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Abstract. We analyze an exponentially fitted finite element scheme for the unipolar quantum
drift diffusion model in one-dimensional space. The existence of discrete solutions is shown under
very mild assumptions, and convergence of a subsequence is proved by compactness arguments. The
scheme is constructed in such a way that it reduces in the semiclassical limit to the well-known
Scharfetter–Gummel discretization for the classical drift diffusion model. We derive uniform error
bounds which allow for the semiclassical limit on the discrete level. Numerical tests underlining the
analytical results are presented.
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1. Introduction. From the earliest days of semiconductor industry there has
been a never-ending drive towards increased miniaturization. The original aim was to
produce more devices per unit area, but now scientists and engineers are exploiting
quantum size effects to introduce new electronic properties into existing materials.
Many devices, like MOSFETs or resonant tunneling structures, already reached the
decanano length scale [19]. The Semiconductor Industry Association (SIA) projects
that by 2009 the leading edge MOS device will employ a 0.05 µm length scale and
an oxide thickness of 1.5 nm or less. But already today quantum mechanical effects,
like confinement in barrier structures or inversion layers as well as direct tunneling
through the oxide causing gate leakage in MOS structures are no longer negligible
[18]. Hence, scientists are in charge to develop “correct” models which can be easily
incorporated into existing modern simulation tools.

During the last years much effort has been spent on the derivation and analysis
of macroscopic quantum models, which allow for an accurate description of the un-
derlying physics of the devices by reasonable numerical costs. Nowadays, there exists
a whole hierarchy of macroscopic models leading from the quantum hydrodynamic
(QHD) models [25, 20] over the quantum energy transport (QET) model to the quan-
tum drift diffusion (QDD) model, which can be derived from a moment expansion of
the Wigner–Poisson system (see [26, 31] and the references therein for a comprehen-
sive overview). Recently, extensions of these models were derived, which are better
suited to deal with quantum tunneling and coherence effects [21, 22, 13, 17].

In this work we analyze a new numerical scheme for the QDD model. The math-
ematical analysis and numerical understanding of this model is in a rather mature
state [31]. Essentially, this model is a dispersive regularization of the classical drift
diffusion (DD) model of Van Roosbroeck [29], which accounted for the immense suc-
cess of the macroscopic theory of charge transport in semiconductors and is commonly
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used (with all its enhancements) in modern simulation tools. First, Ancona [8], An-
cona and Tiersten [5], and Ancona and Iafrate [10] proposed a quantum correction
of this well-understood system. This density-gradient theory is impressively capable
of describing the correct device behavior in the vicinity of strong inversion layers in
MOS structures when compared to one-electron quantum mechanic simulations [8].
But already the shrinking device size poses severe numerical problems, since the local
field strength increases and interior layers in the solution become more abrupt [14].
The QDD model was employed for the simulation of many quantum semiconductor
devices and has proved its numerical efficiency, especially in several space dimensions
[7, 11, 37]. Due to its numerical robustness it is already programmed into the 2d/3d
PROPHET simulation code from Lucent Technologies as well as into various commer-
cial device simulators, e.g., those from ISE and Silvaco. Encouraging comparisons
with Schrödinger–Poisson simulations can be found in [3, 37].

The unscaled QDD model equations stated on a bounded domain Ω ⊂ R
d, d =

1, 2, or 3, read as

∂n

∂t
+

1

q
div J = 0,(1.1a)

q kB T0

m
∇n +

q2

m
n∇V − q �

2

2m2
n∇

(
∆
√
n√
n

)
= − J

τ0
,(1.1b)

which are self-consistently coupled with the Poisson equation for the electrostatic
potential

−ε∆V = q (n− Cdop) .(1.1c)

The variables are the electron density n = n(x, t), the current density J = J(x, t), and
the electrostatic potential V = V (x, t). The physical constants are the elementary
charge q, the Boltzmann constant kB , the effective electron mass m, and the reduced
Planck constant �. For the values of these constants we refer the reader to [29].
Physical parameters are the permittivity ε, the relaxation time τ0, and the lattice
temperature T0. The time-independent doping profile Cdop = Cdop(x) represents the
distribution of charged background ions.

In this paper we consider the stationary QDD model for unipolar devices in one-
dimensional space. We introduce the diffusion scaling, where the new dimensionless
quantities are marked by a tilde:

n → Cm ñ, Cdop → Cm C̃dop, x → L x̃,

t → mL2

kB T0 τ0
t̃, V → kB T0

q
Ṽ , J → q kB T0 Cm τ0

Lm
J̃.

Here, Cm denotes the maximal absolute value of the doping profile Cdop and L is a
characteristic device length, e.g., the diameter. Defining the scaled Planck constant
ε and the scaled Debye length λ,

ε2 =
�

2

2mkB T0 L2
, λ2 =

ε kB T0

q2 Cm L2
,

and introducing the quantum quasi-Fermi level F via J = n∂xF , we can divide
equation (1.1b) by n and integrate once. This yields the scaled QDD model stated
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on the bounded domain Ω = (0, 1):

∂x (n∂xF ) = 0,(1.2a)

−ε2 ∂xx
√
n√

n
+ log(n) + V = F,(1.2b)

−λ2∂xxV = n− Cdop.(1.2c)

Throughout the paper we assume that Cdop ∈ L∞(Ω). In (1.2) the electron den-
sity n = n(x) ≥ 0, the quantum quasi-Fermi level F = F (x), and the electrostatic
potential V = V (x) are unknown.

The model equations (1.2) are supplemented with Dirichlet boundary conditions
modeling the Ohmic contacts of the device:

n = nD > 0, V = VD
def
= Veq + Vext, F = FD

def
= Feq + Vext on ∂Ω,(1.3)

where Vext is the applied biasing voltage. This set of boundary conditions is motivated
by its analogy to the classical DD model [30, 27, 28]. Nevertheless, the correct choice
of the Dirichlet data is still an open problem. A recent discussion can be found in
[6]. Clearly, the thermal equilibrium density neq is a possible candidate for nD. The
built-in potential is given by Veq, and Feq is chosen accordingly.

Remark 1. The restriction to the unipolar case is just to keep the notation
simple. In fact, Ben Abdallah and Unterreiter [1] proved existence of solutions and
considered the semiclassical limit for the bipolar case. The results of this paper are
easily extendable to the bipolar setting.

