ZEROS OF BRAUER CHARACTERS AND THE DEFECT ZERO
GRAPH

GUNTER MALLE

ABSTRACT. We show that for each finite non-abelian simple group and each prime p
either there exists an irreducible Brauer character which takes the value zero on some
p-regular element, or p = 2 and all degrees of irreducible Brauer characters are powers
of 2. This generalizes an old result of Burnside from ordinary to Brauer characters. For
the proof we introduce the notion of the defect zero graph of a finite group, which may
be of independent interest.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The main result of this paper answers in the affirmative a question on the zeros of
Brauer characters of simple groups posed by Gabriel Navarro (a more precise formulation
is contained in Theorem 1.2 below):

Theorem 1.1. Let G be a finite non-abelian simple group and p a prime. Assume that
no irreducible p-modular Brauer character of G vanishes on any p-reqular element of G.
Then p = 2 and the degrees of all irreducible p-Brauer characters of G are powers of 2.

By a well-known observation of Burnside, any non-linear irreducible ordinary character
of a finite group vanishes on some element, so the statement above is certainly true for
primes p not dividing |G]|.

We’ll prove the theorem in a case by case analysis, using the classification of finite
simple groups. More precisely, we’ll show a statement which lends itself more easily to
induction.

In order to formulate this, we’ll say that a Brauer character ¢ of a finite group G has an
invariant zero, if ¢ vanishes on a whole orbit of Aut(G) on the set of p-regular elements
of G. For example, assume that ¢ vanishes on the p-regular class C' of G. If one of ¢, C'
is invariant under Aut(G), then ¢ has an invariant zero.

Theorem 1.2. Let G be a finite non-abelian simple group and p a prime. Then there exists
an irreducible p-Brauer character of G having an invariant zero on p-regular elements of
G, unless p =2 and

(a) G = Lo(27) with f > 2,

(b) G = La(q) withgq=2"+12>5,

(c) G =2By(22/ 1) with f > 1, or

(d) G = S4(27) with f > 2,
in which case all degrees of irreducible 2-Brauer characters of G are powers of 2.
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Clearly Theorem 1.1 follows from this.
As an immediate consequence of Theorem 1.2 we obtain the following extension to
arbitrary non-solvable groups when p is odd.

Theorem 1.3. Assume that G is not solvable and p # 2. Then there exists an irreducible
p-Brauer character of G which vanishes on some p-reqular element of G.

Proof. Let G be a minimal counterexample, and N < G a minimal normal subgroup.
Assume that N is solvable. Then G/N is not solvable, so by minimality of G there exists
gN € G/N of order k prime to p and ¢ € IBr,(G/N) with ¢(gN) = 0. Interpreting
¢ € IBr,(G) by inflation, we obtain that ¢(gn) = 0 for all n € N. Write g = g1¢» with
g1 the p-part, g» the p/-part of g. Then ¢g* = gigk € N, so g%, g5 € N. As ged(k,p) =1
this implies that g; € N, and thus g, = gg;' is p-regular and such that p(g,) = 0, a
contradiction.

Hence N is not solvable. So it is a direct product of isomorphic simple groups S; = S
of order divisible by p. By Theorem 1.2 there exists an irreducible p-Brauer character ¢
of S with an invariant zero, say on g € S. Let pu := ¢ X ... X ¢, an irreducible Brauer
character of N, which vanishes on (g,...,g). Let I be the inertia group of y in G and
i an irreducible character of I lying above p. Then fi|y is a multiple of u, so it has
an invariant zero as well. The induced character ¢ is irreducible, and still vanishes on
(g,...,9), which is a contradiction. O

It would seem interesting to understand what can be said in the corresponding situation
for p = 2.

Example 1.4. We give two examples to show that there is no straightforward general-
ization of Theorem 1.3:

(a) The conclusion in Theorem 1.3 is definitely not true for solvable groups; for ex-
ample take p = 3 and G = 4.

(b) There are plenty of groups with p-Brauer characters without zeros whose degree is
not a power of p: IBr,(,,), for p € {3,5} and n € {7,8}, contains an irreducible
Brauer character of degree 13 without zeros, IBry(Coy) contains an irreducible
Brauer character of degree 83948 = 22.31.677 without zeros.

In order to prove Theorem 1.2 in Section 2 we introduce a new combinatorial object
associated to a finite group, the defect zero graph, which may be of independent interest,
and study its properties in the case of finite simple groups. Section 3 is then devoted to
the proof of Theorem 1.2.

2. A CHARACTER DEGREE GRAPH
We introduce the following graph associated to a finite group G.

Definition 2.1. The defect zero graph A(G) of a finite group G has as vertices the primes
dividing the order |G|, and two vertices p # ¢ are joined by an edge if there exists an
irreducible complex character x € Irr(G) which is of defect zero for both p and ¢q. We let
na(G) denote the number of connected components of A(G).
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Closely related graphs have been studied extensively. Let A’(G) have same vertex set as
A(G), with two primes being connected if there is some irreducible character whose degree
is divisible by both. Clearly, A(G) is a subgraph of A’(G). Now remove those primes
from A’(G) which divide no character degree. It has been shown by Manz—Staszewski—
Willems [15] that this latter graph has at most three connected components. (In fact they
consider some kind of dual graph I'(G), with vertices the degrees of non-linear characters,
and edges given by common prime divisors, but which clearly has the same number of
connected components.)

