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Introduction

The study of algebroid singularities lies on the cross-soafdmany different areas of
mathematics. Initially, during the nineteenth and earlgrtieth century, algebraic ge-
ometers worked on plane curve singularities. Since thel869s, new methods in
singularity theory have been rapidly developed. One of tileldmental results is the
fibration theorem of Milnor [Mil68]. It deals with hypersade singularities related
to functions of several complex variables. This book hantmdremely influential
and since then the development of the theory over the fietd complex numbers is
ongoing. Besides, the interaction between the differerthous makes the study of
hypersurface singularities particularly fruitful.

Nevertheless, it was soon observed that these methodstdamoarried offhand in the
case of positive characteristic. For example, purely togichl reasoning cannot be
used here since fields of positive characteristic have dwyrivial valuation.
Moreover, unlike the complex case, a systematic developwfea general theory of
hypersurface singularities in the context of algebrayocelibsed fields of arbitrary char-
acteristic is scarce in the literature. To the knowledgehefduthor, the first extensive
development on curve singularities in positive charastierihas been worked out in
[Cam80]. It is well-known that the Puiseux theorem does mdd In finite character-
istic. In his book Campillo used an algebraic reasoningni&jia curve singularity
as a local ring® of Krull dimension1. Moreover, he considered the completién
in the m-adic sense, and showed the existence of a parametrizé&tiothermore, he
established that the Hamburger-Noether expansion is ttst effective replacement
for the Puiseux theorem. Furthermore, he introduces thvaguce relation of equi-
singularity in finite characteristic (cf. also [CGLO7]).

A further central topic in singularity theory is the classdfiion of hypersurface singu-
larities. In the early 1970’s Arnold introduced the notidhnoodality and developed
the classification ove€ with respect to right equivalence [Arn72]. First singuari
ties of modality0 are then classified. These are mostly known as simplé 0¥ -
singularites. Also Arnold and especially Brieskorn [Bijgstablished the coincidence
of this classification with that of simple Lie Groups. In sefjgent papers Arnold clas-
sified singularities of modality [Arn73] and2 [Arn75]. In [AGV85], the reader is
refered to a complete list of normal forms of simple, unimadand bimodular singu-
larities. Types of singularities of modalig/have been discussed by Wall in [Wal99b].
In [Sch90], unimodular plane curve singularities are dfastfor contact equivalence.
In positive characteristic, a complete list of simple silagities for contact equivalence
(X) is presented in [GrK90]. The consideration ©ffor the classification in finite
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characteristic was motivated by the intention to keep somadogy with the results es-
tablished in characteristic zero. To illustrate this, letonsider the following example
given in [GrK90]. Ifchar(K) = 5, thenEg is not simple for right equivalence but it is
simple for contact equivalence.

In[Hol98] and [Bou02] follow the classifications @f-singularities andV -singularities
from Schappert’s list, in arbitrary characteristic for first class, and imhar(K) # 2
for the last one.

The goal of this dissertation is to give a systematic treatnoé hypersurface singu-
larities in arbitrary characteristic which provides theessary tools, theoretically and
computationally, for the purpose of classification.

Throughout this workX' denotes an algebraically closed field of arbitrary charaste
tic. We consider the ring([[z]] := K{[x1, ..., xy]] of formal power series.
Following Campillo in [Cam80], we define a hypersurface siagty as a localk -
algebra of the fornR; := K[[x]]/(f) wheref € m C K{[z]] andm is the maximal
ideal of K'[[x]]. We should mention that in characteristic zero, isolategkehyurface
singularities are mostly known as those having finite Milnamber. This definition
has to be modified in arbitrary characteristic since the bdtilmumber is not an invari-
ant for contact equivalence in positive characteristic.

Hence, in arbitrary characteristic, we define isolated rsymace singularities?; as
those for whichr(f) < oo holds, wherer denotes the Tjurina number.

Our approach to deal with the subject of our work relies nyaim the methods devel-
oped among others in [Arn74], [AGV85], [GLS06], [GrK90], f&i73] and [Wal99a]
for the study of invariants of hypersurface singularitiesl @omputation of normal
forms overC. We shall discuss thoroughly how these results have to béfieddn
the context of positive characteristic with the concernaefk some analogy with the
characteric zero case. Also, we shall widely use the notatidaborated in [Wal99a].

Analogous to the notion of semiquasihomogenéfty) H) considered by Arnold in
his important paper [Arn74], we consider finite set of wesght C Z”  and their re-
lated valuationsy, and we formalize Arnold’s discussion by introducing theiowof
semipiecewise-homogeneity. More precisely, we saythati [[x]] is semipiecewise-
homogeneous and we writ§ PH) if f = fp+ f1 wherefp is piecewise-homogeneous
(PH) with respect tdV, 7(fp) < oo anduvw (f1) > vw (fp).

In the particular case wherg = fr is the truncation off with respect to its New-
ton polytopd”, Kouchnirenko in [Kou73] looked for conditions which woltdply the
finiteness of:( f). He introduced an important geometrical feature of the leygbly-
tope which he called the Newton numhey () and established that(f) > un(f)-
Furthermore, if a certain condition of non-degeneracy $iolden.( f) is finite. His
main results in positive characteristic though, are shonlg for the cases where the
Newton polytope meets all coordinate subspaces. One ottiteat results in this case
is thatu(f) = un(f) provided that a condition of non-degeneracy holds.

In his paper [Wal99a], Wall did slightly modify the notion hiewton polytope allow-
ing all its facets to be extended to meet all coordinate sadsp He introduced the
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notion ofstrict non-degeneracyith respect to the so-called-polytopesand he called
this NPN D* . This condition of non-degeneracy turns out to be an apjatgpone.
Indeed, on the one hand, Wall showed that any semiquasihemeogs hypersurface
singularity is strictly non-degenerate with respect to sa@rhpolytope. On the other
hand, he asserted that this condition implies the finiteoéd®e Milnor number.
Following Wall's proof overC fairly closely, we show that the conditio PN D* does
also make sense in finite characteristic. Indeed, also $rcise, iff is N PN D* with
respect to some polytof, theny(f) < co which yieldsr(f) < oo and therefore?
is isolated. Moreover, we establish the following resulld®y with (SQH ), where
femiscalled(SQH), if f = fa + f1 wherefa is quasihomogeneous(fa) < oo
and the weighted order ¢f is strictly bigger than that ofa.

Proposition 2.3.23. Letf € m3 C K[[z]] be (SQH) with principal partf, hav-
ing weighted degreé € Z-.o. Then, the following are equivalent

1. fis NPN D" with respect to somé’-polytope P of R” ,
2. p(fa) is finite,
3. char(K) does not dividel.

Furthermore, we show in this case thdlf) = u(fa) (cf. Proposition 2.1.41).

Also, overC, it is well-known that for reduced elemenfse K|[[z,y]], the invari-
antsu(f), the delta invariand( f) of f and the number of irreducible factaréf) of f
are closely related. More precisely

p(f) =26(f) —r(f) + 1. (1)

In positive characteristic though, it turns out that (1)aksé.
Nevertheless, using the results established in [BePOOlTR] and [Wal99a], we show
that (1) holds whenevef is non-degenerate with respect to sofivpolytopeP.

In characteristic zero yet, it is widely accepted that (Upkan the same way as over
C. However, we are not aware of any proof of it in the literature

Using the Lefschetz principle, we give a proof of this clamcharacteristic zero (cf.
Proposition 5.3.2). Also, we transfer the following knovasults about the invariants
w1 andr overC to algebraically closed fields of characteristic zero.

Let K be an algebraically closed field such théatr(K) = 0 and letf € K[[z]].
Then, we have

o u(f) < oo, ifandonlyif, 7(f) < oco.

e Arnold’s statement o\SQ H ) hypersurface singularities:
If fis (SQH) with principal partfa, thenu(f) = pu(fa).

e The Milnor number is an invariant for contact equivalence:
Forg € K[[z]], if f~ g, thenu(f) = u(g).
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A further fundamental invariant for hypersurface singities is the determinacy.

In this thesis, we give an extensive development of detexayifior both right and con-
tact equivalences.

Itis established ove that each isolated hypersurface singularity is finitelyed®ined
(that is, it has a polynomial normal form) and the conversesddso hold.

In this work, we show the same claim in arbitrary charactier{sf. Corollary 3.1.22).
Nevertheless, we should notice that the bounds of deteayiwaich are established
over C have to be modified in the context of positive characteristic [GrK90], it
is stated that eacfi € m? having finite Tjurina number(f) is 27(f)-contact deter-
mined. In this thesis though, we establish the followingtéimieterminacy theorem in
arbitrary characteristic.

Theorem3.1.15. Letf € m? C K|[[z1,...,,]] such that > 2.
1. fisright (2k — ord(f) + 2)-determined if
m* C j(f)-
2. fiscontact(2k — ord(f) + 2)-determined if
m* C tj(f).

wherej(f) = (fu,- - - fz, ) is the Jacobian ideal gfandt;i(f) = (f) + j(f) is the
Tjurina ideal off.

To deal with normal forms in arbitrary characteristic, wlldo the methods devel-
oped ovelC by Arnold and discussed by Wall in his paper [Wal99a]. Ndwelgss, we
should notice that the restrictions imposed by Arnold imiof condition(A) and by
Wall in terms of conditionV PN D* do not apply to all the cases related to the classi-
fication in finite characteristic.

In this thesis, we formalize this development by elaboratiew objects and impos-
ing new conditions which are weaker thaA) and N PN D* but yet provide a more
general setting for the theory in arbitrary characteris#idéso we should notice that
the results about normal forms which are established invibik yield very often an
improvement of the so far introduced bounds in finite charéstic.

Our approach is the following:

Considering a finite set of weigh¥®” C Z” , this gives rise to a filtration of ideals
(Fd)dez>0 of K[[z]] whereF,; := {g € K[[z]] : vw(g) > d}.

In addition, we associate to each lodatalgebrak [[z]]/I, wherel C K|[z]] is an
ideal, a gradeds -algebra

9grw (K([2]]/1) == EBdZOde/(Fm + (F>aN1)).

Besides, we observe that,ifs a zero-dimensional ideal, then,,, (K [[x]]/]) surjects
onto K'[[x]]/I asK-vector spaces and aldom k (gr,,, (K[[x]]/I)) is finite.

For our subsequent discussion, we reformulate Arnold'slitimm (A) as follows:
Let f € K[x] be(PH) of type(W ; d). We say thaff is (A) with respect tdW if for
any non zerq € j(f) there exists a derivatiapsuch that
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(A1) vw (9) = vw (§) +vw (f) and

(A2) vw (g —&f) > vw(g)-

In other words, we say thdtis (A) with respect td¥V if any non zergy € j(f) satis-
fies conditiong A1) and(A2) with respect tof andW.

The key idea of Arnold for the computation of normal formsascbnsider for each
d, arising in the filtration( ;) ;, all monomialsM € K[x] such thatw (M) = d and
which are independent modulo termshl 4 satisfying(A1) and(A2) with respect to
fandW.

In arbitrary characteristic, we elaborate in analogy todition (A) a new condition,
which we call(AC):

Let f € K[x] be (PH) of type (W ; d). We say thatf is (AC') with respect toW
if for any non zerog € tj(f) there exist a formal power seridg € K[[x]] and a
derivation{ € Der g (K[[z]]) such that

(AC1) vw (9) = min{vw (bo) + vw (f); vw (§) + vw (f)} and
(AC2) vw (g —bof —&f) > vw(g).

