAP of L. Soicher to compute Aut(D(B)). Then one obtaines Aut(B) by
computing Naue(p(p))(V) with GAP. MAGMA [MAG] has in particular pow-
erful procedures which determine automorphisms and isomorphisms of designs
and can therfore be applied to D(B).

Both approaches work effectively - MAGMA in particular - and produce even
more (namely Aut(D(B)) instead of only Aut(B)). However for certain B-sets
in dimension 10 it turnes out that the verification of the inequivalence via the
invariant 7 (B) is less expensive than the use of the equivalence procedure of
MAGMA.

We will call a B-set B C V irreducible, solvable, nonsolvable etc. if H =
Aut(B)[V]p is an irreducible, solvable, nonsolvable etc. subgroup of GL(V).

(7.3) Computations in Dimension 8. Set V =V (8,2).
(a) B-sets of Partial Spread Type. A partial spread S in V(2n,2)

is a collection of n-dimensional subspaces which intersect pairwise trivially. A
partial spread is a spread if |S| = 2”41 and there is a well known correspondence
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between spreads and translation planes. In dimenson 8 there are precisely 8
nonisomorphic spreads Sy, . .., Sg [DR]. Let T be a partial spread of size 2"~ 141
in V(2n,2). Then
Br=|Jx
XeT

is a B-set [Dil], [Di2]. We showed that up to equivalence there are precisely
543 B-sets B = By such that 7 lies in one of the spreads Si,...,Sg. It turned
out that the automorphism groups of these B-sets By were usually quite small:
we obtained in 166 cases |Aut(Br)| = 1, in 133 cases |Aut(B7)| = 2, and in 71
cases |Aut(B7)| = 3. Of course non embeddable partial spreads of size 9 may
produce even more B-sets.

(b) B-sets of Trace Type. Set F = GF(16), Fy = {f € F|tr§ = 0},
and identify V = F @ F. For any 7 € Sym(F™*) = Sym(15) we define the B-set
(see (3.1))

B: ={(af,a™)|a € F*, B € Fy}.

We used a random choice procedure of GAP to pick 500 permutations w. The
equivalence test reduced the set of B-sets to a set of 456 nonequivalent B-sets.
As orders of Aut(B) we got 32, 64, 128, 192, 256 with multiplicities 429, 24, 1,
1, 1.

(¢) Irreducible B-sets. Set V = V(8,2) and let B be a B-set with
K = Aut(B) such that H = K[V] is irreducible. The following lemma is easy
to verify:

Lemma. Let H < G(V) be irreducible. Then H contains a subgroup Hy
such that one of the following holds:

Hy ~ Cy5 or Cyi7 is semiregular.

(a
( HQ’:C5 XC5.

)
b)
(¢) Hyo < C3wrCy or < CgwrEy and Hy is irreducible.
(d) Hy is a Frobenius-group of order 18 or 21.

In all case O(Hy) acts fixed-point-freely on V. So if B is a B-set with H =
Aut(B)[V]o as before we can even assume Hy < K. This sets up a naive but
feasible computer search:

For all cases we computed all unions of Hy-orbits which formed B-sets of size
120. The union of all B-sets was reduced by equivalence and the automorphism
group was tested on irreducibility.

It turned out that only 5 B-sets are irreducible and except for the standard
B-set all automorphism groups are solvable.

For dimensions 10 and 12 we were mainly interested in irreducible B-sets
with a nonsolvable automorphism group. For various almost simple groups H
we turned to the ATLAS home page [At] to obtain the concrete matrix repre-
sentations D : H — GL(V'). We also set up a straightforward GAP-procedure
which did calculate H'(D(H), V) as well as concrete descriptions of 1-cocycles
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¢ : D(H) — V. The various representatives of 1-cocycles ¢; = 0, ¢o, c3, ... pro-
duced various candidates Ky(= H), K2, K3, ... for stabilizers of B-sets. As
before in all these cases unions of K;-orbits which form B-sets have been calcu-
lated.

(7.4) Some Irreducible B-sets in Dimension 10. Set V = V(10,2). The
group H = PSL(2,11) has an absolutely irreducible representation Dy : H —
GL(V) such that H*(D1(H),V) = 0. Besides the standard B-set of size 496
this representation also produces a B-set of size 496 with Aut(B) ~ PGL(2,11).
There are also two irreducible, but not absolutely irreducible representations
D; : H— GL(V), i = 2,3, with dimH'(D;(H),V) = 1 resulting in 4 candi-
dates for K. However no candidate produced B-sets. Our results on irreducible,
solvable B-sets are incomplete: The group Eg; - Cs only produced the standard
B-set and the semiregular group Csz; x Csz produced no B-set at all. An irre-
ducible group Cs; - C2 has on V' — 0 one orbit of length 62 and 31 nontrivial
orbits of length 31 and the irreducible, semiregular group Ci; has 93 orbits.
Therefore our usual naive approach is not suitable in both cases.

(7.5) Some Irreducible B-sets in Dimension 12. Set V = V(12,2). The
group Hy = Aut(SL(3,2)) has a completely reducible representation on V' with
two isomorphic composition factors of dimension 6. Hence H = Hy x C3 has an
irreducible representation on V. This group produced 9 irreducible B-sets of size
2016 among them one standard B-set. The triple cover Hy = 3.Alt(6) of Alt(6)
has a representation on V such that V = V; @ V5 is a decomposition into noniso-
morphic, irreducible GF(2)[Ho]-modules of dimension 6. Ngr,v)(Ho) contains
an involution u interchanging Vi and V5. The group H = Hj (u) produced 5
irreducible B-set among them one standard B-set.

