Asymptotics for ML-Estimates
Model: X = (Xy,...,Xn)T € RY, L(X) € {Pyn;0 € O} with © C R, where Py has density
po(z), T € RV,
Assumption: (A1) ps(z) continuously differentiable w.r.t. 6 for almost all x.
Likelihood and log likelihood: L(0|X) = pa(X), £(6|X) = log L(6|X)
Notation: pj(z) = Zpe(x), pj(r) = Fzpe(z), ...

Definition: score function (6| X) = ZL(0]X) = Po(®)

po(w)

Fisher information I(Py x) = Egb* (0| X)

Lemma 1 If (A1) holds, we have
a) & P(0]X) =0 ,
b) [(Pyn)=—& %E(MX), if py(z) exists for almost all x.

Idea of proof: By (Al), differentiation and integration may be exchanged. Use [pg(z) dz = 1
independently of 6.

If 9 € © C R then

Y(0|X) = grad, (0| X) = (8%16(6\)(), . a%le(ew))T

2

I(Pyn) = =& (0] X) YT (0] X) = —& Hessy £(0|X) = —89(%6(%)())@]‘1 _____ d-

The results and proofs of this section can be generalized to d > 1 straightforwardly.

Theorem 1 (Cramér-Rao or information inequality).
Let (A1) be satisfied. Then, for any estimate T of 6 with bias br(6) :

(1+67(6))°

Tn) >
mseg(Ty) > I(Pyx)

Idea of proof: Differentiate by (), write pj(z) = (6(z)pg(x), apply Cauchy-Schwarz inequality.

Corollary 0.1 (Cramér-Rao for i.i.d. data)
Let Xy,...,Xn be i.i.d. with L(X;) = Py, density fo(z), x € R.
Under the assumptions of Theorem 1:

(1+0,(60)7

mseg(Tn) > N I(Fy)

Idea of proof: In this case, ¥(0|X1,..., Xn) = Zjvzl W(0)X;), (0(z) = & log fo(x).
Use independence and Lemma 1 a) to show I(BPyy) = N I(Fp).

Definition 2 Let Qn : RY x © — R be given. Oy is a M-estimate of 0 if

~

Oy = argr{gleag(QN(X, 0).



Theorem 3 (Consistency of M-estimates).
Let © be compact and

C1) Qn(z,0) continuous in 6

C2) For some continuous function ¢ : © — R

1
NQN(X’ 6) - q(0) uniformly in 6 € ©

C3) q(0) has a unique global mazimum at 6, € ©.

Then,
Oy = argmgxeN(X, 0) - 0y = arg meaxq(ﬁ).

Idea of proof: For 0 = ¢(6y) —max|g_g,|>c ¢() show, using Qn(X,0) < Qn (X, Oy), that |0y — 0| > ¢
implies supy |+Qn(X,0) — q(0)| > 2. Apply C2).
Theorem 4 (Asymptotic normality of M-estimates)

Let éN,GO be as in Theorem 3, assume O 5 Oy and

B1) Qn(z,0) is twice continuously differentiable w.r.t. 0 for almost all x

B2) % Qi(X.0%) — all) £0 if 03 —> 0

B3) S<Qn(X,00) — N(0,b(00)) with 0 < b(fo) = limy oo 3 E[Q(0)]2 < 0.

Then,
b(6o)

2(00)

wﬂﬁ(éN-—eo)—z7 N(0,

Idea of proof: Delta-method or linearization around 6,
0= Q(X.0x) = Q(X,00) + (O — o) QR (X, 0%)

Solve for Oy — 6o, apply B2), B3) and Slutsky’s Lemma.

We now apply the previous theorems to the special case of ML-estimates based on i.i.d. data
Xi,..., Xy with density fp,(x). Here,

Qn(x,0)=L(0)z) = Zlogfg z;), = (21,...,25)" €RY

By LLN,
1
NQN(X7 0) == o, log fo(X1) =: q(0)

if the right-hand side exists. To get the crucial assumption C2), we need:



Theorem 5 (Uniform law of large numbers):
Let Xq,..., Xy be i.i.d. real random variables, © C R compact, g : R x @ — R measurable such that

U1) €lg(X1,0)| < oo for all 0 € ©

U2) Lipschitz continuity in 0 : |g(x,0) — g(x,n)| < L(x)|0 —n| for all0,n € ©, z € R
U3) € L(X,) < >