Hence, f is (AC) with respect toW if any non zerog € tj(f) satisfies conditions
(AC1) and(AC?2) with respect tof andW'.

We should mention that4) is related to right equivalence whiledC) is related to
contact equivalence (therefore the letter GAC)).

We should notice that each quasihomogeneous polynomibl mipect to a weight
w € Z"  is both(A) and(AC) with respect to{w}.

On the other hand, we formalize Arnold’s key idea as follows:
For a positive integed, we consider the following ideals iR [[x]]

Jd(f.d):=={g€j(f): vw(g)=d and g is (Al) with respecttof andW),

tjAC(f,d) == (g € tj(f) : vw(g) =d and g is (AC1) with respecttof andW),

and the graded -algebras

=P Fsa/ (G (f,d) + Fsa)
d>0
and
rad(Tr) == @ Foa/(tipC (f,d) + Fsa).

d>0
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We should also mention that (M) andgri©(Ty) respectively may have infinite
dimension ag<-vector spaces even thoughy) < co andr(f) < oo respectively.

Moreover(A) and(AC) are charcterized via these new objects as follows:

Proposition 3.2.9. Letf € K[x] be(PH) of type (W ; d).

1. If u(f) < oo, thenf is (A) with respect tdW, if and only if, gr‘v“v(Mf) ~ My
asK-vector spaces, i.@img (grit (My)) = p(f)

2. If 7(f) < oo, thenf is (AC) with respect tdV, if and only if, gra© (Ty) = T
asK-vector spaces, i.@imy (griC (Ty)) = 7(f).

In [Wal99a], Wall observed that the conditidd ) imposed by Arnold for the compu-
tation of normal forms is on the one hand restrictive sinciés not apply to all cases
and on the other hand not necessary for the proof of the maiiritse

Based on these observations, we elaborate new conditidnishwe call(AA) and
(AAC). Let f € K[x] be(PH) of type (W ; d).

1. We say thatf is almost (A) and we writef is (AA) with respect toW, if
dimg (gra (My)) < oo.

2. We say thaff is almost (AC) and we writef is (AAC) with respect toW, if
dimp (griy” (Ty)) < oo

Furthermore, we call & -basis ofgr2 (M) (resp.gri©(Ty)) consisting of monomi-
als aregular basisof My (resp.T¥%).

Itis clear that{AA) and(AAC) are weaker thafid) and(AC), respectively. Also, it
turns out that both of these new conditions enclose Walfglgé@mn N PN D*.

With these tools at our disposal, we get the following resatiout normal forms:

Theorem3.3.2. Letf € m C K{[z]] be such that(f) is finite and leW C Z" be a
finite set of weights corresponding to the Newton polytbpsf f.
Further, let{e, : a € A} be aK-basis ofgr:i° (T}, ) consisting of monomials. Then,

f’g"fF + Z Cala;

acA*

where
A*is afinite subset o{a eN: vw(eq) > vw(f)}

and the coefficients, € K are suitable.

Clearly, for allac € A*, the monomials, have total degrees which are smaller than
the degree of contact determinacyfof
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In Theorem 3.3.4, we give a similar statement for right egleince.

If (AAC) holds, then we get the following result on normal forms initasloy charac-
teristic.

Theorem 3.3.6. Letf € m C K|[[x]] be (SPH) with respect to a’-polytope P
and letW C Z”  be a finite set of weights corresponding®® If fp is (AAC) with
respect taP and{ea P € A} is a regular basis dfy,,, then f is finitely contact
determinedand
f < fp + Z Cala;
acA*
where
A c{ael:vwlea) >ow(f — fP)}

and the coefficients, € K are suitable.
Theorem 3.3.14 establishes the same for right equivalence wherie\4) holds.

Altogether, this yields interesting results on bounds @éduinacy in arbitrary charac-
teristic.

Theorem 3.3.18. Letf € m C K[[x]] be (SPH) such thatfp is (AAC) with re-
spect toP. Further, letW C ZZ, be a finite set of weights correspondingfand
let{eo : @ € A} be aK-basis ofgra (TY,,) consisting of monomials.

Thenf is k-contact determined ii**! c F. p where

D := mam{vw(fp) , maz {vw(eq) : o € A} }
In the particular case whefelC) holds we have

Corollary 3.3.21 Letf € m C K|[[z]] be (SPH) such thatfp is (AC) with re-
spect toP. Further letW C ZZ, be a finite set of weights correspondingRoand let
d = vw (f). If D andk are positive integers such that*! ¢ F~p C tj(fp) N Fsa,
thenf is k-contact determined.

Similar statements for right equivalence are given in Theof3.3.20 and Corollary
3.3.25. In the last part of Chapter 3, we shall give exampespplication of these
results.

In the final part of this work, we discuss the so far presenésdlts from the com-
putational viewpoint. In chapter 4, we shall present athons which we implementes
in the computer algebra syster\&ULAR. We use this to obtain explicit regular bases
and normal forms for right and for contact equivalence. &lze two key observations
for our algorithms. Given a finite set of weigh#® C Z” , we notice:

1. the related valuationy, to W does not give rise to an admissible degree order-
ing in the sense of standard bases. For this reason, theéayddour computa-
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tions, is to perform separate calculations for the differegights of W and then
fit them together.

2. If I C K[[z]] is an ideal, then we establish in Proposition 2.1.50 that
grw (K([z]]/1) = K[z]/Inw (1),

wherelnw (I) is the initial ideal ofl with respect tdW.
This observation is of essential use for our algorithms wtmmputing regular
bases.

Organization of the material

In Chapter 1, we introduce the background on isolated hypfrse singularities, equiv-
alence relations and invariants needed for our work.

Chapter 2 is the first main part of this dissertation. In thHispter, we formalize
the notions of semipiecewise-homogeneous hypersurfagelarities and piecewise-
homogeneous grading and present related results whicteaded for the subsequent
chapters. In the second part, we discuss thoroughly noardegcy in arbitrary char-
acteristic.

Chapter 3 is devoted to determinacy and normal forms of tiedlaypersurface sin-
gularities. In the first part, we give finite determinacy trexos in arbitrary charac-
teristic with respect to right and to contact equivalencertttermore, we show that
"isolated” and finite determinacy properties are equivelémthe second part, we for-
malize Arnold’s key ideas in [Arn74] for the computation afrmal forms and define
the conditiong AA) and(AAC). We thoroughly discuss these conditions as well as
some related results for cases occuring in Schappert&f igirmal forms. The last part
of Chapter 3 is devoted to the study of normal forms in the gareetting of isolated
hypersurface singularities imposing neither condifidn nor conditionN PN D*. Fi-
nally, we discuss the cases whé¢reA) and(AAC) hold and present the related results
on normal forms and bounds of determinacy in this case.

In Chapter 4, we present algorithms which we implement imc®LAR for the pur-
pose of explicit computation of regular bases and hormahgor

In Chapter 5, we transfer some classical results on invariaverC to algebraically
closed fields of characteristic zero known as Lefschetzjpie.

For the convenience of the reader, we review in appendix Aesasults from field the-
ory which are needed in Chapter 5 and finally in appendix B, r@egnt our 8IGULAR
library gradalg.lib where the algorithms presented in Chapter 4 are implemented
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Chapter 1

Preliminaries

The first chapter is an overview of the main objects of inteirethis dissertation.
After some notation is fixed, we define isolated hypersuréagularities in the general
context of arbitrary characteristic and discuss relatsdlts.

Afterwards, we overview briefly right and contact equivalerand then we deal with
the mostly relevant invariants for this work.

The last part is devoted to algebroid plane curve singigarit

We introduce the parametrization equivalence and show hinig closely related to
contact equivalence.

1.1 Notations

Throughout this whole thesis we shall use the following @mtions and notations.

We deal with fieldsi of arbitrary characteristip > 0 and we assume in general, un-
less otherwise stated, the fields to be algebraically closed

We denote byZ- the set of strictly positive integers, thatis\ {0}.

Forn € Z-o, we denote byR” (resp. R” ), the positive (resp. the strictly posi-

tive) orthant.
On the other hand, i = (ay,...,a,), 8 = (b1, .., 0.) € R™, then we write

<0{, /6> = Zalﬁ’b
i=1
for the scalar product ak andg3.

For asubsef C {1,...,n}, we write
Rl ={xeR":2; =0 if i g},

and similarly forR*!, ¢! andC*!.



1.1 Notations 2

We write K[x] := K][x1,...,x,] for the ring of polynomials ovel, havingn
variables, and we denote By on(K[x]) its semigroup of monomials.
Also, fora = (ai,...,a,) € Z">o,we denote the monomial® - - -z by x*.

Moreover the positive integee| = o + . . . + v, is called the total degree af* and
is denoted byleg(x®).

We write K [[x]] := K[[z1,...,x,]] for the local ring of formal power series ovéf,
havingn variables and we denote lyits maximal ideal.

Let f = Z aqx® € K[[x]] be a formal power seies.

cer’;O

Thesupportof f is the set

supp(f) := {a Do F O}.

Furthermore, the order ¢fis

ord(f) :==inf{|a|: o € supp(f)}.

Fori=1,...,n, we write f,, := 2L.

We denote byDer, (K[[x]]) the space of-derivations onK[[z]]. Furthermore, we

observe thaDer, (K[[z]]) is isomorphic to thd([[as]]—modulezn: K|[[z]]0s, -

i=1
n

Let{ = Y gi0s, € Der, (K[[z]]), whereg; € K[[z]), fori = 1,...,n, and let
i=1
f € K[[x]]. Then we write

gf = Zngm

We denote by [[x]]* for the group of units of<[[x]] (i.e formal power series with non
zero constant terms) anthut (K [[x]]) denotes the group of automorphisms defined on
K{[z]].

If A C R"™, thenConv(.A) denotes the convex hull of.

If E is an arbitrary finite set, then we denote f{§¢) the number of elements df,
which is also the cardinality of.



3 1 Preliminaries

1.2 Hypersurface Singularities

1.2.1 Preliminary Concepts
Following Campillo in [Cam80], we shall give an algebraididition of singularities.

Definition 1.2.1. An (algebroid) singularity is a local K -algebra R which is isomor-
phic to K[[x]]/I, wherel is a proper ideal ofK [[x]].

If I = (f), with f € m~ {0} is a formal power series, theR is called an &lgebroid)
hypersurface singularity .

Let I C m be a proper ideal i [[x]] and letR = K[[x]]/I. If we consider the affine
schemeSpec(R), we see that it has only one closed pgrwhich corresponds to the
unique maximal ideah in the local algebra. Investigating the local properties of the
closed point in the affine scheme is the same as studying the localis&tjpmhich

is just isomorphic taR.

Definition 1.2.2. Let f € (x, y) be a non-zero element &f[[x, y]]. Then the hyper-
surface singularityR; = K{[z,y]]/(f) is called plane curve singularity.

Definition 1.2.3. Let f € m \. {0} be a formal power series.

1. The ideal
J(f) = (fars- s fo,) C K]

is called theJacobian ideal or theMilnor ideal of f, and
tj(f) = (f) +i(f) C K[[z]
is called theTjurina ideal of f.

2. TheK-algebras

My = K[[]]/j(f), Ty := Kl[z]]/ti(f)
are called theMilnor andTjurina algebra of f, respectively.

3. The numbers

pu(f) ==dimg(Mys), 7(f) = dimg(Ty)
are called theMilnor andTjurina numbers of f, respectively .

The Milnor and the Tjurina algebras and, in particular, tii@inension play an impor-
tant role in the sudy of isolated hypersurface singularitie we shall see later in this
chapter.

