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1. DISCRETE MARKOV CHAINS 1

1 Discrete Markov chains

Markov processes form an important class of random processes with many applications in areas
like physics, biology, computer science or finance. The characteristic property of a Markov
process is its lack of memory, that is, the decision where to go next may (and typically does)
depend on the current state of the process but not on how it got there. If the process can
take only countably many different values then it is referred to as a Markov chain.

1.1 Basic properties and examples

A stochastic process X = (Xy)ier is a random variable which takes values in some path space
ST .= {x = (21)ter : T — S}. Here, the space of possible outcomes S is some discrete (i.e.,
finite or countably infinite) state space and X is the state at time ¢ (with values in S). In
this chapter, we will assume that time is discrete, i.e., we take the index set T to be the
non-negative integers Ny := {0, 1,2,...}.

The distribution of X can be specified by describing the dynamics of the process, i.e., how
to start and how to proceed. By the multiplication rule, we have

]P){(Xo,Xl, e ,Xn) = (.%'0,.2131, e ,:I)n)}
= P{Xo=2o} P{X1 =21 | Xo =20} P{X2 =22 |Xog =20, X1 =21} -
P{Xn :{Bn‘XO = .’Eo,...,Xn_l :mn—l}
=: po(wo) p1(zo, 1) - pu(T0,. -, Tn}- (1.1)
The left-hand side of equation (1.1) can be written as:
P{X € Buy.. 2}, Where By o, = {wo} x {x1} x -+ x {z,} x SHInt2k 0 (1.9)
Note that the functions p;, j > 0 have to satisfy the following conditions.
1. pj(xo,...,x;) >0 forall j >0, zg,...,2; €S;

2. > pjlxo,...,x;) =1 forall j >0, zg,...,z-1 €S.
Cl:jES

Remark. The measures in (1.1) uniquely extend to a probability measure on (SN0, B),
where B is the o-algebra generated by all sets of the form (1.2) (see Theorem 3.1 in [1]).

In general, the p; may depend on the entire collection o, . .., x;. However, little can be said
about interesting properties of a stochastic process in this generality. This is quite different
for so-called Markovian stochastic dynamics, where the p; depend on x;_1 and x; only.

Definition 1.1 Let S be a countable space and P = (Pyy)zyecs @ stochastic matriz (i.e.,
Pry >0 and 3 cs Py = 1, Vo € §). A sequence of S-valued random variables (r.v.’s)
Xo, X1,... is called a Markov chain (MC) with state space S and transition matrix P, if

P{Xn+1 =Yy | Xo=20,.. -, Xn-1=Tp_1,Xpn = 1’} = ny (13)
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holds for every n € Ny and g, ..., xpn_1,2,y € S (provided that the conditional probability is
well defined).

Remarks.

e To be precise, the process (X,,)n>0 defined above is a time-homogeneous Markov chain
(in general, the matrix P in (1.3) may depend on n).

e The dynamics (described by P) will be considered as fixed, but we will vary the initial
distribution p := P{Xy € -}. It is standard notation to add the initial distribution as
a subscript:

IP);U«{XO =20,...,Xp = il?n} = M([L‘Q)P{Xl =21,...,Xp = xn|X0 = 560}
= (o) Prozy Py (1.4)

If p =9,, then we write P, := Ps_ for short.

The following proposition formalizes the Markov property, which says that the future and
the past are conditionally independent given the present state of the chain.

Proposition 1.2 (Markov property) Let (X,),>0 be a (time-homogeneous) Markov
chain with state space S and initial distribution p, then

Pu{(Xpms s Xmin) € B| Xon = 2, (X0, ..., Xm_1) € B'} = Po{(Xo,..., X,) € B}
holds for every m,n € Ng, z € S, B C 8"! and B’ ¢ S™.

In other words, conditional on the event {X,,, = z} the process (X,4n)n>0 is a Markov chain
started at z, independent of (Xp,..., X;mn—1).

Proof. By (1.4), we have for any g, ..., ZTm—1,%,Y0,- -, Yn

IP)M{AXVO = X0y -- ,mel = $m,1,Xm = :Eme = yOaXerl =Y1,.-. aXm+n = yn}
51’1;0 (20) Prozy *++ Pryy 1 Pyoys - Py, 1yn
= P#{XO =20y - - ,Xm = l’} ]PI{XO = Y0y -y Xn == yn} (15)

Summation over all (zo,...,Zm,—1) € B and (yo,...,yn) € B gives

P {(X0,. .., Xm 1) € B, Xpp = 2,(Xpn, ..., Xpmin) € B}
= P {(Xo,..., Xm_1) € B, Xpp = 2} P.{(Xo, ..., X,) € B}. (1.6)

Dividing either side by P,{(Xo,...,Xm-1) € B’, X,, = x} gives the assertion of the propo-
sition.
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1. DISCRETE MARKOV CHAINS 3

A simple consequence of the Markov property is the following formula for the n-step
transition probabilities of the Markov chain (X,),>0.

