Chapter 6. Induction and Restriction of Characters

In this chapter we present important methods to construct / relate characters of a group, given charac-
ters of subgroups or overgroups. The main idea is that we would like to be able to use the character
tables of groups we know already in order to compute the character tables of subgroups or overgroups
of these groups.
Notation: throughout this chapter, unless otherwise specified, we let:

- G denote a finite group, H < G and N < G.

- K := C be the field of complex numbers;

- rr(G) == {x4, ..., x,} denote the set of pairwise distinct irreducible characters of G;

- G = [g1],..., G = [g,] denote the conjugacy classes of G, where g1,...,g, is a fixed set of
representatives; and

- we use the convention that y;, = 1¢g and g1 = 1€ G.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vector
spaces / modules over the group algebra considered are assumed to be finite-dimensional.

19 Induction and Restriction

We aim at inducing and restricting characters from subgroups, resp. overgroups. We start with the
operation of induction, which is a subtle operation to construct a class function on G from a given class
function on a subgroup H < G. We will focus on characters in a second step.

Definition 19.1 (Induced class function)
Let H < G and ¢ € Cl(H) be a class function on H. Then the induction of ¢ from H to G is
Indf(p) =1 91%: G — C
g = 91(9) = gy Deec 9" (x gx),

ply) ifyeH,
0 if y¢ H.

where for y € G, ¢°(y) :=

54
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Remark 19.2

With the notation of Definition 19.1 the function <pTﬁ is again a class function, because for every
g, yegG,

o1 (v 'gy) = |Z<P xyTlgyx) T2 qu =91 (9).
xeG SEG

Moreover, the map Ind§ : CI(H) — CI(G), ¢ — 915 is C-linear [Exercise 23(d), Sheet 7].

In contrast, the operation of restriction is based on the more elementary idea that any map can be re-
stricted to a subset of its domain. For class functions / representations / characters we are essentially
interested in restricting these (seen as maps) to subgroups.

Definition 19.3 (Restricted class function)

Let H < G and ¢ € Cl(G) be a class function on G. Then the restriction of ¢ from G to H is

Res& () :== ¢ 15 := |

This is obviously again a class function on H.

Remark 19.4

If ¢ is a character of G afforded by the C-representation p : G —> GL(V), then clearly w,‘f, is the
character afforded by the C-representation p|,, : H — GL(V).

Exercise 19.5 (Exercise 23, Sheet 7)
Let H < J < G. Prove that:

(@) peCl(H) = (g1, )T/ @15 (transitivity of induction);
(b) Yy eCl(G) = (Lplj YU,= 1§ (transitivity of restriction);
(c) peCl(H)and Y eClU(G) = Y- p1E= (Yl§ @) 15 (Frobenius formula).

Theorem 19.6 (Frobenius reciprocity)

Let H < G, let ¢ € CI(H) be a class function on H, and let ¢ € CI(G) be a class function on G.
Then

(P15 W6 = o Y lipy.

Proof: By the definitions of the scalar product and of the induction a direct computation yields:

(o1 e = = >, @16 (9) 2 24) (x"gx)g(g™")
|G| geG ‘G‘ xeC
1X—1)
sereG
Z‘p |H‘Z 71 _<(p lvlllH>H
seC seH

where for the third equality we set s := x~'gx and the fourth equality comes from the fact that ¢ is a
class function on G. [ ]
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Corollary 19.7

Let H < G and let y be a character of H of degree n. Then the induced class function XTE; is a
character of G of degree n|G : H|.

Proof: For s € Irr(G) by Frobenius reciprocity we can set

my =506 = OGPl € Zso,

which is an integer because both x and (/| are characters of H. Therefore,

xXth= D, myy
Yelrr(G)
is a non-negative integral linear combination of irreducible characters of G, hence a character of G.
Moreover,
x 1 X Glx(1) =xMIG = H|.
i wé u
Example 11

(a) The restriction of the trivial character of G from G to H is obviously the trivial character of H.