Remark 1.2.4. Let f € m C K[[x]] be a non-zero element. It is straightforward from
Definition 1.2.3 that, if«(f) is finite, thenr(f) is also finite too.

If K = C, itis well-known thalu(f) < co < 7(f) < oo (cf. [GLS06, lemma 2.3]).
Also, this claim is widely accepted in characteristic zenal ave shall give a proof of it
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in Proposition 5.2.1 of the last chapter of this work. In fingharacteristic though, the
latter claim does not hold in general as the following exasrghows.

Letchar(K) = 5, and letf = 2° + y* € K[[z,y]] be an equation of typ#/;». Using
the computer algebra systeBINGULAR, we obtainr(f) = 15 while u(f) = oc.

In the following, we briefly review the notions of right andrtact equivalence.
Definition 1.2.5. Let f,g € m C K[[x]].

1. f is calledright equivalent to g, f~g, if there exists an automorphism of
K[[x]] such thatg = ¢(f).

2. f is calledcontact equivalentto g, f~g, if there exists an automorphisgmof
K[[x]] and a unitu € K[[x]]* such thaty = u - ©(f).

Itis straightforward from the above definition that the tighd the contact equivalence
are equivalence relations on the set of formal power series.

Remark 1.2.6. It is clear, that f~g implies f~g. However, it is well-known, that the
converse does not hold even though the characteristic @& zer

In the subsequent parts of this work, we should very oftenemade of the following
lemma.

Lemma 1.2.7. Let f,g € m C K][[z]]. Furthermore, letp € Aut(K[[x]]) be an
automorphism of[[x]] and letu € (K[[x]])* be a unit. Then

L j(e(f) = ()
2. (uf) +j(uf) = (f) +3(f), or shortlytj(uf) = tj(f)

3. f~gimplies thatM; = M, andT; = T, as K-algebras.
In particular, u(f) = p(g) and7(f) = 7(g).

4. f<gimplies thatT; = T, and hence (f) = 7(g).
Proof. 1. If h; = ¢(x;),i=1,...,n, then we can write for all
h; = (Z(hm] mod m)z;) +g; where g; € m*.
j=1

Hence forevery =1,...,n, h; 5, = (hiy, mod m) + g; .
On the other hand, we have

((@(f))%l? “ (@(f))in) = (‘p(fwl)v IR @(fxn)) ’ J(QD)’ where

hiz .. hig,
Jp):=1] Lo | e K=
hn,xl ce hn,mn
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It follows then from the above equation thito(f)) C »(§(f)).

Besides, we have that for a matidx= (a; ;)1<i,j<n € K|[[x]]"*" the following
holds: A is invertible in K'[[z]]"*™, if and only if, the matrix(a; ; mod m); ;

is invertible in K™*™. As ¢ is an automorphism oK [[z]], it follows that the
jacobian matrix ofp, which is ((h;,, mod m)); ;, is invertible in K™*™ and
consequently/ (i) is invertible in K [[x]]™*™.

Thereforep(j(f)) C j(v(f))-
Hencej(¢(f)) = ¢(i(f)) and

(o(F) +i(e(f) = () + () = ¢((f) +3(])):

2. By the product rule we have:f) + j(uf) = (f) + j(f).

3. and4. follow immediately froml. and2.
O

Remark 1.2.8. Given f € K[[z]], ¢ € Aut(K[[z]]) andu € (K[[z]])*, it follows
clearly from the first two assertions of Lemma 1.2.7 that

tj(up(f)) = @ (ti(f))-

1.2.2 Isolated Hypersurface Singularities
In the sequel, we deal with the "isolated” property in adoiyrcharacteristic.
Definition 1.2.9. Let f € m and letR; = K{[z]]/(f).

1. 0 is called anisolated singularity of f, if there exists & > 0 such that

m* Cj(f).

2. Ry is called anisolated hypersurface singularity, if there exists & > 0 such
that

mk C t(f).

Lemma1.2.10.Let f € mandletR; = K|[x]]/(f). Then0is an isolated singularity
of f (resp. Ry is an isolated hypersurface singularity) if and only:iff) < oo (resp.

7(f) < o0).

Proof. The proof is straightforward from Definition 1.2.9. O

Proposition 1.2.11.Let f € m \ {0} C K[[z1,...,z,]] and letR; = K[[x]]/(f).
1. If Ry is an isolated hypersurface singularity singularity, thep is reduced.

2. Ifn = 2, thenR; is an isolated singularity, if and only if?; is reduced.



1.2 Hypersurface Singularities 6

Remark 1.2.12. We should mention, that the claim of Proposition 1.2.11 diss
hold if we generally admit K to be perfect field (cf. the proof of Lemma 1.2.13).
If K is not perfect though, then it is not true in general that aueed plane curve
singularity is isolated. For example, |éf = F5(¢) be the field of rational functions
overF,. K is not perfect andf = 22 + ty? € (z, y) C K][[z,y]] is reduced but(f)
is infinite.
The proof of Proposition 1.2.11 uses the subsequent two gsnm
Lemma 1.2.13.Let K be a perfect field and lef € m C K[[z1,...,z,]].

1. If char(K) =p > 0, then

J(f) C (f) < there exists a unitu € K[[z]]*
such thatuf € K[[z1?,...,z,"]]

2. Ifchar(K) =0, thenj(f) C (f) & f=0.

Proof. Let f € m C K[[x]]. We write K[[z]] := K[[z1,...,Zn-1]]-
We show in the following that we can, witout loss of geneyaldssume thaf is a
Weierstrass polynomial. Indeed, the Weierstrass prepartiieorem asserts the exis-
tence ofp € Aut(K|[[z]]) andu € K[[z]]* anday,...,a, € K[[z']] for some integer
b > 0 such that

f :u-ap(xnb—&—alxnb_l +...Fap). (1.1)

If g =x,° + a12,° ' + ... + ap, We claim that
* jlg) C(g9) & j(f) C (f)and
e if char(K) = p > 0, then the following are equivalent

(1) ui.g € K[[z1?,...,z,P]] for some unitu; € K[[z]]".
(2) ua.f € K[[z1?,...,z,P]] for some unituy € K[[z]]".

Indeed, since is an automorphism, Lemma 1.2.7 yields

ilg) Clg) < (9 +ilg) =9
< (g +3(9) = ¢({9)
< (p(9) +ile(9) = (¢(9))
& (u-p(9) +ilu-plg) = (u-v(g))
s (H+if) =
s Jf)c(f

Letu; € K[[z]]" be such thaty;, - g € K[[z1?,...,z,P]]. Hence, sinceK is perfect
(i.e K = K), there exist9: € K|[z]] such thatu; - g = hP. Thus,u™! - ¢(u;) -
f € K[[z1?,...,z,7]] follows by (1.1). Moreover~! - p(u;) is obviously a unit.
Conversely, if there exists a unit such thatus - f € K[[z1?, ..., z,?]], then we show
in the same way that; - g € K[[z1?,...,z,7]].
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Therefore, we can assume without loss of generality thatg.
Now, we suppose thag{ f) C (f). Then, there exisji, . .., g, € K[[z]] such that

al’mimnb_l +.ootapy, =fn=0f i=1...,n-1
and
bxn,bil + .ot ap-1,2, = fan = gnf.

Hence, considering far=1,...,n thex,-degrees, showgeg,.  (f.,) > bon the one
hand andleg,, (fz;) < b — 1 on the other hand. Thug,, = 0 clearly follows and
thereforea; ,, = Oforalli =1,...,n—1andj =1,...,b. If char(K) =p > 0,

this yieldsa; € K{[z1?,...,2"_,]] for all j and sof € K[[z1?,...,20 _]|[zn]. As
alsof,, =0, we obtainf € K[[z1?,...,aY _]|[z,?] C K[[z:?,...,2P]].

In characteristi® however,f,,, = 0 for all i |mplies thatf = 0 sincef € m.
Conversely, iff € K[[z1?,...,2P]] andchar(K) = p, then it follows clearly, that
fz, =0foralli =1,... n,and hence the inclusioi{f) C (f) obviously follows.
Now letchar(K) = 0, and f=0. It is then trivial thaj(f) C (f). O

Lemma 1.2.14.Let f € m C K][[x1,...,2,]] be such thaff # 0 and f is reduced.
Furthermore, letR be its associated hypersurface singularity. Then

dim(Ty) < dim(R).

Proof. We have in generalim(T) < dim(R).

We take firstf irreducible and suppose théim (Ty) = dim(R). But this is equivalent
toj(f) C (f) which is a contradiction to the assumptighss reduced ang # 0, (cf.
Lemma 1.2.13). Therefordim (Ty) < dim(R).

Now letf = u- f; - - - f,- be the decomposition g¢finto irreducible components, where
u € K[[z]]* andf; € K[[x]] is irreducible for al = 1,...n,. As f is reduced, then
it follows that (f;) # (f;) for all i # j. Moreover we have

Spec(Ty) U Spec(Ty,) U U Spec N (Spec(R;))

where for alli, R; is the associated hypersurface singularity;to
As for all ¢, f; is irreducible, it follows then from the above that

dim(Spec(Ty,)) < dim(Spec(R;)) < dim(Spec(R)).
On the other hand, we have for al¢ 7,
dim(Spec(R;) N Spec(R;)) < dim(Spec(R;)),
i.e dim(K|[x]]/(fi, f;)) < dim(R;), for otherwise that meany;, f;) C (f:), which
implies thatf; divides f;. But this is a contradiction tgcd( f;, f;) = 1 since both of
them are irreducible anfi # f;.

Thereforedim(Spec(R;)) N Spec(R;)) < dim(Spec(R;)) < dim(Spec(R)).
Hencedim(Ty) < dim(R). O
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With these tools at our disposal, we give in the following gireof of Proposition
1.2.11.

Proof. 1. Suppose thaf is not reduced, which means that we can wiite- g"h
for someg andh € K[[x]] and some integer > 2.
Therefore g divides,, for all 1 < i < n. Hence(f) + j(f) C {(g). Then, it
follows thatdim g (Ty) > dimg (K[[z]]/{g)).
As g is a nonzero element of the integral doméiifix]], it is therefore a nonze-
rodivisor in K [[x]]. Thus, by the Krull’s principal ideal theorem, we have
dimg (K[[x]]/{(9)) = n—1 > 1, which leads talimy(T;) > 1 and conse-
quentlyr(f) = oo, which means thaR is not an isolated singularity.

2. Here, itis enough to show that a reduced plane curve sniguis isolated. Sup-
posef is reduced, then it follows by lemma 1.1.14 tHat(Ty) < dim(R) = 1.
Thereforedim(Ty) = 0 and hence (f) < co. ThusR is isolated.

O

In the following, we reformulate the well-knoweurve selection lemmain arbitrary
characteristic.

Lemma 1.2.15. (The curve selection lemma)

Let K be an algebraically closed field of arbitrary charactertstiFurther, let/ be a
proper ideal of K [[x]] and letR = K[[x]]/I be the corresponding algebroid singular-
ity. If dim(R) > 1, then there exists a reducedrve singularity R such that

R—R.
Furthermore, there exists & -algebra homomorphism
¥ K] — K{[t]]
x; — x(t)
such thatl C Ker(¢).

Proof. Let I C K|[z]] be a proper ideal and lét = K[[x]]/I such thatim(R) > 1.
AsI c /I and hence? — K[[z]]//I, we can assume without loss of generality that
the algebroid singularity? is reduced.