Lemma 1.3 (n-step transition probabilities) Let (X,,)n>0 be a Markov chain with state
space S and transition matriz P. Then, for every x,y € S and every n € Ny

P.{X, =y} =Pl

holds, where

P" = (P;Ly)%yes =P---P,n>1

n times
and PY := Id.
Proof. By induction. For n = 0 we have
Po{Xo =y} = by = Idsy = Py,
To get from n to n + 1 note that by means of the law of total probability we have

P{Xnt1 =y} = ZPI{XH =2} P{Xpnp1 =y | X = 2}
zeS

= menzpzy = Pxny—H’
z€S
where for the second equality we have used the induction hypothesis and the Markov property

(Proposition 1.2).

Remark. If the chain is started with initial distribution x then the law of total probability
and Lemma 1.3 give

TES

= > )Py, = (uP")(y), y € S.

€S

Examples.

e Random products. Let Yp,Y,... be independent and identically distributed (i.i.d.)
random variables with values in a discrete set S C R. Set

X, =Yy---Y,, n>0.

and
X;L =Y, 1Y,, n>1 and X{) = 1.
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Then (X,,)n>0 is a Markov chain with transition probabilities
y o0

The process (X, )n>0 is not Markovian since the past gives precise information on the
factor ¥,,_1, which is contained in X, but not in X7, ;.

e Simple random walk (SRW) on Z. Imagine a random walker on the integers, who
at each time independently takes a step to the right (with probability p € (0,1)) or to
the left (with probability ¢ = 1—p). Let X, be the state of the random walker at time n.
Then (Xy,)n>0 is a Markov chain on the graph S = Z with transition probabilities

P, ify=x+1,
Py=<¢1—-p, ify=x-1,
0, else.

The simple random walk is called symmetric (or driftless), if p = %

¢ Renewal chains. Some device (e.g., a light bulb) is replaced whenever it expires. The

lifetimes of the successive items are assumed i.i.d. with distribution (gy)yen. Define
X, to be the residual lifetime of the item currently in use at time n. The Markov
chain (X,),>0 moves down at unit speed and whenever the chain hits 0 it performs an
independent jump according to the lifetime distribution (shifted by 1). Its transition
probabilities are (z,y € Np)

1, ify=a2—-12>0,

P:ry: dy+1, if z =0,
0, else.

1.2 Hitting times and hitting probabilities

Let B C S, B # () and define 75 to be the first hitting time of the set B by the Markov chain

(Xn)n207
7p :=min{n > 0: X,, € B}.

We use the convention min{) := co. For z € B and x € S let h,(x) be the probability that
the chain started at x is at z when it first hits B,

hy(x) =P {X;p =2, 7B <00} = Z]P)x{Xn =z, 7B = n}.

n=0

We note that it might well be that

hp(x) :=Pu{rp < oo} = > h.(x)

z€EB

is strictly less than 1.
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1. DISCRETE MARKOV CHAINS 5

For f: & — R we define the function Pf: S — R{ through

(PN@) =3 Pu(y) (= Bof(X)), 2 €.

yeS

Proposition 1.4 For every z € B the function h, satisfies
h.(x) = (Ph,)(z), ifx ¢ B (1.7)

and
h:(x) = 0z, ifx € B. (1.8)

A function which satisfies equation (1.7) is called harmonic (with respect to P) on B¢ = S\ B.
Equation (1.8) is the so-called boundary condition.

Proof. Fix z € B. By the law of total probability, we have

ha(z) =) Po{Xp, =2, 78 < 0| X1 =y} Po{X; =y} (1.9)
yeS _ P' -

for every x € S. If x ¢ B, then 75 > 1 and the Markov property implies

o0
PAX:, =2, 18<00| X1 =y} = ZIP’x{Xn:z, B=n|X; =y}

n=1

oo
= Y P{X1¢B,..., Xy ¢ B, Xnp1 = 2| X1 =y}
n=0

= Y P{Xo¢B,....Xn1¢B, X, =2}
n=0
= P{X., =2, 718 <0} = h.(y). (1.10)

Combining (1.9) and (1.10) implies (1.7). The boundary condition (1.8) follows from the fact
that 7g = 0, if X € B.

Corollary 1.5

hp(z) = { th)(x)’ Zi i gf (1.11)

Proof. Summing (1.7) and (1.8) over z € S gives (1.11).

Example (Gambler’s ruin). What is the probability of building up a fortune of N Euro
before going bankrupt when playing a fair game (loose or win 1 Euro with probability %)
and starting with an initial capital of  Euro. Note that the gambler’s fortune performs a

symmetric simple random walk, i.e.,

1 .
5, ifz=y+1
pP,=142 ! ’
v {O, else.

@ J. Geiger, Applied Stochastic Processes



The probability we are interested in is

P,{(Xy) hits N before it hits 0} = P, {X, = N, 1o,y < 00} = hn(z)

{o.N} ™
with B = {0, N}. By Proposition 1.4, we have
1 1
hN(.%') = ihN@? + 1) + §hN(.%' — 1), X ¢ {O,N} (1.12)

and
hn(0) =0, hy(N)=1.

Equations (1.12) show that hy is linear outside of {0, N}. Consequently,

0, ifzx<0,
hn(z) =4 %, f0<z <N, (1.13)
1, ifxz>N.

In particular, (1.13) shows that P, {7y < oo} for every x, N € Z.

Example (SRW with drift). In general, the solution to the system of equations (1.7) and
(1.8) is not unique: Let
D, ify=x+1,
Py=4q¢q=1-p, ity=o-1,
0, else.