Final Remarks. (1) The proofs of theorems A-D almost exclusively relied
on group theory. In particular the computation of the harmless, solvable auto-
morphism groups of B-sets of cyclic trace type required rather involved results
about simple groups! It would be desirable if one could find geometric means -
like invariants useful for theoretical applications - which would lead to better,
more illuminating proofs.

(2) The B-sets in dimensions < 6 have been classified by Kibler and Rothaus
(see [Dil], [Di2], [Ro]). For dimensions 2 and 4 only the standard B-sets occur
and for dimension 6 there are up to equivalence and complementation only four
B-sets. The above computer applications indicate that already in dimension 8
the enumeration of all B-sets is not only a difficult problem but in view of the
large number of B-sets is also not a very sensible task.

(3) Our computations in dimensions 8 to 12 indicate that irreducible, non-
solvable B-sets are rare. So the construction of series of irreducible, nonsolvable
bent functions (V, f) is an interesting problem. However one should add a con-
dition like deg f > ¢ - dim V' where c is a constant in order to avoid examples
like the following;:

Let (V;, fi), 1 <i <, be bent functions. Then f = f1 +---+ f, is a bent
function on V.=V, @ --- @V, (see [Dil] for instance). If in particular all the
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(Vi, fi)’s are pairwise equivalent we see that
Aut(f1) wr Sym(r) < Aut(f).

Moreover Aut(f) is irreducible if f; is irreducible. In view of (5.5-7) we have
for dim V' € {8r,10r,12r}, r > 1, irreducible, nonstandard (nonsolvable if » > 5
or deg f1 = 5,6) bent functions of degrees 4, 5, 6 respectively.

(4) Our computations in dimension 8 gave no hint about the relation between
Aut(D(B)) and its subgroup Aut(B)[V]. All B-sets of partial spread type in
(7.3.a) have the property that both groups are the same and only for one of the
groups of trace type in (7.3.b) the two groups are different. On the other hand
it can be shown that if B C V = V(2n,2) is a B-set of standard parabolic type
of degree 3 that

Aut(B)[V] < Aut(D(B)) ~ Aut(D(B°)) = Aut(B%)[V] ~ Sp(2n, 2)[V],

with the usual standard B-set B? related with B. As we have seen in (3.1.b) the
twisted parabolic construction admits many variations. Some of them lead in
dimemsion 8 to B-sets where the groups Aut(D(B)) and Aut(B)[V] are different.
For instacne we obtained a twisted parabolic B-set B with Aut(B) ~ 2.
SL(2,4) and |Aut(D(B)) : Aut(B)[V]| = 6. In this case Aut((D(B))) even has
no regular normal subgroup of order 28.

Acknowledgement. I like to thank the persons who developed GAP. This
package was essential for the computations of the previous section. It was
also very useful for the theoretical results as computations in small cases often
indicated a general statement.

Appendix

In this appendix we first consider subgroups of GL(2n, 2) which are generated
by elements x of prime order such that all nontrivial, proper z-subspaces of
V(2n,2) have dimension n. In the second part we present some results of P. Sin
on the degree one cohomology of the groups Go(2").

Denote by r a 2-primitive prime divisor of 2" — 1, n # 6. Let ‘H be the list of
subgroups of GL(n, 2) having an order divisible by r. This list is a consequence
of the work of Hering [Hel], [He2] and Liebeck [Li2] (see also [GPPS]). Here we
consider subgroups of GL(2n,2) having an nontrivial, semiregular r-subgroup.
A complete description seems to be not available yet but [De3] contains some
information and in particular the work of Guralnik, Penttila, Praeger, and Saxl
[GPPS] comes quite close to a complete enumeration. First we investigate the
normal structure of such groups in the sense of Aschbachers paper on subgroups
of classical groups [As2]. However we do not refer to this work as in our restricted
situation one has a short, self-contained ad hoc proof of the following result:

Proposition 1. Let V be a 2n-dimensional GF(2)-space and G an irre-
ducible subgroup of GL(V') which has no subgroups of index 2. Denote by X
the subgroup of G generated by all semireqular r-subgroups and assume X # 1.
Then one of the following holds.
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(a) F*(GQ) = F(G) is cyclic and homogeneous and X < F(G).

(b) E(G) = Ey x By with quasisimple groups E;. Then r divides |E1|, E1 € H
and Ey ~ SL(2,2™), with m < n and m|n. Moreover V is irreducible as
an E(G)-module.

(c) E(G) is quasisimple and reducible and r divides |F(G)|. Moreover F*(G) =
F(G) x E(G), E(G) ~SL(2,2™), with m|n.

(d) E(G) is quasisimple and reducible and r divides |E(G)|. Moreover E(G) €
H and F(G) < Carv)(E(G)) ~ GL(2,2™), with m < n and m|n.

(e) E(G) is quasisimple and irreducible. Moreover r divides |E(G)|.

We start with:

Lemma 2. With the assumptions of the proposition we have that F(G) is
cyclic.