Letp D I be aminimal prime ideal belonging faand letd := dim(R) = dim(K[[x]]/p).
Further, letf € K[[xz]] and f ¢ p. Then, it is clear tha}f is a non zerodivisor in
K][[z]]/p and it follows by the Krull's principal ideal theorem that

dim(K([[z]]/p+ (f)) =d — 1.
On the other hand, we have
R — Kl[z]|/p - Kl[[z]]/p + (f).

This shows that? surjects onto a ring where the dimension dropslbyn this way,
we can show after finitely many steps tHatsurjects onto a ring?” of dimensionl.
Moreover, we have

R—-R - R_

ar
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Now, if we consider the normalization of an arbitrary irrethie component of the
curveR _, we get clearly a non zerli-algebra homomorphism
¢ K] — K[t]

i — xi(t)

with I C Ker(¢).

Invariants of hypersurface singularities

Let f € m be non-zero i [[x]]. Considering an equivalence relation K [[z]], we
call (numericaljnvariant of f with respect t&€, a number which depends only on the
orbit of f with respect tc€. Moreover, observing that for non-zefog € m, we have

K([=]]/(f) = K[[z])/{g) <= f~g. 1.2

we define as follows the invariants of hypersurface singfigarin arbitrary character-
istic.
Definition 1.2.16. Let f € m C K[[x]] be such thaff # 0 and letRy = K{[x]]/(f).

We call invariant of the hypersurface singulari®y any numerical invariant of with
respect to contact equivalence.

It is straightforward from (1.2) that Definition 1.2.16 maksense.

In this subsection, we present briefly some invariants whighrelevant for our de-
velopment.

Let f € m C K][[z]] be such thaif # 0 and letR; = K[[z]]/(f). Itis straight-
forward from Lemma 1.2.7 that( f) is an invariant off.

Neverthelessy( f) is not an invariant in finite characteristic as the followigxgample
due to [GrK90] shows.

Example 1.2.17.Letchar(K) = p > 0 and letf = 2P + y?*! € K[[x,y]]. Then,
p(f) = oo while u((1 + ) - f) is finite. Hencep(f) is not an invariant of the plane
curve singularityR .

If K = C though, it is established that, ff, g € C[[z]] andf ~ g, thenu(f) = u(g).
In the last chapter of this work, we shall present a proof isf¢kaim over algebraically
closed fields of characteristic zero (cf. Proposition 5.3.1

Further invariants of isolated hypersurface singulesitiéthe formR, where
f em\ {0} are given by
m(f) = maz{k€Z: fem"},
§(f) := dimg(Rs/Ry), whereRy is the normalization oR;.
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m(f) is mostly known as the multiplicity of andd(f) as the delta invariant of.
Besides, it is well-known, that the number of irreducibletéas of f is an invariant.
This is is usually denoted by( f) and also called the number of branches of the hyper-
surface singularity? .

Remark 1.2.18. For plane curve singularities ovet, it is established that

u(f) =20(f) —=r(f) +1.

In Chapter 5 of the present work, we shall show the same claithd more general
context of characteristic zero (cf. Proposition 5.3.2).filmte characteristic though,
this claim is false. Indeed, Lebar(K) =p > 0and letf = (1+x) - (zP +yP*1) as
in Example 1.2.17. It is not difficult to see thatf) = p? andd(f) = @. Clealy
[ isirreducible. Hencd(f) —r(f) + 1 =p(p — 1) # u(f).

However, we shall show in the last section of Chapter 2, thdeu a certain condition
of non-degeneracy the above formula for the Milnor numbegsdalso hold in finite
characteristic.

In arbitrary characteristic yet, we have more generally feduced non-zero

f € K[[z,y]] that

u(f) =2 20(f) —r(f) +1
(cf. [Del73] and [MHWO1]).

In Chapter 3 of the present work, we shall discuss thorouglfilyther invariant which
is the degree of contact determinacy.

1.3 P-Action on Plane Curve Singularties

In this section, we introduce a further fundamental eqeivet relation, the parametriza-
tion equivalence, which is of big use in the classificatiominodal plane curve sin-
gularities that are defined via their parametrizations. [(¢6198] and [Bou02]).

Remark 1.3.1. Let K be an algebraically closed field of charactristic zero. HFet-
more, letf € (z,y) C K[[z,y]] be such thayf # 0 and f is reduced. It is established
in [Cam80], that the plane curve singularify = K{[z,y]]/{(f) has a parametrization.

1. If fisirreducible, then a parametrization @ is given by a map
¢ K[z, y]] — K[[t]]
x — x(t)
y = y(t)
such thatKer(¢) = (f), and the induced map
R — KI[t]]

is the normalization map.
More preciselyy) satisfies the following factorization property:
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If ' : K[[z,y]] — K][t]] is another parametrization aR, then’ factors in
a unique way throughp, that is there exists an isomorphism
¢« K[[t]] — K][[t]] making the following diagram commutative:

2. If f decomposes into several branches, then a parametrizafidhi® given by
a set of parametrizations of the branches.
More precisely, iff = f1 ... fs is the decomposition gfinto irreducible factors,
thenR =~ @;_, K[[t;]] is the normalization of? and a parametrization) of R
can be represented as a matrix of the form:

z(t1) y(t1)

(ts) y(ts)
where fori = 1,...,s, ( z(t;)|y(t;) ) represents a parametrization of tlith
branch.

Let R be a reduced plane curve singularity andiet= @;_, K[[t;]] be the normal-
ization of R.
Consideringr as ak -algebra, letp € Autx (R), then we can writeb = (¢1, ..., ¢s),
where

(P1,...,0s) € Autg (K[[t1]]) X ... X Aut g (K[[ts]])-

More precisely, for alll < i < s, we have

¢i:  K[[t:]] — K[[t:]]
ti— Y it
j=1
where for allj > 1, ¢;; € K and¢;; # 0.

Definition 1.3.2. Let R be a reduced plane curve singularity andiet= @;_, K[[t;]]
be the normalization of the local ring.

1. Reparametrization of the branches:
z(t1) y(t1)

Lety = € R?, wherefori =1,...,s,

(x(ts) ly(t:)) = (Z aijt] | sz‘jtz) :
=1 j=1
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Letg = (¢1,...,0¢s) € Autg R, suchthatfori =1,... s,
¢+ K[[ti]] — K[[t:]]

with ¢;; # 0. Then,

(di(x(t:)) | @ily(ts))) = (Z aij(¢i(t:)) | Zbij(¢i(ti))j>
j=1 j=1
is called areparametrization of the ith branch of ¢ , and the element

o1(x(t1)) $1(y(t1))

poth = ; ; € R?
®s (x(ts)) bs (y(ts))

is called areparametrization of v.

2. Coordinate change:

z(t1) y(t1)

Lety) = : : = (x(t) |y(t)) € R?, and® € Autx (K|[z,y]]).
x(ts) y(ts)

We can write

d:  Kl[z,y]] — K[z,v]]
x+— Az + By + 0(2)
y— Cx+ Dy +0(2)

A C
such that, de<B D)yé().

We define
Yo®:= (Az(t)+ By(t) + o(2) | Cz(t) + Dy(t) + o(2)).

3. Lety andv’ € R%. Then,y is said to beparametrization equivalent to ¢,
R4, if there exists a reparametrization), and a coordinate chang® as
above, such that the following diagram commutes:
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4. LetP := Autx(R) x Autx (K|[z,y]]), endowed with the multiplication:

(¢, @) (¢, ®) = (¢ 0§, P 0 D).
P is called theparametrization group .

A group action ofP on R? is defined as follows:
P x R? — R?
(¢, @),9) = dpotpo®

Note that, ify and’ are given elements iR?, then

Y~ =y € PY,
p
whereP1) denotes the orbit of under the above group action.

Definition 1.3.3. Letk € Zo, and R* = @;_, K[[t,]].

1. We define?? := (R/((t1, ... )Y,

z(t1) y(t1)
2. Lety = : € R2.
x(ts) y(ts)
jFa(t) 7Fy(t)
We define)y, = : | :
jkx(ts) jky(ts)
where fori =1,...,s,

jFx(t;) = x(t;) mod (t;)*!, and

FFy(t) = y(ts)  mod (t;)F1

3. Letod = (¢1,...,¢s) € Auti(R).
We de.ﬁnebk = (¢1,k7 DR} ¢s,k)7
where fori=1,...,s
Gik = ¢ mod (t;)F 1.

(Recall thatAut i (K [[t;]]) =2 (t:).)

4. We defin®@y, := {(¢x, Px) : (6, P) € P}.

Hence, we get a group action induced by the action of the gRvap R?, as follows:

'PkXRzHR%

((Pr, Pr), Y1) = (P oth o @)y
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Definition 1.3.4. Let f,g € K][[z,y]] be two plane curve singularities, having the

same number of branches

One says that fiparametrization equivalent to g, f ~ g, if there exist a parametriza-
p

tion + of f, and a parametrization)’ of g, such that) ~ v’
p

Lemma 1.3.5. (Lifting lemma )
Let ¢ be a morphism of{-algebras,

¢ Klx1,...,x.)]/T — Kl[y1,---,yml]/J;

wherel and.J are ideals ofK|[[z1, ..., z,]] and of K[y1, . .., ym]] respectively.
If n = m and¢ is an isomorphism, then there exists a lifting

(l;: K[[;vl,...,xn]] —’KHyly-“aymH

of ¢ which is an isomorphism. .
If n > m, and¢ is surjective, then there exists a liftingof ¢ which is surjective too.
(See [GLS06])).

Lemma 1.3.6. Let f, g € K[[z,y]] be two given plane curve singularities. Then
frge Ry

Proof. First, suppose that X ¢g. Then, f andg have the same number of branches
thereforef andg have the same normalization ridy= @;_, K|[t;]].

Moreover, there exist parametrizationsandy’ of Ry and R, respectively, such that
¥ X', which implies the existence f € Autx(R) and

® € Autg (K][z,y]]), such that the following diagram commutes:

K.y —> R
l i¢
K.l —> R

Besides, a¥{er(y) = (f), we havep o ¢(f) = 0.

On the other handp o ¢ = ¢’ o ®, hencey’ o ®(f) = 0 which implies that®(f) €
ker(v') = (g). Thus,((f)) C (g).

Similarly, we show that®—'(g) € (f), thatis(g) C (®(f)).

Hence,(®(f)) = (g), and thenf ~ g.

Conversely, suppose th#t< ¢, then in particular, there exists an isomorphisniof
algebras? : K[[z,y]]/{f) — K][[z,y]]/{g). Hence, the local rings related to the
singularitiesf andg respectively have isomorphic normalization rings.
Furthermore, by the lifting lemma, there exists an isomismhb € Aut i (K[, y]])
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such that the following diagram commutes:

K, yl) = Kllz,y]1/(f)

Kz, ol = Kllz.y1)/t9)

It can easily be checked that the following diagram also comest

jno]]

K, y)) = K[z, ]}/ (/)

q Js

Kz, y]] —= Kllz, yll/(9)—>

na

-
<

no]]

Moreover, by definition of a parametrization of a plane cisivegularity; we have
¥ :=mnq o s1 IS a parametrization ak ¢, and
Y’ 1= ngy o so IS @ parametrization aR,.
Hence, the last commutative diagram is equivalent to thethat f ~ g.
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Chapter 2

C-Polytopes and
Non-Degeneracy

The first examples arising in the classification of hyperstefsingularities belong to
the semiquasihomogeneoukass whose elements are represented by equations of the
form f = fa + h € K][z]] whereA is an(n — 1)-dimensional face of thélewton
polytopeof f, fa is aquasihomogeneouymlynomial having finite Tjurina number and
all elements okupp(h) lie strictly aboveA.