So far, only standard discretization schemes were employed, which require very
fine meshes to ensure an adequate resolution of the desired quantities. To account for
this problems we want to generalize the classical Scharfetter–Gummel (SG) discretiza-
tion for the DD equations [35] to this quantum model. A first step in this direction
can be found in [9, 4] where a nonlinear discretization scheme is suggested. Here, we
follow a different approach [33] since we are moreover interested in a scheme which is
stable in the semiclassical limit ε → 0 recovering the classical SG scheme. However,
the SG method relies on the introduction of the so-called Slotboom variable which
allows for the symmetrization of the continuity equation [29]. This is impossible in
the formulation (1.2) of the QDD model, since we have the additional quantum Bohm
potential. Nevertheless, we can deal with this problem by interpreting the Bohm
potential as a correction of the classical electrostatic potential V and introducing the
corrected potential G via

G = −ε2 ∂xx
√
n√

n
+ V

which yields for the current density J = ∂xn + n∂xG; i.e., the drift is now given by
G. Then, system (1.2) can be written as

∂xJ = 0, J = ∂xn + n∂xG,(1.4a)

−ε2 ∂xx
√
n√

n
+ V = G,(1.4b)

−λ2∂xxV = n− Cdop.(1.4c)

We introduce the generalized Slotboom variable u = eGn, which yields for the current
density J = e−G∂xu. Assuming vanishing quantum effects and vanishing quantum
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current at the boundary, we get

G = VD, u = eVDnD on ∂Ω.(1.5)

This nonlinear system is discretized using a mixed finite element discretization for
the current density J and the Slotboom variable u, and standard linear elements for
n and V . For an overview of stabilized discretization schemes for the classical DD
model see [23] and the references therein.

We prove under very mild assumptions that the resulting nonlinear discrete sys-
tem possesses a solution and that at least a subsequence of the sequence of discrete
solutions converges to a continuous solution. Since we have no uniqueness for the
QDD model in general, we cannot expect convergence of the full sequence. The proof
is based on a variational argument similar to the one used in [1] and the derivation of
appropriate a priori bounds. Especially, we can show that a discrete solution fulfills
the same maximum principle as a continuous solution.

Our mixed finite element scheme is chosen in such a way that in the case of
vanishing quantum effects (ε = 0) one recovers the classical SG discretization of
the DD model. By deriving a priori bounds on the discrete solutions which are
independent of ε, we can even perform the semiclassical limit ε → 0 on the discrete
level and derive estimates on the convergence rate, which are uniform in ε.

We present simulations of a ballistic diode and a resonant tunneling structure
which exactly reproduce the predicted accuracy results underlining the feasibility of
our approach. Moreover, these simulations show that the asymptotic constant in the
error estimate for the current density seems to be almost independent of the size of the
scaled Planck constant ε, which is essential from the engineering point of view, since
it allows for an accurate computation of the current density also in the semiclassical
limit.

The paper is organized as follows. In section 2 we introduce our nonlinear dis-
crete scheme and section 3 is devoted to the proof of the existence and convergence
of discrete solutions. The semiclassical limit is performed in section 4, where also
uniform convergence rates are given. Finally, simulations of a ballistic diode and a
resonant tunneling structure are presented in section 5. Concluding remarks are given
in section 6.

2. A generalized SG discretization. In this section we present a discretiza-
tion of system (1.4) in the spirit of the well-known SG discretization for the classical
DD model [35]. Here the drift is given by the generalized potential G, such that we
have to take additional care about (1.4b) which involves the quantum Bohm potential.

First, we write (1.4) in a weak form. For notational convenience we define the
spaces

X = H1
0 (Ω), Σ = L2(Ω),

and testing appropriately we get the following:

Find n ∈ nD + X, V ∈ VD + X, G ∈ GD + X, and J ∈ Σ such that∫
Ω

eG J · τ dx−
∫

Ω

∂x
(
eGn

)
· τ dx = 0,(2.1a) ∫

Ω

J · ∂xφ dx = 0,(2.1b)
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ε2

∫
Ω

∂x
√
n∂x

(
φ√
n

)
dx =

∫
Ω

(G− V )φ dx,(2.1c)

λ2

∫
Ω

∂xV ∂xφ dx =

∫
Ω

(n− Cdop)φ dx(2.1d)

for all φ ∈ X and τ ∈ Σ.
We discretize (2.1) on the possibly nonuniform grid 0 = x0 < x1 < · · · < xN = 1

defining the subintervals and the grid spacing by

Ii = (xi−1, xi], hi = xi − xi−1, h = max
i

hi.

We employ finite-dimensional spaces of linear and constant finite elements:

Xh =
{
w ∈ H1

0 (Ω) : w|Ii ∈ P1, i = 1, . . . , N
}
,

Σh =
{
w ∈ L2(Ω) : w|Ii ∈ P0, i = 1, . . . , N

}
.

For every function w ∈ C0(Ω̄) let wI denote the linear interpolant verifying
wI(xi) = w(xi) for i = 0, . . . , N . We will make frequent use of the following interpo-
lation result [23].

Proposition 2.1. There exists a constant c > 0, independent of h, such that

∣∣w − wI
∣∣
H1(Ω)

≤ c h

(∑
i

|w|2H2(Ii)

)1/2

,

∣∣w − wI
∣∣
L2(Ω)

≤ c h2

(∑
i

|w|2H2(Ii)

)1/2

for all w ∈ H1(Ω) ∩
{
H2(Ii), for all i = 1, . . . , N

}
.

Let (·, ·) denote the standard inner product on L2(Ω). We define its discrete
analogue using the trapezoidal rule

(u, v)h
def
=

∫
Ω

(uv)I dx =

N∑
i=0

ωi u(xi)v(xi),

where ωi > 0 denotes the corresponding weights of the quadrature formula. We have
the following consistency result for the discrete inner product.

Lemma 2.2. Let f, g ∈ Xh. Then there exists a constant c > 0, independent of
h, such that

|(f, g) − (f, g)h| ≤ ch2 ‖∂xf‖L2(Ω) ‖∂xg‖L2(Ω) .

The corresponding discretization of (2.1) reads as follows:
Find nh ∈ nD + Xh, Vh ∈ VD + Xh, Gh ∈ GD + Xh, and Jh ∈ Σh such that(

eGh Jh, τh
)
−
(
∂x

(
eGh nh

)I
, τh

)
= 0,(2.2a)

(Jh, ∂xφh) = 0,(2.2b)

ε2

(
∂x(

√
nh)I , ∂x

(
φh√
nh

)I
)

= (Gh − Vh, φh)h ,(2.2c)

λ2 (∂xVh, ∂xφh) = (nh − Cdop, φh)h(2.2d)
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for all φh ∈ Xh and τh ∈ Σh.
The discretization of the generalized Slotboom variable u is given by uh =(

eGh nh

)I
.