Proof. Assume that N is an elementary abelian normal p-group of G, p
odd. Assume |[N| > p. Then V. =V, & --- ® Vs, s > 1, where the V;’s are
the homogeneous N-components. Suppose that the r-subgroup R induces a
nontrivial permutation on the homogeneous components, say induces a cycle
(containing V1) of length ¢ > r. Then 2n = dimV > r-dimV; > (n+1)2, a
contradiction. Thus every homogeneous component is fixed by R which implies
s = 2. Since G has no subgroup of index 2 we conclude that G is reducible, a
contradiction. Thus N is cyclic and therefore any O,(G), p odd, is of symplectic
type.

Now F(G) = O,,(G) x -+ x Op,(G) where {p1,...,ps} = 7(G) — {2}. We
claim that all O,,(G) are cyclic: If P = O,(G) # 1 would be not cyclic a
similar argument as in [De3; 2.8], [Hel; Thm. 1] or [GPPS; 4.3] shows p =2, a
contradiction. Hence F'(G) is cyclic.

Proof of the proposition. By lemma 2 F = F(G) is cyclic. Let 1 # R be a
semiregular r-subgroup.

(1) Assume F*(G) = F. Then assertion (a) holds:

As Cy(F) = 0 every homogeneous F-component has dimension > 2 and
using the same argument about homogeneous components as in the proof of the
lemma, we see that V is F-homogeneous and 2n = km where m is the dimension
of an irreducible F-module in V. Then |G/F| = |[Ng(F)/Cq(F)| divides m by
(2.10). Since r =1 (mod n) we get X < F' and (a) follows.

From now on we have 1 # E = E(G) = E;---E; where the E;’s are the
components of E.

(2) t < 2 and each E; is normal in G. Moreover if E; = [F;, R] then r divides
|E;| and E; ~ SL(2,2™), m|n if E; < Cg(R). Finally (b) holds if ¢t = 2:

Let m; be the degree of a nontrivial representation of F; in characteristic 2,
i.e. m; > 2. An obvious induction shows

2n=dimV > mq + -+ + my.
Hence t < n < r. Therefore X normalizes every component. If E; < Cg(R)
then E; ~ SL(2,2™), m|n as Cqrv)(R) ~ GL(2,2"). Moreover there is at
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most one component which is centralized by R. Assume next E; = [E;, R]. If
r does not divide the order of E; then there exists an S € Syl,(E;) which is
normalized by R. Then Cy (S) = [V, S] is an R-space of dimension n and S
is abelian. By a well known result of J. Walter E; ~ PSL(2,q), ¢ = 2V or
q = 3,5 (mod 8); 2Go(3N), N =3f+1,0r J;. If E; ~ PSL(2,q), ¢ = 2" then
n+1 < r|N. This is impossible as a nontrivial GF(2)[E;]-module has dimension
at least 2N. If E; ~ PSL(2,q), ¢ = 3,5 (mod 8), ¢ = p/, p and odd prime, we
have r|f. However by [SZ]

_ n+l _
q 1>p 17
2 = 2

2n >

a contradiction. Similarly the Ree groups are excluded while J; does not occur
as Out(Jy) = 1. Therefore r divides |E;].

Assume t > 2 and [R, Eq] = E;. The group Ej is reducible as Ey central-
izes Ey. Then V is Ej-homogeneous as otherwise t = 2 and V = [V, E1] ¢
[V, E5] imply that G has a normal subgroup of index2, a contradiction. Hence
Carv)(E1) ~ GL(2,2%), d|n. Therefore t = 2 and E, ~ SL(2,2™), m|n.

Assume from now on ¢t = 1.

(3) Assume E < Cg(X). Then assertion (c¢) holds:

If [R,F] =1 weget R < Cg(F*(G)) < Fand F¥*(G) = F X E, E ~
SL(2,2™), m|n and (c) holds. The assumption [R,F] # 1 leads to a similar
contradiction as in (1).

(4) Assume E = [E, R]. Then (d) or (e) holds:

We assume that E is reducible as otherwise (e) holds. V' is a homogeneous E-
module and r divides |E| by (2). Then as in (3) Cqrv)(E) ~ GL(2,2™), m <
n, m|n. Assertion (d) holds.

The next two results determine irreducible subgroups of GL(2n,2) which
contain a cyclic semiregular subgroup of order 2™ — 1. A more useful result
would be a classification of the irreducible subgroups which contain a semireg-
ular subgroup of order r whith a 2-primitive prime divisor r of 2" — 1. How-
ever this would require a more detailed analysis which we want to avoid. Be-
cause Alt(5) ~ SL(2,4), Alt(6) ~ Sp(4,2)’, Alt(8) ~ SL(4,2), PSL(2,7) ~
SL(3,2), PQ(5,3) ~ PSp(4,3) ~ PSU(4, 2) these groups are considered by us
as groups of Lie type in characteristic 2 and they do therefore not occur in the
next theorem.

Theorem 3. Let V be a 2n-dimensional GF(2)-space, n > 4 and X <
GL(V) a group which has a quasisimple, normal component E whose order
is divisible by a 2-primitive prime divisor r of 2™ — 1. Also let Z < X be a
semireqular cyclic group of order 2" — 1 and assume that V is homogeneous as
an E-module. Then E is of Lie type of characteristic 2 or E/Z(E) ~ Alt(7), r =
n+1=235.