(b) If H = {1}, then 1y, T{G1}: Xreq - Indeed, if g € G then

Ty 10y (9) = A5, (x 1 gx) = 81| Gl = Xieq(9)
~———

me
=0 unless g=1

by Corollary 10.2.
(c) Let G = S3, H={(12)), and let ¢ : H — C with ¢(Id) =1, ¢((1 2)) = —1 be the sign

homomorphism on H. By the remark, it is enough to compute <pr, on representatives of the
conjugacy classes of S3, e.g. Id, (1 2) and (12 3):

T ( 22¢m .@mza
X€S3
!
1% ((123) 2Z<p (123)x Zo_o
XES3 X€53

(as the conjugacg class of a 3-cycle contains only 3-cycles and ¢(3-cycle) = 0)
— 1 o o O
o1 25 ¢°(x1(12)x) = 5 (2¢°((12)) + 29°((13)) + 2¢°((23))) = 1.
X€53

Moreover we see from the character table of S3 (Example 5) that gon,z X, + x3. But we can
also compute with Frobenius reciprocity, that

0 =<p.x1 b = <o 1h x1)6

and similarly

T={p. 0 n =@ x0c and  1={p, x5\ = (@15 X306 -
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Example 12 (The character table of the alternating group As)

The conjugacy classes of G = As are
G ={ld}, &G=[12)34)], G=[(123)], G4 u G = {5-cycles},

ie. g1 =1d,g2=(12)(34),g3=(123)and ge C; = o(g) =5and g~ € C4 but g°, g € G5 so
that we can choose g4 := (123 45) and g5 := (135 24). This yields:

[lrr(As)| =5 and |G| =1, |G| =15,

3| = 20,

G| =[Gl =12.
We obtain the character table of As as follows:

- We know that the trivial character 15 = x; is one of the irreducible characters, hence we
need to determine Irr(As)\{1c} = {}2. X3: X4, X5}

- Now, H := A4 < As and we have already computed the character table of A; in Exercise
Sheet 5. Therefore, inducing the trivial character of A3 from A4 to As we obtain that

1HTﬁ (Id)=1-|G:H| =5 (see Cor. 19.7)
115 ((12)(34) =5-12=1

1118 ((123) =55-24=2

1115 (5-cycle) = 75 -0 =0

Now, by Frobenius reciprocity

Amtfxve = xalion=1.
1
=1H

It follows (check it) that {1 HTﬁ —X1, 1HTE/ —x1)c = 1,50 1HT,C_;, —x1 is an irreducible charac-
ter, say x4 := 1HTE, —x1. The values of x4 are given by (4,0,1,—1,=1) on G, G, G3, G4, G5
respectively.

- Next, as As is a non-abelian simple group, we have As/[As, As] = 1, and hence the trivial
character is the unique linear character of As and x,(1), x5(1), x5(1) = 3. (You have also
proved in Exercise 19, Sheet 6 that simple groups do not have irreducible characters of
degree 2.) Then the degree formula yields

X212+ x5(1)7 + x5(1)7 = [As] — 31 (1)? = x4(1)? =20 =1 - 16 = 43.

As degrees of characters must divide the group order, it follows from this formula that
Xo(1), x5(1), x5(1) € {3,4,5,6}, but then also that it is not possible to have an irreducible
character of degree 6. From this we easily see that only possibility, up to relabelling, is
X>(1) = x3(1) = 3 and x5(1) = 5. Hence at this stage, we already have the following part of
the character table:
G GG G G G

| Ck| 1 15 20 12 12
[Ce(g)[ |60 4 3 5 5

X T 1 1 1 1
X2 3

X3 3 :

i |4 0 1 -1 -1
X5 5
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- Next, we have that

9ed(x2(1), [G3]) = ged(x3(1), |G3[) = ged(x5(1), [Cal) = ged(x5(1), [G5[) = 1,

so that the corresponding character values must all be zero by Corollary 17.7 and we get:

G G G G G
G| [T 15 20 12 12
[Ca(gi) |60 4 3 5 5
X T 1 1 1 1
X2 3 0
X3 3 . 0 .
i |4 0 1 -1 1
v |5 0 0

- Applying the Orthogonality Relations yields:
1st, 3rd column = x5(g3) = —1 and the scalar product {x;, x5)c = 0 = x5(g2) = 1.