If we take B = {0}, then
_ _(9)*
f_landg(a;)—(p> , TEL

are both solutions to (1.7) and (1.8). If p #  then f and g differ.

However, the function h, is distinguished being the minimal (non-negative) solution to (1.7)
which satisfies boundary condition (1.8)

Proposition 1.6 Let z € B and suppose that f = f, : S — R{ satisfies f = 12y on B and
Pf < f on B°. Then

h.(z) < f(x) forallxz € S.
Proof. We will show
PA X, =2, 78 <n} < f(x) forall z € S,n € Ny. (1.14)

If z € B, then P,{X,, = 2, 75 < n} = 0, = f(z). For x ¢ B we proceed by induction.
First, note that
P X, =2, 73 <0} =0 < f(x)

@ J. Geiger, Applied Stochastic Processes



1. DISCRETE MARKOV CHAINS 7

by the assumed non-negativity of f. For the induction step use 73 > 1 P,-a.s. to deduce that

Poi{Xry=2,73<n+1} = > P{Xy =2 7m3<n+1|X;=y}Py
yeS
= ZIP’y{XTB =2z, 7B < n} Py
yeS
< Y WPy = (PD@) < f(a).
yeS

Passing to the limit n — oo in (1.14) proves the assertion of Proposition 1.6.

Now let ep(x) be the expected time to hit B when starting at z, i.e.,
[o.¢]
eg(x) = B, = ZTL]P)x{TB =n}+ooP,{rp =0}, z €S.
n=0

Proposition 1.7 For every B C S the function eg is the minimal non-negative solution to

e(x) = {éf (Pe)(a), Zi i g. (1.15)

Proof. 'We only prove the minimality of ep (the proof that ep solves (1.15) is similar to the
proof of Proposition 1.4 and is left as an excercise). So let e be a non-negative solution of
(1.15). We will show

e(r) > ZPx{TB >k} foralln € Ng and z € S. (1.16)
k=1

To see that (1.16) implies that ep is minimal recall that if 7" is a random variable with values
in No U {o0}, then

ET = ijP{T:j} + 0o P{T = oo}

= > > P{T =j} + coP{T = o0}

j=1 k=1

= > ) P{T=j} + coP{T = o0}

k=1 j=k

_ iP{Tzk} F oo P{T =0} = iIP{Tzk}. (1.17)
k=1 k=1

Hence, the minimality of ep follows from (1.16) by passing to the limit n — oo.
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Inequality (1.16) is obvious for x € B or if n = 0. To establish the general case we proceed
by induction. Note that that for = ¢ B

n+1 n+1

> P>k} = 1+) > PyPfrg>k—1}

k=1 k=2 yeS
= 1+ Py > Pyirp >k}
yeS k=1

< 1+ prye(y)

yeS
= 14 (Pe)(z) = e(x). (1.18)

Example. Let (X,,) be symmetric SRW on Z and take B = {0, N}. Then (1.15) implies

1 1
ep(x) :1+§eg(x—1)+§eB(a:+1) (1.19)
for ¢ {0, N}. Equation (1.19) shows that on Z \ {0, N} the function ep is quadratic with
el (x) = —2 (if e/5(x) exists). Since ep(0) = ep(N) = 0 we obtain

eB(x):{x(N—x), if0<z <N, (1.20)

o, else.

Example (An algorithm for finding the maximum). LetY7,Y5,...,Y, beii.d. random
variables with values in R and a density f (this assumption is merely to ensure that the Y;
are pairwise different).

1. Set M :=Y;

2. Fori=2,...,r:
If Y; > M, then set M :=Y;

3. Output: M

Let I;41 be the time of the jth exchange of the current record, i.e., we set I := 1 and

min{i > I; : Y; > Yy}, if {i:Y; > Y} #0,
Lipvi=19
j else.

We write J for the total number of record holders during the execution of the algorithm,
Ji=min{j > 1: ;1 = I;}.

Note that J — 1 is the total number of exchanges which we take as a measure for the costs
of the algorithm. We will do an average case analysis and calculate [EJ. For this purpose we
introduce the process (X, )n>0 with Xy := 0 and

Xj ==rank(Yy,), j > 1.

@ J. Geiger, Applied Stochastic Processes



1. DISCRETE MARKOV CHAINS 9

Claim: (X);>0 is a Markov chain on {0, ...,r} with transition matrix
(r—x)7', ifz<y,

Py=41

0, else.

ife=y=nr,

)

Indeed, note that given the event {Xy = z9, X1 = z1,..., X, = x,} we know that

e Comparison with the element of rank x,, has taken place.

e Comparison with the elements of ranks x, + 1,...,7 are still to come.

By our assumption the succession of those latter elements is purely random. Hence, any of
these r — x,, elements is equally likely to be the next to be compared with.
Note that J =min{j > 1: X, = r} and, consequently,

EJ= E()T{T} = 6{0}(0)

By Proposition 1.7, we have for z < r

(e{o}(x b1 4.+ e{g}(r)> (1.21)

and eg)(r) = 0. Solving the recursive equation (1.21) yields

e{o}(x) = 1—|—(Pe{0})($) = 1+’r—$

T—x

1
eqy(@) =) -
=17
and, consequently,
,
1
EJ:Zf ~ rlogr asr — oo. (1.22)
—J
Jj=1

The intention of this example was to illustrate the technique suggested by Propositions 1.4 and
1.7. We note that there is a much simpler way to derive (1.22) using linearity of expectation
(Exercise!).