We define the piecewise constant function Ḡh by

eḠh |Ii =
1

hi

∫
Ii

eGh dx.

Using that the discrete current density Jh is constant on each element and the identity

Gh = log

(
uh

nh

)I

= log(uh)I − log(nh)I ,

we can rewrite (2.2) equivalently as follows:
Find nh ∈ nD +Xh, Vh ∈ VD +Xh, uh ∈ uD +Xh, and Gh ∈ GD +Xh such that

(
e−Ḡh∂xuh, ∂xφh

)
= 0,(2.3a)

ε2

(
∂x(

√
nh)I , ∂x

(
φh√
nh

)I
)

+
(
log(nh)I , φh

)
h

=
(
log(uh)I − Vh, φh

)
h
,(2.3b)

λ2 (∂xVh, ∂xφh) = (nh − Cdop, φh)h .(2.3c)

Remark 2. Formally, we deduce from (2.2c) that for ε = 0 it holds that Gh ≡ Vh

and the mixed finite element scheme reduces to the classical one. Note that in contrast
to the classical SG scheme, (2.3a) determines the unknown corrected potential Gh,
while (2.3b) is now the one for the electron density nh.

Remark 3. The nonlinear discretization scheme developed in [9, 4] is based on
finite differences and differs in the discretization of (2.3b). There, additionally some
kind of exponential fitting is used for this equation; i.e., the electron density is approx-
imated by an exponential function on each element. The scheme performs extremely
well especially for large grid-spacings, but so far no numerical analysis is available. It
is worth noting that an exponential transformation (n = exp(w)) was also employed
in the study of the transient problem [27, 28], but a numerical analysis for the fully
discrete tranformed system is left for future research.

3. Existence and convergence of discrete solutions. We show that the
nonlinear discrete system (2.3) possesses at least one solution and we derive a priori
bounds on the sequence of discrete solution which ensure that there exists a sub-
sequence converging to the continuous solution. The existence proof is based on a
variational argument, which also allows to derive the desired a priori bounds.

We state the main theorem of this section establishing existence of a discrete
solution and its convergence.

Theorem 3.1. For each h > 0 there exists a discrete solution (nh, Vh, Gh, uh) ∈
(nD, VD, GD, uD) + X4

h of (2.3). Further, there exists a subsequence, again denoted
by (nh, Vh, Gh, uh), such that(

(
√
nh)

I
, Vh, Gh, uh

)
→

(√
n, V,G, u

)
in

[
H1(Ω)

]4
,

for h → 0, where (n, V,G, u) ∈ (nD, VD, GD, uD) + X4 solves the continuous problem
(2.1).
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Corollary 3.2. The sequence of discrete current densities (Jh) possesses a
subsequence such that Jh → J in L2(Ω) for h → 0.

Remark 4. Generally, we cannot expect convergence of the whole sequence, since
the continuous as well as the discrete QDD model may admit for multiple solutions.
Uniqueness can only be proven near to the thermal equilibrium state, i.e., for small
applied biasing voltages Vext [34].

For the existence proof we employ Brouwer’s fixed point theorem. We define the
closed, bounded, and convex set

Uh
def
= {uh ∈ uD + Xh : u ≤ uh ≤ u} ,

where the lower and upper bound are given by

u
def
= min

∂Ω
eVDnD, u

def
= max

∂Ω
eVDnD.

On this set we define the fixed point mapping Th : Uh → Uh, where uh = Th(wh)
is calculated via the following iteration:

1. Find (nh, Vh) ∈ (nD, VD) + X2
h as the solution of

ε2

(
∂x(

√
nh)I , ∂x

(
φh√
nh

)I
)

+
(
log(nh)I , φh

)
h

=
(
log(wh)I − Vh, φh

)
h
,

(3.1a)

λ2 (∂xVh, ∂xφh) = (nh − Cdop, φh)h(3.1b)

for all φh ∈ Xh.
2. Set Gh = log(wh)I − log(nh)I .
3. Find uh ∈ uD + Xh as the solution of(

e−Ḡh∂xuh, ∂xφh

)
= 0(3.2)

for all φh ∈ Xh.

3.1. Well-posedness of the fixed point mapping. The well-posedness of the
first step is the content of the following result, which also provides uniform bounds
on the electron density nh and the potential Vh.

Lemma 3.3. Let wh ∈ Uh be given. Then there exists a unique solution (nh, Vh) ∈
(nD, VD)+X2

h of the nonlinear system (3.1). Further, there exists a constant θ ∈ (0, 1),
independent of h, such that

θ ≤ nh ≤ 1/θ,
∥∥∥(
√
nh)

I
∥∥∥
H1(Ω)

≤ 1/θ, ‖Vh‖H1(Ω) ≤ 1/θ.(3.3)

Proof. For the proof we employ a variational argument following the ideas in [36].
Let H(s) be a primitive of log(s)I with H ≥ 0. We introduce the auxiliary variable

ρh
def
=

√
nh. On the closed set

Rh
def
=

{
ρh : ρ2

h ∈ nD + Xh, ρh ≥ 0
}
,

we define the functional

E(ρ)
def
= ε2

∫
Ω

∣∣∂xρI ∣∣2 dx +

N∑
i=0

ωiH(ρ2
i )

+
λ2

2

∫
Ω

∣∣∂xVh[ρ2 − Cdop]
∣∣2 dx−

N∑
i=0

ωi log(wi) ρ
2
i ,
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where Vh
def
= Vh[ρ2 − Cdop] ∈ VD + Xh is the unique discrete solution of Poisson’s

equation λ2(∂xVh, ∂xφh) = (ρ2 − Cdop, φh)h for all φh ∈ Xh. Identifying ρ with its
vector of nodal values in R

N+1 one easily verifies that E possesses a unique minimizer
ρh ∈ Rh, since E is bounded from below, continuous, and convex with respect to ρ2

h

[34]. The minimizer also satisfies the Euler–Lagrange equation

ε2
(
∂xρ

I
h, ∂xφh

)
+
(
ρh log(ρ2

h)I , φh

)
h

=
(
ρh(log(wh)I − Vh[ρ2 − Cdop]), φh

)
h

(3.4)

for all φh ∈ Xh.
Now we derive uniform estimates on the solution. In the following let θ ∈ (0, 1)

denote not necessarily identical constants, which are assumed to be independent of h.