- Finally, to fill out the remaining gaps, we can induce from the cyclic subgroup Z5 :=
{(12345)) < As. Indeed, choosing the non-trivial irreducible character ¢y of Z5 which
was denoted "x3" in Example 4 gives

Y1%=(12,0,0,*+ 3, ¢+ ¢%
where { = exp(27i/5) is a primitive 5-th root of unity. Then we compute that
WZxe=1=Wi%xe — W% -x—x5=03-1.0-¢- - =)

and this character must be irreducible, because it is not the sum of 3 copies of the trivial
character. Hence we set x, := QL/T% —X4 — X5 and the values of y; then easily follow from
the 2nd Othogonality Relations:

G G G G G

G| [1 15 20 12 12

IColge)| | 60 4 3 5 5

X T 1 1 1 1
X |3 -1 0 (- -@-¢
x5 |3 -1 0 —-¢ —¢-¢

Xa |4 0 1 —1 —1

Xxs |5 1 -1 0 0

Remark 19.8 (Induction of KH-modules)

If you have attended the lecture Commutative Algebra you have studied the tensor product of
modules. In the M.Sc. lecture Representation Theory you will see that induction of modules is
defined through a tensor product, extending the scalars from CH to CG. More precisely, if M is
a KH-module, then the induction of M from H to G is defined to be KG ®ky M. Moreover, it M
affords the character y, then KG ®xpy M affords the character XTE,.
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20 Clifford Theory

Clifford theory is a generic term for a series of results relating the representation / character theory of
a given group G to that of a normal subgroup N < G through induction and restriction.

Definition 20.1 (Conjugate class function | inertia group)
Let H < G, let ¢ € Cl(H) and let g € G.

(a) We define 99 € Cl(gHg™") to be the class function on gHg~" defined by

1 1

Yp:gHg™ — C,x — @(g™ 'xg).

(b) The subgroup Zg(¢) :={g € G| % = ¢} < G is called the inertia group of ¢ in G.

Exercise 20.2 (Exercise 24, Sheet 7)
With the notation of Definition 20.1, prove that:

(@) 9 is indeed a class function on gHg~';

(b) Za(p) < G and H < () < No(H);

(c) given g,h e G we have: 9% = "p < h~'geIc(p) < gIc(p) = hIc(p);

(d) if p: H— GL(V) is a C-representation of H with character y, then
Pp:gHg™" — GL(V),x — p(g~"xq)

1

is C-representation of gHg ™" with character 9 and 9 (1) = x(1);

(e) if J < H then (e |!1) = (%)ljﬂff.

Lemma 20.3
(@) t H< G, ¢, eCl(H) and g € G, then {9, 9l,ll>gHg,1 ={@, YOn.
(b) f NG and g € G, then we have ¢ e Irr(N) < 9 € Irr(N).

(c) If N< G and ¢ is a character of N, then (¢15) 9= [Zc(y) : N| 29e[G/Te(w)] P -

Proof: (a) Clearly

1

(90, W) g DT p(x) Ap(x)

—1
lgHg ™"l 2o,
‘] -~ -
= > e(g7'xg)d(gxg)
xegHg—1

N S eI = o

yeH
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(b) As N <G, gNg=' = N. Thus, if ¢ € Irr(N), then on the one hand %) is also a character of
N by Exercise 20.2(d), and on the other hand it follows from (a) that {9, )\ = (P, YN = 1.

Hence 9 is an irreducible character of N. Therefore, if %) € Irr(N), then ¢ = 97 (%) € Irr(N),
as required.

(c) If n e N then so does g~'ng ¥V g € G, hence

9L (n) — 1 (g 94(n |IG )| Ii(n).
NN N |/\/| 2 INI g;G INI gE[G;c(#U)] "

Notation 20.4
Given N < G and ¢ € Irr(N), we set Irr(G | ) := {x € Irr(G) | { |G, ¢y # 0}

Theorem 20.5 (CLIFFORD THEORY)

Let NI G. Let x € Irr(G), ¢ € Irr(N) and set T := Zg(¢). Then the following assertions hold.

(a) If ¢ is a constituent of)(i,(\;/, then

xli=e 9y,
ge[G/Ic(¢)]

where e = (¢ 1S, Uon = G W16 € Zo is called the ramification index of y in N (or of
¢ in G). In particular, all the constituents of Xlﬁ have the same degree.

(b) Induction from Z = Z5(¢) to G induces a bijection

Indg: Irr(Z | ) —> Irr(G | )
n — 1

preserving ramification indices, i.e. (n]%, Yy = (M1SL%, YN = e.

Proof:

(a) By Frobenius reciprocity, {x, ¥ 1%>c = (¢ 1S )y # 0. Thus x is a constituent of ¢ 1§ and
therefore Xl/% is a constituent of zJJTf,l,(i.

Now, if n € Irr(N) is an arbitrary constituent of x | (i.e. {x 1S, n)n # 0) then by the above, we
have

WAL N = Ol oy > 0.