For the purpose of computation of normal forms and motivagdhe classification,
the investigation of this particular class giving risequasihomogeneoutrations of
K|[[z]] plays the central role in the important paper [Arn74] of AchdHowever, it was
already noticed in that paper that it is often useful to coeigdiecewise-homogeneous
filtrations in which the role of\ is played by the Newton polytope and where a finite
set of weights has to be considered.

The theory of these was rapidly developed, culminating énwtlork [Kou76]. Kouch-
nirenko considered an arbitrary subsdte N, looked for conditions for the existence
of f € K|[z]] such thakupp(f) C M andu(f) < oo and found out the minimal value
of the Milnor number in case that such @irexists. His answer was given in terms of
certain geometrical features of the Newton polytope whsctelated to the set1. He
introduced the notion afon-degeneracin arbitrary characteristic. His main results in
positive characteristic though, are proved only for theesaghere the Newton polytope
meets all coordinate subspaces. Of course, these casesidolude all semiquasiho-
Mmogeneous ones.

In his paper [Wal99a] about Newton polytopes and non-degegeoverC, Wall did
slightly modify the notion of Newton polytope allowing itadets to be extended out
to meet all coordinate subspaces. So he introduced thennaitgirict non-degeneracy
with respect to the so called-polytopes This condition of non-degeneracy turns out
to be an appropriate one. Indeed, on one hand, Wall showé¢darlyasemiquasiho-
mogeneous hypersurface singularity is strictly non-deggte with respect to some
C-polytope. On the other hand, he asserted that this conditiplies the finiteness of
the Milnor number. The results that we present in the lagtaeof the present chapter
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shows that strict non-degeneracy does also make senséitingpobaracteristic.

Our attempt in this chapter is to give an explicit developtiararbitrary character-
istic of these notions which are crucial for the subsequbapters. Throughout this
chapter, we shall use widely the notation elaborated by WgWal99a]. The chapter
is organized as follows. Section 2.1 is devoted to the stlidpjects and notions which
are closely related t@’-polytopes. In part 2.1.1, we briefly review the definitioris o
Newton polytopes¢’-polytopes and Newton number. Moreover, we explain the one t
one correspondence between finite sets of weights’apdlytopes.

Although the notion of semipiecewise-homogeneity is mesefjeneralization of that
one of semiquasihomogeneity, it was not explicitly definethe literature. It deserves
a closer look for it provides a more systematical and efftoilavelopment of the the-
ory. In part 2.1.2, we start by defining the piecewise-homeges order of a formal
power series. Afterwards semipiecewise-homogeneousréyace singularities are
introduced. These can be represented by equations of tmeffes fp + h € K[[x]],
where fp is a piecewise-homogeneous polynomial with respect €& @olytope P,
7(fp) is finite and any element ofupp(h) lies strictly aboveP. We notice that the
conditionT(fp) < oo is to the case of arbitrary characteristic as the conditiofy )

to the case of characteristic zero. In both cases the pehpiart of the (hypersur-
face) singularity is isolated. The semiquasihomogeneass overC is thoroughly
discussed in the literature. It is well-known, amongst cththat a semiquasihomoge-
neous hypersurface singularity is isolated, besides itHmsame Milnor number as its
principal part. In positive characteristic, we show thas tiesult remains true, if and
only if, the characteristic does not divide the weightedrde@f the principal parfa .

In subsection 2.1.3, we describe how finite sets of weighfg'ingive rise to a piecewise-
homogeneous grading of algebroid singularitt€gx]] /I, wherel is a proper ideal of
K|[|z]]. Afterwards, we study their associated gradédhlgebras and show that these
are finite dimensionak-vector spaces in the case of zero dimensional ideals.
Although we do not make essential use of toric varieties i dissertation, for com-
pleteness and to supplement the pictur&gbolytopes, we present in part 2.1.4 the
relation between these two notions.

In section 2.2, we deal with piecewise-homogeneous ordeth®setDer i (K [[x]])

of derivations and their properties. This notion was introet by Arnold in [Arn74]
over C as a tool for the computation of normal forms and hence forpiimpose of
classification. We discuss this in detail in the more gensgtiing of arbitrary charac-
teristic.

The last section 2.3 is devoted to the notion of non-degegeie start by recalling
the definitions and the main results which are related to tvedegeneracy elabo-
rated by Kouchnirenko in [Kou76]. Afterwards, we presenarbitrary characteristic
Wall's notion of strict non-degeneracy ov€r Based on the observations of Wall, we
compare the two notions. Also, we notice that the main rggolted by Wall overC

in [Wal99a] remains true in positive characteristic, nantéht strict non-degeneracy
implies finite Milnor number and finally we show that any sea@gihomogeneous hy-
persurface singularity for which the characteristic dogtsdivide the weighted degree
of its associated principal part is strictly non-degererat
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Throughout the present chapt&r denotes an algebraically closed field of arbitrary
chracteristic. Further, fof € K{[x]], we denote byR, := K[[z]]/(f) the associated
hypersurface singularity tgé.

2.1 (C-Polytopes and Piecewise-Homogeneous Graded
Algebroid Singularities

2.1.1 (C-Polytopes and Newton Polytopes

We recall the definitions of &'-polytope, Newton diagram and Newton polytope of a
formal power series and introduce some notations.

Definition 2.1.1. A C-polytopeis a polytopeP C R” such that
1. each ray through the origin iR” meetsP in just one point, and
2. the region inR? ' lying aboveP (i.e not containing)) is convex.

Remark 2.1.2. We would like to observe that@ polytope divides the positive orthant
in 2 connected components where actually the one not cangga@ro is even convex.

Notation 2.1.3. Let P be aC-polytope. For each facé of P, we set
Ij:={i, 1<i<n:z;=0 on §}
and 5 denotes the complementkfin {1,...,n}.
Definition 2.1.4. Let P C R’_;U be aC-polytope
1. Atop-dimensional (i.én — 1)-dimensional) face\ of P is called afacet

2. We call a face of P inner faceif it lies in no proper coordinate subspace, that
is if no coordinater; vanishes identically on (i.e I; = ).

Example 2.1.5. In the following figure, the union of the thick lines repretsanC-
polytope in the plane.

e

Saus

C-polytope

This C-polytope hat3 facets which are the three line segments that compose iRand
further inner faces which are thzvertices of the”'-polytope not lying on the coordi-
nate axes.
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Definition 2.1.6. 1. Letf € K[[z]]. Then, we call the set

' (f) := conv(supp(f) + RZ,)

the Newton diagram of f and the boundary of ;. (f) is called theNewton
boundary of f.

The union of the compact faces of the boundar¥ off) is called theNewton
polytopeT'(f) of f.

Further, we denote the cone joining the origin and the Nevpwigtopel'(f) by
r_(f).

2. A formal power serieg € K]|[x]] is called convenient (CO) if its Newton
polytopel’(f) meets all the coordinate subspaces, i.e none of the elemgnts
i =1,...n,dividesf.

Example 2.1.7. Let f = x(y* + 2y + 22y? — 23y + ).

T, (f) L'(f) r_(f)

In particular, f is not convenient and the Newton polytoBéef) has two facets, with
slopes—1 and—3.

Remark 2.1.8. We observe that the Newton polytdf{g’) of a convenient power series
[ € K|[x]] is aC-polytope. Moreover, it is easy to notice th&{( f) is not an invariant
of the orbit of f under theR-action or thekC-action.

In the sequel, we shall often use the following notation.
Notation 2.1.9. Letf =3 aax™ € K[[z]].
*€%>0
For a non empty subset C R”, we writef, = >~ aqx™ and we seff, = 0.
- 0

aeAﬁZg

n
>

Definition 2.1.10. Let P be a compact polytope iR” and letf € Kl[x1,...,x,]]-

1. We define thBlewton number of P as
n—1
VN(P):=n!Vo(P)+ > (=1) (n =) Vo o(P) + (-1)",
r=1

whereV,,(P) is the euclidiann-dimensional volume of the polytogand, for
qg=1,...,n—1,V,(P)denotes the sum of the euclidigslimensional volumes
of the intersection oP with the coordinate subspaces of dimensjon
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2. We define the Newton numbey (f) of f as follows:
(@) If fis(CO), we have
un (f) = Vn(T-(f)),

(b) otherwise, we set

Jm = f+zxim
i=1

and we take

pn(f) = Sié]é/iN(fm) € NU {0}

Example 2.1.11.We considerf = y* + 23y + 27 € K]|[z,y]]. Clearly f is (CO).
For ¢ € {1, 2}, we denote for shofit, := V,(I"_(f)). Then,

un(f)=2Va — V1 + 1,

withV, =22+ 3.2+ 42 =13andV; =4+ 7 =11.
Henceun(f) = 16.

In particular, we notice in this example that f) = 16 = ux(f). Indeed, in his paper
[Kou76], Kouchnirenko shows that in arbitrary characteits the Milnor number and
the Newton number coincide for any non-degenerate hypkacisingularity. This
notion of non-degeneracy shall be defined in Section 2.3egbtbsent chapter.

Remark 2.1.12. 1. For f € K][[x]], Kouchnirenko shows in [Kou76, Theorem I]
that the Milnor number and the Newton number satisfy in galrtée following
relation

u(f) = pn(f)-

2. ltis clear from Definition 2.1.10 that the Newton numbeaabnvenient power
series is finite. For the non-convenient ones, we have thaxfiolg result given
by Kouchnirenko in his paper [Kou76].

Let f € K[[z1,...,z,]] be non-convenient and lgte Z-o with1 < ¢ < n,
such that
R N supp(f) =0 for i e {1,...,q}, and
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R N osupp(f) #0 for ie {g+1,...,n}.
Further, as'(f) is compact irR” , we set(f) = max)|r|.

rel’(f
If dim(T'(f)) =n — 1, then

=1

v (f) = 00 <= py (f T Zxﬂﬂ”“) > (d(f) ~1)".

Example 2.1.13.Let f = y° + 23y? € K][[z,y]]. We notice thatf is not (CO).
Moreover, form, m’ € Z~q such thatn > m/, we haveuy (f,n) > un(fm/). Hence,
we can write

un (f) = sup pn(fm) = sup pn (fm)-

meN m>9
Thus form > 9, we get
u(f) = pn(fm)
= 2(3 B2 —5-mt
= 114+4m

This shows thatiy (f) = .

wt
3 A

Lemma 2.1.14.Let f € m? C K[[z,y]] be reduced. Then

pn(f) =VN(T-(f)).

Proof. We denote the facets &f f) by A;, 1 < i < k, listed in order with decreasing
slopes. We denote the lattice points at the end&pby (a;_1,5;—1) and («;, 5;),
i=1,...,k sothatug > ag > --- > ay while (8;); is increasing. Iff is (CO), then
the claim follows clearly from Definition 2.1.10, otherwiselivides f or y divides f.
Without loss of generality, we can assume thalivides f.

