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Abstract— We propose a new approach for static translinear
network synthesis. We model the network topology in terms of
graph theory, leading to a catalog of valid translinear networks.
The catalog serves as a synthesis tool for circuits with given
desired input-output behavior. Methods from algebraic geometry
and computer algebra are used to match the desired behavior
with the models from the catalog, turning our approach into a
powerful synthesis tool for analog circuits. The strategy is applied
successfully to new circuits for industrial use.

Index Terms—translinear circuits, circuit design, circuit topol-
ogy, cataloging of topologies, computer algebra
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I. INTRODUCTION

In this paper we develop a mathematical model of a special
class of analog microelectronic circuits called translinear
circuits. The goal is to provide foundations of a new coherent
synthesis approach for this class of circuits, which, at the
same time, allows to design algorithms and implementations
for practical applications. The mathematical methods of the
suggested synthesis approach come from graph theory, combi-
natorics, algebraic geometry, and, in particular, from symbolic
methods from computer algebra. The theory and algorithms
presented in this paper have been developed by the first author
in his PhD thesis [11]. The algorithms have been implemented
using C++, SINGULAR [8], and MATHEMATICA, providing as
output netlists in PSpice format.

Translinear circuits [4], [6] form a very special class of
analog circuits. They rely on nonlinear device models, but
still allow a very structured approach to network? analysis and
synthesis. Thus, translinear circuits play the role of a bridge
between the “unknown space” of nonlinear circuit theory and
the very well exploited domain of linear circuit theory.

The nonlinear equations describing the behavior of translinear
circuits possess a strong algebraic structure that is nonetheless
flexible enough for a wide range of nonlinear functionality.
Furthermore, translinear circuits offer several technical ad-
vantages like high functional density, low supply voltage and
insensitivity to temperature.

This unique profile is the reason that translinear networks are
considered as the key to systematic synthesis methods for
nonlinear circuits.

We propose the usage of a computer-generated catalog of
translinear network topologies as a synthesis tool. The idea to
compile such a catalog has grown from the observation that
on the one hand, the topology of a translinear network must
satisfy strong constraints which severely limit the number of
“admissible” topologies, in particular for networks with few
transistors, and, on the other hand, the topology of a translinear
network already fixes its essential behavior, at least for static
networks, because the so-called translinear principle requires
the continuous parameters of all transistors to be the same.
Even though the admissible topologies are heavily restricted, it
is of course a highly nontrivial task to compile such a catalog.
Combinatorial techniques have been adapted to undertake this
task [11].

A synthetic catalog of network topologies has been used by
circuit designers in a different context: Lists of VCCS topolo-
gies for CMOS circuits have been compiled by E. Klumperink,

LIn this paper, a “circuit” means electronics hardware, wheres a “network”
means its mathematical model.



J. Schmitz and others [14], [15], [19], [20]. However, this arti-
cle provides the first approach to translinear network synthesis.
Moreover, it does not only lay the theoretical foundations but
the proposed algorithms have been implemented and proven
effective in an industrial design process.

In a catalog of translinear network topologies, symbolic

prototype network equations can be stored along with each
topology. When a circuit with a specified behavior is to be
designed, one can search the catalog for a network whose
input-output behavior can be matched with the desired behav-
ior.
In this context, two algebraic problems arise: First, to set up a
meaningful equation for a network in the catalog, an elimina-
tion of internal variables must be performed. The result is one
polynomial describing the input-output behavior. Second, to
test whether this polynomial equation and a specified equation
of desired behavior can be “matched”, a system of polynomial
equations must be solved, where the solutions are restricted to
a finite set of integers. Sophisticated algorithms from computer
algebra are applied in both cases to perform the symbolic
computations, for which we used the computer algebra system
SINGULAR [8].

All mentioned algorithmic methods have been implemented
and successfully applied to actual design problems at Analog
Microelectronics GmbH (AMG), Mainz.

This paper is organized as follows:

Section Il gives a review of the so-called translinear prin-
ciple, the functional principle of translinear circuits.

Section Il then gives an analysis of their topology and
develops some abstract notions in order to model the topology
in terms of graph theory. This modelling is the heart of the
new synthesis approach, since it gives the exact specification
of the catalog.

Section IV gives an overview on the data stored in the
catalog.

Section V is about the structure of the equations describing a
translinear network’s behavior, and the first algebraic problem
mentioned above, namely the elimination of collector currents
from these equations to produce a compact input-output de-
scription of the behavior.

The second algebraic problem and some other issues concern-
ing the search in the catalog for a network with a particular
behavior are discussed in Section VI.

Section VII reports about the successful application of the
developed synthesis methodology in the design of a new
humidity sensor system of AMG. Finally we mention some
open problems and make suggestions for further research.
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Il. THE TRANSLINEAR PRINCIPLE

This section gives a review of the so-called translinear
principle, the functional principle of translinear circuits. It has

collector
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emitter

Fig. 1.  The symbol for a bipolar NPN transistor, our placeholder for a
“translinear device”.

been formulated and given its name by Barrie Gilbert in 1975

[4].

A. Translinear Device Model

The translinear principle relies on an exponential voltage-
to-current relationship of certain micro-electronic devices. The
original “translinear device” is the bipolar NPN transistor,
other devices with valid exponential models are diodes, PNP
transistors and MOS transistors operating in weak inversion
[24]. Recently, an emulation of a bipolar transistor has been
proposed [2], where a subnetwork structure of three CMOS
transistors and one diode shows the necessary exponential
behavior.

In our circuit diagrams, we will use the symbol of a
bipolar NPN transistor, shown in Figure 1, to represent an
abstract “translinear device”, and we will simply use the
term “transistor” for such an abstract device. It follows from
the above that several different silicon implementations of a
“transistor” are possible.

The ideal exponential model of a transistor is given by the
equation

Iop = Ise"®"/UT, 1

saying that its collector current I (the current from collector
to emitter) is exponentially dependent on the base voltage
Vg (the voltage between base and emitter). In this model,
Is and Ur are device- and operation-dependent parameters
called saturation current and thermal voltage, respectively. It
is assumed that Is > 0 and Ur > 0.

We usually make the additional model assumption that the
base current (the current from base to emitter) of a transistor
is zero.

B. Translinear Loops

The key structures of translinear networks are so-called
translinear loops. We call a loop W of the network digraph
a translinear loop if it satisfies the following three properties:

o W consists exclusively of base-emitter branches of tran-

sistors.