Choosing ρD
def
=

√
nD ∈ Rh as a comparison function we clearly have E(ρh) ≤ E(ρD),

from which we deduce

ε2

∫
Ω

∣∣∂xρIh∣∣2 dx +
λ2

2

∫
Ω

∣∣∂xVh[ρ2
h − Cdop]

∣∣2 dx +

N∑
i=0

ωiH(ρ2
i )

≤ E(ρD) + |log(u)| (ρh, ρh)h .

This yields immediately the existence of a constant θ ∈ (0, 1), independent of h, such
that ∥∥∂xρIh∥∥L2(Ω)

≤ 1/θ and ‖∂xVh‖L2(Ω) ≤ 1/θ.

Employing Sobolev’s embedding theorem in one-dimensional space [2], i.e., H1(Ω) ↪→
C0,β(Ω̄), β ∈ [0, 1/2), we find a uniform constant θ ∈ (0, 1) with∥∥ρIh∥∥C0,β(Ω̄)

≤ 1/θ and ‖Vh‖C0,β(Ω̄) ≤ 1/θ.

A direct calculation finally yields ‖nh‖L∞(Ω) ≤ 1/θ, for some uniform constant θ ∈
(0, 1).

Next we prove the uniform positivity of ρh. Let [φ]− denote the linear interpolant

of φ− def
= min(0, φ). Testing (3.4) with φh = [ρh − ρ]− for ρ > 0 yields

ε2
(
∂xρ

I
h, ∂x[ρh − ρ]−

)
=

([
− log(ρ2

h)I + log(wh)I − Vh[ρ2
h − Cdop]

]
ρh, [ρh − ρ]−

)
h
,

which can be estimated as follows:

ε2
(
∂xρ

I
h, ∂x[ρh − ρ]−

)
≤

N∑
i=0

[
ωi(− log(ρ2

i ) + log(u) − 1/θ)ρi(ρi − ρ)−
]

≤ 0

if we choose ρ2 = e−1/θu. Further we calculate

(
∂xρ

I
h, ∂x[ρh − ρ]−

)
=

N∑
i=0

hi(ρi+1 − ρi)
[
(ρi+1 − ρ)− − (ρi − ρ)−

]

≥
N∑
i=0

hi

∣∣(ρi+1 − ρ)− − (ρi − ρ)−
∣∣2 .
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Hence,

N∑
i=0

hi

∣∣(ρi+1 − ρ)− − (ρi − ρ)−
∣∣2 ≤ 0,

which implies (ρi+1 − ρ)− = (ρi − ρ)−, i ∈ {0, . . . , N − 1} , and due to the positivity
of ρD we have

(ρi − ρ)− ≡ 0 for all i ∈ {0, . . . , N} .

Thus, it holds that, ρh ≥ ρ and nh ≥ ρ2, respectively.
An easy consequence of Lemma 3.3 is the following result, which establishes uni-

form L∞(Ω)-bounds on the discrete generalized potential Gh.
Corollary 3.4. Let wh ∈ Uh be given. Then there exist uniform bounds G,G >

0, independent of h, such that

G ≤ Gh ≤ G.(3.5)

Further, Corollary 3.4 and standard results from elliptic theory [16, 24] yield the
unique solvability of (3.2).

Lemma 3.5. Let Gh ∈ GD+Xh be given with Gh > G uniformly in h. Then there
exists a unique solution uh ∈ Uh of (3.2). Further, there exists a constant θ ∈ (0, 1),
independent of h, such that

‖uh‖H1(Ω) ≤ 1/θ.(3.6)

3.2. Proof of the existence theorem. The results derived so far ensure the
well-posedness of the fixed point mapping and we are now in the position to prove
the convergence theorem.

Proof of Theorem 3.1. First we note that the fixed point mapping Th is well
defined and continuous due to Lemma 3.3, Corollary 3.4, and Lemma 3.5.

Identifying uh with its vector of nodal values in R
N+1 we deduce the existence of

a fixed point uh ∈ Uh from Brouwer’s fixed point theorem [38], since Uh is a closed,
convex and compact subset of R

N+1.
The uniform bounds given in Lemma 3.3, Corollary 3.4, and Lemma 3.5 imply

the existence of a subsequence (ρhk
, Vhk

, Ghk
, uhk

) such that

(
ρIhk

, Vhk
, Ghk

, uhk

)
⇀ (ρ, V,G, u) weakly in

[
H1(Ω)

]4
,

for hk → 0, where (ρ2, V,G, u) ∈ (nD, VD, GD, uD) + X2
h.

These convergences are by far sufficient to pass to the limit in (2.3): due to
Sobolev’s embedding theorem we have ρIhk

→ ρ and also ρhk
→ ρ in L∞(Ω), such

that we can deduce the strong H1(Ω) convergence of (ρIhk
) from (3.4). Standard

results from elliptic theory [24] yield

Vhk
→ V in H1(Ω),

uhk
→ u in H1(Ω),

and finally Ghk
→ G in H1(Ω) for hk → 0.

Hence, (ρ2, V,G, u) is in fact a solution of (2.3), which ends the proof.
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3.3. Convergence rates. For completeness we also state a result establishing
convergence rates for the finite element discretization (2.2). Since we consider a fully
nonlinear system of equations which may admit multiple solutions, we have to impose
an additional assumption on the isolatedness of the continuous solution.

Theorem 3.6. Let (n, V,G, u) ∈
[
H2(Ω)

]4
be a solution of the continuous prob-

lem and assume that the Fréchet derivative (I−DT )(u) ∈ L(H1(Ω), H1(Ω)) of I−T :
H1(Ω) → H1(Ω) at u is boundedly invertible. Then there exists a constant h0 > 0
such that for h < h0 there exists a solution (nh, Vh, Gh, uh) of the discrete problem
(2.3). Further, there exists a constant c > 0, independent of h, such that

‖n− nh‖H1(Ω) + ‖V − Vh‖H1(Ω) + ‖u− uh‖H1(Ω) ≤ c h.(3.7)

The proof can be found in [32]. Note that here the constant c generally depends
on ε, such that the performance of the semiclassical limit is not possible on this level.
In the next section we will use different techniques to overcome this problem.

4. Semiclassical limit—Uniform convergence. In this section we provide
estimates independent of the parameter ε, which allow to perform the semiclassical
limit in the numerical scheme recovering the classical SG discretization.