Furthermore, we notice that the function

N — Z>0
m = N (fm)

is increasing.
If T'(f) intersects the—axis, that isxyy # 0 andjy, = 0, then, asf is reduced, we have
necessarily that, = 1.
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Hence, we can write
fr = coz® + 1ty 4 4 ey,
where the coefficients; € K,0 < i < k. Thus, form € N, we have
Jm =F+y™

and, sincef,, is (CO), we have by definitiomy (f,) = V(T =(fm))-
Form large enough, we get clearly

un(fm) = Vn(D—(fm))
V@ (f)+2(%)—m
Vn(D_(f))-

Finally, if I'( ) does not intersect the-axis, then we havg, = 1 anday, = 1, since
fisreduced. Hence, we have

fr = cox™y + e x®y® + -+ cpay®

Thusf,, = f+z™ +y™, m € N.
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Form large enough, we get

MN(fm) = VN(F—(fm))
= Wr-(f)+2(5+%)—(m+m)
= VnI-(f))

This proves the claim. O

In the following, we would like to describe the corresponciebetweerC-polytopes
of R” and finite sets of weights.

Let W = {w = (w1,...,w,) € R” } be afinite set inR” . Then, W gives rise
to a finite set
Lw ={w=(w,):R" >R | we W},

of linear functions given by
(@) = (w, a) = Zwiai,

with a = (a1, ..., a,) € R andw = (wy, ..., wy,).

Notation 2.1.15. If W is a finite set of weights anflyy is its associated set of linear
functions, then we define the functidf, : R* — R by

Aw (@) :== min { Ay (a)}.

wew

Definition 2.1.16. 1. Afinite seWV C R” s called a finite set ofveights

2. A non-empty finite set of weigh®® is calledirredundant if for any proper
subseW’ C W, we have\y < Apy.

Throughout the whole chapter, we consider only irredunélaité setsW of weights.
On the other hand, we would like to mention that the weightssivall consider in
practice lie inQ” .

Remark 2.1.17. We should naotice that there is a one to one correspondeneebat
C-polytopes and irredundant finite sets of weights. This eadéscribed as follows:

1. LetW be an irredundant finite set of weights.
Then,W defines aC-polytope Pw = {a € R” : Aw () = 1}.
We can write N
Py = U Awa
weW
whereA,, := {a € R? : Aw(a) = A\w(a) = 1}. These are the facets of
the polytopePyy . Indeed, sincd¥V is irredundant, each facet is non-empty and
(n — 1)-dimensional.
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2. Conversely, &-polytope P gives naturally rise to a finite sé¥ p C R”  of
weights. Indeed, if we consider the collection of the facetsf P, then we can
associate to it the following finite set of linear functions

Lp={ : M (a)=1, forall a € A, AfacetofP}.
In this way, we obtain a finite set of weights
Wp={wa €eR” : A= (wa,.), AfacetofP},

for which we have clearly thaPy,, = P.

2.1.2 Semipiecewise-Homogeneous Hypersurface Singutaes
Definition 2.1.18. Let W C Q7 be afinite set of weights.
1. Leta € Z’_;O. We call the positive rational number
W-degz®) == Aw ()
the piecewise-homogeneous degree the W -degreeof the monomiak .
2. Letf € K[[z]]. Then,
W-ord(f) := vw (f) := min{Aw (@) 1« € supp(f)}

is called thepiecewise-homogeneous orderr the W-order of f.
We setry (0) = oc.

Notation 2.1.19. If W contains only one weight € R? . then we denotey, := v,,.

Remark 2.1.20. LetW C Q”  be a finite set of weights.
1. We have clearly by Definition 2.1.18 that

vw (f) = min {vw(f)}-

weWw

2. Fori=1,...,n,ifwe set

6= (Bik)icpen= (0 ... 0, 1, 0 ... 0)
whered; ;. is the Kronecker symbol, then we have
w (€;) = min, {Aw(e)} = min, {w;}.
Remark 2.1.21. Let f, g € K[[x]]. It follows clearly from Definition 2.1.18 that

1 ow (f +g9) = min{ow (f), vw(9)}-
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2. vw(fg) > vw (f) + vw (g) and the equality does always holdi{iiw’) = 1.

If (W) > 2 however, then it is of interest to notice that the equalitiledf and only if
the W-order can be reduced to a-order for some weightv € W. This is precisely
the statement of the next lemma.

Lemma 2.1.22.Let f, g € K[[z]] and letW C Q" be a finite set of weights. Then,
vw (fg) = vw (f)+vw (g), ifand only if, for somev € W we haverw (f) = vq, (f)
andvw (g) = vw(9g)-

Proof. Letw, w’ andw” be weights inW so that

vw (f9) = vw(fg), vw(f) =vw (f) and vw(g) = vy~ (9).
Hence, we have clearly that
Vw(fg) = vwr (f) + vy (9)

<~
— vw(f)+vw(g> :vw'(f)+vw//(g)
= v'w(f)ivw/(f):Uw”(g)ivw(g)'

vw (f9) = vw (f) +vw (9)

AS 0 < vy (f) — v (f) = v,/ (9) — vy (g) < 0, then it follows clearly that., (f) =
Uy (f) @andu,, (9) = vy (g). This shows the lemma. O

Definition 2.1.23. LetW C Q" be afinite set of weights.

1. A polynomialf = Zaem aqx®™ € K[x]is calledpiecewise-homogeneous
“>o0

(PH) of type(W ; d) if

W-degz®) =d, forall a € supp(f).

d is called thepiecewise degreer the W-degree off.

2. If the setW has only one weight, then we call a piecewise-homogenedys po
nomial f of type(W ; d) quasihomogeneousr (QH).

Remark 2.1.24. 1. Itis clear that any(QH) polynomial is(PH).

2. Obviously a quasihomogeneougH ) polynomial of typdw ; d), wherew =
(w1,...,w,) € Q" isalso(QH) of type(w , 1) for w = (%4+,..., %),

Example 2.1.25.The polynomialff = xy* +23y? + 2%y +y° +2° € K|z, y]is (PH)
of type(W ; 1) where

W — (1 3\ (1 2\ (1 1\ (11
=W = 878 ; W2 = 7a7 ; W3 = 575 ; Wq = 3’6 .

The polynomialf = 23 + zy3 + 22 € K|r,y,2] is (QH) of type (w; 1) where
w= (3,3 3).
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Yy z

Ra=Sw :

8 T

f=ayt + a3y? + 2Py + ¢ + b f=a® 4+ ay® 4 22
r'(f) = Pw r'(f) # Pw

Remark 2.1.26. Let f be a(PH) polynomial. We observe that in general, there exist
infinitely manyC'-polytopesP of R” = such that the polynomidip is equal tof as the
next Example 2.1.27 shows. N

Example 2.1.27.Let f = 2™ + z™y* + y**> € K[[x,y]] such thatry > r; and
s9 > s1 andrgs; + ser1 < rosz. Obviouslyf is a convenient PH) polynomial
of type(W ; 1) whereW is the set of two weights arising from the two facets of the
Newton polygod” of f (cf. Remark 2.1.17).
Further, we denote by, the facet o' meeting ther-axis and by, the other facet.
Moreover, we denoté, the extension of; to thez-axis and we consider the set of
points

C:={M=(rs) GR; :(r,s) €2 and 0 < s < s1}.

Obviously the s&f is infinite.

On the other hand, foM = (r,s) € C, we consider respectively the edgey, with
end pointg(ry, 0), (r, s)and the edge- 5, with end pointgr, s), (0, s2).

Now, letPy; = 01,0 U 02, 3. Itis clear that

1. Py is aC-polytope ofR? .
2. No point ofsupp(f) lies belowP ;.

3. fis (PH) of type(W, ;1) whereW , is the set of two weights arising
from P,,.

82

S1

xr
T1 T0

Definition 2.1.28. A hypersurface singularity is called
piecewise-homogeneous (P H) if there exists a piecewise-homogeneous polynomial
f € K[z] such thatR = Ry.
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In the following, we deal with some examples(@? H ) hypersurface singularities.

Example 2.1.29.Let g = y* + xy* + 23y® + 2%y + 27 + 28. The associated
hypersurface singularity?, is (PH). Indeed, letf = y* + 23y? + 27. We havef is
(PH) of type(W ; 1), whereW = {wy = (%, 2), ws = (3, 1) }. Onthe other hand,
we havey = (1 +z)f.

Henceg ~ f and thereforeR, = R; obviously follows.

Example 2.1.30.Let f = y* + 2%y® + 23y + 27 and letR; = K[[z]]/(f) be the
hypersurface singularity associated fo

o If char(K) # 3, then we claim thaR is (PH).

Indeed, we can show later in Example 3.3.9) that
f~y* +23y? +27. On the other hand, the latter polynomial (£ H) as Example
2.1.29 shows. Therefoi®, is (PH) by Definition 2.1.28.

e We show however, that; is not (PH) wheneverhar(K) = 3.

Indeed, we show in the following that there is (¥8H) polynomial which is contact
equivalent tof.

Letu € K[[z]]" be a unitinK[[z]] and lety € Aut(K[[z]]) be an automorphism of
K[[x]]. Then, we can write

u=e+h and ¢: x+—axr+by+hy, y— cr+dy+ hs,
where
1. e K\ {0},
2. hem,
3. a,b,candd € K such thatad — bc # 0 and
4. hy andh, are inm?2.

On the other hand, we can show usiBINGULAR, that any monomial having 8 -
degree strictly bigger that3/12 lies in the idealtj(f). Thus, in particular the ideal
m® is a subset of. Hence, according to Corollar$.4.? of the next chapter, for any
g € K[[z]] such thatf — g € m®, we havef ~ g.

Then, we can write

up(f) ~(ctat + Edady + dPexy® + diy*) + Pala® + d*b3y° + h,
whereh is inm® ¢ K[[x]].
e Suppose that # 0 andd # 0. Thenup(f) = g+g1, whereg is a homogeneous

polynomial of degree and g; is a nonzero polynomial im® \ {0}.
We see clearly that in this case the polynomial; ¢, is not(PH).
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e Now suppose that = 0. Then, it follows from the conditiomd — bc # 0, that
a # 0 andd # 0. Furthermore, we have that

up(f) = d'y* + a>d*z3y* + a"2" + g1, such that
g1 = a’d®z?y3 —abd3xy* 4 (d?b> +b2d>)y® — ad>xy>hy —bd>y*hy +aSbxy+
boazyS +b7y" + d3y3hf + dhij.
The polynomial := d*y* + a*d?z3y* +a"2" is (PH) of degreel (c.f Example
2.1.29) and the polynomiaj, is not zero as it has the nonzero tetrtd>z2y>.

Besides, the piecewise degreegofis strictly greater than 1 and therefore the
polynomialg + g1 is not(PH).

e The casel = 0 is analogous to the case= 0.

So, the claim clearly follows.

3 @

2 7
Newton polygone of

f=y4+x3y2+ac7

In the following remark, we would like to formulate in arlaty characteristic some
known facts about quasihomogeneous hypersurface siitggdar

Remark 2.1.31. 1. Letchar(K) be arbitrary and letf € K[x] be (QH) of type
(w; d) wherew = (w1, ...,w,) € R . Thenf satisfies obviously thEuler
relation N

df = Zwixifwm in K[w]v
i=1

and the relation

fA ..t ay,) =t f (2, ..., z,) in K, t).

2. It is easy to notice that, ifhar(K) does not divide the degree of quasi-
homogeneity, then it follows from the Euler relation thjate j(f) and thus
7(f) = n(f).

On the other hand, it has been established in a theorem of o f2ai71] that
for f € C{x} having finite Milnor number, the converse does also hold. éMor
precisely, letf € C{x} be such tha is an isolated singularity of. Then

Ry is (QH) <= p(f) = 7(f).
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Using the particular relations fulfilled by @ H) polynomial f € K[x] quoted in
the first part of Remark 2.1.31, we present in the sequel sompertant properties of
(QH) hypersurface singularities.

