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1. Introduction to the Jackknife and Introduction to the
Bootstrap (1)

First, let us have a look at well-known results. We have Xi,...,X, i.i.d. We would like to
estimate the mean p (assumed to exist) of the distribution.

By the strong law of large numbers, the sample mean X, 25 M and if var(X;) < oo, then the

central limit theorem provides us with an asymptotic variance of X,, and with its asymptotic
distribution.

Now, let us suppose we are interested in estimating a median m. The sample median X, defined
as X(np1) if n is odd (X(nzil) : 2tlth smallest value of the data) and %(X(%) + X(n 1)) if nis
even also admits a central limit theorem. If X, has a density f, if f(m) > 0 and f is continuous
around m, then

2f(m)(X, —m) —> N(0,1).



Even for as simple statistics as the sample mean and the sample median only their asymptotic
distribution is known. For more complicated statistics, the asymptotic theory becomes more
difficult (in terms of assumptions, ...)

Would it be possible in some cases to get better results for the characteristics of an estimator
based on Xy, ..., X, than the results based on the asymptotic theory and this without too strong
assumptions?

Resampling techniques may help to give a positive answer to the question.

First, we have a quick look at the jackknife (leave one out at a time).

We have an estimator 7,,(X1,...,X,) of a "parameter” § and we are interested in its bias.
The jackknife bias estimator byjacx = (n — 1)(% St T —T,), where T,y _; =
Tn—l(Xla--- ;Xi—laXi—i—l;--- ’XE)' B

If we denote %2?21 Tn-1,—i by 1), we may rewrite bjacx = (n—1)(75, —_Tn) and a better (with
smaller bias) estimator is given by Tyack = Ty, — byjacx = nT,, — (n — 1)T,,.

Why does bjack make sense?

Here a heuristic justification: if the bias vanishes at n — oo and is linear in % then E(TE(# =
n—1)=E(In)
/n_1_1/n 204 SO,

Bias = E(T,,) — 0 = (n — 1)(E(Th-1) — E(1}))
and we can replace E(T;,_,) and E(T}) by unbiased estimators T;, and T},.

Some examples:
[ Tn == Xn; bJACK =0 o.k.

o T, = 6721 = %Z?:l(Xi - Xn)2 (Bias = -—L 02)5 byack = _m Z?:l(Xi - Xn)2

n—1

— Tyack = =7 21 (X; — X,,)? unbiased estimator of the variance.

Note that the mean squared error (MSE, equal to Bias® + Var) is greater for this unbiased
estimator than for 62 in the case X1,..., X, i.i.d. N (p,0?), so Tjack is not necessarily ”better”
than 7,.

Now, how can jackknife help in the estimation of the variance of a statistic.

n

n—1 _
Varjack = 0 Z(Tn—l,—i - Tn)2

=1

Why does this make sense? If we look at X,,, var(X,,) = %2 estimated for example by n(nlfl) Yo (Xi—
X,)%

anin T VY o anXi . 1 n
Now, T}, 1, i = =2, T, = Xpand T,, 1 =T, = - and thus varjacx = D > i (Xi—
v )2
X,)“.

The jackknife variance estimator provides us with good results for smooth statistics (e.g. strong

consistency % o5 L see for example chapter 2 of Shao and Tu).

Now, for unsmooth statistics the jackknife variance estimator is not consistent. To illustrate
this consider the sample median and the following 9 data: 10, 27, 31, 40, 46, 50, 52, 104, 146.
The sample median is 46. The 9 values for 1,,_, _; are 48, 48, 48, 48, 45, 43, 43, 43, 43. We
see that small changes in the data set do not necessarily cause changes in the statistic (lack of



smoothness). This will lead in this case to an underestimation of var(X,). To deal with this
kind of unsmooth statistics, we could use so-called delete-d-jackknife (leave d out at a time)
with d suitably chosen. Notice also the existence of a jackknife histogram which can help in
approximating the distribution of a statistic.

Now, let us suppose we have i.i.d. data X,..., X, from F and a statistic 7,,(X1,... ,X,) = T,.
We are interested in estimating var(7},)(varp(1,) = [[Tn(z) — [To(y)d] [, F d]1—, F(z;)
typically cannot be obtained exactly!)

What would be great?
To generate, say 100 samples of length n from F'

Xl,l; . 7Xn,1 — Tn,l = Tn(Xl,]., . 7Xn,1)
X100, -+ > Xn,100 = Tnj100-

Then var(7},) could very well be estimated:

1 100 1 100
Tn = — Tnz T TAn Tn ] 2-

Problem: F' is unknown to us.

Bootstrap ideas:

1. replace F by F),, the empirical distribution function based on X1, ..., X, (or use any good
estimator of F) (substitution principle)

2. Typically no exact result is available for var; (T,,| X1, ... , X,) either. But E}, is known to us
(conditioned on X, ..., X)) : it is a discrete distribution with weight = to X; i =1,... ,n.
So we can draw, say, B samples from F), (conditioned on X7,...,X,):
Xip oo Xoi 2T, = Tn(Xf,u e aXT*L,l)
Xig oo Xpop—Tp
— the bootstrap variance estimator varpeer = var,(Z) = var(T, (X7 ... X)|Xy,... ., Xy) =

varg (T,|X1 ... X,) can be evaluated by & Zle(TTf,b - & Zle Ty ;)?

Note that we will also say bootstrap variance estimator and use the same notations (e.g. var,(77))
for the numerical approximation.

Remark: When a ”,” appears, this means: conditioned on our data (here conditioned on
Xi,..., Xn).



2. Introduction to the Bootstrap (II)

First we recall some properties of Fn, the empirical distribution function of F'. Our framework
remains the same: Xq,..., X, are assumed to be i.i.d., taken from F. The theorem of Glivenko-
Cantelli tells us that

sup |F),(z) — F(z)| +s 0

Let D, := sup, |Fy,(x) — F(z)|. Then, for F' 1-dimensional and continuous, the distribution of
D,, does not depend on F and has a rate of convergence O(n~/2) to 0. More precisely,

o
lim P(n'/?D, <d)=1-2Y (~1)Te " d >0
n—r00
7=1
(this can be obtained by using theory of stochastic processes). So, the substitution of F' by E,
appears to make sense.