We need estimates on the discrete solution, which are independent of ε and h,
generalizing the estimates given in section 3. Examining carefully the proofs of that
section, we conclude that they crucially depend on ε, since we exploited the mono-
tonicity of the quantum Bohm potential. But in fact we can introduce a different fixed
point mapping. The key idea is to reinterpret the equation for n as the one for G and
vice versa. This yields the fixed point map N : nD + X → nD + X with N(m) = n,
where given m ∈ nD + X the solution n is calculated via the following iteration:

1. Find V ∈ VD + X such that

λ2

∫
Ω

∂xV ∂xφ dx =

∫
Ω

(m− Cdop)φ dx(4.1a)

for all φ ∈ X.
2. Find (n,G) ∈ (nD, GD) + X2 such that

−
∫

Ω

n∂xG∂xφ dx−
∫

Ω

∂xn∂xφ dx = 0,(4.1b)

ε2

∫
Ω

∂x
√
n∂x

(
φ√
n

)
dx =

∫
Ω

(G− V )φ dx(4.1c)

for all φ ∈ X.
Remark 5. The reader easily verifies that the fixed point mapping N is well

defined and possesses a fixed point exploiting the relation G = F − log(n). Hence,
(4.1) is just a reformulation of (1.2).

Also the discrete system (2.2) can be reformulated in the former manner:
Find nh ∈ nD + Xh, Vh ∈ VD + Xh, and Gh ∈ GD + Xh such that,

−
∫

Ω

∂xnh ∂xφh dx−
∫

Ω

nh ∂xGh∂xφh dx = 〈fh, φh〉 ,(4.2a)

ε2

∫
Ω

∂x(
√
nh)I ∂x

(
φh√
nh

)I

dx = (Gh − Vh, φh)h,(4.2b)

λ2

∫
Ω

∂xVh ∂xφh dx = (nh − Cdop, φh)h(4.2c)
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for all φh ∈ Xh.
Here, the right-hand side fh is given by

〈fh, φh〉
def
=

∫
Ω

e−Gh∂x
(
eGhnh

)
∂xφh dx−

∫
Ω

e−Ḡh∂x
(
eGhnh

)I
∂xφh dx.

The main result of this section reads as follows.
Theorem 4.1. Let (n, V,G, u) ∈

[
H2(Ω)

]4
be a solution of the continuous prob-

lem (1.2) and assume that the Fréchet derivative (I −DN)(n) ∈ L(H1(Ω), H1(Ω)) of
the mapping I −N : H1(Ω) → H1(Ω) at a solution n is uniformly bounded invertible,
i.e., ∥∥(I −DN)−1

∥∥
L(H1(Ω),H1(Ω))

≤ M,

where M > 0 is independent of ε.
Then there exists a constant c > 0 such that for each 0 < ε < ε0 with ε0 =

ε0(h) > 0 we have the uniform estimates

‖n− nh‖H1(Ω) ≤ c h,(4.3a)

‖V − Vh‖H1(Ω) ≤ c h,(4.3b)

‖G−Gh‖H1(Ω) ≤ c h,(4.3c)

‖u− uh‖H1(Ω) ≤ c h,(4.3d)

‖J − Jh‖L2(Ω) ≤ c h.(4.3e)

The proof of Theorem 4.1 is done in several steps.

4.1. Regularity of weak solutions. First, we show that a weak solution of

system (2.1) is in fact in
[
H2(Ω)

]4
and that the stronger norm is also uniformly

bounded in ε. This generalizes the results given in [1].
Theorem 4.2. Let (n, V,G, J) be a weak solution of (2.1). Then it holds that

(n, V,G) ∈
[
H2(Ω)

]3
and there exists a constant K > 0, independent of ε, such that

‖n‖H2(Ω) + ‖V ‖H2(Ω) + ‖G‖H2(Ω) ≤ K.

Proof. We eliminate G and J in (1.4) and introduce the auxiliary ρ =
√
n, which

yields the fourth-order equation

ε2ρxxxx − ε2 ρ
2
xx

ρ
− 2ρxx − 2

ρ2
x

ρ
− 2ρxVx − ρVxx = 0

supplemented with boundary conditions

ρ = ρD, ρxx = 0 on ∂Ω.

This equation possesses a unique weak solution ρ ∈ H4(Ω) (see [27]). Testing the
fourth-order equation with φ = −ρxx we get

ε2

∫
Ω

ρ2
xxx dx + ε2

∫
Ω

ρ3
xx

ρ
dx + 2

∫
Ω

ρ2
xx dx + 2

∫
Ω

ρ2
x

ρ
ρxx dx

+ 2

∫
Ω

ρxVxρxx dx +

∫
Ω

ρVxxρxx dx = 0.
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From the Gagliardo–Nierenberg inequality [24] we derive

‖ρx‖L4(Ω) ≤ c1 ‖ρ‖1/4
H2(Ω) ‖ρ‖

3/4
H1(Ω) ,

with c1 = c1(Ω) > 0, which yields, using Poincaré’s inequality,

2

∫
Ω

ρ2
x

ρ
ρxx ≤ 2

ρ
‖ρx‖2

L4(Ω) ‖ρxx‖L2(Ω)

≤ 2
c2(Ω)

ρ
‖ρ‖3/2

H2(Ω) ‖ρ‖
3/2
H1(Ω)

≤ 1

2
‖ρ‖2

H2(Ω) + 2
c22
ρ2

‖ρ‖6
H1(Ω) .

Note that the upper and lower bounds ρ ≤ ρ ≤ ρ are also uniform in ε (see [1]).
Further, the Gagliardo–Nierenberg inequality gives

‖ρxx‖L3(Ω) ≤ c3(Ω) ‖ρ‖7/12
H3(Ω) ‖ρ‖

5/12
H1(Ω) ,

which yields

ε2

∫
Ω

ρ3
xx

ρ
≤ ε2

ρ
‖ρxx‖3

L3(Ω)

≤ ε2c3
ρ

‖ρ‖7/4
H3(Ω) ‖ρ‖

5/4
H1(Ω)

≤ ε2

2
‖ρ‖2

H3(Ω) +
ε2c23
2ρ

‖ρ‖10
H1(Ω) .

Finally, we derive from Sobolev’s embedding theorem and standard regularity results
[24]

2

∫
Ω

ρxVxρxx ≤ 2 ‖ρx‖L2(Ω) ‖ρxx‖L2(Ω) ‖Vx‖L∞(Ω)

≤ 1

4
‖ρxx‖2

L2(Ω) + c4 ‖ρ‖2
H1(Ω) ‖V ‖2

H2(Ω)

≤ 1

4
‖ρxx‖2

L2(Ω) + c4 ‖ρ‖4
H1(Ω)

and ∫
Ω

ρVxxρxx = − 1

λ2

∫
Ω

ρρxx(ρ2 − Cdop)

≤ 1

λ2
‖ρ‖L∞(Ω) (‖ρ‖2

L∞(Ω) + ‖Cdop‖L∞(Ω)) ‖ρxx‖L2(Ω)

≤ 1

8
‖ρxx‖2

L2(Ω) + c5(λ, ρ, Cdop).