1.3 Recurrence and transience

For x € S let
oy :=min{n >1: X,, =z}

be the first passage time of (Xy)n>0 to x (or return time, if Xo = z). Clearly, o, > 7, and
oy =Ty on {Xo # x}.

Definition 1.8 A state v € S is called recurrent, if Py{o, < oo} = 1. Otherwise, it is called
transient. A Markov chain is called recurrent/transient, if all states are recurrent/transient.

Let L, be the number of visits in = by (X, )n>o0, i-€.,

Lo =Y Iix,—s-
n=0

The random variable L, is called the occupation time (or local time) at x. The following
theorem gives a handy criterion for recurrence of a state x in terms of L,.

@ J. Geiger, Applied Stochastic Processes
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Theorem 1.9 For any state x € S the following are equivalent:
i) x is recurrent.
i1) Pp{Ly = o0} = 1.
iti) EyLy = oo.

Note that, by definition, x is recurrent if and only if P,{L, > 2} = 1. The typical
application of Theorem 1.9 is to conclude recurrence through verification of 7i).

The result is an immediate consequence of the fact that, under P,, the occupation time
at  is a geometric random variable with parameter p, := P,{0, = 0o} (= escape probability):

Proposition 1.10
Po{L, =k} = p.(1 —p,)* 1, keN. (1.23)
Proof of proposition. Let ag(cj) be the time of the jth passage to x, i.e.,

o9 :=0 and o) :=min{n>oVV: X, =2}, j>1.

T

Note that

L, = I{Xg:x} —i—ZI oD oot = I{X():{L‘} + max{j > 0: Uéj) < oo}
j=1

By the strong Markov property (Exercise 1.2), conditional on {Ug(cj) < oo} the process
(Xo<j)+n)n20 is a Markov chain with transition matrix P started at x, independent of

(Xm)0§m<agj). Hence, for every k > 1,

Po{L, >k+1|Ly >k} = Pu{o® < oo|clt < o0}
= Py{or <o0} = 1—p,. (1.24)

Iteration of (1.24) gives (1.23).

Proof of Theorem 1.9. By definition, x is recurrent if and only if p, = 0. Now use Proposi-

tion 1.10 and the fact that a geometric distribution on N with parameter p has mean %.

Corollary 1.11 A state x € S is recurrent if and only if > oo, PP = oo.

n=0" zx

Proof. In view of Lemma 1.3 we have

0 e’} e’}
n=0 n=0 n=0

The claim now follows by Theorem 1.9.

@ J. Geiger, Applied Stochastic Processes



1. DISCRETE MARKOV CHAINS 11

Example (Symmetric SRW on Z?).

1 .

1 ifflz—yll=1

P. = 4 1 )
w {O, else.

Note that in order to return to his starting point the random walker must take as many steps
to the North as to the South and as many steps to the East as to the West. Hence, Pa?g“ =0

and

e = Zﬁ;(zznftn—z) (D%’
(@) CI= 06
-6 G

where for the last equality notice that (7)(,",)/ (2”) is the weight at 7 of a hypergeometric

n—i n

distribution with parameter (n,n,2n). By Stirling’s formula (n! ~ (2)"v/27n ), we thus have

1
P~ — asn— oo
™m

Now use Corollary 1.11 to conclude that symmetric SRW on Z? is recurrent.
In much the same way it can be shown that symmetric SRW is transient in dimensions 3
and higher.

We now turn to the question whether it can be that one state is transient while another is
recurrent. In principle, the answer is yes. For instance, take symmetric simple random walk
on Z with absorption at the origin (i.e., Pyo = 1). For this chain the origin is recurrent while
all other states are transient. However, note that Z\ {0} “cannot be reached” from the origin.

Definition 1.12 We say that a state y can be reached from state x (and write “x — y”), if
Py, >0 for some n € No.
The following equivalent description of reachability is often more convenient:
r—y <= P{ry, <oo}>0. (1.25)
Indeed, note that for every n € Ny
Py, = Po{Xn =y} < Po{ry <n} < Pr{ry < oo}

On the other hand,

Py{ry < 00} = P{X,, =y for some n >0} < ZP;}y.

n=0

@ J. Geiger, Applied Stochastic Processes
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Lemma 1.13 If x is recurrent and x — y, then
i) Py{L,=oo}=1.
ii1) y 1is recurrent.
Proof.
i) Clearly, we can bound

Ly = ZI{Xn vy 2 ZI{Xn =y for some o) < n < oV}
n=0

By the strong Markov property and recurrence of x, under P, the indicator variables on
the right-hand side above are i.i.d. Bernoulli random variables with success probability

p =P {X, =y for some 0 <n <o,} = P {1, <o,} >0.

For positivity of p notice that

0 <Py{ry < o0} < ZPm{Xn =y for some n € {ag(cj), . 9+1) 1}} = Zp
§=0

1) By Theorem 1.9 and the strong Markov property, we have

0 = P {L, <00} > Pu{ry <o0, X;, #xforaln>r}
= P,{ry, < o0} Py{o, = o0}.