Now, keeping in mind the two ideas behind bootstrap (substitution and (if necessary) simula-
tions), let us have a look at some simple cases.
The bootstrap bias estimator is given by

Biaspeo = BT (X7 ... X)) = T(X1,...,Xn)

n

since Bias = F T(X1, ..., X,) — 0 and 6 in fact depends on F(0(F)). If we replace F' by F,0(F)

is the plug-in estimator of €, often T'(Xy,...,X,). Even if T(Xq,...,X,) is not the plug-in
estimator it typically does not make a significant difference to replace #(F) by T(X1,... , X,).
Then, we replace E,T(X7,...,X5) by L0 Tr(X5, ... X5,).

Notice that X, & SU L T(XG, ... X5)—X,, is typically different from 0 although B, T'(X7,... , X})—
X, =0.

Now, let us come back to the bootstrap variance estimator. There are a few cases when we can
get an explicit form for the bootstrap variance estimator (i.e. we do not need simulations). Here

are two examples:
(X7) : (X7) L2 En (X - X))
var, = —var, =—-— i — X))~
" n ! non '

As a second example we look at the bootstrap variance estimator of the sample median.
Suppose n = 2m + 1,

pr = PX(iy=Xw) ,1<k<n
= P*(X(*m) > X(k)) — P*(X(k) < X(*m))
= P*(#{Z : X(*z) < X(k)} <m-— 1) — P*(#{Z : X(*z) < X(k)} <m-— 1)

= P(Bin(n,

)gm—l)—P(Bin(n,%)gm—l)

Now, Var*(X,’;) = > ne1 Pe( Xy — 2?21 PiHX(7)*.

As a next possible application of the bootstrap we say a few words about the so-called parametric
bootstrap: Xi,...,X, i.i.d. with distribution Py known up to a finite number of parameters 6.
Then, the parametric bootstrap is more suitable than the (nonparametric) bootstrap described
earlier. We take a good estimator f for 0 and then we draw our bootstrap samples from F;.



In fact, a main idea of the bootstrap is to mimic as well as possible the stochastic model of the
data. Let M be this stochastic model (e.g. the joint distribution of Xi,...,X,). Then, the
bootstrap technique will use an estimator of the model, say M. Then from M , it will generate
data X* and by means of these data the statistics we are interested in.

Now, the bootstrap can also help to estimate the distribution of a statistic 1}, : it is often possible
to show that

sup | P (T(XT, ..., X)) <) — P(T(Xy,...,X,) <) -7 0

or even it tends almost surely to 0 (more in Chapter 3).

Note the necessity of a stochastic convergence since the bootstrap distribution is conditioned on
X, .., X,

Interestingly, bootstrap approximation provides us sometimes with a better rate of convergence
than the normal approximation (more in Chapter 4).

Sometimes (even for Xy,..., X, i.i.d.) the bootstrap technique needs to be modified.

One reason: F), is not a good estimator of F in the extreme tails. Example: X, ..., X, i.i.d. with
abs. continuous distribution function F' s.t. F'(#) =1 for some 6, F'(z) < 1 for x < #. Suppose
we would like to approximate X — 0 by X() — X@) P(Xp) = 6) =0 but P (X[ = X))
=1-P(X;#X@wVi)=1—(1-%)" = 1—e'#0. A possible solution is to take the length
of the bootstrap sample equal to m < n with 7 — 0. Then

)" — 0.

S|

Obviously, since the distribution of 7;, can be approximated by bootstrapping, bootstrap can
also be useful for constructing confidence intervals (more in Chapter 5).

In the case of hypothesis test, we can use the bootstrap to approximate the required distribution
under H,. But we have to take care since we need our bootstrap data from a distribution under
the restrictions specified by Hy, which excludes the empirical distribution of the original data in
most cases (more in Chapter 5).

Now, in the regression case (parametric or nonparametric), the model M does not reduce anymore
to the distribution function F. For example, if we have Y = Xb+¢, ey,... ,&, i.i.d. (0,02), X
fixed design matrix, b vector of unknown parameters, M can be summarized as (5, F%). So our
bootstrap can be based on M = (B, FE) (more in Chapters 6 and 7.)

Also in time series (i.e. Xj,...,X, typically not independent), the distribution function of
X1 is typically not enough to summarize our process. So bootstrapping in the same way as if

Xi,..., X, were i.i.d. leads to wrong results (e.g. var.(X;) = 2= which is obviously typically

wrong).

Now, M can be summarized by the joint distribution of X;,... , X,,. A natural bootstrap would
then be to bootstrap not single data but blocks of a certain length to keep some structure of the
process (more in Chapter 8).



3. Techniques for proving consistency (i.i.d. sample)

In this chapter we are going to illustrate three techniques for proving consistency: by means of
Mallows’ distance, imitation and linearization. For sake of simplicity we are going to concentrate
on the sample mean or on a function of the sample mean.

We would like to show that

sup | P(V(%, — ) < ) = P.(VA(; = %) < 0)] 72 0.

Let F,G be distribution functions. We will denote sup, |F'(x) — G(z)| by pwo(F,G), the Kol-
mogorov distance between F' and G. This is a distance between distribution functions: If we
write poo(X,Y") this in fact means py(Fx, Fy). In particular py(aX, aY’) is equal to pe(X,Y)
for a # 0.

Some more properties of py :

let Y1,...,Y,, Y rvs with distribution functions Fy,, Fy ps(Fy,, Fy) } 0, then Y, ? Y.

The reverse implication does not hold but if Y}, - Y and Fy is continuous then p (Fy,, Fy) | 0.

Suppose that Y, 7 Y. Then, lim,_, E|Y,|" = E|Y|" < oo if and only if {|Y,|"} is uniformly

integrable (r > 0).
Now let us introduce another metric which sometimes helps for proving consistency.

Definition: Let R® be endorsed with a metric ||.||, let F, ; be the set of all probability measures
defined on the Borel o-algebra of R® with finite r-th moment. Let G, H € F, , (more precisely
G and H are distribution functions with corresponding probability measures in F, ;). Then the
Mallows’ distance p,(G, H) := infr, , (E||X = Y||")"/", where Txy is the collection of all possible
joint distributions of the pairs (X,Y’) whose marginal distributions are G and H respectively.
For the case s = 1,7 = 2 and ||.|| the Euclidean norm, it can be shown that

(G H) = ( / GH 1) — HL () 2de) 2.