« All transistors involved share the same pair (Is,Ur) of

parameters.

« W consists of as many forward branches as backward

branches. (Remember that we regard the branches to point
“from base to emitter”.)

Figure 2 shows two examples for a translinear loop.

The interesting property of translinear loops is that, due to
the exponential transistor model, we can deduce a multiplica-
tive relation of collector currents from KIRCHHOFF’s Voltage



Law (KVL): Denote the base voltages of the transistors in W-
forward orientation by Vlf, ..., V., the base voltages of the
transistors in TW-backward orientation by V,... V,’. Then
KVL for W reads

V1f+---+V;f :Vlb+...+VTb_

Taking advantage of the common parameters, we deduce

VU VI Ur _ VU VU
and multiplication by Ig yields
(Isevlf/UT) e (IgeVTf/UT) =
= (Igevlb/UT) (IgeVTb/UT) .
Considering the model equation (1), this means exactly
-....ff=r-...-1, )
where I/,... I and I?,...,I? denote the collector currents

of the transistors whose base-emitter branches are W -forward
or W-backward, respectively.

Remark 1: Note that Is and Ur don’t occur any more in
egn. (2). This means that the relation between the collector
currents holds independently of these parameters, provided
they are indeed common. One nice effect of this is that
translinear networks are essentially temperature-insensitive.

Example 1: The loop indicated by thick lines in Figure 3 is
a translinear one, being made up of the base-emitter branches
of transistors @1, -..,Q4. (We assume that Ur and Is co-
incide for the four transistors.) Application of the translinear
principle yields?

L -Ii=1-14. (3)

2Here we simply denote the collector current of a transistor Qj by I;. We
will stick to this convention in the following examples, too.
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Fig. 2.

Examples for translinear loops.

L

Fig. 3. A geometric mean circuit

Fig. 4. A translinear frequency doubling network. (Since its first publication
by GENIN and KONN in 1979 [3], this network has become a very prominent
example application of the translinear principle.)

Now remember our assumption that base currents are zero.
Taking this into account, Kirchhoff’s Current Law for v
means that Is = Iy, . Similarly for vy : Iy = Iin2, and for vs:
I, = I, = I, Thus we can substitute the collector currents
in eqgn. (3) by fin1, fing and Ioy:

Ting « Iint = Toyt - Iout:

S0 Iost = /I - Iinz (Since Ioy, being a collector current,
must be positive). That means, the network “computes” the
geometric mean of the two inputs.
Example 2: As an example for a network with several
translinear loops, consider the network of Figure 4.
Transistors Q1, @2, Qg, @5 form a translinear loop. The
according equation is

L -Iy=1,- L. 4)

Another translinear loop consists of transistors Qs, Q4, Q7,
Qs. This gives
I -Is=1, - Ir. (5)

By Kirchhoff’s Current Law and our neglection of base
currents, we can rewrite eqn. (4) and egn. (5) as

w-u = Y-yt +y),
y T +yT) = uz-us
A little computation reveals that
+ o ui—ud

PV T dea
If we apply sinusoidal inputs with a 90° phase shift, like
up = |asing|,
uz = |acost|,
with a fixed a € R, then the differential output becomes
yT —y~ =acos2t,

that is, the network shows a frequency doubling behavior for
these inputs.



C. Mativation for a Catalog of Topologies

The following properties of static translinear (STL) net-
works can be observed from the examples of the preceding
subsection:

o STL networks can be described in terms of currents
by systems of polynomial equations, consisting of the
translinear loop equations (2) and the node equations.

« Insuch a system, no continuous parameters occur. This is
due to the fact that Uy and Ig vanish from the equations
as soon as the STL principle is applied.

o The topology of translinear networks satisfies strong
constraints. One of these constraints is the condition
that the number of forward and backward branches in
a translinear loop must be the same. Another constraint
concerns the connection of collectors; it will be consid-
ered in Subsection I11-B.

The second property means that the behavior of a STL network
is already fixed by the network topology. In particular, there
is only a finite number of different STL networks when the
number of transistors is bounded!

Together with the third property, which says that the number
is not only finite but also “not too large”, this observation led
to the idea of computing a complete catalog of “small” STL
networks. If along with each network appropriate equations are
stored, such a catalog can serve as a design tool in an obvious
way: When the designer is in search for a circuit with a given
desired behavior, she or he can simply run through the catalog
to find a network whose equations match that behavior.

I1l. THE TOPOLOGY OF TRANSLINEAR NETWORKS

In this section, we develop a rigorous theory of translinear
networks in terms of graph theory. It will be the basic mathe-
matical model of a translinear circuit’s topology and consists
essentially of a strict formulation of the constraints which the
topology of translinear networks has to obey. Although these
constraints have been known before (their identification is due
to E. Seevinck [21]), their translation into mathematics is new.

The precise mathematical formulation is necessary for the
specification of the combinatorial task of compiling complete
lists of topologies, which make up the desired catalog.

A. Translinear Digraphs

Translinear directed graphs, or translinear digraphs, are
the mathematical objects that are used to represent the core
structure of a translinear network, the structure consisting of
the translinear loops. For the standard notions from graph
theory we refer to [13].

Definition 1: A translinear digraph is a directed multi-
graph G satisfying the following properties:

1) Every loop of G has as many forward branches as

backward branches.

2) G is biconnected, i. e. G is connected and remains so

after the removal of any node.
One should think of a translinear digraph G as the digraph
formed by the base-emitter branches of a translinear network,
that is, the branches of G are in 1-to-1-correspondence with

the transistors of the network and for each branch e, tail(e)
corresponds to the base node and head(e) to the emitter node
of the respective transistor.

See Figure 5 for an example of a translinear digraph.

Fig. 5. The translinear digraph of the frequency doubling network of Figure 4.
Branch e; of the digraphs corrsponds to transistor Q; in Figure 4.

Condition 1 in Definition 1 obviously reflects the main
requirement on translinear loops as presented in Section Il.
The reason for including Condition 2 into the definition is
that the loops of different biconnected components of the
base-emitter digraph are decoupled, so we can consider the
corresponding sub-networks seperately.

The concept of a translinear digraph as the core of a translin-
ear network was introduced by E. Seevinck [21], although
he concentrated on undirected graphs.® (Seevinck’s definition
differs from the one given here in some more respects.)