Clearly, if G has no character of p-defect zero, then p is an isolated vertex of A(G).
But this criterion is only sufficient, not necessary, as can be seen for the defining prime
of groups of Lie type. The pairs (G, p) of finite non-abelian simple groups G having no
p-defect zero character are listed in [6, Cor. 2]. In particular it follows that there are
simple groups for which A(G) has at least three components. Surprisingly enough, this
gives already the correct upper bound for the number of components. More precisely we
show:

Theorem 2.2. Let G be a finite nonabelian simple group. Then A(G) has at most three
components. Moreover, the sum of the diameters of the components is at most 5—na(G).

The proof will be given in a case by case analysis, using the classification of finite simple
groups. More detailed information on A(G) in the individual cases is given below.
From the ordinary character tables contained in the Atlas [4] one finds:

Proposition 2.3. Let G be a sporadic simple group. Then

(a) na(G) =3 for G € { Mz, Suz,Cos},

(b) TLA(G) =2 for G € {MH, Moo, Jo, HS, Moy, He, Ru, Coy, B},

(¢) na(G) =1 otherwise.
In particular, na(G) < 3 for sporadic groups. Furthermore, in each case the sum of the
diameters of the connected components of A(G) is at most 4 — na(G).

For example, A(J;) and A(Mas) are connected of diameter 3, so the bound for the sum
of diameters is best possible.

Our next aim is the determination of na(G) in the case of groups of Lie type. It is
well-known that the Steinberg character of a simple group of Lie type G in characteristic p
is the only character of p-defect zero, so the defining prime p is always an isolated vertex
in the defect zero graph A(G).

2.1. The setup for groups of Lie type. Any simple group of Lie type can be obtained
as G /Z(GT), where G is a simple algebraic group of simply-connected type, and F :
G — G a Frobenius map with finite group of fixed points G := G, with the sole
exception of the Tits group 2F(2)". We denote by r the defining characteristic of G.

Let G* denote a group in duality with G and with corresponding Frobenius map F™* :
G* — G* and fixed points G* := G*f". Let T < G* be an F*-stable maximal torus
containing an F-stable regular semisimple element s € T := T*". Then the corresponding
Deligne-Lusztig character Rr is, up to sign, an irreducible complex character of G of
degree Rr (1) = £|G : T, (see [2, Cor. 7.3.5], for example). Moreover, if s lies in
the derived subgroup of G*, then Ry has Z(G) in its kernel, so defines a character of
S =G/Z(G), see [13].
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In the subsequent statement, we consider 2G5(3) = Ly(8) and Go(2)" = Us(3) not as
exceptional simple groups of Lie type.

Proposition 2.4. Let S be an exceptional simple group of Lie type. Thenna(S) = 2. One
component consists just of the defining prime, while the second component has diameter
at most 2.

Proof. The statement can be checked easily for 2F;(2)’ from its known character table,
so we exclude this group from now on. Let (G, F) be such that S = G/Z(G) where
G = GI, as above. We have already noted above that the defining characteristic always
forms an isolated component of A(S), so we have to prove that all other prime divisors
of |S] lie in one connected component.

TABLE 1

Two tori for exceptional groups

G || T3] d
°Ba(q°) (¢°>8) | & P 1
22229?) (5(12 > 2;) P o7, 1

2(q q=>3 3 g 1
3D4(q) q)g @12 1
2F4(q2) (92 > 8) Py P35, 1

F4(q) g Dy 1
QEG(CI) P31, Dy (3,9-1)
Es(q) PPy Pis (3,94 1)
E7(q) D1 D7 Pydyy (27 q— 1)
Es(q) P15 3 1

(Here, ®,, denotes the nth cyclotomic polynomial over QQ evaluated at ¢, and @/, ®”
denote the two irreducible factors of ®,, over Q(v/2) for n = 8,24, respectively over
Q(v/3) for n = 12.)

In Table 1 we produce two maximal tori 77, T> of G*, which are uniquely determined,
up to conjugacy, by their order (see for example [14]). In each case except for type 3Dy,
the largest cyclotomic polynomial ®,,, dividing |T;| has the following property: T; is the
unique maximal torus of G (up to conjugation) of order divisible by ®,,.. By Zsigmondy’s
theorem, there exists a primitive prime divisor p; of ®,,.(¢) in each case. Now let s; € T; be
a semisimple element of order p;. Assume that Cg(s;) is not a torus. Then its semisimple
rank is at least 2, whence it contains two maximal tori of different order. Both of these
must have order divisible by p;, which is not the case by our previous observation. Thus
s; is a regular semisimple element. For 3D,, it can be checked directly that there exist
regular elements in 7 of order a Zsigmondy prime for ®3. Since |G* : (G*)'| is not divisible
by these Zsigmondy primes, the s; lie in the derived subgroup (G*)'. So the corresponding
Deligne-Lusztig characters R; := Ry, 5, are, up to sign, irreducible characters of S. By
the above degree formula R; is of defect zero for all prime divisors of |G| different from
the defining characteristic r and not dividing |T;].
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In all cases, |S|, is divisible by a third prime ps not dividing either of the |7;|. Thus,
all primes p # r not dividing d := ged(|71], |T2|) are connected to this third prime, and
in particular lie in one connected component of A(G).

In the cases where d > 1, we have that |S| = |G/Z(G)| = |G|/d, so that

_ |G|r’ _ |S|r’
Tl Tl /d
As ged(|T1]/d, |T2|/d) = 1 we may in fact conclude as before.

Since all primes p # r are connected to p3, the diameter of this component is at
most 2. 0]

fori=1,2.