Proof. Assume that E/Z(E) is a simple group which is not of Lie type
of characteristic 2. As r divides |E| we see that V is either E-irreducible or
V ~ W & W with an irreducible E-module W.

We denote by £(E) (or {o(E)) the minimal degree of a nontrivial projective
linear (or linear) representation of E in characteristic 2. Set C = Endg (V).
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Then with f suitable one has C' ~ GF(25)iV)xiUV) wwhere (V) = 1 or 2 if V is
E-irreducible or E-reducible respectively. Set C' = Cqrv)(£). Then
(1)
bo(E)fi(V)
2
We denote by a(FE) an upper bound for a prime dividing |F|. Then

(2)

<n

a(E)>r=b+1,

b > 1 suitable. Combining the inequalities we have:
(3)
WEVIV) _ _alB) 1
2 - b
These inequalities hold with ¢(F) in place of ¢y(E) too. Denote by G(E) an
upper bound for the order for a cyclic subgroup of odd order in £ and by d an
upper bound for the order of such a group in Out(E). Let Zy be the subgroup of
Z which induces inner automorphisms on E. Then |Z/Zy| < d, |Zo/Cz(E)| <
B(E) and |Cz(E)| < 2°V)f — 1. Hence
(4) |
" —1 < B(E)(2MVF —1)d.

Often one has S(F) = B(Aut(F)) and in this case we can replace d by 1 in the
inequality. Usually we will show i(V),b < 2 and r fd. If » > 5 then r does not
divide |C| too. Then E contains every Sylow s-subgroup Z; for every 2-rimitive
prime divisor s of ®%(2). If s divides |Z| then even

(5)
n < \/B(E)

as s > n+ 1. If however |Zs| = s for any such prime we can deduce by [Hel;
(3.9)] that ®%(2) = r is a prime and either r = n + 1, n € {10,12,13} or
r=2n+1, n € {8,20}.

Case E/Z(FE) ~ Alt(m).

Assume first m > 9. By a result of A. Wagner [Wal] {(E) = ¢y(E) = m—e(m)
where e(m) = 1 if m is odd and e(m) = 2 if m is even. Moreover r = bn + 1 <
a(E) < m. Hence

fi(V) s m= 1'
2 T b
Therefore b, f < 2 and if b = 2 then f = (V) = d = 1. No 2-primitive prime
divisor of @ (2) divides |C|. Then (5) can not hold and therefore @7 (2) = r. If
b = 2 as we observed n = 8,20 and (n,m) € {(8,17),(8,18),(20,41), (20,42)}.
Let

(m —e(m))

2’n_1:pff1._.p?r

be the prime factorization then
m >

which is impossible.
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If b = 1 we have (n,7) € {(10,11),(12,13),(18,19)}. If V is E-irreducible
then |ZNE| > (2" —1)/(2f —1). If f =2 then m =n + 1 or n + 2 and using
the prime factorization of |Z N E| we get a similar contradiction as before. If
f =1 then m < 22,26 or 38 for n = 10, 12, 18 respectively and we reach similar
contradiction. If V' is E-reducible then n = m + 1 or m + 2 and it is easy to see
that Alt(m) x Cy5 has no cyclic subgroup of order 2" — 1.

Finally if m <9 then m =7 and r =5 as n > 4.

Case E/Z(E) sporadic

We take the bounds for fo(E) from the homepage of the Modular Atlas
[MoAt] (also see the Modular Atlas [JLPW] for more details) while the bounds
for a(E) and B(E) can be read of the Atlas [CCNPW].

Inequality (3) rules out the ”large cases”

E/Z(E) ~ McL, He, ON, Fig,, HN, Ly, Th, Fa3, J4, Fil)), B, M

and the cases E ~ J3, Suz.

Assume E ~ M1, Mi2 or Mas. Then ¢y(E) = 10 and «(E) = B(E) = 11.
By [Hel] b = 1 and 2" — 1 = 20 — 1 < B(E)(27V) — 1), fi(V) < 2 which
is impossible. If E ~ 3Maso then G(E) = 33 and 6 < n < 10 contradicting
26 -1 > B(E)-3.

If E ~ Jy then {o(E) = 6 and if f = 1 then GF(2) is the field of definition
of the representation and we can replace the lower bound ¢o(EF) by 36. Then
i(V)=1and o(E) =7, B(E) = 15. We reach the usual contradiction.

Assume E >~ M3, Mays. Then a(F) = B(E) =23 and {o(E) = 11.If (V) =1
and f = 1 then n > 6 and E has a cyclic subgroup of order 2 — 1 which is
false. If i(V) =2 or f = 2 then n > 11 and as usual 2" — 1 > 3(E)(2% —1).

The remaining cases J1, 3J3, HS, Ru, 3Suz, Co;, Cos, Cog are ruled out by the
same pattern.