It turns out that condition 1 of Definition 1 has a nice
reformulation, as expressed by the following theorem:

Theorem 1: Let G be a digraph. The following two state-
ments are equivalent:

1) Every loop of G has as many forward arcs as backward

arcs.
2) There exists a map r : V(G) — Z such that

Veec E(G): r(tail(e)) =r(head(e)) + 1.

(Here and in the following, V' (G) resp. E(G) denotes the set
of vertices resp. edges of G.)

The proof of Theorem 1 is not complicated, see [11] for the
details.

It is clear that if a map » as in the second statement of
Theorem 1 exists, so does a map ro that fulfills the same
condition as well as the additional property

i =0. 6
Uemvl(%)ro(v) (6)

(Simply define r¢(v) := r(v) — min r(v').) The nodes can
"eV(@)

then be partitioned into “levels” or “layers”, such that a branch
always points from one layer to the next lower layer:

V=VWUW U...U Vg,
where V; = {v € V|ro(v) =j} and R := meaécro(v). This is
illustrated in Figure 6.

3This is the reason that the term "translinear graph” is found very often in
the literature, whereas "translinear digraphs” have not found much attention
hitherto.



Fig. 6. layers of a translinear digraph

Example 3: For the frequency doubling network (Figures
4 and 5)1 R=2V= {Uﬁ}a i = {U35U47U5} and V, =
{'Ul, Uz}.

For a connected digraph, the additional property (6) makes rq
unique.

Definition 2: Let G be a connected layered digraph. For a
node v € V(G), we call the integer ro(v) the rank of v, and
also denote it by rank(v).

In other words, the rank of a node is the index of the layer it
belongs to.

What is crucial about the layers of the translinear digraph
of a network is that the rank of a node corresponds nicely
to a certain range of the electric potential the node will have
in an actual circuit. This is because the voltage drop along a
base-emitter branch is always much larger than the swing of
potential at one particular node.

Since the rank is a node invariant, it also helps a lot in the
classification of translinear digraphs, as will become apparent
in Section IV.

B. Connection of Collectors

The previous subsection dealt with the base-emitter con-
nectivity of a translinear network, which can be encoded in
a translinear digraph. The main piece of information that is
furthermore needed to describe a complete network is where
to connect the collectors to.

Let e be a branch of a translinear digraph G. The collector
of the transistor corresponding to e can only be connected
to a node v of G if rank(v) > rank(head(e)). The reason is
that head(e) is the emitter node, and the collector needs a
higher potential than the emitter. E. Seevinck considered this
condition in the construction of his “T-matrices” [21].

We denote the collector node of a transistor corresponding
to a branch e of the translinear digraph by C'(e).

Example 4: For the frequency doubling network (Figure 4),

we have C(e1) = v1, C(es) = ve, C(es) = vz, Cleg) = vs,
and C(e7) = vs (using branch names as in Figure 5).
But a collector does not necessarily need to be connected to a
node of the translinear digraph. It can also serve as a (current-
mode) output of the network, or it can be connected directly
to a voltage supply. We will express this by C(e) = vext,
imagining veq as an additional node outside of G.

Example 5: In Figure 4/Figure 5, C(es) = C(e3) = vext.
In summary: A translinear network topology is specified by
« a translinear digraph G
e« and amap C : E(G) = V(G) U {veq}, where C' has
the property that for each e € E(G), either C'(e) = vext
or
rank(C'(e)) > rank(head(e)). )

We identify
a branch e

tail (e)

with
with

a transistor,
the transistor’s base node,
head (e) with the transistor’s emitter node,

and C (e) with the transistor’s collector node.
We call the map C the collector assignment of the network.

(The notion of a collector assignment will be refined in Section
I-C.)

Remark 2: Note that in the latter example, C'(e;) = tail(e;)
for j = 1,4,5,6, meaning that the collector is connected to
the same node as the base of the respective transistor.

In such cases of diode-like transistor usage, the condition
expressed by eqgn. (7) is “automatically” satisfied, since by
the definition of the rank of a node,

rank(tail(e)) = rank(head(e)) + 1.

The information given by a translinear digraph G and a
collector assignment C' is already a fairly complete description
of a translinear network. In particular, a netlist for simulation
or symbolic analysis of the network can be set up, if just
some necessary “interface” information is added, for instance
the connection of independent current sources which repre-
sent inputs of the network. These interfacing issues will be
considered in Section I11-C.

C. The Interface of a Translinear Network

This section addresses the question of what should be
considered as the “interface” of a translinear network, i. e.
of how inputs are applied to and outputs are supplied by the
network.

Of course, inputs and outputs of a translinear circuit are in
current mode.

1) Outputs: All collectors which are designated “external”
by the collector assignment C (i. e., the collectors of those
transistors for which C'(e) = vex ) can be used as outputs of
the network. But not only the current of a single collector, also
sums or differences of them can be considered as outputs. In
general, we consider a single symbolic output y of a network
which is a sum of positive and negative collector currents:

y= Y ofez., ®)

C(e)=vex

where z. denotes the collector current of the transistor corre-
sponding to branch e and o(e) € {-1,0,1}.

Example 6: For the frequency doubling network (Figure 4),
o(e2) =1and o(e3) = —1.
To avoid the usage of o, we will henceforth use three sym-
bolic nodes vout+, Vout-, Vvoid iNStead of ve and work with the
following refined concept of a collector assignment:



Definition 3: Let G be a translinear digraph. A (refined)
collector assignment on G is a map

C:E(G)—=V(G) U {Uout+7Uout—>'Uvoid}
such that for every e € E(G):

C(e) € {vout+,Vour-, waid}  Or rank(C'(e)) > rank(head(e)).
Thus, the symbolic output of a network will be (compare to

(8)):
Z Te — Z Te. 9)

C(e)=vour+ C(e)=vou-

y:

2) Inputs and Ground Node Selection: In principle, an
independent input current ¢, can be applied to any node v
of the translinear digraph G. The only restriction is that the
sum of all input and output currents (the latter are now all
collector currents with C'(e) € {vout+, Vout-, Uvaid }) Must always
be zero, which cannot be satisfied if independent currents
are prescribed for all nodes of G. Therefore, we select one
particular node vy of G that serves as a “valve”.

For convenience, we will always choose this “valve” node
as the “reference” or “ground” node of the circuit. So we can
simply assume that we have an independent current source
connected to each node of G' except one, which we call the
ground node, and denote it by vy. We call all other nodes
“input nodes”.