In the following we concentrate on rhos.
Here some properties of py (more in Bickel, Freedman (1981) Annals of Statistics):

Proposition: let o, € F,,. Then rﬁog(an,a) 1 0 as n — oo if and only if «, ? a and

J lelPan(dz) = [ ||z[[*a(dz). i
We only prove —: let &, have law a,, and € have law « and (E[||&, — £]|*)Y/? = rhos(ay, a).

Then,
[ lalPan(an) 2 = ([ Jis|Pa(da)

= (Bll&lI)"? = (Ell€)?)? < (Bllg, — €I1)2 Lo
Likewise let f be any Lipschitz function, that is | f(z)— f(y)| < K||x—y]|, then | [ f(z)oy,(dz) —
[ F@)aldz)| = |E(f(6) — £(€)] < EIf(E) — F(©)| < K Elléa— &l < K (Ellga - £])/2 L 0.

This can be used to prove that for any continuous bounded function f,

|/f Yoo (d) — /f o(dz)| 1 0.



Some more properties:
let F, be the empirical distribution function of F, then ﬁg(Fn, F) = 0

let U,V € Fo, then po(al,aV) = |a|p2(U,V);

(P2(U,V))? = (p2(U — EU,V — EV)))* + [|[EU — EV.

Let {U;} and {V;} be two sequences of independent random vectors whose distributions are in
Fos and EU; = EV; V j then

(ﬁﬂZUﬁ?ZVj Z UJJV
j=1 j=1

Let {U;} and {V;} be two sequences of i.i.d. random variables, whose distributions are in
For; let U = (Uy,...,U,)", V = (Vi,..., V)", let A be a m X n matrix of scalars, then
(P2(AU, AV))? < trace(AAT) (po(U;, Vi))?

Now, let Xi,...,X, be iid. random variables from F with mean p and finite variance,
X7, ..., X} iid. from F),

))? = |EX, — E.X7]?)?
Pa(Fpy F))? = |1 — Xa[?)2 = o(1) aus.

Proof based on Mallows’ distance; we get then convergence in p,, since
poo(\/ﬁ(X:; - Xn)a \/ﬁ(Xn - ,U,))

< poo(\/T_l(X; - Xn): (I)O,rr?) * Poo (CI)O,UQJ \/T_L(Xn — 1)),

Now, poo (CI)O o2 \/_(anlu’)) 1 0and poo(\/z_l(Xr*L_Xn): CI)0,172) too since pOO(\/ﬁ(Xn X ) ) 02) >
p2(\/_(X* X n)s V(X — p) + p2(vV/n(Xn — p), CI)0,02) 1 0.

The most often method used is the so-called imitation method. In our example, it is well known
that \/n(X, — u) is asympt. N (0,0?). It can be proved e.g. that the Lindeberg-Feller condition
is satisfied.

Now, we shall prove that /n(X* — X,,) is also a.s. asympt. N(0,0?) since the Lindeberg-
Feller condition is also satisfied in this case. And thus pe(yv/n(X, — p), V(X — X)) <

poo(\/ﬁ(Xn - N): (1)0,02) + poo(q)o,aza \/H(X;: o X”)) W 0.

To prove poo(Po o2, v (X — X)) o5 U, it is enough to show that w - N(0,1) as.

52
in —
since 0,, - o?

We have a Lindeberg-Feller CLT in the bootstrap case if



X)X — X, | > en2éy,)

n)21(|X | > 5n20n |Xn|)

> 1< KX 2 ento).

[t remains to show that Zi:;(Xi — X,)2I(|X;]| > enzo) = o(n).

Now, P(|X;| > enzo) < Ezn);lj (Tschebyscheff) and thus Y2, P(|X;| > enzo) < Egzﬁ Vn which
leads to the conclusion by the Borel-Cantelli lemma.

§ﬁ§
—
—~
3<
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Third possible way of proving consistency: the so-called linearization: As previously, let X;,... , X,
be i.i.d. random variables having finite variance o2.

We know from the previous techniques that pe (v1(X;; = X,,), v/n(X,—p)) 55 0. (In particular,

n

poo (VX5 = Xn), @o2) 757 0)
Now, we would like to show that

Poo (VR(9(X) — 9(X0)), Vn(9(Xn) — g(p)) —> 0,

p

with g : R — R, differentiable at pu.

We have
o5~ 00n) = P21 (%~ )+ oy n7)
o(53) o) = 2201 (X; — )+ o507 )

and thus g(X;) — g(X,) = %2[,(X; = X,.) + 0j(n~2) + 0,(n2)
— P.(v/n(9(X)—9g(X,)) < x) — Doz, with 0F = (8%—;)|u)202 the same limit as P(y/n(g(X,,)—
9(n)) < ).

If we assume g : R — R differentiable in a neighbourhood of p and ag—? continuous at p, then

9(Xy) — 9(Xn) = =15, (X, — X)) + 7, with nzrt — 0

noa.s.

. 99(t) | _ 9g(t)
and since =575, =5 g | We get

Now, if 8‘7 =0, Tob| £ 0, then /n(g(X,) — g(n)) — 0 and the interesting statistic is

n(g(X,) — g(u)) which converges in distribution to

10%g(t)
2 o

.22, with £(Z) = N(0,0?).



Then, n(g(X}) — g(X,,)) is typically not going to be a consistent estimator since

|5, (X5 = Xa)* + 0p(n7)

ot?
(provided some additional assumptions are satisfied) and 249 | x,, 1s typically # 0.
Then, almost surely,
Og(t),  ov 5 ag(t), | Pg(t), ) v v

g(t)

o5 |,.Z° with £L(Z) = N(0,07)

o]

compared to n a(t) (X, — ) =0.

Now, it is easily seen that, if we take m(g(X},) — g(X,)),m — 0o, ™ — 0, we have a consistent
estimator of n(g(X,) — g(u)). In particular, (m 222 . (X — X,) = m2(X, — p)ym2 (X7, —

X)M0| ¢+ 0,(1) and mb (X, — ) —» 0).