By the assumed reachability of y from x the first factor is positive. Hence, the second
factor must be zero.

i7i) The strong Markov property and i), #i) imply

= P,{Ly=o00}P, {1, <0} > 0.

Py{Ly =00} > Py{L,=o0|m <oo}Py{r, < oo}

Recurrence of y follows by Theorem 1.9.

Remarks. If z and y can be reached from each other we say that x and y communicate (and
write “z < y”). Mutual reachability defines an equivalence relation on the state space S. The
equivalence classes are called irreducible components. Lemma 1.13 shows that communicating
states are of the same type (either all recurrent or all transient).

Definition 1.14 A Markov chain (Xy)n>0 with transition matriz P is called irreducible, if
any two states communicate. It is called irreducible recurrent, if it consists of exactly one
irreducible recurrent component.

@ J. Geiger, Applied Stochastic Processes



1. DISCRETE MARKOV CHAINS 13

1.4 Stationary distributions

Definition 1.15 A probability measure m on S is called a stationary distribution (or equi-
librium distribution) for P, if

m(z) =) 7(y) Pp, =z€S. (1.26)
yeS

Remarks.

e In matrix notation (1.26) reads = = 7P. By induction, we see that

m(x)=>» 7(y)P),, neNy,zeS. (1.27)
yeS

Note that the right-hand side of (1.27) equals P.{X,, = z}. In fact, a Markov
chain with transition matrix P and initial distribution p is a stationary sequence (i.e.,
P {(Xn, Xnt1,. -, Xnyk) € - } =P {(Xo,...,Xy) € - } for all n, k € Ny) if and only if
1 is a stationary distribution for P (verify!).

e (1.26) can be viewed as a balance equation: Imagine masses placed at each of the states
in S and suppose that proportion P, of the mass at x is passed to y. If the mass
distribution is stationary, then at each state the mass sent off is the same as the total
mass received.

The chain is called reversible with respect to m, if P satisfies the detailed balance equations
W(.I‘)ny = W(y)Pym z,y € S (128)

Clearly, (1.28) implies (1.27).

Example. If S is finite and the transition matrix P is symmetric or doubly stochastic, then
the uniform distribution on S is a stationary distribution for P. If P is doubly stochastic,
then the chain is reversible if and only if it is symmetric.

In the sequel we will derive conditions for existence and uniqueness of stationary distri-
butions. Later we will see that subject to some quite natural conditions a Markov chain
converges towards its equilibrium distribution. Often it is instructive to think of 7w(z) as the
asymptotic proportion of time that the chain spends at x.

First we have a look at an important example. Recall the definition of a renewal chain
with lifetime distribution (gy)yen,

1, ify=a2—-12>0,
ny =3 Qy+1; if z =0,
0, else.
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If 7 is a stationary distribution for P, then m must satisfy
w(x) = m(x 4+ 1) + 7(0)gzy1 for all x € Np. (1.29)

Summing (1.29) from z =0 to z — 1 gives

z—1 00
m(z) = m(0) (1 - qu+1> = 7(0) > ¢x = w(0)Po{oo > z+1}. (1.30)
=0

r=z+1

To determine the weight 7(0) we sum (1.30) over z € Ny and use (1.17) to deduce

oo
1=m(0)) Pofoo > 2} = m(0) Egor. (1.31)
z=1
Hence, the equilibrium weight at 0 is the inverse of the expected duration of an excursion

from 0,
1

~ Egoo’

7(0) (1.32)

This identity will turn out to hold in quite some generality. Note that the renewal chain has
a stationary distribution only if Egog < oo.

Definition 1.16 A state x € S is said to be positive recurrent, if E, o, < co. A Markov
chain is called positive recurrent if all states are positive recurrent.

Example. Symmetric SRW on Z is recurrent, but not positive recurrent. This is since
(recall (1.20))
Egog=14+Eimg=1+ A}lm E; min(Tg,TN) = 00.
—00

Our next result says that a stationary distribution is supported by recurrent states.
Proposition 1.17 If w is a stationary distribution for P and 7(x) > 0, then x is recurrent.

Proof. Assume z is transient. By the strong Markov property and Theorem 1.9, we have

oo o0 o
> Pi=2 Bylix, = E, < > I{an}> = EyL,
= Ey{Ly| 7 <00} Py{ry < o0} < EyL, <00 (1.33)
for every y € S. Consequently,
P, — 0 asn — oo for every y € S.

Hence (recall (1.27)),
m(z) =Y 7(y)Py, =0 asn — oo
yeS

by the dominated convergence theorem. Since 7(z) does not depend on n, we see that
m(z) = 0.

Definition 1.18 A stationary distribution is called ergodic, if it is supported by a single
irreducible component.
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Remarks.

e Note that this component is equal to supp 7 := {x : m(x) > 0} (because all states of
the component communicate with each other).

e Suppose that 7 is a stationary distribution for P with irreducible components S1, So, . . ..
For i € I = {j : m(S;) > 0} define the probability measure m; as

m(x)

m(Si)’

ifxeS;,
71'1(.%) =

0, else.
Then, 7; is an ergodic stationary distribution for P (verify!) and
T = Z (S;) ™
i€l
is the so-called ergodic decomposition of .