Ri(1)

We now turn to the groups of classical type.

Proposition 2.5. Let S be a classical simple group of Lie type. Then na(S) < 3.
Furthermore, na(S) = 2 unless one of
(a) S=La(q), ¢ =4,
(b) S =1Ls(q), ¢ = 25"+t — 1 with 6m + 1 prime, or q =3,
(¢) S =Us(q), g =2%"+1 withm >0, or q =9,
(d) S = S4(q) with q € {3,5}.

In all cases, the sum of the diameters of the components is at most 3.

Proof. We keep the setup (G, F,G = GT') as above and proceed as in the previous proof
by producing two maximal tori 71, T» of G* with suitable properties in Table 2, see [14,
Table 3.5].

TABLE 2

Two tori for classical groups.

G 7| |15 d
A, (" =1)/(qg—1) " —1 (n+1,q—1)
A, (n>30dd) | (¢"T =1)/(¢+1) " +1 (n+1,q+1)
(n>2even) | ("™ +1)/(¢+1) " —1 (n+1,q+1)
B,,C, (n>3odd) g +1 g —1 (2, —1)
(n > 2 even) g +1 (P +1)(g+1) (2,g—1)
(n>4even) | (" '+ 1)(¢g+1) ("' =1)(¢g—1) (4,¢"—1)
“Dn, (n>4) q"+1 (@ +1)g=1) (4,¢"+1)

Again, in all cases there exists a cyclotomic polynomial dividing |T;| which divides
|G| exactly once, see [14, Prop. 3.4]. Furthermore, d := ged(|T1],|T2]) = |Z(G)|, and
there is a third prime divisor of |G| not dividing |7} ||7%| and different from the defining
characteristic of G, so whenever both Zsigmondy primes exist, we may conclude as in the
proof of Proposition 2.4.

The cases where not both Zsigmondy primes exist are the groups of types A;, A, Ay, By
and the groups Lg(2), L7(2), Us(2), Ss(2), Ss(2), Of (2) and Og (2). The character tables
of the latter seven groups are contained in [4], and the assertion can easily be checked.
Now assume that S = Ly(q), so |S| = q(¢* — 1)/ gcd(2, ¢ — 1). Here, the character degrees
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are ¢—1,q,q+1, and (¢+1)/2 if ¢ is odd, where the sign depends on the congruence of ¢
modulo 4. Clearly, A(S) has three components, consisting of the prime divisors of ¢ — e,
respectively those of (¢ + €)/2, respectively the defining prime (where ¢ = € (mod 4)),
each being a complete graph.

For Ls(q), Us(q) and S4(q) the Zsigmondy prime p; exists. (Note here that Us(2) is
solvable.) Thus all prime divisors of |\S| not dividing ¢|T}|/d form a complete subgraph in
A(S). For S = L3(q) the Deligne-Lusztig character corresponding to a regular element of
a totally split torus of order (¢ — 1)? connects the prime divisors of |T}|/d to those which
are prime to |T7|/d, unless ¢ + 1 is a power of 2. Such regular elements exist whenever
g > 5. The cases L3(3) and L3(4) can be checked directly. If ¢ + 1 is a power of 2
then ¢ = 0,1 (mod 3). Since ¢ > 5 we actually have ¢ = 1 (mod 3). The Deligne-Lusztig
character Ry = Ry, s for some regular element s € 75 is of defect zero for all prime divisors
of T different from 3. If ¢ # 1 (mod 9), then R; is also of 3-defect zero, as is Ry, so that
A(S) has two components. On the other hand, if ¢ = 1 (mod 9) then it can be checked
from the explicitly known character degrees of L3(q) that the prime divisors of |T}|/3 are
not connected to any other primes in A(S), so that we obtain three components, each a
complete graph.

For S = Us(q), if ¢ — 1 is not a power of 2 then the Deligne-Lusztig character Rg
corresponding to a regular semisimple element of a maximal torus of order (¢+1)? connects
the divisors of |T7| to the other non-defining primes, and we obtain two components. So
assume that ¢ = 2™ + 1, hence ¢ = 0,2 (mod 3). If ¢ = 0 (mod 3) then ¢ € {3,9}, and
the claim can be checked directly. Thus ¢ =2 (mod 3). If ¢ Z 8 (mod 9) then Rj is also
of 3-defect zero, and all non-defining primes form a complete graph. Otherwise, the prime
divisors of |77]/3 are not connected to any other primes in A(S), so that we obtain three
components, each a complete graph. Note that 26¥7* 4 1 is a prime power if and only if
it is a Fermat prime.

Finally, consider S = S,(¢q). If a maximally split torus T3 of order (¢ — 1)? contains
regular elements, and ¢ + 1 is not a power of 2, then the corresponding Deligne-Lusztig
character joins the prime divisors of |T3|/d to the other non-defining primes. Similarly,
the same holds if a torus T} of order (¢ 4 1)? contains regular elements and ¢ — 1 is not
a power of 2. Such regular elements exist for all ¢ > 5. Furthermore, at least one of
¢+ 1,q — 1 is not a power of 2 if ¢ > 3. The remaining cases S4(3),S4(4), S4(5) can be
checked easily. Note that S;(2)" = Ly(9). O

For the treatment of alternating groups we need the following observation:

Lemma 2.6. Let A\ = n be a partition of n which is a p-core. Then the largest hook length
m A 1s smaller than

min{2y/2n(p —1) — 1,n/s+p(s—1)+ 1| s € N}.
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Proof. Let A = (A1 < Ay <...< \g), with A\; > 1, be a p-core. Then at most p — 1 parts
of A can be equal. Writing k = m(p — 1) + r, with 0 < r < p — 1, we obtain

k
n=> A=@-D\+...+ - DM +m—1)+r(\ +m)

:m( — 1))\1 + 7“)\1 + (p — 1)M +rm

=k + — (% (m+1)(p—1))

mk k1
>k + — (k p+1)>k+7—§:§k(m+1),
since m(p — 1) < k. Using thatk<(m+1)(p—1) this gives
k
—k‘— k: 1
i < -k(m+1) <

sok < +/2n(p — 1). Applying the same argument to the transposed partition A" we obtain
that also Ay < /2n(p — 1), so A has largest hook length k + A\, — 1 < 24/2n(p —1) — 1.