In this section we have focused on techniques for proving consistency. For more general results,
see, e.g., Shao and Tu pp. 72-90.

4. Asymptotic comparisons (i.i.d. sample)

A fourth possible way for proving consistency of the bootstrap is by means of Berry-Esséen
inequalities. The advantage of this method is that it provides us with rates of convergence; the
drawback is that it is often not possible to derive a Berry-Esséen inequality.

As in chapter 3 we focus on Xi,...,X, i.i.d. with finite mean p and finite variance o2. Addi-
tionally we assume E|X; — u|* < co. We are still interested in

sup | P(VA(X, =) < @) = PAVA(Y; = X,) € 2)].

Now, the Berry-Esséen theorem tells us that

_ C
sup | P(—— fa D (Xi— ) S 2) = B@)] € 5 B -l
=1

This means that .

poo (VU Xy — 1), Ro2) = O(n72).
Now, .
S(X; - X) < 1) D(a)| < —
\/_U” i=1 nié
and B X7 — X, P = 23" |X; — X, < oo as. .
In total pOO(\/ﬁ(Xn_N)a \/E(X:;_Xn)) < pOO(\/ﬁ(Xn_N)a Do,02)+Poo(Po 02, (I)O,&;i)"'pOO(q)O,&;ia \/E(X;_
Xn)) < Poo(®@o,025 oo (Po62) + O(n 2) as.
and po (@o,02, (Po52) = sup, | [ 0002 (y) — w052 (y)dy| = O(n72) as. .

sup| P.( ——E,|X; - X,|Pas.

:mw

9



(This can easily be seen, e.g., by means of a Taylor expansion of (g2 (y)).

S0 poo (VI Xp— 1), V(X —X,)) = O(n~%) as., the same rate as for the normal approximation.
Now, we will consider @ This statistic is asympt. N (0,1) distributed and the rate of
convergence to N'(0,1) is O(n"2) (Berry-Esséen).

Now, we will sketch the proof of the fact that under some conditions poo(‘/ﬁ()ff”’“)7 ‘/H(Xé;x")) =
O(n™'). So, for this statistic, the bootstrap approximation is asymptotically better than the
normal approximation.

The idea is the following: (We assume X7, ..., X,, i.i.d. with abs. cont. distribution, FX} < oc.)

We will get a so-called Edgeworth expansion for P (@ < :r) : P (M < x) = ®(x)+

n-zp; (z)p(x) + n 'po(x) () + o(n~"') with py(x) polynom of degree 2, py(z) polynom of degree
5in x.

Now, it is possible to show that

Thus,

Sl;p |p(w <) - p*(w < z)| = 0,(n7h).

In the following we are going to sketch the proof of the Edgeworth expansion for P(@ < x).

Let

xalt) 1= BEVTC)
= Bt nE

= I (et v ).

If X(t) = E(e"'s), then x, (t) = (x(Z=)")

Now, x(t), the characteristic function of 2= =F£ =Y is such that
1
x(t) =1+ E(Y)it + §E(Y2)(it)2 + ...

On the other hand,
X(t) _ eKlit+%Kz(it)2+...

with K : jth-cumulant of Y.

By Taylor the first expression leads to log(x(t) = E(Y)it+3E(Y?)it?+...— 2(E(Y)it+...)?+...
and so K, = E(Y), Ky, = var(Y), K3 = E(Y — E(Y))3, ...

Now, E(Y) 0, VaI'(Y) =1 since Y = %
— x(t) = ex p{ (it)® + L(it)° Ky + ...}
2 i%t3 n 343
— Xn(t) = (X(%)) (exp{—%% + %Kg, n3—iz + }) = exp{—%tQ + %Kg nl% + }

10



= exp(—3?) (1 + LK3 B0 4+ 4 (LKs B0 4+ )2+ )
2
= e~ 7 (L + 072 (it) + n7lro(it) + o(n7"))

with 7 (u) = $K3u®, ro(u) = 5 Kyu* + HuSK3.

Now,

Xn(t) = €7 E/2 4 07 2r (it)e™ 2 4 07y (it)e ™2 4+ o(n ™)
and x,(t) = [ €'""d P(M <), et = 2o etrd @(x).
So, in case of an abs. continuous distribution, the possibility of an ”inverse expansion”:
P(w < 1) = @(z) + n V2R (z) + n Re(x) + o(nt) with [*_€ed Rj(z) = ry(it)e /2
j =1,2. Ry(z) and Ry(x) can easily be obtained. We have, e.g., for Ry(z) = Tt K3(2? — 1)p(x).
And in total we get a rate of convergence for the bootstrap approximation of O(n™!) as briefly
explained above.
A last comment to conclude the chapter: to use the same way, it is possible to show that
P(yn(X, — p) < x) = @(2) + 1 2q(2)e(2) +n ' ea(2)p(%) +o(n™)
and P.(VAI(X; ~ Xa) < 2) = @(2) + 1 Ph(2)e(E) + 0 M (E)e(E) + ol ).
Now, if we look at |P(y/n(X, — i) < z) — P.(v/n(X} — X,) < z)|, we get a rate O(n~"/2) (since
() — 2(55) = O(n~'/?)) : the same rate as when using Berry-Esséen and the same rate as
for the normal approximation). The difference between /n(X, — p) and M is that the
second statistic is " pivotal” (i.e. its limiting distribution does not depend on unknown quantities)
and for pivotal statistics Edgeworth expansions enable us to get better rates than the normal

approximation.

5. Bootstrap confidence sets and hypothesis tests

We have our data X, ..., X, i.i.d. and we would like to construct a (1 — «)-confidence interval
(CI) for an unknown ”parameter” 6:

P(Il(Xla"' 7Xn) < 0 < 12((X17"' 7Xn)) =l-a
We denote an estimator of 6 by T,,. Often, there exists a central limit theorem of the form

T, —0

m ? N’(O,l),

and by means of this we get an approximate (1 — «)-CI with bounds T}, + u; ¢ +/var(T,), where
uy o is the (1 — §)-th quantile of a A'(0,1) dist. random variable.

How can bootstrap be used in this context?
There are different possible approaches.

