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Problem 1. Let G(1, n) be the Grassmannian of lines in Pn as in Problem 3 on Problem Set 5.
Show that:

(a) The set {(L,P );P ∈ L} ⊂ G(1, n)× Pn is closed.

(b) If Z ⊂ G(1, n) is any closed subset then the union of all lines L ⊂ Pn such that L ∈ Z is
closed in Pn.

(c) Let X,Y ⊂ Pn be disjoint projective varieties. Then the union of all lines in Pn intersecting
X and Y is a closed subset of Pn. It is called the join J(X,Y ) of X and Y .

Problem 2. Let X,Y ⊂ Pn be projective varieties. Show that X ∩ Y is not empty if dimX +
dimY ≥ n.

On the other hand, give an example of a projective variety Z and closed subsets X,Y ⊂ Z with
dimX + dimY ≥ dimZ and X ∩ Y = ∅.
(Hint: Let H1, H2 be two disjoint linear subspaces of dimension n in P2n+1, and consider X ⊂
Pn ∼= H1 ⊂ P2n+1 and Y ⊂ Pn ∼= H2 ⊂ P2n+1 as subvarieties of P2n+1. Show that the
join J(X,Y ) ⊂ P2n+1 has dimension dimX + dimY + 1. Then construct X ∩ Y as a suitable
intersection of J(X,Y ) with n+ 1 hyperplanes.)

Problem 3. Let C1, C2 ⊂ P4 be two conic curves given by

C1 : x0 = x1 = x22 − x3x4 = 0 and C2 : x3 = x4 = x22 − x0x1 = 0.

Show that J(C1, C2) is a quartic hypersurface.
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