In the examples we have seen so far, most of the nodes of
the translinear digraph have no current source connected to
them. This amounts to an indepentent input which happens to
be a constant zero and is not to be confused with the role of
the ground node!

Example 7: For the frequency doubling network (Figure 4):

Vo = Vg, 7:1,1 =ui, 7:’()2 = Uy, Z.'us = iv4 = 1:,,,5 =0.
A triple (G,C,vo) of a translinear digraph G, a collecor
assignment C' (in the refined sense) and a ground node vg
is a network description which is complete in the sense that
the network equations can entirely be set up. The resulting
system of polynomial equations will be studied in Section V.
That system contains all node equations except the one of vg.
For this reason, the current into the collector of the transistor
corresponding to a branch e with C(e) = vy does not occur
in the network equations. The same is true if C(e) = wvyoia,
while in all other cases, the collector current belonging to
e does affect the system: either in the node equation of
C(e) e V(G) \ {wo} or, if C(e) € {vout+, vou}, in the output
equation.

Hence, for the system of network equations, it does not
matter whether C(e) = wvyig Or C(e) = wo for a branch e.
To avoid redundant entries in our catalog, we do not allow
C(e) = wvo for any e. The simplest possibility to guarantee
C(e) # v for all e is to choose vy € V(G) \ image(C).

Thus we arrive at the following precise formal definition of
a translinear network:

Definition 4: A (static) formal translinear network is a
triple N = (G, C,v) of a translinear digraph G, a (refined)
collector assignment C : E(G) = V(G) U {vout+, Yout-» Vvoid }
and a node vy € V(G) \ image(C). We call vy the ground
node of N. The number of transistors of N is the number
of branches of G.

For the rest of this paper, we denote the input nodes (see Sub-
section 111-C.2) of a formal network N = (G,C,vq) by
V1,.-.,0n1 (thus V(G) = {vo,...,v,_1}) and the branches
of G by ey,...,ep.

IV. A CATALOG OF TRANSLINEAR NETWORK
TOPOLOGIES

For various reasons it may happen that the circuit modelled
by a formal network (G, C,vg) is of no practical value. For
example, consider a source v of G, that is, a node which is not
the head of any branch. No emitter is connected to v. Since we
assume an independent input current applied to v unless v =
vg, We get into trouble if no collector is connected to v as well,
because the bases cannot compensate the externally forced
current. Consequently, we discard formal networks possessing
a source v of G with C(e) # v for all branches e.

Obviously, a network without any output is of no use.
Therefore, we only consider collector assignments with
C(e) € {wouts,vour-} for at least one branch e. Furthermore,
if there is no branch e with C(e) = vou, the output of the

network is
y=- > =
C(e)=vou-

(compare eqgn. (9)). We assume that for applications an in-
verted output —y is equally of benefit as y is, so we can
swap vou+ and vou.. Thus we can require C'(e) = vou+ for at
least one branch e without losing any non-redundant formal
network.

Both of the stated “practical value” conditions are incorpo-
rated into the following definitions.

Definition 5: We call a formal translinear network
(G, C,vp) valid, if C(e) = vou+ for at least one e € E(G),
and for each source v of G, either v = vg or there is at least
one e € E(G) with C(e) = v.

A collector assignment is valid, if we can be sure that it leads
to a valid formal network:

Definition 6: We call a collector assignment C on a
translinear digraph G valid, if C(e) = vou+ for at least one
e € E(G) and there is at most one source v of G such that
v € img(C).

(In case there is exactly one such source node, it can and must
be chosen as ground node.)

We have now provided a way to regard translinear networks
as formal combinatorial objects. However, some of these have
to be considered equivalent (or isomorphic), because they
represent the same actual network. So only one representative
of each equivalence class should be included in the catalog.

Definition 7: Two formal translinear networks (G, C,vp)
and (G',C'", v{) are called isomorphic if there exist a digraph
automorphism ¢ : G — G’ and a permutation ¢ on V(G)
such that o permutes only the top layer of G and

0(C'(e)) = C(p(e))
whenever rank(C'(e)) < R and

a(C'(e)) = Cle(e))
whenever rank(C'(e)) = R.



number of branches: | 4 | 5| 6 | 7 | 8 | 9 |
translinear digraphs: | 2 | 3 | 19 | 39 | 174 | 559 |

TABLE |
NUMBER OF ISOMORPHISM CLASSES OF TRANSLINEAR DIGRAPHS FOR A

GIVEN NUMBER OF BRANCHES.

number of . ) _
transistors pairs (G, C) valid pairs
: 250 177
5 2248 1868
6 51930 42102
7 1149476 978812
8 32125843 27335135
TABLE II

COMBINATORIAL RESULTS CONCERNING A CATALOG OF TRANSLINEAR
NETWORK TOPOLOGIES.

Thus we have specified what exactly we want to be included
in the catalog: One representative from each isomorphism
class. We devide the task of cataloging the formal translinear
networks with a given number b of transistors into 3 sub-tasks:

1) Catalog the translinear digraphs with b transistors.

2) For a given translinear digraph G, catalog the collector
assignments on G. (This is the most intricate of the 3
subtasks.)

3) For a given translinear digraph G and a collector as-
signment C, generate the networks (G, C, vg). (This is
trivial.)

For tasks 1 and 2, combinatorial methods based on orderly
generation [18] have been adapted and implemented in C++.
(For details see [11].) The software has been used to generate
exhaustive and non-redundant lists of pairs (G, C). Tables |
and Il and Figure 7 show some statistics on the resulting
catalog. The iteration for vo is performed “online” when a
network is searched. Some timings appear at the end of VII.

Figure Il in particular shows the numbers of pairs (G, C) in
the catalog, and the numbers of those pairs where C is valid.
For up to 6 transistors, Appendix shows how the numbers in
the right column split up for the particular digraphs.

V. TRANSLINEAR NETWORK EQUATIONS

In this section, we investigate how the system of network
equations looks like for a formal translinear network.

We remind that in general, the behavior of an electrical
network is described by

« the loop equations (given by Kirchhoff’s Voltage Law),
« the node equations (given by Kirchhoff’s Current Law),
« and the element equations.

In the case of a translinear network, the loop equations and
the element equations (namely the exponential transistor mo-
del) are merged by the translinear principle and result in the
translinear loop equations.

Thus, the behavior of a static translinear network is entirely
described by the translinear loop equations and the node
equations.