Case E/Z(FE) is a group of Lie type of odd characteristic and not classical

Combining the information of [SZ], [Hel], [He2] and considering the sub-
group structure of the Ree groups [HB] we obtain the following table:

E/Z(FE) ((E) a(E)
Es(q) (¢* - 1) P +1
E7(q) ¢"(¢* - 1) (" =1)/(¢—-1)
Es(q) " (¢* - 1) C+d - - =P +q+1
Fu(q) (¢®-1) ¢ +1
Ga(q) | q(g® — 1), £(G2(3)) = 14 PF+q+1
*Ee(q) (¢ —1) ¢ —¢+1
*Ga(q) q(qg—1) q+3VT 41, g =32N+1
*Da(q) ¢#® - 1) - +1

Inequality (3) rules out immediately the cases Eg, E7, Eg, F4,? Eg, Dy4. In the
exceptional case E/Z(E) ~ G2(3) we have £5(3G2(3)) = 27, a(E) = 13 and
B(G2(3)) = 13, 5(3G2(3)) = 39. This shows n = 12, b = 1, fi(V) = 1. But
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then (4) is violated. If E/Z(E) ~ Ga(q), ¢ > 5; or 2G(q) again (3) and (4) give
a contradiction.

Case E/Z(FE) is a classical group of odd characteristic

We use [GPPS] and [SZ] and in some exceptional cases also [JLPW] for lower
bounds of the degree of linear representations.

Assume E/Z(F) ~ PSL(2,p), p > 11 a prime. Then ¢(E) = (p — 1)/2 and
a(E) = B(E) = p. As ECqr(v)(E) contains a cyclic group of order 2" — 1 >
2M 1, M = (p —1)fi(V)/4 we have 2™ — 1 < p(2/*V) — 1) by (4) implying
p < 17. But then p = 11,13, or 17 and n = 10, 12, or 8, which is impossible.

Assume E/Z(FE) = E ~ PSL(2,q), ¢ = p¢ > 25, p a prime, ¢ > 1. Now
UE) = (¢ —-1)/2, a(E) = (g+1)/2. Set M = (¢ — 1)fi(V) then B(E) =
B(Aut(E)) and as before we get 2M — 1 < (¢ + 1)(27V) — 1)/2, which is
impossible.

In the exceptional case E/Z(F) ~ PSL(4,3) one has ¢{(E) = 26, «(FE) =
B(E) = 13 which is in conflict with (3).

Suppose E/Z(E) ~ PSL(m,q), m > 3, (m,q) # (4,3), ¢ = p, p a prime.
Then by [GPPS; Thm. 9.1.5] {(E) = ((¢™ —1)/(¢ — 1)) — 2 while «(E) =
(¢"-1)/(¢—1), B(E) = (¢"™—1)/2. Then (3) shows b, f < 2 and by (4) (d = 1 by
the remark following (4)) 2 —1 < 3e(¢™—1)/2 with M = ((¢™—1)/(qg—1)—2)/2
which is not possible.

In the exceptional case F/Z(E) ~ PSU(4, 3) we have a(E) = 7 and £o(PSU(4, 3)) =
20, B(PSU(4,3)) = 9 while ¢,(3SU(4,3)) = 6, 5(3SU(4,3)) = 21. Hence
n=26,i(V)=1, f=2. But Cs3 x 35U(4, 3) contains no Cgs.

Assume E/Z(E) = E ~ PSU(m,q), m even, ¢ = p¢, p a prime. Then
UE) = ("~ 1)/(g+1) and

2 —
a(E):{ ¢ +1, m=4,

m—1
a +1
T m > 6.

In both cases (3) is not fulfilled.

Assume E/Z(FE) = E ~ PSU(m,q), m odd, ¢ = p¢, p a prime. Then by
(GPPS; (9.3.2)] (E) = (¢ — q)/(g+ 1) and a(E) = (g™ +1)/(q-+1)(m, g+ 1).
Then (3) implies (m,q + 1) = 1 and therefore (¢ — ¢)fi(V)/2 < ¢™ + 1. In
particular f < 2 and f = 11if (V) = 2. Moreover S(F) = ¢™ + 1 (see [Hu)).
But then (4) can not hold.

The orthogonal and symplectic groups are ruled out by the same pattern.

Theorem 4. Let V' be a 2n-dimensional GF(2)-space and E < GL(V') be
a quasisimple and irreducible subgroup so that E/Z(FE) is a group of Lie type
over the field GF(2¢). Assume that the order of E is divisible by a 2-primitive
prime divisor v of 2" — 1 and let Z < Ngrv)(E) be a semiregular cyclic group
of order 2™ — 1. Then one of the following holds:

(a) E has at most three orbits on V' and hence is known by [Li2].

(b) E ~ SL(2,2°) and V is as a GF(2)[E]-module isomorphic to M & M°
where M is the natural E-module and o is a Galois automorphism with

o2 #1
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Proof. We denote by R a Sylow r-subgroup of E. Assume Endg(V) ~
GF(27) so that C = Cgrv)(E) ~ Cgs_;. We then can consider V as an
absolutely irreducible GF(2/)[E]-module and GF(27) is the field of definition
(see for instance [Asl; 26.6.(4)]). By Steinbergs twisted tensor product theorem
one knows that f|te where t = 1 if E is untwisted or of type ?Bg,> Fy, t = 2if
is of type 2Ay,2 Dy,2 Eg and t = 3 if F is of type 3D4. Denote by u(E) the largest
integer such that |F| is divisible by a 2-primitive prime divisor of 2#(F)e — 1.
Then

(1)

n < u(E)e.

We assume first that E is untwisted or of type ?B2,2F4 and e = fa. By [KL;
5.4.6, 5.4.7] we obtain
(2)
2n > m(E)° f,

where m(FE) is the minimal degree of an absolutely irreducible nontrivial repre-
sentation of E in characteristic 2. Hence

(3) X
im(E)a < u(E)a.