Lemma2.1.32.Letf € K[z]be(QH) oftype(w ; d) and letg € K[[x]] be arbitrary.
If char(K) does not dividel, then

frg f~yg.

Proof. The proof repeats the same arguments used in [GLS06, 2epBcing the field
of complex number& by an algebraically closed field such thatr(K) 1 d. O

Lemma 2.1.33. Letw = (wy,...,w,) € 2" such thatged(ws, ..., w,) = 1 and
letd € Z~. Further, letf € m® C K[[z]] be(QH) of type(w, d) such thatr(f) is
finite. Then the following are equivalent

(1) char(k)td

) u(f) is finite.

Proof. If char(K) does not dividel, then it follows clearly from the Euler’s relation
that f € j(f) (cf. Remark 2.1.31) and hengg f) = 7(f) < occ.

To show the implicatior{2) = (1), we suppose thathar(K) dividesd. Hence the
Euler relation reads

wlxlfxl + ...+ wnxnfzcn =0.

As ged(wy, ..., wy,) = 1, we can suppose for example thaur(K) t w,. Thus, we
can write w w
:L'nfl"n, :_ifﬂh e nilfmn—l‘
wTL wTL

On the other hand it is easy to see thatis not zero inK[[x]]/{fz,, - - - » fz,)- INdeed,
otherwise we would have,, € (f.,,..., fz,) C m? which is impossible.

Hencef,, isazerodivisor ik [[x]]/{fz,,-- -, f=,). Therefore the sequengg,,..., f.,
is not regular in the Cohen-Macaulay rifif[x]]. Then it follows thatdim(My) > 1,
whereM  is the Milnor algebra associated fo(cf. [GLS06, B.8.3]). But this contra-
dictsu(f) < co. Hencechar(K) 1 d. O

Remark 2.1.34. Let f be a(QH) of type(w ; d) wherew € ZZ, andd € Z~,. We
should notice that in arbitrary characteristic, the pattiderivations off are either0
or non-zero(@ H) polynomials. More precisely, far=1,...,n, we have

fes =001 fyis (QH) of type("”; d— wl)
So we get the following lemma:

Lemma 2.1.35.Let f € m be a(QH) polynomial. Ifu(f) is finite, then

{re K": fo,(r)=...= fy (r) =0} ={0}.
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Proof. Letw = (wy, .., w,) € Z2, be the weight associated foand let

N={reK": f;(r)=...= fy, (r) =0}
We suppose that there exists= (r1,...,m,) € N such that- # 0. Then for any
t € K, we have clearlyt*rq,...,t*r,) € N.

Further letl be the ideal associated to the set of points
{{t“ry, ..., t"ry)) : t € K}

ObviouslyI > j(f) anddim(K[[x]])/I = 1, this yieldsdim (M) > 1 which contra-
dicts u(f) < oo. O

Remark 2.1.36. Let P C R” | be aC-polytope. Letf = > aqz* € K[[z]] be such

(e
that the truncationfp = Y aqz® # 0. Then, it follows clearly that
acP

fp isa (PH) polynomial of type(W ; 1),

whereW is the finite set of weights associatedfo(cf. Remark 2.1.17). If we have
further that no point okupp(f) lies belowP, then we can write

f = fp + fl, with Uw(fl) > 1.
Furthermore,fp is called theprincipal part of f.
Definition 2.1.37. Let f € m C K[[z]].

1. We callf semipiecewise-homogeneows (SPH) if there exists aC-polytope
P inR? such that no point ofupp(f) lies belowP and the(P H) polynomial
fp has afinite Tjurina number.

2. Aformal power serieg € K|[[x]] is calledsemiquasihomogeneou§SQH) if
there is a faceA of I'(f) of dimensiom — 1 such that thé@ H) truncation fa
has finite Tjurina number. This fack is then uniquely determined anfh is
called the principal part off.

3. A hypersurface singularity is callegkmipiecewise-homogeneoysesp. semi-
quasihomogeneousor (SPH) (resp. (SQH)) if there exists 8 SPH) (resp.
(SQH)) power seriesf such thatR = Ry.

Obviously, any(SQH ) hypersurface singularity ie&SPH) too. One has only to con-
sider the extension of the fack to the coordinate hypersurfaces to get'golytope
inR™ .

Remark 2.1.38. Let f € K|[[x]] be (SQH) and let fo be the principal part off.
Considering the weight vector associated to the faketve observe easily that, is
a (QH)-polynomial of typdw ; d) whered € Z~,. Moreover, we can write

f=fa+g, with 7(fa) < oo and vy(g) > d.
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In chapter 3 of the present dissertation, Corollary 3.3st8l#ishes the following.
Lemma 2.1.39. Any semiquasihomogeneous hypersurface singularity lstesh
Proof. cf. Corollory 3.3.13. O

The investigation of SQ H) singularities over the field of complex numbé&splays
a central role in the important paper [Arn74] of Arnold whéie shows for example
that a(SQH) hypersurface singularity has the same Milnor number assis@ated
principal part. Of course, we would like to investigate imhfar this remains true in
arbitrary characteristic.

The following example however shows that this property daeold in general when
char(K) > 0.

Example 2.1.40.Letchar(K) = 7 and letf = 27 + 2%y + y* € K]{[z,y]]. Further,
let A be the line segment with end poiri%s0) and(0,4). Itis clear thatf is (SQH)
of principal part fa = 27 + y* (note thatfx is reduced and hence(fa) < cc). On
the other handi(fa) is infinite whilep(f) = 21 < oco.

We notice that in this examplehar(K) = 7 divides the weighted degree ¢A which
is 28.

Proposition 2.1.41. Let K be an algebraically closed field of arbitrary charactersic
and letw = (wy,...,w,) € Z" . Further, letf € K[[z]] be (SQH) with principal
part fa of type(w; d), d € Z~o. If u(fa) isfinite, thenu(f) = u(fa).

Proof. Throughout the whole proof, we use the following notation:
Kl[y,t]] :== K[[y1,---,Yn, t]] andK[[x, t]] := K[[z1,..., 2z, t]].

We can writef = fa + ¢, whereg € K{[x]] andv,,(g) > d.

Further, we assumg(fa) < oo and we set

A ft¥rzy, ..., tYx,
f(:];‘,t) = ( 1d )

€ K[z, 1]].

Thusf(z,t) = fa(x) +t™g(x,t), m > 1. Hence, we can write

foi(@,t) = fa (@) + g, (2,t) € K[[2,1]]. (2.1)
We consider the followind({-algebra homomorphism

d: Ky, t]] — Kzt

t — i

Clearly, it follows from(2.1) that

dimg (K@, t]/{fo, (1), ..., fo, (@, 1), 1)) = dim (K[[z]]/§(fa)) = M(f?z)-z)
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Thus, asu(fa) is finite, we see that the morphisinis quasifinite and even finite (cf.
[GLSO06, 1.13]).

Moreover, it follows from(2.2) that dim(K[[x,t]]/(fe, (1), ..., fa, (z,1), 1)) is
zero. Then we can write obviously

dim(K[[z.t]]) = dim(K[[y, t]]) + dim(K [z, )]/ (fu, (@.1), .., fu, (1), D).

Besides, forK [[x, t]] is Cohen-Macaulay, it follows from [Eis96, 18.16] thhts flat.
Altogether, and using the Nakayama lemma, we obtainifiat, ¢]] is a freeK [y, t]]-
module of ranku(fa). Hence

K[[:B, t]]®K[[y,t]]K[[y7 t]]/<y> = K[[i[t, t”/(le (:B, t)v R frn ((B, t)>

is a freeK[[t]]-module of ranku(fa). Over the field of fractiong(((¢)), we consider
the morphism

e K((t)[=]] —  K((1))[=]]
r; = tWia,, i=1,...,n
t — .

It is straightforward thap is an isomorphism of local algebras andAf{(¢))[[x]], we
have

flat) = el f(@).

Writing K’ for K((t)), we have cleary

<f($at)>1<f[[:c]] = <<P(f(l’))>K’[[w]]'

Sinceyp is an isomorphism, we have by Lemma 1.2.7

JNE' (2] = (e () K [[2] = (i () K [2]]-

Due to the above, we get

K[, )/ {fo, (1), fon (@, 1)) @k K (1) K'[2]) /oG (£) K [[]]

K'[[])/5 ()K" [[a]

1R

is a K'-vector space of finite dimensiqr(fa ).
Finally, it follows by Theorem 5.1.7 that

dimg (K([®]]/3(f)) = dimg (K'[[2]] /5 (/) K'[[®]]) = p(fa)-
O

If char(K) = 0, we shall give an alternative proof of Proposition 2.1.4Chapter 5
using Lefschetz principle (cf. Proposition 5.2.2).
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2.1.3 Piecewise-Homogeneous Grading of Algebroid Singuites

In the first part of the present section, we shall show liywolytopes (or equivalently
finite sets of weights) give rise to particular filtrationsabfebroid singularities. These
are the so calleghiecewisefiltrations and generalize the well-known quasihomoge-
neous filtrations which are induced by only one weight. Aftext, we shall deal with
the main properties of the associated graétedlgebras.

Lemma2.1.42.LetW C Z”  be afinite set of weights and létc N. Then the sets
Foq:={g € K[[z]]: vwl(g) >d},

and
Fuog:={g € Klz]]: vwl(g) >d}.

are ideals ofi([[x]]. Moreover, we have
1. F59 = K[[z]] andF_, = m,
2. F,CFsqandF,, C Fxqforanyd >dand

3. foranyd € N, we havers gFy o C Fay, -
Proof. The proof is obvious. O

Remark 2.1.43. 1. For anyd € N, it is easy to see that th&-linear spaces
K|[z]]/F>q and K|[x]]/ F~ 4 are finite dimensional.

2. We observe clearly from Lemma 2.1.42 that the idéalg d € N, give rise to a
decreasing filtration

FZQDF21:)...DFZd:)...

of K{[x]]. On the other hand, if is a proper ideal of([[x]], then we see clearly
that

(Fso+D/ID>F>1+D/ID...D(Fsq+1)/ID...

is the induced quotient filtration on the algebroid singithad [[x]] /1.

Definition 2.1.44. LetW C Q” be a finite set of weights and 1étC K[[z]] be a
proper ideal. We call the decreasing filtration

(FZO—FI)/I D (le +I)/I D...D (de—FI)/I D,
where ford € N, F>4 := {g € K[[z]] : vw/(g) > d} thepiecewise-homogeneous

filtration or W -filtration of the algebroid singularity<[[x]]/I.
Further, the ideal§ >4 + I)/1I, d € N, are called théW -ideals of K [[x]] /1.
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In the following, we shall study the associated grading toverg piecewise filtra-
tion of an algebroid singularity. Next, we consider the agsted graded<-algebra
grw (K[[z]]/I), namely

grw (K[[z]]/1) :== D grw, a(K[[2]]/1),

deN

where
grw  a(K[[z]]/]) == F>a/(Fsa + (F>a N 1)).

Remark 2.1.45. We observe that the monomials of tiealgebragr.,, (K [[x]]) are of
the form

da = %+ Forp (@) € Forp @)/ Foaw (o)

thatisd,, is the residue class of the monomigtt of K [[x]] modulo the ideaF. 5, (a)-
Considering Remark 2.1.21 and Lemma 2.1.22, the multidicaon gr, (K [[x]] is
defined as follows:

Sy tan - IfOrsomew € W, Ay (aq) = Ay (1)
and)\w(az) = )\w(az),

0 , otherwise.