A. Translinear Loop Equations

Let N = (G, C,vo) be a formal translinear network, and let
x; denote the collector current of the transistor corresponding
to branch e;, 7 = 1,...,b. Consider a loop S of G. The
translinear loop equation for S is

0=Bs:= [[ = - ] =",

u; >0 u; <0
where
1, if e; is a forward branch of S,
uj:=q —1, if e; is a backward branch of S,
0, ife; is nota branch of S.

The binomials Bg generate a very interesing algebraic
structure called the toric ideal of G [22], denoted by Ig*.
In [11], a procedure to compute I has been derived.

B. Node Equations

Consider an input node v; € V(G),1<j<n-1,0fa
formal translinear network N = (G, C,vg). Since we neglect
the base currents of the transistors, the only contributions to
the node equation of v; come from emitters, collectors, and
the independent input current ¢; (in Subsection 111-C.2 denoted
by i,,). Thus, the node equation of v; is

0=1;+ E Tp — E Tk
1<k<b 1<k<b
heed(zk):uJ- C(zk):v_,-

C. The Network Ideal

For a formal translinear network N = (G, C,vg), we con-
sider the system consisting of the translinear loop equations,
the node equations, and the output equation (compare eqgn. (9))

Z T + Z Tp-

C(ek):UouH C’(ek):vom,

0=y—

We call the ideal generated by the corresponding polyno-
mials the network ideal:
Definition 8: Let N = (G,C,vy) be a formal static
translinear network. The network ideal
IN C Q[l’l,...,.’L'b,il,...,in_l,y]

is the ideal generated by
« the (non-linear) toric ideal

Ig C Q[wl,...,:cb] C Q[-Z'l;---;mb;ila---;in—lyy]

« the (linear) polynomials j =1,...,n—1
—ij + Z T — Z T (10)

head(er )=v; Cler)=vj

« and the (linear) polynomial
-y+ Z Te,, — Z Tey, -

C(er)=vour C(er)=vou-
“4Recall that an ideal I in the polynomial ring Q[z1, - - . ,zx] generated by
f1,---, fr consists of all linear combinatorics g1 f1 + - -- gx fx With g; €

Qz1,..

S Tn.
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Fig. 7. The translinear digraphs with 6 or less branches.

The following motivation to consider the ideal Iy might be
in order. Let us denote, for the moment, the above given gen-
erators of In by fi,...,fx € Qz1,...,Zpy01,.-yin—1,9]
Then the variables x = (z1,...,25),i = (i1, -,%n-1),¥
have to satisfy the equations fi(x,i,y) = --- = fr(x,1,y) =
0 and, as a consequence, the equation f(x,i,y) = 0 for
arbitrary f = gi1f1 + --- + gnfn in In. Thus, Iy codifies
algebraically all information about the solutions of f; = --- =
fr = 0. To consider the ideal Iy has several advantages. First,
we may replace fi,..., fr by other generators of Iy which
might be easier to solve without changing the solution set
but . For linear systems the Gaul3’ian algorithm does exactly
this, for non—linear polynomial systems we use Grébner bases
algorithms, cf. [9].

Another advantage is that we can find in Iy ”hidden
constraints”, that is relations between the input currents
i1,...,in—1 and the output y. These are exactly the poly-
nomials in Iy not depending on zy,...,xy, denoted by In:
below. The computation of these elements can again be done
with Grobner bases and the process is called elimination (of
3 ,.CL'b), cf. [9]

D. Elimination of Collector Currents

As inputs of a formal translinear network we have the input
currents 41,...,i,—1, the output is y. To get a direct input-
output relationship, we eliminate the remaining variables, the
collector currents zy,...,xp, from the network ideal. We
denote the resulting ideal by I'i:

IJIV =IynN Q[’il,...,’in_l,y].

The computer algebra system SINGULAR [8] has been
used to compute Iy and to perform the elimination for each
formal network in the catalog with 7 or less transistors.
It has been found that whenever the inputs ii,...,4,—_1,
expressed as linear combinations of the collector currents via
eqn. (10), are linearly independent, I turns out to be a
principle ideal. In other words, in these cases the elimination of
collector currents always yielded a single polynomial equation
fn(i1, .- yin—1,y) = 0 in the input and output currents.

The catalog of formal networks has been equipped with
a generator fy € Z[i1,...,in—1,y] Of I for every formal
network N. Since In is homogeneous and prime, so are Iy
and fn.

Remark 3: Depending on which collectors are assigned
t0 wout+ and woy., it may happen that the translinear loop
equations are simply thrown away during the elimination. This
is the case if and only if fy is linear and represents a kind of
degeneration of the network N: The input-output relation is
not at all influenced by the translinear loops! We can ignore
these degenerated networks, the linear behavior can as well
be achieved by pure current addition/substraction via node
equations, without any transistors.

V1. THE CATALOG AS A SYNTHESIS TOOL

A. The Input Matrix

Assume a circuit is to be designed whose desired behavior
is given by a polynomial equation g(u1, - .., us,y) = 0, where
w1 ..., us are input variables and y is an output variable. (For
simplicity we restrict to the case of only one output.) We
assume that g has integer coefficients and is irreducible and
homogeneous.

We want to test all formal translinear networks from our
catalog whether they can be used to implement g. Since we
have computed for each formal network N = (G, C,v) in the
catalog a polynomial fy € Zliy,...,in_1,y] describing its
behavior, we test the suitability of a particular formal network
N by testing whether fx “matches” g.

This matching test is not as simple as it appears: We must
clarify how to identify the inputs wq,...,us with the inputs
currents 4q,...,4,_1 of the formal network.

We assume that for each input ug, we can use as many
current sources as we want, each delivering the same current
ug. In our model, each of these current sources is connected
between the ground node vy and one of the input nodes
vy, - - -, U, 1. Both orientations are possible, so that the current
source contributes either u; or —uy to the respective input
current ;. Of course, several sources can be connected to one
input node, even several sources with the same input current



ug. Thus, the relation of the available inputs wq, ..., u, with
the formal node inputs 41,...,4, 1 IS

s
ij= E bjkuk
k=1

forj =1,...,n—1 with b;; € Z. Without additional circuitry,
an input node cannot be supplied with anything else than a
finite sum of the currents delivered by the available sources.
We call the matrix B := (bjz) € Z("1** the input
matrix.
To make the polynomials fx and g “comparable”, we map
fn 10 Z[uy,. .., us,y] via

Z[ula .- ;Us,y];
biiur + -+ by sus,

YB: Z[il,...,infl,y] —
11

In-1 bnfl,lul +-- bn—l,susa

y = 9.