Then,

sup
)

T 2 006.0) — £9(%0.0)| 0 (N = 00)

Idea of proof: By compactness, we have finitely many 6y,...,0x such that © is covered by the
intervals (0y — 0, 0, +6), k=1,..., K. By LLN,

N
Z (X5,0) — E9(X1,0),
and, therefore,

sup
1<k<K

N

1

NZ (X5, 0k) = € 9(X1,0k)| 5~ 0.
=1

The supremum overall ¢ is bounded from above by the sum of this term and of

sup sup
1<k<K |0—04|<6

N

1

N > {9(X;,0) — 9(X;, 00)} — E{g(X1,0) — g(X1,6,) }.
j=1

By assumption U2), this is bounded by

H—= ZL — & L(X,) + const.},

~ Zjvzl L(X;) - € L(X;) by LLN and ¢é can be chosen arbitrarily small.

Theorem 6 (Consistency of ML-estimates)
Let Xy, ..., Xn be i.i.d. with density fo,(x) for some 6y € © CR, O compact. Assume

M1) support of fo = {x; fo(x) > 0} independent of 6

M2) fo(x) continuously differentiable w.r.t. 6 with |fy(x)| < L(x)fo(z) for all 0, x
M3) &,L(X,) < .

M) Epylog fo(X1) exists for all 6 and has a unique global maximum in 6.

Idea of proof: Check assumptions of Theorem 3, where, in particular, M2) guarantees Lipschitz
continuity of log fy(x) such that Theorem 5 may be applied.

Theorem 7 (Asymptotic normality of ML-estimates)
Let the assumptions of Theorem 6 be satisfied and



Mb5) fo(x) is twice continuously differentiable w.r.t. 0

MG6) ' (0|x) = 892 log fo(x) is Lipschitz continuous in 6 :
[6(0]) — ¢/ (nla)| < H@)9—n| for all 6, € ©, v €R

M7) 0 < I(Py,) < 0.

Then,
1

\/N(éN — o) v N0, m)

Idea of proof: Check assumptions of Theorem 4. In particular, B3) follows from the CLT for i.i.d. data
applied to Qn (X, 0y) = Z;V:l (00| X;), as € ¥(0]X1) = 0 by Lemma 1 a) and var ¢(6y|X:1) = I(FPp,).

B2) follows from

—@&@(X Oy) = Z{w (O3 |X5) — 9/ (0o X))} + — Zw (601 X;)

where the first term converges to 0 for 6% - 0o by M6) and the LLN, and the second term converges
by the LLN to € ¢/(0y|X,) = —I(Py,) by Lemma 1 b).

Remark 8 To apply the theorem to © which is not compact, one has to show as a first step that
there is a compact subset Oy C © with 6y € Oy such that pr(éN € 0y) — 1 for N — oo fast enough.
Then, On behaves asymptotically like 00, = arg maxgee, @n(X,0), and the theorems may be applied
to the latter.

Let 11,15, denote two estimates of # based on samples of size n, and let R denote the risk, e.g.
mean-squared error.

Definition 9 a) If R(T1,0) = R(Ton,0), then % is the relative efficiency of Ty relative to T
(depending on R).
b) The asymptotic relative efficiency ARE(Ty, Ty) is defined by

M
v ARE (T3, Ty) for M,N — oo such that R(Ty 1,0) = R(To N, 0).

In general, the efficiency depends on 6.

Example: For R(T,0) =mseg(T) = E(T — 0)? and for two asymptotically unbiased and normal
estimates, i.e.

\/E(Tl,n - 9) T N<Oa U%)a \/E(Tln - 9) T) N(O’ Ug)

we have

0.2
ARE(T», Ty) = =

92
as for large M, N

2 2
o ! o
—L ~ vary T v ~mseg 11y = msey Ty n ~ varg To ny ~ -2
M N
such that
M o}
— ~
N o3



Corollary 0.2 Let Ox be the ML-estimate of Oy, and let Ty be any other unbiased estimate. Under

the assumptions of Theorem 7 R
ARE(ON,TNn) > 1

i.e. O is asymptotically efficient.
Idea of proof: By Theorem 7, mse(fy) ~ W,
0

By Corollary 0.1, mse(Ty) > W.
0