First, often it can be shown (see, e.g., previous chapters) that

T, —0 T -1,
Poo y — 0.
Vvvar(T,)  /var.(T;) P
Let us denote £ <M> by Hgoot-

varx(T7)

11



Now, we can by means of simulations get very good estimates of Hy, (1 —2) and Hy, (). We
plug-in these estimates into our bootstrap confidence interval:

P(T, — HL (1 — ;‘) var(Tp) < 0 < T, — HyL () /var(T,)) ~ 1 — a.

2
This is called a bootstrap —t CI. The CI is not necessarily symmetric around 7;, and the rate of
convergence to 1 — « is typically faster than in the traditional case. It is a very useful method
if var(7},) is a good estimator of var(7y,). If it is not the case another method should be chosen.
We can also notice that bootstrap —¢ CI are not transformation preserving: if we construct a
bootstrap —t CI for g(6), g strictly increasing, say P(I} < g(0) < I}) ~ 1 —a, then P(g '(I}) <
0 < g '(I})) ~1—abut g7'(I}) and g~*(I;) may be very different from the bounds obtained
above.

If we cannot get a good enough estimator for var(7},), then we can use the so-called hybrid
bootstrap. Let us suppose we have po(c, (T, — 0), ¢, (T — T,)) - 0 where ¢, — oo as

n — oo (e.g. ¢, =+/nfor T, = X,,).
Then, if L(c (T} —T5)) = Hpoot,

_ (07 _ Q
P(HBoot (5) < Cn(Tn - 9) < HBolot(l - 5)) ~l-a

and it remains to isolate @ in the middle.

A third possibility is to use the so-called percentile bootstrap. Denote L(77F) by Kpoot-

Then a one-sided percentile bootstrap is given by [K5. (a), +00).

(Of course, a two-sided percentile bootstrap is constructed in the same way: [Kpo.,(2), Kpoy(1—
$)]; we are using one-sided CI because the proof of the following claim is then easier in terms of
notations.)

l—«

Claim: the percentile bootstrap [Kp,,, (), +-00) is an exact (15%)-CI for 6 if there exists a strictly
increasing function m, such that L(m,(1},) — m,(0)) = N(0,1) and L.(m,(T}) — m,(1,)) =
N(0,1).

Proof P(m,(T,,) —m,(0) <u; o) =1-«
— P(m; (m,(T;,) —uy o) < 0) =1—a (exact(l — a)CI).
We have to show that
P.(TF > m, (m,(T,) —uy o)) =1 —a(ie Kgl.(a)=m, (m,(T,) —u_a).

n

The left-hand side is equal to
P.(mp(T7) —mu(Th) > u) =1 — .

So, if there exists such a function m,, we do not need to find her: we still can get an exact CI by
means of percentile bootstrap. Obviously it is very rarely the case that such m,, exists for finite
n; asymptotically however the assumptions in the claim are in many cases satisfied.

The bootstrap percentile is transformation preserving.

Note that to get a better rate of convergence to 1 — « the so-called bootstrap accelerated bias-
corrected percentile is quite often used. It is based on the assumption that there exists a strictly
increasing function m, such that

mn (1) — mp(0) B
L ( =T —i—zn) =N(0,1).

12



Drawback of this method: z, and a, may be difficult to estimate.

Next possible method: the iterative bootstrap (also called double bootstrap).

Let RY = ¢,(T,, — 6) (c, has the same meaning as for the hybrid bootstrap); let Hy be the
distribution function of R%O); let H}(;f))ot be the bootstrap estimation of HY.

Now, H, © is not pivotal (i.e. depends on unknown quantities) and SO H}(;f))ot is not as efficient
as if H” was pivotal. How to make the statistic more pivotal? H’ (Rn ) is U(0, 1) distributed
(in particular, it is pivotal) but 1Y i 1s unknown to us. Instead we consider Hggot(Réo)) .= R
(close to U(0,1); more pivotal than RY )

Let H be the distribution function of Rn ; let HBOOt be the bootstrap estimation of H ) and
so on R H]glo)ot(R(l))...

Now, the (one-sided) (1 — «) confidence interval obtained after j iterations is given by Cug =
{0 : RY < H]go)ot (1 — a)}. (Of course, here 6 is not the true value of the parameter.)
Drawback: a lot of simulations are needed.

Example: H]go)ot (x) is estimated by

B,
1 * *
B_]-ZI(RELO)(XI’H >Xm) <1‘)
=1

SO Hé?ot(RSP’ (X1,...,X,)) is estimated by

B
1
— S I(RO(x* X*) < RO(x X,
Blzzzl(n(lw Jm)— n(la ) ))
Now, for 1 < b < By, let
1 &
4 =5 S IRD (X Xon) < RO(XG,, ... X))
k=1

(X{pes -+, X taken 1id. from X7, ..., X),).
)

* - (1
By means of these z; we can estimate Hy .

Roughly,
Ol = {0: B < (HE) H(HE ™) M1 - a) )

Before looking at tests a few general words about importance sampling, which can also be useful
for bootstrap (estimation of tail probabilities).
Let us suppose we would like to estimate the value of the integral [ f(z)g(z)d(z), f density

function (the integral is assumed to exist). A possibility is to use é; = & Zle 9(zi), 21, , 28
taken from f.

Now, let us suppose there exists a function h(z), also a density function, which is such that

[Z)9z) ~ C, constant. (h(z) # 0 Vz).

Z f(zi)g(2:)

, 21, ... ,2p from h.

13



Now, Eé; = Eéy = [ f(z)g(z)dz but var é; >varé, (since f(zli)g(zi) ~ ().

Example: L(Z) = N(0,1),

Let h(Z) = 901.96,1(2') .
Then varé; ~ 17 varés.
For bootstrap implications, see, e.g., Shao-Tu pp. 223-227.

Tests

Before speaking about bootstrap tests a few words about related tests, the so-called permutation
tests (first introduced by Fisher in the 30’s). An example is given now.

We have data Xy, ..., X,, i.i.d. from F,Y},... Y, iid. from G. We would like to test Hy : F' = G
against Hy : F' # G. (the significance level « is fixed). We first select a test statistic, say T (e.g.
the mean difference). Let us suppose we expect this statistic to be large.

