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Exercise 51: Let λ ∈ Λ+. Show that 0 occurs as a weight in L(λ) if and only if λ is a
sum of roots.

Exercise 52: Prove that the Casimir element c(κ) lies in the center of the universal en-
velopping algebra U(L).

Exercise 53: Let λ, µ ∈ Λ+, V := L(λ), W := L(µ). Show that

P(V ⊗W ) = {ν + ν ′ | ν ∈ P(V ), ν ′ ∈ P(W )}

and
dim(V ⊗W )ν+ν′ =

∑
π,π′

π+π′=ν+ν′

dim Vπ · dim Wπ′ .

Conclude that ch V ⊗W = ch V · ch W .

Exercise 54: Let L = sl2(C). Use the previous exercise to determine the dimensions of
the weight spaces in Vd ⊗ Ve and prove the Clebsch-Gordan formula

Vd ⊗ Ve = Vd+e ⊕ Vd+e−2 ⊕ . . .⊕ Vd−e (for d ≥ e)

for the decomposition of the tensor product of two irreducible finite-dimensional sl2-
modules.


