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Exercise 31: Let α, β be roots in a root system Φ and assume that α − β ∈ Φ. Does it
follow that (α, β) > 0?

Exercise 32: Let P, Q ∈ Zn×n have non-negative integral entries. Show that if PQ = In

then P and Q are permutation matrices, i.e., each line and each column contains one
entry 1 and 0 otherwise.

Exercise 33: Prove that the Weyl group of a root system is isomorphic to the direct
product of the Weyl groups of its irreducible components.

Exercise 34: Suppose that R is a root system in the euclidean vector space E. Show that

Ř :=

{
2α

(α, α)

∣∣∣ α ∈ R

}
is also a root system in E. Show that the Cartan matrix of Ř is the transpose of the Cartan
matrix of R, and that R, Ř have isomorphic Weyl groups. Ř is called the dual root system
to R.