Moroever, by Lemma 20.3(c) the constituents of (154 are preciely { % | g € [G/Zc(¢)]}. Hence
n is G-conjugate to L[/. Furthermore, for every g € G we have

<Xigllg¢>N |N| ZX = ZX 1h71g)
heN he/\/
Cl(G) _
X€: |N|ZX 1hg 1h 1g)
heN
s:=g—'hgeN

7= Z <XlN Yon=e.

|N| seN

Therefore, every G-conjugate 9¢s (g € [G/Zc()]) of ¢ occurs as a constituent of x |§ with the
same multiplicity e. The claim about the degrees is then clear as 9¢(1) = (1) Vg € G.
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(b) Claim 1: nelrr(Z | ¢) = ntéelrr(Gly).

Since T = I7(¢), (a) implies that n %= e’ with ' = {(n |, Y)p = % > 0. Now, let y € Irr(G)

be a constituent of n1%. By Frobenius Reciprocity we have

0 One =l mr .

It follows that n|% is a constituent of x | ¢|% and

e =l Won = QLR Won = (0l oy = € > 0,

hence x € Irr(G|¢). Moreover, by (a) we have e = (x|, 9¢)n = € for each g € G. Therefore,

x(=e 31 94(1) L elG: TIy(1) = |G T|Y(1) = |G : T|n(1) = n1¢ (1) = x(1).
ge[G/T]

Thus e = €/, n1%= x € Irr(G), and therefore n1%e Irr(G|y).

Claim 2: x e lrr(G | ) = I nelr(T | ) such that (x |S, n); # 0.

Again by (a), as x € Irr(G | ¢), we have x I{= e cg/r) I, where e = {x IR, ¢ € Zxo.
Therefore, there exists n € Irr(Z) such that

LS myr # 0 # (i, g

because x |$= x |%l%, so in particular n e Irr(Z | ). Hence existence holds and it remains to see
that uniqueness holds. Again by Frobenius reciprocity we have 0 # {x,n1¢).. By Claim 1 this
forces x = n1% and n|%= ey, so e is also the ramification index of ¢ in T.

Now, write x | = 2eln(T) GAA = 2z, @A+ ayn with a, > 0 for each A € Irr(Z) and a, > 0. It
follows that

(@ =Dnlk+ 2 wrli= xI& - nlk =e > 9

i S em W =ed 9elG/TI\[1]
Since ¢ does not occur in this sum, but occurs in n|%, the only possibility is a, = 1 and A ¢ Irr(Z|¢)
for A # n. Thus n is uniquely determined as the only constituent of y | in Irr(Z | ¢).

Finally, Claims 1 and 2 prove that Ind¥ : Irr(Z | ¢) — Irr(G | ¢), n — 01§ is well-defined and
bijective, and the proof of Claim 2 shows that the ramification indices are preserved. u

Example 13 (Normal subgroups of index 2)
Let N < G be a subgroup of index |G : N| =2 (= N < G) and let x € Irr(G), then either

(1) Xl/(\;/E Irr(N), or
(2) x1$=¢+ 9y fora gelrr(N) and a g € G\N.

Indeed, let ¢y € Irr(N) be a constituent of x |$. Since |G : N| = 2, we have Zg(y) € {N, G}.
Theorem 20.5 yields the following:

- Zg(y) = Nthen Irr(Za () | ¢) = {¢} and Y 1§ = x, so that e = 1 and we get x | §= y+9¢
for any g € G\N.

- f Zg(y) = G then G/Zg(y) = {1}, so that
xly=ey  withe=ClR oon = OGP R06-
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Moroever, by Lemma 20.3(c),
YIRIR=Zc(W) =Nl D) W =24

9eG/Ia(¢)

Hence
20() = IR/IK () = xR () =x(N) =ep(1) = e<2.

Were e = 2 then we would have 2¢s(1) = 1§ (1), hence x = /15 and thus
1= 00 PR06 = OR dn = e =2

a contradiction. Whence e = 1, which implies that x | § € Irr(N). Moreover, 1= x + x' for
some x’ € Irr(G) such that ' # x.

Remember that we have proved (Exercise 24, Sheet 6) that the degree of an irreducible character of
a finite group G divides the index of the centre |G : Z(G)|. The following consequence of Clifford’s
theorem due to N. |t6 provides us with yet a stronger divisibility criterion.