For the second bound, we consider the lengths of the (disjoint) hooks at the diagonal
entries of A. If h denotes the length of the longest hook, the next one has length at least
h—2(p—1) —2, the third at least h — 4(p — 1) — 4, and so on. Adding these up gives the
claim. ([l

The proof of the following statement on the defect zero graph of alternating groups
makes essential use of the existence of p-cores for all primes p > 5.

Proposition 2.7. Let G =, with n > 5. Then na(G) < 3. More precisely, all primes
lie in a single component, of diameter at most 2, except that

(a) p = 3 is isolated if n is of the form 3m + 1 and has a prime divisor congruent 2
(mod 3) to an odd power, and

(b) p = 2 is isolated if n is not of the form m(m +1)/2 or m(m +1)/2+ 2 for some
m >2, orifn € {5,6,8 10}.

Proof. The complex irreducible characters of the symmetric group are naturally parame-
terized by partitions A\ of n, and the degree of x, equals n! divided by all hook length of
the Young diagram of . This allows to check the assertion by computer for all n < 16.
From now on, let n > 17. If p is odd then clearly the restriction to 2, of any p-defect
zero character of &,, contains (at least) one defect zero character of 2, thus for odd
primes it suffices to consider character degrees in &,,. Let k := [y/n]. Then clearly there
exist partitions A\ of n whose Young diagram has at most k rows and columns. Thus, the
largest hook length of A is at most 2k — 1. In particular, x, is of p-defect zero for all
primes n > p > 2[y/n|. Thus, these primes form a complete subgraph of A(%,,). Note
that, since n > 17, there always exists at least one such prime by Bertrand’s postulate.
So now assume that p < 2[y/n]|. Then we show that a p-core, that is, a partition A
without p-hooks, is also a core for some other, large prime. Indeed, if A is a p-core, then
the largest hook of A has length at most 21/2n(p — 1) — 1 < 4n** — 1 by Lemma 2.6 and
our assumption on p. Now for all n > 5 there exists a prime ¢ between n/2 and n. For
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n > 4088 our bound 4n%** — 1 is smaller than n/2, so for those n, any p-core is also a
g-core for some large prime ¢ > n/2. Using a computer program it can be checked that in
fact the largest prime ¢ < n is larger than our bound for all n > 269. For 29 < n < 268,
the second bound n/2 + (2[y/n] — 1) + 1 from Lemma 2.6 is smaller than the biggest
prime below n. Moreover, the only cases with n > 17 for which the inequality fails occur
for n = 26,27,28 and p = 11. But in these cases, (6)*(n — 24) is an 11-core as well as a
23-core.

Thus, whenever there exists a partition of n which is a p-core, p is joined to the largest
prime less or equal to n. Now the result of Granville and Ono [6, Thm. 1] guarantees the
existence of p-cores for all n and all primes p > 5. In particular, all primes p > 5 lie in a
single component of A(G), of diameter at most 2.

By [6, Cor. 2| there is no 3-core partition of n if and only if n is congruent to 1 (mod 3)
and divisible by some prime congruent 2 (mod 3) to an odd power. Clearly, in these cases
3 is an isolated vertex.

Now let p = 2. By [6, Cor. 2] the alternating group 2, has an irreducible character of
2-defect zero if n is of the form m(m+1)/2 or m(m+1)/2+ 2 for some integer m > 2. In
the first case, the partition (m)(m — 1)...(1) is a 2-core, hence connected to the largest
prime below n by our above argument. In the second case, there is no 2-core of n. But
the character indexed by the partition (m + 2)(m — 1)(m — 2)...(1) (obtained from the
2-core for n — 2 by adding a single 2-hook) has the full 2-part of |2,,| in its degree and
remains irreducible upon restriction to 2,,. It is of defect zero for all primes p > 2m + 1,
hence connects 2 to the large primes when n > 17. OJ

Example 2.8. For small values of n we have na(2,) = 3 for n € {5,6,7,9,11,13},
na(A,) =2 for n € {8,10,14, 15,16} and na(Ay2) = 1.

It would be interesting to know whether the sum of diameters is bounded above by
4 — na(G) for alternating groups as well. For this to hold, if both 2 and 3 are isolated,
the other primes would have to form a complete graph.

3. PROOF OF THE MAIN THEOREM

In this section we prove Theorem 1.2 on zeros of Brauer characters of finite non-abelian
simple groups. For groups of Lie type in non-defining characteristic, we use properties of
their defect zero graphs, see Section 3.2. The case of defining characteristic is treated in
Section 3.3. It is not amenable to this method and thus requires a different approach.