Theorem 1.19 If 7 is an ergodic stationary distribution for P, then

() = o for every x € supp 7.
rY T

Proof. We reduce the general case to that of a renewal chain. Fix x € supp 7. Then, by the
assumed ergodicity, Lemma 1.13 and Proposition 1.17,

Pr{os < oo} > Pr{Ly =00} = Y m(y)Py{L, = oo}

yeS
= Y 1Pl =00} = Y 7wy = > 7y = 1. (1.34)
Yy—x Yy—x YyeS

Now let Y,, be the residual duration of the excursion from state x at time n,
Y, = mln{j >0: Xn+j = .f}, n € Np.

Clearly,

i) Yo=r1g.

i) Y, =0 < n:ag) for some j > 1 or n =1, =0.
Now observe that under P, the chain (Y,)n>0 is a stationary renewal chain with lifetime
distribution

(g)j>1 = (Pa{os = j})j21
and initial distribution
(M(k))kzo = (Pr{m = k})kzo-
Note that (1.34) and 4) imply that u is a probabilty measure on Ny. Hence, letting ¢ denote
the first passage time of the renewal chain (Y},),>0 to 0, relation (1.32) gives
1 1

B Eqog Ezgz.

m(z) = Pr{Xo = 2} = P, {Yo = 0} = p(0)
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Corollary 1.20 (Uniqueness) An irreducible Markov chain has at most one stationary dis-
tribution. If it has one, then all states are positive recurrent.

How about existence of a stationary distribution? This question will be answered in the
affirmative, i.e., 7 is indeed an equilibrium distribution. To prove the result we need a more
convenient representation of 7(z) than the one given in Theorem 1.19.

Fix z € §. Let m,(x) be the expected number of visits to x during an excursion from z,

m(z) := ]EZ<ZI{XH_I}>, reS.
n=1

Note that m, induces a measure on S with total mass

m:(8) =Y E. <7§I{Xn:x}) = Ez(i > I{anx}> =E.o..

€S n=1zeS8

Theorem 1.21 (Existence) If z € S is recurrent, then m, is P-invariant, i.e.,

m(x) = Zmz(y)Pyz forallx € S. (1.35)
yES

In particular, if (Xy)n>0 is an irreducible Markov chain and z is positive recurrent, then

my

m,(S)

1s the unique stationary distribution.
Moreover,

> fyrly) = IEZ(i:f(Xn))/Ezaz (1.36)

yeS n=1

for every m-integrable f: S — R.

Note that Theorem 1.21 implies

1 m(z)
= for all )
Boor — ma(S) orall z,z €

(which is what we expect in view of our interpretation of 7(z) as the asymptotic proportion
of time spent in x). If P is symmetric or doubly stochastic then m = 1 is P-invariant.

Proof. To understand identity (1.35) note that P, is the probability to move to x when
presently at y and that m,(y) is the expected number of trials to go from y to = during an
excursion from z. Hence, ignoring dependencies between the number of visits to different
states during an excursion from z the law of total probability should give the P-invariance
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of m,. To give a formal proof we use a so-called “last exit decomposition”. For x € § we
have

i = 5($h)
n=1
= Ez(ZZI{anzy’X":x’”SUZ})

n=1yeS
[o.¢]
= Z sz{Xn—l = van =x,n< Uz}~
yeSn=1
Since {0, > n} ={X; # 2, X9 # 2,...,X—1 # 2}, the Markov property implies
Pz{X’n—l = y:X’n =x,0, > TL} = Pz{Xn—l =y, 0, 2 TL} wa

To complete the proof of the P-invariance of m, it remains to show that

Z]P)z{Xn—l =y, 0, 2 n} = mZ(y)

n=1

Since 0, < oo (by recurrence of z) and since Xy = X,, = z under P,, we have

ZPZ{anl =Y,0; > TL} = EZ < ZZI{XnIy}>
n=1

n=1

o,—1 Oz
= Ez( > I{Xny}> = Ez(ZI{xny}> = mz(y)-
n=1

n=0
If z is positive recurrent (i.e., m.(S) = E,0, < o0), then 7 = m,/m(S) is a stationary
distribution. If (X,)p>0 is irreducible, then 7 is unique (by Corollary 1.20).
For functions f of the form f = 1y, for some y € S assertion (1.36) is the same as (1.35).
Since any function f can be represented as
F=Y" 1) 1y,
yeS

the case of general m-integrable f follows by linearity of expectation.

1.5 Limit theorems

Ergodic theorems are limit theorems which deal with the equality of space and time averages.
Our first result is of that kind. It states that the time average of a Markov chain sample
converges towards the mean w.r.t. its stationary distribution.

Theorem 1.22 (Law of large numbers) Let (X,,),>0 be an irreducible and positive recur-
rent Markov chain with stationary distribution w. Then

lim —— 5" £ = Y f)m(y) Po-aus.
=0

n—oon + 1
+ k= yeS

for every z € S and every mw-integrable f: S — R.
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Remark. Taking f = 1y,) gives

TLlEIéOTL—I—l Z (Xp=z} = T(x) P.-as,

i.e., m(x) is indeed the asymptotic proportion of time spent at x.

Proof. With no loss of generality we may assume f > 0 (else decompose f = fT — f7). Fix
z € § and let J,, be the number of passages to z until time n,

Jp :=max{j > 0: 09 <n}.
Note that
i) Jn % oo asn — oo (by recurrence of z).

i7) Ug‘]") <n< agJ”H) (by definition of .J,,).