For our data we have a value for 7', say T,. Now, we would like to compare Py, (T > T,)
with « (Py, (T > T,) is the probability, Hy being true, that 7" > T, sometimes called achieved
significance level (ASL) or p value). If Py (T > T;) < o we reject Hy.

Now, how to estimate Py, (T > T1,)?

A few notations are needed.

Let 7 = (Xy,..., X\, Y1,...,Y,); v be the combined and ordered vector of values; g =
(91, -+, gn+m) be the vector that indicates which group each ordered observation belongs to.
The vector g consists of m X's and n Y’s. There are (m:") possibilities of having m X's and
n Y's in a vector of length m + n.

Now, the permutation lemma tells us that, under H,, the vector g has probability 1/(m:n) of

equaling any one of the possible ways of having m X's and n Y's.

It means that for a permutation test, Py, (T > T,) = #lshzlil

Note that we have used kind of symmetry in the null hypo%hesis to be able to get a permutation
distribution (ﬁ to any possibility) and then to get an estimate for Py, (T > T,.).

m-+n
n

A nice feature of these permutation tests is that Py, ( we reject Hy) ~ « since Py, (ASL of

permutation test = HLm) = ——k=1,...,n+m (if there are no ties among the Tj.)

The permutation tests provide us with good results. Unfortunately, they are not widely appli-
cable.

Now, for the permutation tests, in the (m:") different configurations the drawings are made
without replacement. For bootstrap tests the drawings are made with replacement which makes
these tests much more widely applicable.

The strategy of a bootstrap test is to estimate the probability mechanism under the null hypoth-
esis, then sample from it and finally estimate the achived significance level.

Here a few examples of computation of bootstrap tests:

14



Computation of bootstrap test statistic for testing F' = G

Data Xy,...,X,, from F'Y;,... Y, from G
Let Z = (Xy,..., X\, Y1,...,Y0)

— Draw B samples of size n +m with replacement from Z. Call the first m observations X*, the
remaining ones Y*.

— Select a test statistic 7' (e.g. difference of means). Let 7, be the value for the original data.
Evaluate 1" on each bootstrap samle: 77,... T

— estimation of the achieved significance level for the bootstrap test by

1y 2T}
TR

Computation of bootstrap test statistic for testing equality of means

Data as above.
Our test statistic can be chosen as

— Let F put equal probability on the points X, =X, —X+Zi=1,...,m; let G put equal
probability on the points Y=Y, -V + 2.

— Form B bootstrap data sets (X*,Y™*) where X* is a vector of length m obtained by a drawing
with replacement from the X;, Y* is a vector of length n obtained by a drawing with replacement
from the )N/l

— we get B bootstrap statistics of the form:

— we estimate the achieved significance level.

Notice the importance to draw from distributions with the same mean since we want to estimate
the probability mechanism under the null hypothesis. Moreover notice that implicitly it is
assumed that both F' and G belong to a translation family.

If we do not believe that F' and/or G belong to a translation family other methods exist for
estimating the probability mechanism under Hy (see, e.g., Efron-Tibshirani, p. 235).

A last remark: it is clearly possible to obtain a hypothesis test by constructing an appropriate
confidence set. Still bootstrap hypothesis testing is an important topic for some reasons, one of
the main ones being that a bootstrap test takes into account the particular structure of Hy and
is therefore often more efficient (e.g. in terms of power) as a test based on confidence set.

6. Application to linear models

Our model is Y = Xb + ¢, where X is a fixed design matrix, i,... ,&, are i.i.d. (0,02), Y is
the vector of observations and b is the vector of unknown parameters.

A usual way to estimate b is to use the least-squares (LS) estimator b = (X7 X) ' XTY (if XTX
is invertible).

15



Clearly Eb =b and under very general conditions bis asymptotically normally distributed with
mean b and variance o?(X 7 X)™1.

Our statistical model can be summarized by M = (F.,b), F. has mean 0.
How to use bootstrap in this context? We can mimick M by M = (FE, l;), with b the LS estimator
and F. putting mass - to & — > " & i=1,...,n.

¢ =Y — Xb is the vector of the empirical residuals.
F. puts mass % to €; — % Z?:l é; and not to é; to ensure that £, X* = 0 with X* having dist. F..

1
Notice that % >or € =0 if the constant vector : belongs to X.
1
Now, we draw eJ, ... ,e; i.i.d. from F. and we get Y = Xb+ e* which leads to

b= (XTX) ' XTy,

Clearly, E.b* =b. We can go further:
Theorem: Suppose trace (X X7T) 1 oo, then

ﬁZ(HBoota Hn) ﬁ) 07
where H,, is the distribution of (XTX)Y2(b—b), Hpoe is the bootstrap distribution of (X7 X )Y/ (b*—
b).

Proof: (only in the case %Z?:l é; = 0; the more general case takes a few more lines, see, e.g.,
Shao-Tu pp. 320-321).

p2(Hgoot, Hy) = po((XTX)T12XTer (XTX)7H2XTe)

< po(ere) = pa(Fr, F) 5 0.
Now, let us suppose X is not fixed anymore but random. It is still possible to use residual
bootstrap, i.e. Y* = Xb + e*. An alternative, if (Y;, X;,...,X;) = (Y;, XT)i = 1,...,n are
i.i.d. is to use the so-called paired bootstrap.

In this case and if we are interested in the least-squares estimator of b the statistical model M
can be identified by the joint distribution of (Y;, XI') and estimated by the empirical distribution
function putting mass % to (Y, X i=1,... ,n.

Then, we get Y*, X* and b* = (X X)Xy,

Under some conditions we get consistency of (X*TX*)V/2(b* — b) (see, e.g., Shao-Tu p. 322).
Clearly, the paired bootstrap is robust against heteroskedasticity of the residuals contrary to the
residual bootstrap.

On the other hand, it is not as efficient as the residual bootstrap if the model is correct and it
is typically not consistent in the nonparametric case (i.e. Y; = m(X;) + &;).

Now, a bootstrap which applies to both random and fixed design, which is robust against het-
eroskedasticity and which can also be consistent in the nonparametric case is the so-called wild
bootstrap.

Let Y = Xb+¢, €1,...,¢, independent with mean 0. Now, let ¢f 7 =1,... ,n be i.i.d. from a
distribution with mean 0 and variance 1. Then

el .