We start with the following elementary observations for arbitrary finite groups G' which
establish the connection between zeros of Brauer characters and the defect zero graph:

Lemma 3.1. Assume that G has an ordinary irreducible character x of p-defect zero
which takes value zero on some p-reqular element. Then G has an irreducible p-Brauer
character taking value zero.

Indeed, being of p-defect zero, the restriction of y to the p-regular classes of G is an
irreducible p-Brauer character. In particular we have:

Lemma 3.2. Assume that G has an ordinary irreducible character x of defect zero for
two distinct primes p,q dividing |G|. Then G has an irreducible p-Brauer character with
an invariant zero.
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Indeed, y is irreducible modulo p and vanishes on all g-elements, which is an Aut(G)-
invariant set. We now consider the various classes of finite simple groups in turn.

3.1. Alternating groups. The alternating groups s and 24 are isomorphic to projec-
tive special linear groups, which will be treated later, so we may assume that n > 7
here.

Proposition 3.3. Theorem 1.2 holds for G =, withn > 7.

Proof. For n < 8 the assertion can be checked from the known modular character tables
9], so assume now that n > 9. Let x denote the non-trivial irreducible constituent of the
natural permutation character of &,, over Q.

First assume that p fn. Then y remains irreducible modulo p, so its restriction to p-
regular classes is an irreducible p-Brauer character. It vanishes on all elements of &,, with
exactly one fixed point. If n is even (so p # 2), then permutations of at least one of the
cycle shapes (n — 1)(1) or (n — 5)(2)%(1) have order prime to p, and both lie in 2. If
n is odd, consider (even) permutations of cycle shapes (n — 3)(2)(1) and (n — 4)(3)(1).
Since p fn, at least one of them has order prime to p. Thus in both cases we have found
p-regular elements on which x vanishes. Since x extends to Aut(2(,) = &,, the claim
follows.

Now assume that pjn. Then the p-modular reduction of x contains one trivial con-
stituent and one further irreducible Brauer character ¢. Clearly, the latter vanishes on
all permutations with exactly two fixed points, so in particular on those of cycle shapes
(n—2)(1)? and (n—4)(2)(1)?. One of them is even, hence contained in 2,,. If p # 2, then
both have order prime to p, and we are done as before. So finally assume that p = 2 and
n is even. Then ¢ vanishes on permutations of cycle shape (n — 5)(3)(1)?, which have
odd order. This completes the proof. O

Alternatively, we could have made use of our results on the defect 0 graph in Proposi-
tion 2.7, but the above proof has the advantage that it does not depend on the non-trivial
existence result for p-cores.

3.2. Groups of Lie type in non-defining characteristic. Here the proof of the main
theorem relies heavily on our above study of the defect zero graph, in view of Lemma 3.2.

Proposition 3.4. Theorem 1.2 holds for simple groups of Lie type if p is different from
the defining characteristic.

Proof. Let G be a simple group of Lie type. Assume that p is not an isolated vertex of the
defect zero graph of G. Then there exists another prime divisor ¢ of |G| and an irreducible
complex character y of GG such that x is of p-defect zero and of g-defect zero. Thus the
claim holds for G and p by virtue of Lemma 3.2.

According to Propositions 2.4 and 2.5, all non-defining primes for G lie in a single
component (which has at least two vertices since G is non-solvable), unless G is one of
Lao(q) with ¢ > 4, Lz(q), ¢ = 20T —1 with 6m+1 prime, Uz(q), ¢ = 22" 41 with m > 0,
or

G e {L3(3)7 U3(9)7 84(3)7 84(5)}
The assertion for the latter four groups can be checked directly from the known Brauer
character tables [9].
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For G = Ly(q), ¢ = r/, we use the information on decomposition numbers obtained by
Burkhardt [1]. First assume that p # 2. If p|(¢ — 1), then the Steinberg character of G of
degree g remains irreducible modulo p by [1]. Since it vanishes on the class of r-elements,
and remains invariant under all automorphisms of GG, we are done in this case.

If p|(¢ + 1) then the p-modular reduction of the Steinberg character contains an irre-
ducible constituent of degree ¢ — 1, which vanishes on all elements of order dividing g — 1,
and again remains invariant under all automorphisms.

It remains to consider the case that p = 2 and hence ¢ is odd. If ¢ =1 (mod 3), then
the 2-modular irreducible Brauer characters of G of degree (¢ —1)/2 vanish on the unique
conjugacy class of elements of order 3. If ¢ = —1 (mod 3) there exists an irreducible
2-Brauer character of GG of degree ¢ — 1, invariant under automorphisms, which vanishes
on all elements of odd order dividing ¢g— 1. Such elements exist unless ¢—1 is a power of 2.
In the latter case, again by [1, VIII(a)], the degrees of Brauer characters are 1, (¢ — 1)/2
and g — 1, which leads to exception (b) in Theorem 1.2. Finally, if ¢ = 3/ the irreducible
2-modular characters of degree (¢—1)/2 vanish on all elements of odd order dividing ¢—1.
Such elements exist unless g = 9 = 23 + 1.

Next let G = Ls(q), ¢ = 2™+ — 1 with 6m + 1 prime. In the proof of Proposition 2.5
we showed that the non-defining primes not dividing ®3/3 form a complete subgraph of
the defect zero graph of GG. Since there are at least two such primes, the result follows for
them. For the primes dividing ®3/3, the Deligne-Lusztig characters for regular elements
in a maximally split torus are of defect zero and vanish on all elements of order ¢ + 1,
providing the required zero.