Since f > 0 we have

(Jn) 1 1 n 1 (Jn+1) 1
W Z FXR) € =g > FX0) < F(Xp) P.-as.  (1.37)
k=0 0z k=0
Under P,,
Jgi)—l
Yii= > f(Xy), i>1
k= O'<Z b

are i.i.d. random variables with mean (compare (1.36))

E.Y, = Ez(tz:ﬂxk)) - m(iﬂxm) = (B.0.) S o))

yeS
Hence, the standard law of large numbers implies

(]) —1

Zka = ZY P (Ba0.) Y f(y)nly) as j— oo (1.38)

yeS

Also, under P,,

i=1
is the sum of j i.i.d. random variables with mean E,o.. Hence,

1 a.s.

Zol) Pz a;
J

Combining (1.38) and(1.39) with ) shows that both sides of (1.37) converge to }, . s f(y)7(y)

P, -a.s.

E.o. as j — oc. (1.39)
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We now turn to the question, under which circumstances we have the stronger convergence
P{X, =y} — 7(y) as n — co. We need some additional conditions as the following example
shows.

Consider symmetric SRW on Zoy, for some k € N. By symmetry, the uniform distribution
m(x) = (2k)~L, 2 € Zgy, is the (unique) stationary distribution. However, P,{Xon 411 = 2} =0
for every n € Ny. We will see, however, that this kind of periodicity is all that can go wrong.

Definition 1.23 A state x of a Markov chain with transition matrixz P is called aperiodic if
ged{n >1: P} >0} =1
A Markov chain is called aperiodic, if all states are aperiodic.
Lemma 1.24
i) x is aperiodic <= PJ'. > 0 for all n sufficiently large.

1) If (Xn)n>0 is irreducible and some state is aperiodic, then the chain is aperiodic.

Proof.

i) A fundamental (and elementary) theorem from number theory states that, if A C N
is closed under addition and ged A = 1, then N\ A is finite (for a proof see, e.g., the
appendix of [2]). Clearly, P™t* > P? PF . Hence, {n > 1: P? > 0} is such a set.

T TIT*

i1) Let z # x and suppose x is aperiodic. By the assumed irreducibility, states z and z

communicate, i.e., me,

P >0 for some ¢, m € N. Consequently,
P > Pl Py P> 0
for all n sufficiently large. Part i) implies aperiodicity of z.

Theorem 1.25 (Convergence theorem) Let (X,),>0 be an irreducible and aperiodic
Markov chain with stationary distribution w. Then

lim P.{X, =y} =n(y) foralxz,yeS. (1.40)

Remark. By the dominated convergence theorem, assertion (1.40) is equivalent to

lim dTV[Pu{Xn c - },7‘(’] =0

n—oo
for every initial distribution pu. (Recall that the total variation distance between probability
measures p; and ps on a discrete space S equals 3 Y., ¢ |p1(z) — p2()].)

Proof. The idea is to couple the chain (X,,),>0 with an independent chain (Y;,),>0 which has
the same transition matrix P but initial distribution 7, i.e., we will follow the path of (X}, )n>0
until the two chains first meet, then follow the path of (Y3,),>0. The exact construction is as
follows.
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Let (Y;,)n>0 be a stationary version of (X, ),>0, i.e., a Markov chain with transition matrix
P and initial distribution =, independent of (X, )n>0 started at z. Set

X X,, ifn<T,
Y, ifn>T,

n

where
T:=min{n>0:X, =Y,}

is the so-called coupling time. We claim that
i) (Xn)n>0 and (X])n>0 have the same distribution.
i1) The coupling inequality holds:

|P.{X] € B} —P.{Y,, € B} <P{T >n} foralln € Ny and B C S.

iii) P{T < oo} = 1.

Once we have proved i), —,iii) we are done since then

B X0 = 5} — ()| 2 | Pul X, = 4} — PelYo = g} S BT > 1} 22 025 1 — o0,
Claim ) is intuitively clear, here comes a formal proof. For n < k < oo we have
P{X}) = x0,..., X!, = xp, T = k} = P,{X0 = T, ..., Xp = @p, T = k} (1.41)
and for k£ < n (using independence of (X,,) and (Y;,) and the Markov property)

PAX\=20,..., X}, =an, T =k}
= P{Xo=20,.... X =24, Yo # 20, -, Yoo1 # Th1, Y& = Tp, ..., Y = T}
= Px{XO = .Z'(),...,Xk = xk}P{Yk—i—l :xk+1,...,Yn :xn\Yk = l‘k}
- Pr{Yo # wo, ..., Yh1 # Tp—1, Vi = 21}
= P{Xo=wmo,..., Xn =20, Yo # T, ..., Y1 # Tp—1, Y = 23}
= P {Xo==x0,...,Xn =2an, T =k}. (1.42)
Summing (1.41) and (1.42) over k gives the desired distributional identity.
For ii) observe that
|P,{X] € B} —P{Y, € B} = |P.{X,e€B, T<n}+P,{X,€B,T>n}
—P{Y, € B, T<n}-P{Y, €B,T>nl
= |P.{X], € B, T>n}—-P{Y,€B, T>n}
< P{T > n}.
For iii) observe that the pair (X,,Y,) is a Markov chain on § x S with transition matrix

Poy @ y) = Poar Py, =, ,y,y' €8

@ J. Geiger, Applied Stochastic Processes



1. DISCRETE MARKOV CHAINS 21

and stationary distribution (verify!)

w(z,y) = m(x)r(y), =x,y€S.