Combining these estimates and using Poincaré’s inequality we get

ε2

2

∫
Ω

ρ2
xxx +

1

4

∫
Ω

ρ2
xx ≤ c6(Ω, λ, ρ, ‖ρ‖H1(Ω)),
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where c6 is independent of ε.
Hence, we established ‖ρ‖H2(Ω) ≤ K̃ for some K̃ > 0 uniformly in ε and due

to the uniform upper and lower bounds, it even holds that ‖n‖H2(Ω) ≤ K. The

uniform boundedness of ‖V ‖H2(Ω) and ‖G‖H2(Ω) follows now from the standard elliptic
theory.

4.2. Uniform bounds on the discrete solution. Secondly, we derive uniform
bounds for the discrete solution of system (2.2).

Lemma 4.3. There exist constants K > 0 and θ ∈ (0, 1), independent of ε and
h, such that∥∥(

√
nh)I

∥∥
H1(Ω)

+ ‖Vh‖H1(Ω) + ‖uh‖H1(Ω) + ‖Gh‖H1(Ω) ≤ K,

θ ≤ nh, uh ≤ 1/θ.

Proof. By construction we have u ≤ uh ≤ u. Further, infRh
E is also uniformly

bounded in ε, such that each term of E(ρh) is uniformly bounded. This implies
‖Vh‖H1(Ω) ≤ K, where the constant K > 0 is independent of ε and h. Mimicking the

proof of Lemma 3.3 we get θ ≤ nh, where θ ∈ (0, 1) is independent of ε and h. This
yields Gh ≤ 1/θ, which in turn implies ‖uh‖H1(Ω) ≤ K.

Now let ξh ∈ Rh be the unique minimizer of the classical energy functional

Eclass(ξ) =

∫
Ω

H(ξ2) dx +
λ2

2

∫
Ω

∣∣∂xVh[ξ2 − Cdop]
∣∣2 dx−

∫
Ω

log(uh)I ξ2 dx.

For ρh =
√
nh it holds that E(ρh) ≤ E(ξh) and Eclass(ξh) ≤ Eclass(ρh), which implies∫

Ω

∣∣∂xρIh∣∣2 dx ≤
∫

Ω

∣∣∂xξIh∣∣2 dx.

In fact, we can calculate ξh explicitly from ξ2
h = (uh e

−Vh)I . The bounds derived so
far ensure the uniform boundedness of ξh in H1(Ω) with respect to ε and h.
Hence, we finally get

∥∥(
√
nh)I

∥∥
H1(Ω)

≤ K and nh ≤ 1/θ as well as −1/θ ≤ Gh.

From Gh = log(uh)I − log(nh)I we deduce that ‖Gh‖H1(Ω) ≤ K by a direct calcula-
tion.

4.3. Consistency of the discrete fixed point operator. Third, we introduce
some auxiliary problems, which allow to derive the consistency of the two steps of the

fixed point mapping N . Let n̂
def
= N(nh) ∈ nD + X and define n̂h ∈ nD + X as the

solution of

−
∫

Ω

∂xn̂h ∂xφ dx−
∫

Ω

n̂h ∂xGh ∂xφ dx = 〈fh, φ〉

for all φ ∈ X. The functions V̂ and Ĝ as well as V̂h and Ĝh are defined in analogy.
Standard results for finite element approximations of linear elliptic equations di-

rectly yield the following result [16].
Lemma 4.4. Let (n̂h, V̂h) be defined as above and (nh, Vh) is a discrete solution

of (4.2). Then there exists a constant c > 0, independent of ε and h, such that

‖n̂h − nh‖H1(Ω) +
∥∥∥V̂h − Vh

∥∥∥
H1(Ω)

≤ ch.
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Further, we introduce the auxiliary variables û
def
= eĜn̂ ∈ uD + X and ûh

def
=

eGh n̂h ∈ uD + X, which fulfill

−
∫

Ω

e−Ĝ∂xû ∂xφ dx = 0 and −
∫

Ω

e−Gh∂xûh ∂xφ dx = 〈fh, φ〉

for all φ ∈ X.

Taking the difference of these two equations and testing with φ = û − ûh ∈ X
yield

e−Ĝ ‖∂x(û− ûh)‖L2(Ω) ≤
∥∥∥e−Ĝ − e−Gh

∥∥∥
L∞(Ω)

‖∂xûh‖L2(Ω) + ‖fh‖L2(Ω) ,

from which we deduce

‖û− ûh‖H1(Ω) ≤ c

{∥∥∥Ĝ−Gh

∥∥∥
H1(Ω)

+ h

}
.(4.4)

Further, we have by a direct calculation

‖∂x(n̂− n̂h)‖L2(Ω) ≤ c

(
‖∂x(û− ûh)‖L2(Ω) +

∥∥∥Ĝ−Gh

∥∥∥
H1(Ω)

)
(4.5)

for some constant c > 0.

We need the following consistency result, which can be easily derived by cumber-
some calculations and thus are omitted here for the sake of a compact presentation.

Lemma 4.5. There exists a constant c > 0, independent of ε and h, such that

sup
‖φ‖H1(Ω)=1

|〈fh, φ〉| ≤ ch.

Next, we prove the key estimate, which will finally allow for the derivation of the
uniform convergence rates.

Lemma 4.6. Let Ĝ be defined as above and Gh a solution of (4.2). Then there
exists a constant c = c(n̂, V̂ , Ĝ) > 0, independent of ε and h, such that∥∥∥Gh − ĜI

∥∥∥
L2(Ω)

≤ c
(
h2 + h−1ε2 ‖n̂− nh‖H1(Ω) + ε2

)
.

Proof. We define

〈A(n), φ〉 def
= ε2

∫
Ω

∂x(
√
n) ∂x

(
φ√
n

)
dx,

〈Ah(nh), φ〉 def
= ε2

∫
Ω

∂x(
√
nh)I ∂x

(
φ

√
nh

)I

dx.