This inequality will restrict possible candidates for V' to a small list. Sylow
r-subgroups of GL(V') are abelian. So by a suitable choice of R we can assume
that the group Z = Caon_; satisfies
(4)
Z < Cg(R)CA

where A/(A N EC) is isomorphic to a suitable cyclic group of odd order of
Out(E). Usually with (4) we get rid of the remaining candidates for the module
V.

Case F/Z(E) ~ PSL(m,2¢), m > 2. Here u(E) = m(E) = m so that (3)
implies m“*1/2 < a. This implies a < 4 for m = 2, a < 2for3 < m < 4
and a = 1 otherwise. By the twisted tensor product theorem V as a GF(2)[E]-
module is isomorphic to M(A(?)©) @ M(A)D & ... @ M(ACD) D with
basic modules M (A(*) in the terminology of Liebeck [Lil] and M *) is the Galois
conjugate of the GF(2°)[E]-module M under the k-th power of the Frobenius
automorphism. So if ¢ = 1 and more then one of the basic modules in the
tensor product is nontrivial we have 2n > m2e and n < me which implies
m=2,n=2e, V~M®M? with the standard module M and a nontrivial
field automorphism o. Also o # 1 as otherwise the field of definition is GF(2°/2),
i.e. assertion (b) holds.

Assume next a > 1 and m = 2. As r divides |E| our inequalities imply n = e
or 2e. If a = 4 then at least four Galois conjugates of M occur in the tensor
product. Then 4e > 2n > 16 f which implies 2n = e. Also Cg(R) ~ Cae41, C ~
Cys_y and |Out(E)|y divides f. But then (4) is violated. If a = 3 then the
inequalities imply that V is the tensorproduct of three Galois conjugates of M.
Hence 2n = 8f but n = 3f or 6f, a contradiction. If a = m = 2 of course
2¢ = n and V can be considered as the standard Q7 (4,2/)-module and we have
assertion (a).

Assume now m = 3 or 4 and a = 2. If more the one Galois conjugate of
M (the standard module M or its dual) occurs in the tensor peoduct then our
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inequalities imply that V is the tensor peoduct of two Galois conjugates of M.
But as 2n = m?f the case m = 3 is excluded. For m = 4 we get n = 4e. Then
|ICe(R)| = (2% —1)/(2¢ — 1) and |C| = 27 — 1 which is in conflict with (4).

Suppose next that M is not the standard module (or its dual). In case m = 3
one has then dim M > 8 ruling out this case. In case m = 4 one has dim M > 6
so that 62f/2 < 2-4- f, a contradiction too.

Form now on we assume a = 1 and V is GF[E](2)-isomorphic to a basic
E-module say M(\). The natural module (or its dual, i.e. A = A1 or App—1)
implies assertion (a). So we assume that M(\) is not standard, i.e. m > 3.
By (1) and (2) we get dim M (A\) < 2m. By [Li2; 2.2] then (A, dim M(\)) €
{(A2,m(m—1)/2), Am—2,m(m—1)/2)} and 4 < m < 5. Again by [Li2] we have
assertion (a).

The cases E/Z(E) ~ Sp(2m, 2¢), m > 2 or Q" (2m, 2¢), m > 4 are handled
similar.

Cases E/Z(E) ~ Eg(2¢), E+(2°), Es(2¢), F4(2¢). Here u(E) = 12, 18,30, 12
and m(FE) = 27,56, 248, 26 respectively. This is in conflict with (3).

Case E/Z(FE) ~ G2(2°%). Now pu(E) = m(E) = 6 and (3) implies ¢ = 1 and
V' is GF(2)-isomorphic to a basic E-module M () with dim M (X) < 12. But
then by [Li2] A = A\; and dim M ()\) = 6 and (a) holds.

Case E/Z(E) ~ 2B2(2¢). Then u(E) = m(E) = 4 and by [KL; 5.4.7] and
(3) we have 4%/2 < 4a with an odd a. Hence a = 1. As irreducible E-modules
are tensor products of Galois conjugates of the standard module we see that V'
is the standard module viewed as a GF(2)[E]-module. Then 2n = 4e. But r
divides also |E/Z(E)|2 = (22¢ +1)(2° — 1), a contradiction.

Case E/Z(E) ~ 2F4(2¢). Here u(E) = 12, m(E) = 26 which contradicts
(3).

We now turn to the cases 2A,,%2 Dy,%2 Eg,> Dy We define mo(E) as a lower
bound for the degree of a nontrivial absolutely irreducible representation which
can be written over GF(2¢). Using [KL; 5.4.6] we replace (2) now by the two
inequalities:

(2)

( , if f fe, 2¢ = af.

m+ 1,29, m > 2. Now pu(E) = 2(m + 1)

f m is odd. If e = af we get from (1) and

f m is even and mo(E)* < 4ma if m is odd. If
< 2(m+ 1)a if m is even and m(E)* < 2ma if m is

( ) iff|e7e:af,
ZnZ{ o
SU(

Case E/Z(E) ~ 2A,,(2 )
if m is even and u( ) =
(2’) mo(E)* < 4(m + 1)a
2e =af, f fe, then m(E)®
odd.