We can now formulate precisely what we mean by a match
of fx and g:

Definition 9: Let fxy € Z[i1,...,in—1,y] and g €
Zluy,...,us,y]. A match of fy onto g is a matrix B €
Z("=1)%s guch that g = App(fn) for some X € Q \ {0}.
(Obviously, we allow multiplication by a nonzero constant A
because g =0 < Ag =0.)

For practical reasons, we restrict to matches where the
coefficients b;, are bounded by an integer [, usually [ = 1
orl=2.

B. Grobner Bases and Matching Problem

By the matching problem, we mean the problem to deter-
mine all matches B € {—I, -1 +1,...,1—1,1}("=Dxs of fy
onto g.

If the total degree of g does not coincide with the total
degree of fn, we know that no match of fy onto g exists.
From now on we assume equality of the degrees and define
deg g = deg fny =: d.

We solve the matching problem algorithmically by com-
parison of coefficients: g = Apg(fn) if and only if every
coefficient of the polynomial g — A¢g(fn) vanishes. Since
the entries of B are unknown, we treat them as symbolic
variables. Then, regarding the coefficients of g — Apg(fn)
as polynomials in the entries of B and in A, we get a system
of polynomial equations which must be solved. The integer
solutions are the entries of those matrices B which are a match.

Formally, we introduce indeterminates A for A and w :=
{wjr}j=1,..,n—1 for the entries b;,of B and consider the

homomorphiém of rings
p: Q[il;---;in—l;y] - Q[ul,...,us,y,w,A]
E
’ij [ Z WikUE-
k=1
The ideal

Ieoet == (COef(Ap(fn)—g, M) |M € Mong(uy, ..., us,y))

in Q[w,A] (where Mong(us,...,us,y) is the set of mono-
mials of degree d in ugy,...,u,,y) represents the system of
equations which the entries of B have to satisfy to be a
“match”.

To force the entries of B to be integers in the range
—1,...,1, we demand additionally

forj=1,....n—1land k=1,...s.
Hence, we need to compute the zero set Z(Ip) of the ideal

l
Iy = <Icoef;{ H (wjk - V)} > C Q[WaA]'
7,k

v=—1

Since {Hf,:_,(wjk —1/)}_ C Iy, the ideal Iy is zero-
dimensional and there are 1o irrational solutions.

We can compute these points of Z(Iy) using Grobner
basis methods. For example, a computation of the minimal
associated primes of I reveals maximal ideals representing
the points of Z(1Iy) and thus the matches we are looking for.

To increase efficiency, the computation can be performed
over a finite field Z/p instead of Q. In this case, it is possible
that solutions over Z/p appear which are no solutions over
Q. This can be avoided by choosing the prime number p
sufficiently large.

A SINGULAR procedure has been written that determines
all matches of a given network polynomial fx onto a given
“target behavior” polynomial g, see [11].

It was somewhat surprising that the sophisticated algo-
rithm to compute minimal associated primes (m nAssGTZ
in SINGULAR) from abstract algebraic geometry together
with modular computation was an effective way to solve the
matching problem, even in industrial applications.

C. Final Network Check

Assume we have found a match, so that we know a formal
network N = (G,C,wvp) and an input matrix B such that
Aop(fn) = g, that is, the pair (IV,B) shows exacly the
behavior we want.

In the system of network equations (see Section V), we can
replace i; by 37, bjruy for j = 1,...,n—1and solve it for
the collector currents z1, ..., xp, Obtaining them as functions
of u1,...,us. The result is, for each collector current z,, a
finite number of solutions

e (g, . ug), 2 (u, . u).

To find out which one of these solutions corresponds to the
actual current of the respective transistor, we perform the
following check.

1) Positivity Check of Collector Currents : All collector
currents must be positive, otherwise our transistor model
(egn. (1)) is invalid.

Usually, the specification of the desired network behavior
includes a range '™ < uy, < w®* for each input, up™
R U {—oc}, up®* € R U {oo}. Given these ranges, we can
check for each collector current z,, which of the solutions 2’
violate the condition z* (u1,...,us) > 0.



In all example computations it was found that there is at
most one { € {1,...,d,} with x,(f)(u) > 0 for all u €
Julpin, ax[x - .. x Jymin g max[|f there is none, a hardware
implementation of the network will not work, because the
model assumption of positive collector currents is not satisfied.
We can delete the pair (V, B) from our set of “candidates”.

But if there is indeed a positive solution for each collector
current, we have determined the exact explicit dependence of
the collector currents on uq,-..,u,, and thus also the exact
explicit dependence of the output

)RR SRS

C(e)=vou+ C(e)=vou-

y:

on uy,...,us.

2) Output Function Check: After the positivity check of
collector currents, we have an explicit description of the
network behavior in the formy = h(uy, ..., us), and we know
that g(u1,---,us, h(u1,-..,us)) = 0. Still, it might be that
the intended behavior was a different branch of the solution of
the polynomial equation g = 0. (For example, we may look for
a network with y = /a1 and thus specify g = y? —uy. Then
the network search may yield a network with y = —,/u;. Of
course, less pathological examples exist where the difference
is more than the sign.)

The comparison of A with the intended explicit behavior is
our last check to filter out formal networks which are of no
practical relevance.

Both the positivity check of collector currents and the output
function check have been implemented in MATHEMATICA.

D. Shift of the Output by Inputs

In applications, the notion of a “match” used before is too

restrictive:
When a network for an output function y = h(uq,...,us) is
searched, it is reasonable to look for networks implementing
not only y = h(u,...,us), but also y = h(u1,...,us) —
> i1 djuj with di,...,ds € Z, and shift the output of
such a network by 3°_, dju; to obtain the desired output
current. (Current-mode summation being one of the most
simple operations to implement.)

Therefore we consider “d-matches”:

Definition 10: Let f €  Z[i1,---,in-1,y], g €
Zluy,...,us,y] and d € Z°. A d-match of f onto g
is a matrix B € Z(™ x5 such that g = App..(fn) for
some A € Q*, where ¢p ,, is defined by

YBwu(i1) = biaur +---+ by sus,
<’0B’u(i"71) = b"*1:1u1 +oeet bnfl,susa
eBuly) = y—dius —--- —dsus,.

A “match” as defined before coincides with a 0-match.

VII.