Vi =alb+ ——e
) 1—hl )

7
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with h; = 2T(XTX) tx;.
The coefficient \/% ensures that var, Y;* = varY;. The variance of the observation i is estimated

just by means of observation 7. Of course this allows for (strong) heteroskedasticity. On the other
hand it is not as efficient as residual bootstrap if €y, ... , &, are i.i.d..

7. Application to nonparametric models

We focus in this chapter on kernel estimation and more particularly we shall concentrate on the
kernel estimation in the case of nonparametric regression with fixed design:

Y =mlz;) +eg, eny.nnenidd (0,00),m:[0,1] > Raj =2 j=1,...,n.
n

Notice that result similar to those we are going to review also exist for nonparametric regression
with stochastic design or for density estimation.

To estimate m at = we may use a kernel estimator: m(z, h) = 53" | K (£%) Y], where h is the
bandwidth and K is a kernel function (i.e. a continuous bounded function s.t. [ K(u)du = 1).

Under some general conditions (in particular m € C?), it can easily be shown that the mean
squared error (MSE) of m(x, h) is asymptotically equal to:

MSE (1 (z, h)) = agnl—h /KZ(u)du + (m”(x))2hz4(/ K (u)du)? + o <n1_h> + o(h?)

which leads to an optimal asymptotic A of order O(n_1/5). We get a same order for the optimal
asymptotic h if we take a global measure of accuracy, the integrated mean squared error (IMSE).

Now, for finite n, which h should we choose?

A naive idea would be to take the h which minimizes > (Y; — 7(z;, h))?. Clearly this leads to
a kind of interpolation. A much better idea is to use cross-validation (leave one out at a time -
similar to jackknife idea). We take h which minimizes >, (Y; — m_;(x;, h))?, where r_;(z;, h)
is the estimator of m at x; obtained by means of all data except (z;,Y;).

This technique provides us with some nice asymptotic properties (see, e.g., W. Hirdle: ” Applied
Nonparametric Regression” (1990), Chapter 5).

Now, what can bootstrap bring us in this context? First, we should answer the question: how
to bootstrap?

We have empirical residuals é; = Y; — m(z;,h) i = 1,... ,n. We remove those empirical resid-
uals which correspond to z; close to the boundaries (because 7 is not a very good estimator
close to the boundaries), say we remove nn data corresponding to z; close 0 and also nn data
corresponding to x; close to 1.

We center the remaining residuals. Let us denote F. the empirical distribution function cor-
responding to these centered remaining residuals. We draw ¢7,... e, ii.d. from F. and we
get

Now, we could hope that E,(m*(x, h) —m(z, h))? is close to E(m(z, h) —m(x))?, with m*(z, h) =
ah i K ()Y

But this is not the case for h ~ n="/°. We see now why.

E. (i (x, h)) = m(w, h) + 5" (z, h) [ w*K (u)du+o(h?) a.s. (exactly in the same way as in the
traditional case.)

17



Now, is 7" (x, h) a good estimator of m”(x) ?
" (x,h) = o= 20, K (555)Yi
and var(m (z, h)) = 5 S0 K" (2502 ~ 25 fK”Z (F)du = =5 sz

and for h ~ n~1/%,

var(m'(z, h)) - 0.

So, for h ~ n~'/5_ the bootstrap bias is not ”close” to the true bias. As a consequence we have

also L, (vVnh(m*(x, h) — m(z, h))) - L(/nh(im(z, h) — m(z)).

Now, in the following of the chapter, we shall present two possible ways of dealing with this
problem of bias.

We are interested at E 7(z,h) — m(x) h ~ n~'/% and more generally at £(vnh(m(z,h) —
m(z))) h ~ n~'/%. Let F. be defined as earlier in this chapter.

Now, we consider Y;* = m(x;, g)+e}, with g a bandwidth (may be different from h; the importance
of this will become clear for the second approach) and m}(z, h) = £ 37" | Ky(z — x;) Y;*, with
Kp(u) = 3 K(3).

Let us look at the first approach (Hérdle, Bowman JASA, 88).

. BN
Eang(x,h) = E*(E;Kh(x_xl ZK ;) Y +el))

1 n n
= EZZK’“‘(JC — ;) Kg(z; — x;) Y.

i=1 j=1

Now, for j fixed,
1 !
- ZKh(J; — ;) Ky(v; —xj) =~ / Kp(x —u)Ky(u — xj)du
i=1

= /Kh g —x; —v)dv

= K(z — ;)

and it is possible to get K (z — ;) analytically.

Now, E.mj(z, h) = my(z,h) = %Z?:l K(x — ;) Y;. So we can get analytically a very good
approximation to E.m (x, h).

But, of course, £*(\/%(m2(x, h) —myg..(, h)) is not a good approximation of £(v/nh((z, h) —
m(x)) since BE(vnh(m(z, h) — m(z)) = ¢ [w?K (u)du for h ~ n~'/5,

Now, we can find a consistent estimator of m "(x), say m! . (z).

It is then possible to prove that

Vi, O, ) = (), VRO ) = g ) + ) [ K ()d) <5 0

under some conditions (m € C? h ~n~'/% g~ n=1/5.)

The second approach (Franke, Hardle, Ann. Stat. 1992) takes the following point of view:
remember that Y;* = m(x;, g) + . Now g is taken to be s.t. % — 0 (i.e. g goes slower to 0 than
n=1/%).

Then, var(m"(z,g)) — 0 and we do not have a bias problem any more: the bootstrap bias is
close to the true bias.
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It % — 0 and under some more conditions, then it is possible to show that

Ve, po(Vnh(in(z, h) — iz, g)), Vah(in(z, h) —m(z)) —= 0.

If our model allows for heteroskedasticity:

Y;=m(z;)+¢; ¢e1...e,independent with mean 0,

m:[0,1] = R, xj:% j=1,...,n,

then the wild bootstrap can be very useful (see the idea of wild bootstrap in chapter 6 - more in
Mammen (1992): ”When does bootstrap work?”)

8. Application to financial time series

As already briefly mentioned at the end of chapter 2 the usual bootstrap typically does not work
for time series sequences since Xq,..., X, are then not i.i.d..