First we observe a = 1: Assume a > 1. If 2¢ = af, f /e, then a > 3, a
contradiction as m(E) =m + 1. If e = af we we use for mg(E) the bounds of
[KL; 5.4.8]. Again our inequalities rule out the assumption a > 1. Hence a = 1
in any case and f = 2e or e.

Assume f = 2e. Considering V as a GF(2/)[F]-module its dimension is
< 2(m + 1) if m is even and < 2m if m is odd. This GF(2/)[E]-module is the
restriction of an absolutely irreducible GF(2/)[SL(m + 1,2/)]-module to E (see
[KL; 5.4.1]). Using the bounds of [Li2; 2.2] we see that V has type M () with
(A, dim M (X)) € {(A1,m+1), Am,m+1), (A2, m(m~+1)/2), (Apm—1,m(m+1)/2)}
and m < 4 if the dimension is m(m+1)/2. If dim M (\) = m+1 we get assertion
(a). So assume dimension m(m + 1)/2 which excludes m = 2. If m = 3 however

50



the case A = Ay does not occur as in this case GF(2°) is the field of definition.
In case m = 4 we get n = 10e. Then |Cg(R)| divides 2°¢ + 1 and |C| = 2%¢ — 1
which is in conflict with (4).

Assume f = e. Considering V as a GF(2¢)[E]-module its dimension is
< 4(m+1) if m is even and < 4m if m is odd. Also V™ ~ V where 79 has
the meaning of [KL: 5.4.6]. Again V has a type M ()) described in [Li2; 2.2
with the additional property that A is invariant under the graph symmetry. If
m = 2 then M(}) is the 8-dimensional adjoint module (see [Bu]). This shows
n = 4e. However then r does not divide |E| a contradiction. If m = 3 the
module M ()\z) is the natural, 6-dimensional O~ (6, 2¢)-module and assertion (a)
holds. The adjoint module has dimension 14. This would imply n = 7e and
again (r,|E|) = 1, a contradiction. For m > 4 the adjoint module can not
occur as its dimension is > (m + 1)? — 2. This leaves the possibility m = 5
and the module M (A3) of dimension 20. Thus n = 10e. However as R has a
centralizer of dimension 1 in the natural module we see that |Cg(R)| divides
(25¢ +1)(2¢ + 1). Again this case is ruled out by (4) as |C| = 2¢ — 1.

The cases E/Z(E) ~ 2D,,(2%) ~ PQ~(2m,2™), m > 4, E/Z(E) ~ %E¢(2°),
and E/Z(E) ~ ®D4(2¢) are treated similar.

The next result implies in particular that the 2-powers are the only pow-
ermaps of GF(2") preserving the set of elements of trace 0. P. Miiller pointed
out to me a similar elementary argument which shows that any trace preserving
powermap of a finite field is a power of the Frobenius automorphism implying
also proposition 5.

Proposition 5. Set F = GF(2"), Fy = {B|trace8 = 0} add let (k) :
F — F, z — 2% be an invertible powermap. If Fop(k) = FF = Fyc with some
0#c€ F then k=27, j suitable.

Proof. Define f : F — F by x +— da*, d = ¢~'. Since Fy is a GF(2)-
hyperplane of F' and as (aFp)f = dakFéC = a*F, this map permutes the set
of hyperplanes. This implies that f also permutes the spaces of codimension 2
etc.. Since f preserves inclusion we deduce that this map is a collineation of the
projective geometry PGgr(2)(#). By the main theorem of projective geometry
this map is induced by a linear map. However PGL(F') = GL(F) which shows
that f is linear. Therefore dz* = agz + a122 + -+ + an_122"  with suitable
a; € F. This implies that precisely one a; # 0 and 2* = 2?2’

In [Sil] P. Sin gives a comprehensive study of the degree 1-cohomology of
the groups G2(2"), n > 6. We add two results without the restriction n > 6.
We thank Professor P. Sin [Si3] for the permission to present his results and
his proofs (with modest changes). In the sequel X (2*) denotes the Galois twist
with the k-th power of the Frobenius automorphism of a GF(2™)-module X.

Theorem 6 (P. Sin). Set G = G5(2")V, n > 1, F = GF(2"), and let V
be the natural 6-dimensional G-module.

(a) Let A be the 14-dimensional adjoint module of G. Then V ® V has a
filtration with layers F & A, V), F @ A. This filtration is the radical and
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socle series. In particular each submodule which covers the composition
factor V) also contains the bottom module F & A.

(b) H(G, Ve VE)) =0 for 1<k <n andn > 2.
(¢) dimHY (G, V@ V®) =1 forn=2.

Proof. (a) Set L =Sp(6,F),ie. G < L. Act with Kon V@V 2 V*Q@V ~
End(V) by = - k = k'zk. One has the natural L-series 0 C A2(V) C S?(V) C
VeV with A2(V) ~ (Ve V)/S?(V) and VP ~ §2(V)/ A2 (V). Obvious linear
algebra arguments even show A%(V) ~ F @ A and by [Sil; (2.1.a)] all these
statements also hold for V ® V' as a G-module.

In order to prove the last statement it suffices to consider the case n = 1 and
to show that the smallest submodule X which has V = V® as a composition
factor also contains A2(V). A direct GAP-computation shows that the module
S2(V)/A is indecomposable where as before A is the adjoint module. Hence X
contains the bottom F.