Finally, for Us(q), ¢ = 22" 4+ 1 with m > 0, we may argue similarly with ¢ + 1 and
q — 1 interchanged. 0

3.3. Groups of Lie type in defining characteristic. In contrast to the case of non-
defining characteristic, the defect zero graph is of no use here, since the defining prime
always forms an isolated vertex. Instead, we produce zeros of Brauer characters by em-
bedding small groups with known character values into the groups of Lie type.

Let (G, F) as in Section 2.1 above and G := G, with p the defining characteristic.
We’ll need two important facts from the representation theory of groups of Lie type in their
defining characteristic. First of all, any irreducible such representation of G is obtained
as the restriction of some irreducible representation of G. In particular, it extends to all
G for any k > 1, see [11, Thm. 5.4.1] for example. Secondly, by Steinberg’s tensor
product theorem any irreducible representation of GG is obtained as a tensor product of
suitable Frobenius twists of the so-called basic representations, see [11, Thm. 5.4.5].

We start with the exceptional groups of Lie type.

Proposition 3.5. Theorem 1.2 holds for exceptional groups of Lie type and the defining
prime.

Proof. According to Steinberg’s tensor product theorem, the irreducible 2-modular repre-
sentations of 2B,(22/+1) are tensor products of Frobenius twists of the natural 4-dimensio-
nal representation of G inside Sp,(22/*1), so all have 2-power degree. This is exception (c)
in Theorem 1.2.

The natural 7-dimensional representation of 2G5(32/*1) in characteristic 3 restricts ir-
reducibly to ?Gy(3)" = Ly(8), and for the latter it vanishes on all elements of order 7.
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Similarly, the natural 26-dimensional representation of 27(22/*1) in characteristic 2
restricts irreducibly to 2Fy(2)’, and thus vanishes on all elements of order 13 in that
subgroup.

The natural 7-dimensional irreducible representation of Gs(q), ¢ odd, vanishes on all
regular elements of order 7; the adjoint 14-dimensional representation of Go(7) vanishes
on regular elements of order 8; the natural 6-dimensional representation of Go(27) restricts
irreducibly to G2(2)" = U3(3) and vanishes there on the class of regular 3-elements.

The Steinberg triality group >Dy(q) contains a natural subgroup Gs(q) (the centralizer
of the graph-field automorphism), which in turn always contains a subgroup Gs(2) by [10,
Th. A]. When p # 2, the restriction to Ga(q) of the natural 8-dimensional representation
of 2Dy(q) over F s contains a trivial constituent and the 7-dimensional representation of
G2(q). The character table of G5(2) shows that its Brauer character vanishes on the
involutions of this group. For p = 2 the 26-dimensional Brauer character of >Dy(2)
vanishes on all elements of order 13, by [9].

The heart of the natural permutation representation embeds the alternating group 2o
into a 9-dimensional orthogonal group. This lifts to an embedding of the 2-fold cover
2.2l into the simply-connected group of type B4. The latter is a subsystem subgroup of
Fy, so the 2-fold cover of 2y, embeds into a group of type Fj. Since the representation
of 2.2(;, is defined over the integers, reduction modulo p gives a homomorphism 2.2,y —
Sping(p) — Fi(p), with kernel of order ged(2,p). We now claim that the restriction to
Sping of the irreducible character of the adjoint representation of Fj is the sum of the
characters of the spin representation and the adjoint representation of Sping. Clearly,
the restriction contains the adjoint representation of Sping. Since Sping is of maximal
rank in F}, its centralizer on the adjoint module for F} is trivial and so the restriction
does not contain trivial constituents. The table of dimensions in [12] now shows that the
only possibility for the remaining 16-dimensional subquotient is the spin representation
of Spin,.

So the Brauer character of 2.20; on the adjoint module for Fy(p) is the spin character
plus the exterior square of the natural 9-dimensional character. From the character table
of 2.2l;y one sees that the latter vanishes on some elements of order 4, as well as on
some elements of order 21. This yields a zero of the Brauer character of the adjoint
representation of Fy(q).

The groups Fg(q) and ?Fg(q) both contain a subsystem subgroup F4(q), hence by the
above the 2-fold cover 2.2l;y of the alternating group 2;9. Arguing as above for F; we
see that the restriction of the irreducible adjoint representation of EFg to Fj contains the
adjoint representation and a 26-dimensional representation. We claim that the latter when
restricted to By contains the natural 9-dimensional representation, the spin representation
and a trivial constituent. Indeed, B, is contained in the subsystem subgroup of type Ds,
which centralizes a one-dimensional torus, so the adjoint representation for Fg will contain
at least one trivial constituent. By our result for Fj, this is not contained in the adjoint
representation for Fy. On the other hand, the centralizer of By is only 1-dimensional,
so there are no further trivial composition factors. By dimension reasons (see [12]) the
remaining 25-dimensional module must have composition factors as claimed.

Thus, the adjoint representation of Fg restricts to 2.2l19 as the p-modular reduction
of the heart of the permutation module, the exterior square of this, two copies of the
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spin module, and one trivial constituent. The character table of 2.2(;y shows that this
vanishes on certain elements of order 8. If p = 2, then the restriction to 3D, (2) < Fy(2) of
the 27-dimensional irreducible module of ?) Eg(2f) only splits off one trivial composition
factor. The Brauer character table of D,(2) shows that this restriction vanishes on all
elements of order 3.