Let us first assume our process { X;} is strictly stationary with varX; < oo.

We would like to approximate £(y/n(X,, — i)). There are some possible bootstrap techniques to
deal with this: we mention two of the simplest ones.

First the moving block bootstrap (Kiinsch): by means of our data Xi,...,X, we can con-
struct n — b + 1 overlapping blocks of b successive observations; i.e. By = {Xy,..., X}, By =
{Xo, ..., Xor by oo s B = { X0 p11,- -+, X}

Now, let us assume 7 is an integer, then we draw 7 blocks with replacement and therefore obtain
a new time series of length n : X7, ..., X;. Notice that, e.g., X|, ..., X; are the ordered elements
of a same block.

We get a consistency result. If {X;} is a-mixing with «(n) | 0 sufficiently fast and if other
conditions are satisfied then

sgpﬁihﬂﬂXi—lﬂXZ)Sx)—f%vﬁﬁir—u)éxﬂ-5%0,

as n — 0o, b — oo, %_—>0. B B B B B B
Notice that we need X} — E, X and not X — X, since £, X # X,, and EX,, = .
Recall: A strictly stationary process X; is a-mixing if

sup |[P(AN B) — P(A)P(B)| — 0 as k — oo
A,B

with A e F° =0(Xo,X_1...), Be F* =0(Xp, Xpy1...).

The next technique is a slight modification of moving block bootstrap and allows us to look
at XT*L — X, @ in the circular block bootstrap to the n — b + 1 blocks B ...B,_y.; we add
Bi vio ={Xn pi2,-- -, X0, Xu} ... B, = {X,,, X1, Xy... } and so B, X} = X,,.

The rest is similar to the previous technique.

Up to now we did not assume any structure in our time series but often (e.g. in financial time
series) we have a model of the form X; = m(X;_;) + o(X;_1) &, ¢ 1.i.d. (0,1) with density f.,
with m the so-called trend function and o the volatility function (var(X;|X;_;) is typical not a
const. when |X;_ 1| is high, the market is more volatile at time ¢) and our goal is to estimate

19



the distribution of estimators of m and 0. {X,} is assumed to satisfy some mixing properties. In
particular, it is strictly stationary.

m and o can be estimated in many ways. We focus here on kernel estimators; first we need to
estimate the density function of X, :

f(a;, h) = ﬁ Z?;ll Ky(z — X5). Then,A
m(w, h) = ﬁ Z?_f Kp(r — X3)Xip1/ f, h)
6°(x, 1) = 13 o) K (o = X3) (Xiwr — (@i, 1)/ f (1)

h and h' are typically not the same but in the following, to simplify the notations, we will simply
write h for both h and A’

Under general conditions, these estimators are asymptotically normally distributed.
We are interested in £(v/nh(m(z, h) —m(z))) and L(v/nh(62(z,h) — o?(z)) with h = O(n~'/%).
How to bootstrap in this case?

Let us first suppose we want to mimick the whole structure of the process (Autoregression
bootstrap): we construct empirical residuals

Xy — (X5, k) with k ~n™® a< 2
5(X;_1, k) 15

Gj:

(if we would take k = h = O(n~*/®) we could not prove consistency of the bootstrap).

We remove those é; corresponding to |X;_4| very large (7 and ¢ not reliable for |X;_;| very
large) and we center the remaining residuals. For these centered remaining residuals we have an
empirical distribution function, we smooth it slightly; let us denote F. the smoothed empirical
distribution function.

Now, we draw £} ...c% i.id. from Fy.

X[ =m(X) 1, h)+o(X] |, h) e, X; = X, would not work for the same reason as in the previous
chapter (bias problem)

X; = m(X{,9)+0(X;1,9) e, X] = X1, 2 — 0 (more particularly g ~ n™* a < Z) does
not work either because there is a non-negligible probability that the process goes out of control

(very large | X,_,|, unreliable m and ¢ and so X; not reliable and so on ...).

We need to truncate m and 6: let 7 and 6 be equal to m and ¢ on a increasing compact (as
n — oo) and equal to 0 (for /) and 1 (for &) outside this compact

X{=m(X{_1,9) +0(X{1,9) &1, XT =Xy

(if | X;_,| very large X; may be very different from what m(X; ;) + o(X; ;) & is but then at
time ¢ + 1 everything is again in order.)

Now, Franke, Kreiss, Mammen (Bernoulli(2002)) have proven that, under some conditions, V&

poo (Vb (i (w, h) — 1h(x, g)), Vnh(in(z, h) — m(z)) —> 0

p

with 1mg(z, h) = =5 S Kn(v — XP) X[,/ f(x,h). There is a similar result for the volatility
function.

Now, we do not need to mimick the whole structure of the process to have a good approximation
of L(vVnh(im(x,h) —m(x))) and L(Vnh(6%(z, h) —c*(x)) as shows the regression bootstrap: we
take €7 ...¢* ii.d. from F, as for the previous method.
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Then, X} = m(Xy_1,9) + 6(X;—1,9) €;. Notice that we do not need here to truncate m and &
(we do not base X} | on X but on X,).

Under some conditions we get as for the previous method consistency of the bootstrap approxi-
mations. (Obviously m}(z,g) = -5 S K (- Xi)Xi*H/f(x, h)...) (Franke, Kreiss, Mammen
(2002)).

The third method, the wild bootstrap, focuses on L(Vnh(m(x, h) —m(x)) : nj...n; are taken
i.i.d. from a distribution with mean 0 and variance 1. Then ¢f = (X; — (X1, h))n; and
Xy =m(Xi1,9) + ;.

Then, under some conditions, we get consistency of the bootstrap approximation (Franke, Kreiss,
Mammen (2002)).

Now, the previous results allow us to construct confidence intervals for m(z) and o?(z). The
next step is to construct simultaneous confidence bands for m and o2. Franke, Neumann, Stockis
(Journal of Econometrics (2004)) deal with this problem for the autoregressive bootstrap. The
main result allowing to get these bands is that, under some conditions, the stationary distribution
of X is uniformly approximated by the stationary distribution of X, with a rate equal to some
power of T~!. See Franke, Neumann, Stockis (2004) for more details.
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