Denote by Y the subquotient of V ® V' which omits the bottom and top
trivial factor, i.e. Y is selfdual with a filtration A, V, A. We are done once we
show that Y is uniserial. Denote by K =~ SL(3,2) the subgroup generated by
the long root subgroups. The restriction of V' to K is isomorphic to W W*, W
the natural 3-dimensional K-module. Then as an K-module we have

NV)=NW)aNWHYeWeW =W aWeFoS

where S is the 8-dimensional irreducible K -module (of trace zero matrices under
conjugation). Thus A is semisimple as an K-module.

Suppose that Y is not uniserial as a G-module. Then the Loewy length is
at most 2 as a K-module. As an K-module

VeaV=WeW")e(WaeWw").

Therefore as an K-module Y has a subquotient isomorphic to the 9-dimensional
uniserial module W ® W with factors W*, W, W*, a contradiction. Hence Y
is uniserial and assertion (a) follows.

(b) Let «, 8 be the fundamental roots, a long. We use standard notations
for root subgroups and diagonal subgroups. Let Ly = (H, Xg,X_g) be the
Levi subgroup corresponding to 8 and Lo = (H, Xa48, X—a—g) and the Levi
subgroup corresponding to o + (3, so that H = Ly N Lo.

Then G = (L1, Ly): The Chevalley commutator formula applied to X_g
and X, shows X, < (L1, L2) and by symmetry also X_,, < (L;, La) . Hence
(L1, Ly) contains two elements rq, 73 € Ng(H) which induce the fundamental
reflections of the Weyl group. Thus (L1, L2) contains all root subgroups and
the claim follows.

Set M =V V) As1 < k < n one observes that Cp;(H) = 0. Assertion
(b) follows if we show H!(L;, M) = 0. This follows from [Si2; lemma 1]. Sin’s
result generalizes [AG] and [KaLi; p. 9, ()] which could be applied too. As the
L;’s are conjugate we consider only the case Li. One has Ly = Lo X Z, Ly =
(Xg,X_p) =~ SL(2,F) and Z = Hant3s =~ Con_1. Let W be the natural Lo-
module and denote by [m] the character of Z which sends haq33(t) onto t™.
The F[L;]-composition factors of V are W ®[1], W® ®10], W @[—1]. Therefore

52



the composition factors of M are of the form WZ) oW ) g [m], 4, j, m suitable.
However H'(SL((2,2"), W2) @ W) = 0 for all 4,5 (for i = j this result is
[AL; thm 3]). Assertion (b) follows.

(¢) The double cover G of G has an ordinary character xs3 (in the ATLAS
notation) of degree 12. Modulo 2 it decomposes as X33 = @2 + @3 (the ¢;’s as in
[JLPW)), i.c. a corresponding F[G]-module E has composition factors V and
V. Then the central involution z of G must act trivially on F, i.e. E is even
a F[G]-module. By a result of Thompson [La; I,17.4] this module E can be
choosen such that soc(F) ~ V. Hence Ext}m[G] (V,V@) ~HY G,V o V®)£o.

Set M = V®V® and let X = GM be a split extension of G by M.
Let H,a, and X,,Xg < G have the same meaning as before. Let w, =
Ta()z_a(1)za(l) and wg = xg(1)xz_5(1)zs(1) be fundamental reflections in
the normalizer of H. Then J = (X3, H,d), d = (wawg)?, is isomorphic to
the Janko group Jo. Let K < X be an other complement to M which is not
conjugate to G in X. As HY(J, M) = 0 [Si2] we may assume J < G N K and
K = {c(g)g|g € G} with a 1-cocycle ¢ : G — M with ¢(J) = 0. Then wg €
Ng(N), N = (H,d) and G = (J,wg) . Therefore c(wg)wg € Ng(N) and K =
(J, c(wg)wg) . For any n € N we have [c(wg)wg, n] = [c(wg), n]*s[wg,n] € N.
Thus [c(wg),n] € NNM = 0 or c(wg) € Cy(N). As |c(wg)wg| = 2 even
0 # c(wg) € Cp(N) N Cprr(wg) which has dimension 1. So up to a nontrivial
scalar the vector c(wg) is uniquely determined and dim HY(G,V @ V() < 1.
(c) follows.

Proposition 7 (P. Sin). Let G = G(2"), F = GF(2") (or G = G2(2)")
and A be the 14-dimensional, adjoint F[G]-module. Then H(G, A) = 0.

Proof. By [Si2] HY(G,A) = 0 for n = 1. Assume n > 1 and let m be a
divisor of n such that n/m is a prime. Set G; = G2(2™) and let G2 ~ SL(3,2")
be the subgroup of G generated by the long root subgroups. Then SL(3,2™) ~
Go < G1 NGy and G = (G1,G2) by [Co|. The module A is as an GF(2™)[G1]-
module the adjoint module whose coefficients are extended to the field F. So
still H(G1, A) = 0 by induction. As a Go-module A contains the 8-dimensional,
irreducible part W of the adjoint F[SL(3,2")]-module as a composition factor.
Since A is selfdual it is now easy to see that A =W @& N @ N*, where N is the
natural module of Go. Hence H! (G2, A) = 0 by [JP]. Also C4(Gp) = 0. From
[Si2; lemma 1] we conclude H*(G, A) = 0.
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