Following [GrP02, 5.5.10], we define the initial ideal bhssociated tV'.
Definition 2.1.46. Let W be a finite set of weights.
1. Forf =3, aaz™ € K[[z]] such thatd := vw (f), we call

Inw(f):= ),  az®

W —deg(a>)=d
theinitial form of f with respect taV.
2. LetI C K[[z]] be anideal. The ideal
Inw(I) := (Inw (f) : f € I\{0}) C Klz]
is called theinitial ideal of I with respect tdV.

Notation 2.1.47. If W contains only one weight, then fgr € K][z]], we denote

Inw (f) := In(f).
Remark 2.1.48. 1. Inw (f)isa(PH) polynomial of typéW | vy (f)).

2. Itis of interest to note that in generdhw (fg) # Inw (f)Inw (g) while the
equality holds when the s& contains only one weight.
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Example 2.1.49.Let W = {(1,2),(3,1)}. We considerf = z° + xy? + ° and
g =" +y". Itis clear thatf is (PH) of type(W ; 5) and g is is (PH) of type
(W ; 7). Moreoverf = Inw (f) andg = Inw (g). ButInw (fg) = x'? + 28y +
zy® +y'? # Inw (f)Inw(g).

Proposition 2.1.50.LetI C K[[x]] be an ideal and [eW be a finite set of weights in

Z%,. Then
grw (K[[2]]/1) = Klz]/Inw ()

as K -vector spaces.

Proof. Letd € Z~, we define the following twd< -vector spces:
Klz], := (x* : vw(x*) =d), andInw (1), := Inw (I) N K[z],.
Cleary, we have([x], = F>q/F%4.

Hence, we can consider the canonigalinear surjection

pa: Klz]y — Fsa/(Fsqa+ (F>aN1))
fo= f

In the following, we show thalnw (1), = Ker(pq). First, letf € I be such that
vw (f) = d. Thus, we can writg = Inw (f) + g, with g € F- 4.
Hence,f — g € Fsq + (F>q N I) and thereforepy(Inw (f)) = 0. This yields
Inw(I), C Ker(pq). On the other hand, lef € K|z], be such thatp,(f) = 0.
Thenf € F\ 4+ (F>q4NI), thatisthere exisj € F\.;andh € F>4NI with f = g+h.
But f € K[zx], andg € F.qyieldto f = Inw (h) € Inw (I), and thus the inclusion
Inw (I),; D Ker(pq) follows.
Soyy is an isomorphism of<-vector spaces. Hence, we have

Klz];/Inw(I); = F>aq/(Fsa+ (F>a N 1))

and the K-vector space isomorphism

DK x]a/Inw (1), = gry, (Kl2])/1)
d>0
clearly follows. So we finish the proof by showing that
Klx)/1 = PK=],/Inw(I),
d>0

as K-vector spaces. For this purpose, we consider the foitpmap

Q- Klx] — @K[m}d/fnw(l)d
d>0
F=Y 1t = > fa
d=0 d=0

where the polynomialg, represent th8V-(PH) parts of f. It is obvious thaty is a
K-linear map and besidesis surjective.
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Let f =1, fa € K[z] suchthaty(f) = 0. Hencef, = 0, thatisfy € Inw (1), =
Inw(I) N K[x],, foralld. Thusf; € Inw(I),0 < d <m,andf € Inw (I) cleary
follows. Conversely, iff € Inw (I) then we can writef = Z‘;:l ciInw (g;), where
¢; € K andg; € I. Nevertheless, the polynomials.w (g;) are(PH), so there exits
di € Z>o such thatlnw (g;) € K[z],,.
Hencelnw (g:) € Inw(I) N K[z], = Inw (), andp(f) = 0 clearly follow.
ThusKer(p) = Inw (I) and therefores [z]/Inw (I) = @ K[z],;/Inw (I),.

d>0

O

Using the computer algebra systemN&ULAR, the computation of the initial ideal is
almost immediate if we deal with only one weight as the folligpdemma shows.

Lemma 2.1.51.Let] C mbe anideal, and letletv C Z” . Further, let{fi,..., fs}
be a standard basis aof with respect to a local weighted ordering associateduto
Then

Proof. The proof that we shall give is similar to the one given in [G2P5.5.11].

Letf € I. For{fi,..., fs}is a standard basis of | with respect tavalocal weighted
ordering, there exist a unit € K|[[z]]" andgi, ..., gs € K[[z]] such that

uf = g:fi and v (In(uf)) < ve(In(gifi)),

=1

for all i. Now, let
N :={1<i<s: vp(In(uf)) =vw(In(g:fi))}-

Finally Remark 2.1.21 yields

In(f) = Z In(gi)In(f:)-

iEN
O

Remark 2.1.52. In general, Lemma 2.1.51 fails when the finite set of weidhts
contains more than one element, for it is not possible tottoasa monomial ordering
which is compatible with the piecewise ordering,. Indeed, let for exampl® =
{(1,2), (3,1)}. Althoughvw (zy?) = 5 > vw (z?) = 4, we havevy (y? - 2y?) =
7 <ow(y?-zt) =8.

In the last part of this subsection, we shall investigatedpivise-homogeneous) graded
algebroid singularities associated to zero dimensioregl&glof K [[x]]

Proposition 2.1.53. Let W C Z”  be a finite set of weights and 1étC K[z]] be
a proper ideal ofK[[x]]. If dim g (K[[z]]/I) is finite, therdim g (gr,, (K[[z]]/I)) is
also finite.
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Proof. K[[z]]/I is afinite dimensional vector space means that the Krull diios of
the K-algebraKk[[x]]/1 is zero. Hence, there existsc Z-, such tham* c I. Then
it is clear that any monomiat® ¢ m* is also in theK-linear spaceny (). Thus
dim g (K[x]/Inw (1)) is finite and the claim follows by Proposition 2.1.50. [

Corollary 2.1.54. LetW C Z”  be a finite set of weights and létC K{[[z]] be a
proper ideal of K[[x]]. If dim g (K[[z]]/I) is finite, then there exists an epimorphism
of K-vector spaces

97w (K([z]]/I) — K[z]]/I.

Proof. By Proposition 2.1.53, we know thdtm  (gr,,, (K|[x]]/1)) is finite. Hence,
we can write the gradeH -algebra as a finite sum

B Fou/(Foq+ (Fsan ).
d=0

Ford € Z_,, itis clear that the monomials &% -degree precisely generate the
K-spaceF’sq/F~ 4. Thus, theirimages ifi> 4/ (F~q+ F>4N 1) span this linear space.
Hence, a set of monomiafg,, : « € A} isabasis ofyr,, (K[[x]]/I) if for each value
d of vy lying betweer) andm, thosee,, of W-degree precisely are independant
modulo the ideaF\ ; + F>4N 1.

Let B = {eq : o € A} be a basis ofr,,, (K[[z]]/I) consisting of monomials.
We claim that the sefe, modI) : e, € B} span the linear spad€|[x]]/I.

Indeed, lety € K[[z]] such thatvw (g) = d. We writeg = g4 + g~4 Whereg, is
(PH) of W-degree equal td andgs.4 € F~q.
Let {en : @ € Ay} be the subset of monomials Bfof W -degree precisely. Then,
we can write
9gd = Z Caea+h+h17

aclNg

where the coefficients, are ink, h € F>qN 1 andh; € Fiq.
Therefore, it follows clearly that

gmod(I) = Y calea mod(I)) + hy mod(I).

aclAy

If we denoted; = vw (h1), then we have clearly; > d and using the same consider-
ations as fog, leads to

gmod(I) = Z ca(ea mod(I)) + hy mod(I),

acNy UAdl

where{e, : a € Ay} is the subset of monomials & with W-degree precisely
dy andhe € Fyg4,. As the ideall is zero dimensional, we see clearly that the claim
follows after finitely many iterations. O
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Remark 2.1.55. LetW C Z”  be a finite set of weights and I§te m C K[[z]]. We
considerM := K[[z]]/j(f) andT; := K[[x]]/I the Milnor algebra and the Tjurina
algebra of f respectively. Hence, ji(f) < oo (resp. 7(f) < oo), then it follows by
Proposition 2.1.53

p(f) < dimg (grw (My)) < oo,
(resp. 7(f) < dimg(grw (Ty)) < 00).

2.1.4 Toric Varieties andC-polytopes

In the last part of the present section, we shall discuss hevasgociate to ang-
polytope a toric variety.

Let K be an algebraically closed field of positive characteristic

We write K* for the seti \ {0}.

We denote the ring of Laurent polynomial§|z,, 2171, 22, 227, ... 2y, 2,7 1] DY
Klz,z71].

Furthermore, we consider the algebraic torus

(K*)" := Spec(K[z,z]).

Definition 2.1.56. A toric variety is an irreducible algebraic variety over K equipped
with an action of an algebraic torudk*)" having an open dense orbit.

For the sequel, leP C R” be aC-polytope and let
W :=Wp = {wa: A facetof P}

be the finite set of weights associatedRo(cf. Remark 2.1.17). Furthermore, let
Lp = {Aa : Afacet of P} be the set of linear functions associated®o
Following Wall in [Wal99a], we shall use the following natan:

Notation 2.1.57. For any faceA of P,
1. we writeP[A] for the cone oven (with base0),

2. we denote
Ra =={f € K[z]: supp(f) C P[A]}

for the ring spanned by the monomials which correspond tdéttiee points of
P[A], and finally

3. we writeM for the semigrougi{on(R ) of monomials inRa
Remark 2.1.58. Leta be a lattice point irZ” . Then, it is easy to notice that
% € My — vw(a:"‘) = ’UA(:Ea) — Aw(a) = /\A(a).

We summarize the main properties of the rig in the following proposition due to
Kouchnirenko.

Proposition 2.1.59. Let P be aC-polytope inR”  and letA be any face of>. Then,
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1. Ra is a graded Cohen-Macaulay ring.

2. Any inclusiory C A of faces ofP induces an epimorphism

TAG - RA —» R(;.

Proof. See [Kou76]. O

Remark 2.1.60. Let P be aC-polytope inR”  and letW := W p be the finite set of
weights associated tP. Further, letA be a facet ofP.

1. If we denote by the gradedK -algebragrw (K|[[z]]), then it is clear that we
can identify the ringRa with a subring ofR. Moreover, the grading o2 x is
induced by the one aR. More precisely, it is induced by the linear function
Aa € Lp. Hence, for any inclusion C A, we see easily that the grading on
R; is induced by the restriction of4 on the coneP[d].

2. Let
Ia =D, pp K 0a C R,

whered,, = x + F. ), (o) IS the residue class of the monomigt modulo the
ideal I, 5, («)- Itis easy to see thaf, is an ideal ofR. Furthermore, we have
obviously that

RA = R/JA.

Hence, we have clearly an epimorphismitfalgebras
mA: R— RAa.

On the other handR is clearly isomorphic to the polynomial ring[x] for
it is generated by monomials. Then, it follows t&t is a finitely generated
K-algebra.

3. For any inclusiony ¢ A of faces and with the notations of Proposition 2.1.59,
we have
g = TA5§OTA-

Before giving the main proposition of this subsection, fix some notations follow-
ing Wall in [Wal99a].

Notation 2.1.61. Let P be aC-polytope and le\ be any face of?, then we write
Ta := Spec(RA)
for the affine spectrum associatedRq, .

Proposition 2.1.62.Let P be aC-polytope in]RZ0 and letA be aface ofP. Then, the

affine spectrunTa := Spec(Ra) of R is a toric variety. Furthermore(K*)" acts
o