First, we estimate the difference Gh − ĜI . Due to (4.1) it holds that

〈Ah(nh), φh〉 = (Gh − Vh, φh)h for all φh ∈ Xh,

〈A(n̂), φ〉 =

∫
Ω

(Ĝ− V̂ )φ dx for all φ ∈ X.
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Testing the difference of these two equations with φ = Gh − ĜI ∈ Xh yields

〈Ah(nh) −A(n̂), φ〉

=
(
Gh − Ĝ− (Vh − V̂ ), φ

)
+ (Gh − Vh, φ) − (Gh − Vh, φ)h

=
(
Gh − ĜI , φ

)
+
(
ĜI − Ĝ, φ

)
−
(
Vh − V̂ , φ

)
+ (Gh − Vh, φ) − (Gh − Vh, φ)h ,

which implies, due to Lemma 2.2,

∥∥∥Gh − ĜI
∥∥∥2

L2(Ω)
≤

∥∥∥ĜI − Ĝ
∥∥∥
L2(Ω)

‖φ‖L2(Ω) +
∥∥∥Vh − V̂

∥∥∥
L2(Ω)

‖φ‖L2(Ω)

+ c1h
2 ‖∂x(Gh − Vh)‖L2(Ω) ‖∂xφ‖L2(Ω) + 〈Ah(nh) −Ah(n̂), φ〉

+ 〈Ah(n̂) −A(n̂), φ〉 .

We estimate termwise. First,

|〈Ah(nh) −Ah(n̂), φ〉| = ε2

∫
Ω

∂x

(√
nh −

√
n̂
)I

∂x

(
φ√
n̂

)I

dx

+ ε2

∫
Ω

∂x (
√
nh)

I
∂x

(
φ

√
nh

− φ√
n̂

)I

dx

≤ ε2

∥∥∥∥∂x (√nh −
√
n̂
)I

∥∥∥∥
L2(Ω)

∥∥∥∥∥∂x
(

φ√
n̂

)I
∥∥∥∥∥
L2(Ω)

+ ε2
∥∥∥∂x (

√
nh)

I
∥∥∥
L2(Ω)

∥∥∥∥∥∂x
(

φ
√
nh

− φ√
n̂

)I
∥∥∥∥∥
L2(Ω)

which can be estimated using Proposition 2.1 by

|〈Ah(nh) −Ah(n̂), φ〉| ≤ ε2c2

∥∥∥∂x (√nh −
√
n̂
)∥∥∥

L2(Ω)

∥∥∥∥∂x
(

φ√
n̂

)∥∥∥∥
L2(Ω)

+ ε2c3 ‖∂x (
√
nh)‖L2(Ω)

∥∥∥∥∂x
(

φ
√
nh

− φ√
n̂

)∥∥∥∥
L2(Ω)

and employing the uniform bounds derived so far

|〈Ah(nh) −Ah(n̂), φ〉| ≤ ‖nh − n̂‖H1(Ω)

{
ε2c4 ‖φ‖H1(Ω) + ε2c5 ‖∂xφ‖L2(Ω)

}
≤ ε2c6 ‖nh − n̂‖H1(Ω) ‖φ‖H1(Ω)

for some uniform constants ci > 0, i = 1, . . . , 6.
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Second, employing successively Proposition 2.1 we get

|〈Ah(n̂) −A(n̂), φ〉| = ε2

∫
Ω

∂x

((√
n̂
)I

−
√
n̂

)
∂x

(
φ√
n̂

)
dx

+ ε2

∫
Ω

∂x

(√
n̂
)I

∂x

[(
φ√
n̂

)I

−
(

φ√
n̂

)]
dx

≤ ε2

∥∥∥∥∂x
((√

n̂
)I

−
√
n̂

)∥∥∥∥
L2(Ω)

∥∥∥∥∂x
(

φ√
n̂

)∥∥∥∥
L2(Ω)

+ ε2

∥∥∥∥∂x (√n̂
)I

∥∥∥∥
L2(Ω)

∥∥∥∥∥∂x
[(

φ√
n̂

)I

−
(

φ√
n̂

)]∥∥∥∥∥
L2(Ω)

≤ ε2c7h
∥∥∥√n̂

∥∥∥
H2(Ω)

‖φ‖H1(Ω) + ε2c8h

∥∥∥∥ φ√
n̂

∥∥∥∥
H2(Ω)

≤ c9 ε
2h ‖n̂‖H2(Ω) ‖φ‖H1(Ω)

for some uniform constants ci > 0, i = 7, 8, 9.

Combining the estimates derived so far we have∥∥∥Gh − ĜI
∥∥∥
L2(Ω)

≤ ε2c6h
−1 ‖nh − n̂‖H1(Ω) + c9 ε

2

+
∥∥∥ĜI − Ĝ

∥∥∥
L2(Ω)

+
∥∥∥Vh − V̂

∥∥∥
L2(Ω)

+ c1h ‖∂x(Gh − Vh)‖L2(Ω) ,

where we employed the inverse estimate ‖φh‖H1(Ω) ≤ ch−1 ‖φh‖L2(Ω) for all φh ∈ Xh.
Finally, we use again Proposition 2.1 to end with∥∥∥Gh − ĜI

∥∥∥
L2(Ω)

≤ c10

{
ε2h−1 ‖nh − n̂‖H1(Ω) + ε2 + h2 + h

}
.

Next, we estimate the remaining difference nh − n̂.

Lemma 4.7. Let n̂ be defined as above and nh a solution of (4.2). Then there
exist constants c = c(n̂, V̂ , Ĝ, û) > 0, independent of ε and h, and ε0 = ε0(h) > 0
such that for ε < ε0 it holds that

‖nh − n̂‖H1(Ω) ≤ ch.

Proof. We estimate

‖nh − n̂‖H1(Ω) ≤ ‖nh − n̂h‖H1(Ω) + ‖n̂h − n̂‖H1(Ω)

and using Lemma 4.4 as well as (4.4) and (4.5)

‖nh − n̂‖H1(Ω) ≤ c1

{
‖û− ûh‖H1(Ω) +

∥∥∥Gh − Ĝ
∥∥∥
H1(Ω)

+ h

}

≤ c2

{∥∥∥Gh − Ĝ
∥∥∥
H1(Ω)

+ h

}

≤ c2

{∥∥∥Gh − ĜI
∥∥∥
H1(Ω)

+
∥∥∥ĜI − Ĝ

∥∥∥
H1(Ω)

+ h

}
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and employing Proposition 2.1 and the inverse estimate ‖φh‖H1(Ω) ≤ ch−1 ‖φh‖L2(Ω)

for all φh ∈ Xh, we have using Lemma 4.6

‖nh − n̂‖H1(Ω) ≤ c3

{
h
∥∥∥Ĝ∥∥∥

H2(Ω)
+ h−1

∥∥∥Gh − ĜI
∥∥∥
L2(Ω)

+ h

}

≤ c4

{
h + h−2ε2 ‖nh − n̂‖H1(Ω) + h−1ε2

}
for some uniform constants ci > 0, i = 1, . . . , 4. Now we assume

ε2 ≤ ε2
0

def
=

h2

2c4
,

which yields the desired estimate ‖nh − n̂‖H1(Ω) ≤ ch, with c = 2c4 + 1.