Theorem 20.6 (IT6)
Let A< G be an abelian subgroup of G and let x € Irr(G). Then the following assertions hold:

(@) x(1) < |G : AJ; and
(b) if A< G, then x(1)||G : Al

Proof:

(a) Exercise 27, Sheet 7.
(b) Let ¢ € Irr(A) be a constituent of x |§, so that in other words x € Irr(G | ). By Theorem 20.5(b)

there exists n € Irr(Zg(¢) | ) such that x = ”TIGC(¢) and nliaw: ey (proof of Claim 2). Now,
as A is abelian, all the irreducible characters of A have degree 1 and for each x € A, ¢(x) is an
o(x)-th root of unity. Hence ¥ x € A we have

()] = 0152 ()] = leg()| = elg(x)| =e-1=e=n(1) = AcZ(n).

Therefore, by Remark 17.5, we have
1) | [Zaw) : Z)l| Te(y) : A
and since y = nTgGw) it follows that

x(1) = 1G: Te@)n() [1G: Te()] - [Ta(y) : Al = |G Al .

21 The Theorem of Gallagher

In the context of Clifford theory (Theorem 20.5) we understand that irreducibility of characters is pre-
served by induction from Z5(¢) to G. Thus we need to understand induction of characters from N to
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Ze(¢), in particular what if G = Zg(¢). What can be said about Irr(G | ¢)?

Lemma 21.1

Let N < G and let ¢ € Irr(N) such that Z¢(¢) = G. Then

YIR= D exx

Xx€Elrr(G)

where e, = <Xl/€/ Yyn is the ramification index of x in N; in particular

D e =1G: NI
Xx€Elrr(G)

Proof: Write ) 15%= Y} cin(c) ax X With suitable a, = (x, 1§ By Frobenius reciprocity, a, # 0 if and

Th

only if x € Irr(G | ). But by Theorem 20.5: if x € Irr(G|y)), then x |$= e, i, so that

€x :<Xl/(\;/r‘/’>w :<XI¢’TE/>G =0y

Therefore,
GNP =gtk () = Y ayx() = Y ex(M= >, exp() =) >, e
Xx€Elrr(G) Xx€Elrr(G) Xx€Elrr(G) Xx€Elrr(G)
and it follows that [G : N| =3 . ) €5 [ ]

erefore the multiplicities {e, } cir(c) behave like the irreducible character degrees of the factor group

G/N. This is not a coincidence in many cases.

Definition 21.2 (Extension of a character)

Let N < G and x € Irr(G) such that ¢ := Xlﬁ is irreducible. Then we say that ¢ extends to G,
and x is an extension of (.

Exercise 21.3 (Exercise 26, Sheet 7)

Let N < G and x € Irr(G). Prove that

Xl/Q/Tg/: lnfg/N(Xreg) "X

Th

where )4 is the reqular character of G/N.

eorem 21.4 (GALLAGHER)

Let N < G and let x € Irr(G) such that ¢ := x | € Irr(N). Then

Y= D> AQ) Infg, (M) - x,

Aelrr(G/N)

where the characters {Infg/N()\) -x | A€ lrr(G/N)} of G are pairwise distinct and irreducible.
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Proof: By Exercise 21.3 we have ¢/1§= Infg/N(xreg) - X, where x,., denotes the regular character of G/N.
Recall that by Theorem 10.3, Xoq = 2 cirr(c/n) A1) A so that we have

YiR=" D, A InfEN(A) - x-

Aelrr(G/N)

Now, by Lemma 21.1, we have

G:Nl= > e =Wk dtoe = D) AN () - x, InfE N (1) - X6
X€Elrr(G) Auelrr(G/N)

> > A1) =1[G:N|.
Aelrr(G/N)

Hence equality holds throughout. This proves that
<|”fg//\/()‘) "X |”fg//\/(ll) XD = Oy

By Erercise 13.4, Infg/N(/\) -x are characters of G and hence the characters {Infg/N(A) x| Aelrr(G/N)}
are irreducible and pairwise distinct, as claimed. |

Therefore, given ¢ € Irr(N) which extends to x € Irr(G), we get Infg/N()\) -x (A€ lrr(G/N)) as further
irreducible characters.

Example 14
Let N < G with |G: N| =2 (= N<G) and let ¢ € Irr(N). We saw:
- U Zg(¢) = N then Y15e Irr(G);

- if () = G then | extends to some y € Irr(G) and Y = x + x’ with ¥’ € Irr(G)\{x}. It
follows that x’ = x - sign, where sign is the inflation of the sign character of G/N =~ S, to G.