The following example comes from industrial applications
at the company Analog Microelectronics GmbH (in the fol-
lowing: AMG). The AMG specializes in the development

EXAMPLE APPLICATION
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[ H ] -10°C [ 23°C ][ 50°C | 70°C ] 100°C | 140°C |
10% -1% 0% 1% 2% 3% 1%
20% | -1.5% 0% 1.5% 3% 4.48% 6%
30% | -1.63% | 0% | 1.82% | 3.55% | 5.55% | 7.43%
40% | -1.74% | 0% | 2.08% 4% 6.31% | 8.35%
50% | -1.78% | 0% 22% | 42% | 6.78% | 8.78%
60% | -1.78% | 0% | 2.27% | 4.35% | 6.94% 9%
70% | -1.78% | 0% | 2.31% | 4.43% 7% 9%
80% | -1.78% | 0% | 2.31% | 451% | 7.12% 9%
90% | -1.78% | 0% | 2.31% | 451% | 7.12% 9%

TABLE Il

MEASURED OUTPUT DEVIATION OF HUMIDITY SENSOR.

of industrial and automotive electronics and sensor systems.
The semiconductor processes used in these areas are naturally
different from areas with pure digital processes. Whereas
with pure digital processes power dissipation and speed are
the crucial criteria, in the area of automotive and industrial
electronics further criteria are relevant: higher voltages, Sig-
nal/Noise Ratio, ESD protection, matching, or even integrated
MEMS. The used processes are usually modular and it is
possible to stack 3 or 4 VBE, such that translinear networks
can be an ideal framework for modelling processes in these
fields.

In the following example we adress the problem whether
the nonlinear behavior of a certain sensor device can be
compensated by a static translinear circuit (to be used for
the construction of a display unit). The problems concern the
question whether the nonlinear behavior of a certain sensor
device can be compensated by a static translinear circuit.

A humidity sensor subsystem for air conditioning is in de-
velopment at AMG. The sensor device to be used is optimized
for an operating temperature of 23°C; at this temperature,
its output is virtually proportional to the relative humidity.
For other temperatures, it shows deviations from this linear
behavior which have to be compensated. For this purpose,
an “analog computation” circuit is desired to reconstruct
the deviation. The circuit of course needs a second input
where information about the actual temperature is provided
independently of the sensor output.

We denote the real relative humidity by H, the output of
the sensor (the “measured humidity”) by H,,. Table 11l shows
the output deviation H,, — H at some temperatures.

Since the desired circuit shall “compute” H,, — H from H,,
(and the temperature T'), the first task was to find an algebraic
function feec as specification of a “translinear synthesis”
problem, so that these points satisfy (or are close to)

“Educated guessing” and heavy usage of the MATHEMATICA-
Functions Fi ndM ni mum and Proj ecti veRati onal -
i ze showed that foec (Hm,T) = A(T)y(H,,) with

T
A(T) = —0.0012167 (¢t — 10)(t — 1)(t + 3), t= ,
23°C
hH,, — H,Zn + Hp,\/5h? — 2hH,, + H2,
Yy Hm) = \/ (11)

2h ’
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Fig. 8. A plot of A(T)y(Hp,) and the points (Hy,, Hyn — H) for T =
—10°C, 0°C, 23°C, 50°C, 70°C, 100°C.

and h = 0.3294 approximates the points very nicely. The func-
tion y is one of the two solutions of the implicit polynomial
equation

hHZ + hH,,y — H2y — hy® = 0. (12)

Figure 8 shows the high quality of the approximation.

A consists of simple multiplications and can be implemented
easily by translinear as well as other analog circuitry, we don’t
go into further details of this part of the design problem.
Instead we concentrate on the synthesis of a subcircuit imple-
menting y, where the tools of this paper have been applied
succesfully.

The implicit description of the desired network behavior is
given by (compare egn. (12))

0=g:= ufuz + urugy — ufy — U2y2.

The inputs are u; = H,, and us = h. (We use a stationary
input current source for us to supply the constant A to the
network.) We wish to implement g(u1,us,y) = 0 by a circuit
with at most 6 transistors.

15 of the 24 translinear digraphs with 6 or less branches

(see Fig. 7) consist of only one loop of length 4 and some
parallel branches. For these 15 digraphs, the toric ideal has
exactly one generator of degree 2 and no generator of higher
degree. Consequently, for all formal networks N = (G, C, vo)
where G is one of these digraphs, deg fxy = 2 < 3 = degg,
so the networks cannot be used for implementing g.
There are 9 digraphs remaining with 6 branches each. (In
Appendix , they carry the indices 6, 7, 8, 9, 10, 19, 20, 21,
and 24.) A search for matches has been conducted through all
formal networks based on any of these 9 digraphs. As bound
for the entries of the input matrix, I = 2 was chosen.

For each of the 9 digraphs, Table IV shows the number
of solution triples (N, d, B) of a formal translinear network
N, an output shift vector d and an input matrix B which
have been found. The second column shows the number of
formal matches where v . (fn) = g (see Section VI-A), the
third column shows how many of these triples passed the
test for positive collector currents and correct explicit output
function (see Subsection VI-C). The fourth column shows the
approximate duration of the match search through all formal
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networks of the corresponding digraph (on a 1 GHz Pentium
Il processor) . The duration of the final network check, in
comparison, can be neglected. (For digraph 6, it took 0.2
seconds; for digraph 24, it took approximately 10 minutes.)
All generated netlists implement the prescribed polynomial
and allows the developer to select those which are optimal
from aspects of expense and realistic behavior. All non—
idealities for a concrete circuit is treated on the basis of this
netlist. For example, global production tolerances like current
gain or sheet resistances and local disturbance like mismatch
or thermal gradients may affect the properties of the transfer
function. This analysis is standard and has to be done using a
spice-type simulator and the appropriate libraries containing
information about the global and local process tolerances.