4.4. Proof of the uniform convergence result. Now we are in the position
to prove the main theorem of this section.

Proof of Theorem 4.1. We have the identity

nh − n + N(n) −N(nh) = (I −DN(ξ))(nh − n) = nh − n̂h + n̂h − n̂,

which yields

‖n− nh‖H1(Ω) ≤
∥∥(I −DN)−1

∥∥
L(H1(Ω),H1(Ω))

‖nh − n̂‖H1(Ω) .

Hence, we have due to Lemma 4.7

‖n− nh‖H1(Ω) ≤ ch

for some constant c > 0, independent of ε and h. Finally, the other uniform estimates
follow from standard results for the approximation of elliptic equations.

5. Numerical results. In this section we present numerical simulations under-
lining the feasibility of the previously analyzed extended SG discretization. We study
a ballistic n+–n–n+ diode fabricated of GaAs and a resonant tunneling structure.
Both devices consist of a channel and source and drain contact regions, which are
assumed to be equally long. The channel is moderately doped with a doping density
of 5 · 1021 m−3, while the drain and source are highly doped with 1024 m−3. The res-
onant tunneling diode has the same underlying structure, but the channel is replaced
by a quantum well sandwiched between two barriers. This resonant barrier structure
is itself sandwiched between two spacer layers (see Figure 5.1). The physical effect
of the barriers is a shift in the Fermi level, which can be modeled by an additional
step function B added to the electrostatic potential; i.e., V is replaced by V + B.
Since, we need more smoothness of B for the numerical analysis, we used instead a
smoothed function B, which is depicted together with the doping profile in Figure 5.2.
We choose a scaled Debye length of λ2 = 10−2 and set the scaled biasing voltage to
Vext = 5. To emphasize the large gradients occurring in the electron density in the
case of the resonant tunneling diode, we show in Figure 5.2 also the computed den-
sities for the different values of the scaled Planck constant ε. These are in fact a
consequence of the barrier function and can only be smoothed for large ε. Note that
for ε2 = 10−5 there is already no visible difference to the classical solution.

Remark 6. There is numerical evidence that the QDD model shows negative
differential resistance for some resonant tunneling diodes [34, 15], but one has to admit
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Source (highly doped)

Channel (moderately doped)

Drain (highly doped)

Source (highly doped)

Channel (moderately doped)

Drain (highly doped)

Barriers

Spacer Layer

Spacer Layer

Fig. 5.1. Diode structure (left: ballistic, right: RTD).
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Fig. 5.2. RTD (left: doping profile, barriers, right: electron densities).

that the model is far from giving accurate quantitative results for this application.
This stems from the fact that the model is mainly designed for scattering dominated
transport and no quantum coherence is included. Nevertheless, this device is a good
test example due to the large gradients in the electron density near to the barriers.

For the computations we used several uniform grids of variable size and the dis-
cretization (2.2). To investigate the semiclassical limit numerically we decreased the
scaled squared Planck constant ε2 from 10−1 to 0. The discrete nonlinear system is
solved with a damped Newton iteration, which proved to be stable. In Figure 5.3 to
Figure 5.5 we present the errors in the electron densities n, the electrostatic potentials
V , and the generalized potentials G measured in the H1(Ω)-seminorm. Further, we
depict in Figure 5.6 the error of the current densities J in the L2(Ω)-norm. The left
picture always corresponds to the ballistic diode, while the right one shows the error
for the resonant tunneling structure. Since in both cases an analytical solution is not
available, we take the solution on the finest grid (h = 1/4096) as the “exact” solution.

The numerical results show in both cases that the error behaves like O(h) for
all independent variables. Further, the scheme is stable in the semiclassical limit
since the convergence rate is not affected by the size of ε. Note that the error in
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Fig. 5.3. Error of the electron density (left: ballistic, right: RTD).
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Fig. 5.6. Error of the current density (left: ballistic, right: RTD).

the electron density and the generalized potential of the RTD is much more affected
by the size of ε, which is a consequence of the additional barrier function B. Most
interestingly, in both cases the error in the current density even does not depend on
ε. This observation is essential from the engineering point of view, since it allows for
an accurate computation of current voltage characteristics also in the semiclassical
limit.

6. Conclusions. We presented and analyzed a new stabilized finite element dis-
cretization for the quantum drift diffusion model, which is a generalization of the
well-known Scharfetter–Gummel discretization for the classical drift diffusion model.
The scheme yields the expected approximation errors and allows for the performance
of the semiclassical limit on the discrete level, in such a way that the error estimates
hold uniformly. The extension to bipolar devices is straightforward. Further, the
numerical scheme can be easily extended to space dimensions larger than one using,
e.g., the finite element spaces described in [12]. However, the proofs in this paper are
not directly extendible, since we employed embedding theorems and inverse estimates,
which crucially depend on the space dimension.

REFERENCES

[1] N. Ben Abdallah and A. Unterreiter, On the stationary quantum drift diffusion model, Z.
Angew. Math. Phys., 49 (1998), pp. 251–275.

[2] R. A. Adams, Sobolev Spaces, 1st ed., Academic Press, New York, 1975.
[3] M. Ancona, Equations of state for silicon inversion layers, IEEE Trans. Elect. Devices, 47

(2000), pp. 1449–1456.
[4] M. Ancona, Finite-difference schemes for the density-gradient equations, J. Comp. Elect., 1

(2002), pp. 435–443.
[5] M. Ancona and H. Tiersten, Macroscopic physics of the silicon inversion layer, Phys. Rev.,

35 (1987), pp. 7959–7965.
[6] M. Ancona, D. Yergeau, Z. Yu, and B. Biegel, On Ohmic boundary conditions for density-

gradient theory, J. Comp. Elect., 1 (2002), pp. 103–107.
[7] M. Ancona, Z. Yu, R. Dutton, P. Voorde, M. Cao, and D. Vook, Density-gradient analysis

of MOS tunneling, IEEE Trans. Elect. Devices, 47 (2000), pp. 2310–2318.
[8] M. G. Ancona, Diffusion-drift modelling of strong inversion layers, COMPEL, 6 (1987),

pp. 11–18.
[9] M. G. Ancona and B. Biegel, Nonlinear discretization scheme for the density-gradient equa-

tions, in Proceedings of the International Conference on Simulation of Semiconductor Pro-



1668 RENÉ PINNAU
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