According to the observation of Serre in [17, p. 417], (the p-modular reduction of) any
of its 133-dimensional rational representations embeds the simple group Us(8) into the
adjoint representation of Er(p), for any prime p. This is irreducible for p > 2, and the 133-
dimensional character of Us(8) vanishes on elements of orders 7 and 19. In characteristic 2,
the adjoint module splits off a 1-dimensional trivial constituent. The Brauer character of
the remaining irreducible part vanishes on elements of order 9 of Us(8).

For p # 2 the Brauer character of the adjoint representation of Fg(q) vanishes on certain
elements of order 4, see Cohen-Griess [3, Table 4]. By Parker-Saxl [16] the group Es(2)
contains a subgroup L3(5), to which the adjoint representation restricts as the sum of two
124-dimensional irreducible 2-Brauer characters. These vanish on elements of order 31.

Now for all exceptional groups G(g) we produced an irreducible Brauer character ¢
vanishing on some p-regular element. Let y be the image of ¢ under some automorphism
of G(q). Both p and ¢ restrict irreducibly to the group G(p) over the prime field. It can
be checked that G(p) has at most two representations of the given degree ¢(1) = u(1),
and that both vanish on the given p-regular class. Hence i has a zero at the same class
as ¢, so this is an invariant zero. O

The desired result for linear and unitary groups will essentially follow from a property
of symmetric groups:

Lemma 3.6. Let n > 4, x the character of the heart of the natural permutation module
of Q6,11. Then

(a) the exterior powers xy == A¥(x) are irreducible for 1 < k <mn,

(b) xx(g) =0 for g an n — 1-cycle, for 2 <k <mn—1,

(c) if nis odd, xx(g) =0 for g of cycle shape ((n —1)/2)?, for 1 <k < (n—1)/2.

Proof. The first statement holds more generally for the reflection character of any ir-
reducible reflection group, see for example [5, Thm. 5.1.4]. For the second and third
statements note that x; is labeled by the hook partition (n + 1 — k)(1)* of n + 1. The
assertion now follows by an easy application of the Murnaghan—Nakayama rule, see e.g. [7,
2.4.7]. OJ

The following is well-known (see [12] for example):

Lemma 3.7. Let V' denote the natural n-dimensional module of G = SL,(q) over I,
resp. of G = SU,(q) over Fp. Then we have:
(a) A*(V) is irreducible for G, for 1 < k < n. Moreover, the action on A*(V) has
Z(Q) in its kernel whenever k is a multiple of ged(n,q — 1), resp. ged(n,q+ 1).
(b) If p fn, the adjoint module A(V'), that is, V @ V* modulo the trivial submodule, is
irreducible for G, with trivial action of Z(G).

Proposition 3.8. Theorem 1.2 holds for L,(q), ¢ = p’, and the prime p.
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Proof. For G = Ls(q) with ¢ odd consider the 3-dimensional adjoint representation identi-
fying G with a 3-dimensional orthogonal group. Its Brauer character vanishes on elements
of order 3, a set which is stable under automorphisms, so we are done for p # 3. If p =3
then ¢ > 9. The tensor product of any two different Frobenius twists of the natural
representation vanishes on all involutions of G (since elements of order 4 have trace 0 in
the natural representation).

In the case that p = 2 by Steinberg’s tensor product theorem, all irreducible 2-modular
representations are tensor products of Frobenius twists of the natural 2-dimensional rep-
resentation, hence of 2-power degree. This gives exception (a) in Theorem 1.2.

So now assume that n > 3. Let V' denote the natural module for GL,,(¢). The symmet-
ric group &,,41 embeds into GL(V') via its natural permutation representation modulo
the trivial submodule. Since this representation is the p-modular reduction of a rational
representation, its image is already contained in the general linear group over the prime
field, hence invariant under field automorphisms of F,. By the same reason, it is invariant
under the transpose inverse automorphism of GL, (V). This representation restricts to a
representation of 2,1 into SL(V). The Brauer character of g € 2,41 on V is just the
number of fixed points of ¢ minus 1. We'll produce elements for which the restriction of
the Brauer character on V', A%2(V) or A(V) to 2A,,;; takes value 0.

Let first n = 3. If ¢ =2 (mod 3) then L3(¢) = SL3(¢), and the Brauer character on V'
vanishes on 3-cycles in 2. If p = 3 then it suffices to locate a zero in the 3-modular Brauer
table of L3(3), since all irreducible representations extend to the algebraic closure of the
base field. One finds in [9] that the 6-dimensional representations vanish on elements
of order 4. If ¢ = 1 (mod 3), then the Brauer character of V' has value —1 on double
transpositions, so the Brauer character on A(V'), which is irreducible by Lemma 3.7(b),
vanishes on these elements. It hence remains to treat the case p = 2, ¢ = 22™. Here,
3-cycles have Brauer character value 0 on the natural module, so the tensor product of V
with the mth Frobenius twist, which is irreducible and has Z(SL3(q)) in its kernel, also
takes value 0 on 3-cycles.

So now let n > 4 and first assume that n is even. If p fn then in particular p # 2, so
that both n — 1-cycles and n + 1-cycles lie in 2, and at least one of them is a p-regular
class. The Brauer character has value £1 on V/, so it vanishes on A(V') by Lemma 3.7(b).
If p|n, then d := ged(n,q — 1) < n/p < n — 1. Then, with k := max{2,d}, A¥(V) is
an irreducible representation of L, (q) having Brauer character value 0 on n — 1-cycles by
Lemma 3.6(b).

If n is odd, first assume that p fn. Then (n —1)/2, (n+ 1)/2 are coprime, and at least
one of them is prime to p. The Brauer character of A(V') vanishes on elements of cycle
shape ((n —1)/2)? or ((n +1)/2)% If p|n, so p is odd, we have

d:=ged(n,g—1)<n/p<n/3<(n—-1)/2.