10 TWJ T2 "o T4 12 15 TSJ I v
7 < W < 7 DCS:R%M ,)30:0.7
1 1 1 1 1 1 SRC
Qo
PARAMETERS: $
ul 0. 15
u2 $kx0.03294m}
k 1 SRC 01
DC={k*ul+2+u2} 1
Fig. 9. A network based on digraph 6.
b
Dgpat ool
20 21
T T2 TSJ W T5 6 "
1 1 T 1 1 1 o
. 11
13 14
(?vg;éua @)%;éu +u2}
2ARAMETERS:
a1 0. L
12 {Wk*D,03294m§
Fig. 10. A network based on digraph 9.
digraph solutions | “relevant” search
index (N,d,B) | solutions | duration
6 3 1 5 sec
7 9 0 6.5 min
8 2 0 8 sec
9 94 10 5.3 min
10 333 49 6.5 hours
19 40 9 8 sec
20 870 167 2 days
21 387 0 5 sec
24 1542 203 6 days
TABLE IV

NUMBERS OF TRANSLINEAR NETWORKS FOUND FOR

g = udus +uiuzy — uly — uzy?
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(A) netlist &rmm 166- 1. dat
S0uA

(A) neflist &rmm- 1566- 2. dar
60UA

"1 Tow sheet iresistance B [ — R
] T
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Fig. 11. Simulation result of the network of Figure 9. Fig. 13. Impact of variance of sheet resistance of the networkof Figure 9.
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Fig. 14. Impact of variance of sheet resistance of the network of Figure 10.
Fig. 12. Simulation result of the network of Figure 10.

A very instructive example is shown in Fig. 11-14. For two
of the netlists, Fig. 11 and 12 show the results of a SPICE-
simulation with Gummel-Poon transistor models, which are
usual models during development for a specific semiconductor
process. Both plots show the good compliance with the ideal
behavior described by egn. (11).

The currents used in the interface are typically derived for
sheet resistance which varies within +30% during production.
In Fig. 13 and 14 the simulation for the two netlists show
the impact of the sheet resistance on the output function. This
impact is due to the actual transistor properties like e.g. early
voltage and base current which take affect depending on the
symmetry of the network.

In Fig. 13 the plotted curves differ just by a constant scaling
factor, while in Fig. 14 the curves have significantly different
gradients. This shows that the impact of sheet resistance is of

much less significance for the network in Fig. 9 than for the
network in Fig. 10. Therefore, the first network is the preferred
candidate for hardware implementation.

Complexity and costs of the computations
Since space does not permit to detail the used combinatorial
and algebraic algorithms we comment only on the complexity
and the computational costs.

The graph algorithms to compute the pairs (C,G) in Table
I, that is to compute the complete translinear network catalog,
is exponential in the number of transistors. However, this has
to be computed only once and then stored. This was done for
up to 8 transistors which is sufficient for practical applications
of this method (so far even 6 transistors were sufficient for
all functions we tried). It took about 1 minute to generate all
networks up to 6 transistors, 15 minutes for up to 7 transistors
and 10 hours for up to 8 transistors (computations on a 2 GHz



Athlon XP 2800 processor).

The elimination from Section V.D and the matching problem
from Section VI.B require Grobner basis computations which
are also exponential in the input. The concrete computation
of the network relations fn for all IV in the catalog, requires
about the same time as the computation of the catalog. But
again, this has to be done only once.

The matching problem, however, has to be solved for every
g (the time is more or less the same for all g with the same
number of variables and degree). For a given g we have to
check for all V in the catalog whether there exist A and ¢ such
that g = Ap(fn). For fixed N this requires symbolic solving
of a polynomial system with ("*4=') + ns + 1 equations
(where (™+2=1) are of degree 2, and ns+ 1 of degree 2/ +1)
in ns + 1 variables (n = # nodes, d = deg(g),s +1 = #
variables on which g depends, [—I,]] = range of integer
solutions). In table IV we have n = 5 or 6, d = 3, s = 2,
I = 2, that is we have to solve a system with 46 or 69
equations (of degree 2 and 5) in 11 or 13 variables as many
times as there are formal networks (this number is shown
in the fourth column of the table in the appendix; it is e.g.
3757 for digraph index 10 or 11602 for digraph index 24).
Here the symbolic solving is nontrivial and the number of
times this has to be done is big. This can actually not be
computed with a standard general purpose system. We had
to use the very fast system SINGULAR, the sophisticated
algorithm m nAssGTZ and modular computations to perform
a single prime decomposition within a reasonable (several
seconds) time. The number of times to do this is, although big,
not a principal obstacle because it can be easily parallelized.
The total (sequential) time is shown in table IV.

VIIl. CONCLUSION

The research reported about in this paper provides

« a coherent mathematical “translinear network theory”,
consisting of a graph theoretic modelling framework for
the topology of translinear circuits, and an analysis of the
system of equations describing their behavior,

« the concept of a catalog of topologies for translinear

networks as a resource for circuit design,

« algorithms to build such a catalog and to search it for a

network complying with a particular behavior,

« and implementations of the algorithms, resulting in a

software toolbox for translinear network synthesis.
As result, an exhaustive catalog of all static formal translinear
networks with at most 8 transistors is available.

The details and implementations of the algorithms are

worked out only for static networks, but can be adopted for
dynamic networks as well.
While the implementation of the combinatorial algorithms is
stand-alone software written “from scratch” in C++, the im-
plementation of the algebraic algorithms, namely the symbolic
treatment of the network equations and the match finding,
heavily rely on the sophisticated Grobner basis engine of
SINGULAR and thus on more than a decade of experience
contained in a special-purpose computer algebra system.

The application reported on in Section VII proves the
practical applicability of the developed synthesis approach
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by using modern computer algebra with its highly developed
systems and algorithms.

Altogether, the key role of translinear circuits as systemati-
cally designable nonlinear circuits is confirmed and strength-
ened.

APPENDIX
THE STATIC FORMAL TRANSLINEAR NETWORKS WITH UP
TO 6 TRANSISTORS

There are 2 translinear digraphs with 4 branches, 3 with 5
branches, and 19 with 6 branches, where only the first 11 are
shown. For each of these digraphs, the following tables show
in the third column the number of different (with respect to
isomorphism, see Definition 7) valid collector assignments on
G and in the fourth column the number of formal translinear
networks (G, C,vp) showing a nonlinear input-output relation
(see Remark 3).

Networks with 4 transistors:

translinear collector formal
index digraph assignments | networks
1 : 35 29
2 : 142 144
Networks with 5 transistors:
translinear collector formal
index digraph assignments | networks
3 i 388 358
4 i 600 660
5 ; 880 1083




Networks with 6 transistors:

translinear collector formal
index digraph assignments | networks
6 ; 300 291
7 O 537 398
8 5 413 628
9 E 1974 2593
10 : 4444 3757
11 661 577
12 : 661 727
13 f 661 727
14 i 959 910
15 i 1088 1235
16 f 754 867
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