By Lemma 3.6(c) the exterior power A*(V), k := max{2, d}, has Brauer character value 0
on elements of cycle shape ((n —1)/2)%. O

Remark 3.9. It can be checked that for example in Ly(27) there does not exist a 3-
modular Brauer character taking value zero and invariant under all automorphisms. The
same holds for Ly(27) in characteristic 2.

Proposition 3.10. Theorem 1.2 holds for U,(q), ¢ = p’, and the prime p.
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Proof. We again use the embedding 21,11 — SU,(q) and the fact that A*(V) and A(V)
are irreducible for SU(V') under the conditions formulated in Lemma 3.7.

Let first n = 3. If ¢ = 1 (mod 3) then Us(q) = SUs(q), and the Brauer character on
V' vanishes on 3-cycles in 4. If p = 3 then it suffices to locate a zero in the 3-modular
Brauer table of Us3(3). Indeed, the 7-dimensional representation vanishes on elements
of order 7. If ¢ = 2 (mod 3), then the Brauer character of V' has value —1 on double
transpositions, so the Brauer character on A(V') vanishes on these elements. Finally, for
p=2and q = 22! > 2 3-cycles have Brauer character value 0 on the natural module,
so the tensor product of V' with some Frobenius twist also takes value 0 on 3-cycles.

So now let n > 4. In the proof of Proposition 3.8 we have produced elements g € 2,11
on which the Brauer character of A¥(V') or A(V) vanishes. By our embedding of 2,
into SU,,(¢) this provides the required zeros for SU,(q) as well. O

Proposition 3.11. Theorem 1.2 holds for Os,11(q), n > 2, ¢ = p’ odd, and the prime p.

Proof. The alternating group 2s,,» embeds into Og,41(¢) via the natural permutation
representation modulo the trivial submodule. If pf(2n + 1) then 2n + 1-cycles have
Brauer character value 0 on this module, while for p|(2n + 1), elements of cycle shape
(2n — 3)(2)* have Brauer character value 0, unless n = 2. In the latter case p = 5, and
then the 13-dimensional representations vanish on elements of order 13, as can be seen
on the 5-Brauer character table of S4(5) [9]. O

Proposition 3.12. Theorem 1.2 holds for Sa,(q), n > 2, ¢ = p’, and the prime p.

Proof. The groups S4(q) = Os(q) for ¢ odd have been treated in Proposition 3.11. For ¢
even, all basic representations of S4(q) have degree 4, and all other 2-modular irreducibles
are obtained as tensor products, so all Brauer character degrees are powers of 2, leading
to the exception (d) in Theorem 1.2.

For n > 3 we use the embeddings &,, — GL,(q¢) — Sp,,(q) via the stabilizer of
a maximal isotropic subspace. This identifies the natural module V' of Sp,,(q) with
two copies of the permutation module of &,. For p # 2 the symmetric square of V is
irreducible for Sy, (q) (see [12, Table 2]). Thus its Brauer character vanishes on n-cycles or
on elements of cycle shape (n —2)(2), at least one of which is p-regular, unless n = p = 3.
In the latter case, the 13-dimensional Brauer character of Sg(3) (and hence of Sg(37))
vanishes on elements of order 13. If p = 2 then 2s,, < Os,41(¢) = Sp,,(¢), so the Brauer
character of the natural representation of Sp,, (¢) becomes the permutation character of
20y, which vanishes for example on elements of cycle shape (2n — 3)(3). O

Proposition 3.13. Theorem 1.2 holds for O, (q), n >4, ¢ = p/, and the prime p.

Proof. By [11, p.186-187] the alternating group 2y, embeds into Oy,_1(¢), hence into
both SO3,(q) (for p = 2 use that Sy, 2(q) = Oa,_1(q)). If p # 2 the exterior square
of the natural module V of SO3,(q) is irreducible for the simple group O3, (q), by [12,
Thm. 5.1], and its Brauer character vanishes on 2n — 1l-cycles or on elements of cycle
shape (2n — 5)(2)?, at least one of which is p-regular. If p = 2, the Brauer character of
the natural module vanishes on elements of cycle shape (2n — 3)(3). O

3.4. Sporadic groups.

Proposition 3.14. The assertion of Theorem 1.2 holds for sporadic simple groups.
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Proof. By Proposition 2.3 and Lemma 3.2 we only need to consider
G € {MII; Mlg, MQQ, JQ, HS, M24, H@, RU, SUZ, 003, 001, B}

Browsing the ordinary character tables of sporadic simple groups [4] it can be checked
that the criterion in Lemma 3.1 is satisfied except for

Mlla M127 M22a J27 HSa M24a Ru7 SUZ, 0037 0017 B

with p = 2 and for Suz, Cos with p = 3. The Brauer character tables for all these cases
except for those of Co; and B modulo 2 are contained in [9], and the assertion can be
checked directly.

Now the 24-dimensional representation of the 2-fold cover 2.C'o; on the Leech lattice
restricts to an irreducible 2-modular Brauer character of C'o;, which vanishes for example
on class 3D, according to [4]. Finally, by Jansen [8, 4.3.29] the 2-modular reduction
of the smallest faithful character of degree 4371 of B contains a trivial constituent and
an irreducible 2-modular Brauer character of degree 4370 which vanishes on elements of
order 19. O

This completes the proof of Theorem 1.2.
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