We claim that P is irreducible. Indeed, by the assumed irreducibility of P we have Pf >0
and P;Z, > 0 for some £,mm > 0. By aperiodicity of P, we have Pxn,x,,Py@y, > 0 for all n

w/
sufficiently large. Hence, for all k sufficiently large

pk _ pk pk ¢ k—f pm pk—m
Pl gy = P PE, > PLPE P PE > 0.

Since P is irreducible and has a stationary distribution, it is (positive) recurrent (by
Corollary 1.20). Hence (recall Lemma 1.13),

T =min{n >0: X, =Y,} <min{n >0: (X,,Y,) =(z,2)} C o forall z €S.

1.6 Optimal stopping

Let (X},)n>0 be a Markov chain on S with transition matrix P and let f: S — Rg . We think
of f(z) as the payoff when the chain is being stopped at x. Our aim is to find an optimal
strategy. To this end we have to agree on a notion of optimality and on the set of allowed
strategies. The function

v(z) :=supE, f(X7), z €S,
T

where the supremum extends over all finite (!) stopping times 7T, is called the value. Note
that E, f(Xr) is the expected payoff when starting the chain at z and using “strategy” T.
Natural questions that come to mind are

e What is v in terms of f and P?
e What is an optimal strategy ?

By the Markov property and since no costs are involved to run the chain, it seems intuitively
clear, that if an optimal strategy T exists, then it should be of the form T = 75 for some
B C S. However, this will not be assumed in the sequel.

Theorem 1.26
i) The value v is the smallest superharmonic majorant of the payoff function f.
1) v = max(f, Pv).
ii1) v = limy o0 Un, where vo := f and v,41 := max(v,, Pv,), n > 0.
Proof. i) Since T' = 0 is a stopping time, we have v > f. To show that the value v is a
superharmonic function let T, k¥ > 1 be a sequence of finite stopping times such that for

every t € S
E.f(Xr,) Tv(z) as k — oc.
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Define the stopping time T}, through

Tk(X(), X1, Xo,.. ) =14+ Tk(Xl,Xz, .. )

Intuitively, the strategy T}, is to make one step and then stop according to rule Tj. Decompos-
ing the expected payoff according to the first step of the chain and using the strong Markov
property and the monotone convergence theorem we get

v(z)

v

= Y Py E.(f(X5)] X1 =1y)
yeS

= pry Eyf(XTk)

yeS

— ZPwyv(y) = Pu(z). (1.43)

yeS

We now show that v is the smallest superharmonic function: Suppose g > f and g > Pg.
Then, for every x € S and every finite stopping time T,

9(x) = Exg9(Xo) > Ezg9(X1) > Eo f(X7),

where for the first inequality we have used the stopping theorem for supermartingales (to
come in Chapter 5). Taking the supremum over all finite stopping times T" gives g > v.
i7i) Define

v:= lim v,.
n—oo
To prove that v = v we will show that ¢ is the smallest superharmonic majorant of v.

Assertion #ii) then follows by part 7).

By the monotone convergence theorem and definition of ¥ we have
Py = lim Pv, < lim v,1; = .
n—00 n—00
Now suppose that g > f and g > Pg. We claim that
g>uvn, n>0. (1.44)
Inequality (1.44) is obvious for n = 0. Suppose that it holds for n, then

PUnSPQSQa

which implies

Un41 = max(vy, Pv,) < g.

1) We will show
Un+1 = max(f, Pvy,), n > 0. (1.45)
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The assertion then follows by letting n tend to co. We prove (1.45) by induction. First note
that, by definition,
v1 = max(vg, Pvg) = max(f, Puvp).

Now suppose (1.45) holds for n, then

Upt1 = max(vy, Poy)
= max(f, Pvy_1, Pv,) = max(f, Pv,).

Remark. It can be shown (using the stopping theorem) that T{v—=y} 1s the smallest optimal
stopping time provided that one of the following (equivalent) conditions hold:

i) P{T{U:f} <oof=1.
i1) v(zr) = E,f(Xr) for some finite stopping time 7.
1.7 Exercises
Exercise 1.1 Let Y;, i > 1 be i.i.d. random variables with values in R. Define
X():O, Xn =Y1+---4+Y, n>1

and
XO =0, Xl =Y; and Xn =Y, 14+Y, n>2.

Which of the processes (X, )n>0 and (Xn)nzo is a Markov chain?

Exercise 1.2 A random variable T' taking values in Ng U {oo} is called a stopping time for
the Markov chain (Xp)n>0, if

{Xo=20,...,Xp =2} C{T =n} or {Xo=wx0,...,Xp=2,} C{T #n}
for every n € Ny and xg,...,z, € S.
a) Show that the first hitting time of the set B C S,
7 = min{n>0: X, € B}
18 a stopping time.
b) Strong Markov property. Show that

Pu{(XT; - 7XT+n) S B| T < oo, Xp ==, (X(), - ;XT—l) S B,}
= P.{(Xo,...,X,) € B}

for everyn € No, x € S, B C 8" and B' C U2, S*.
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Exercise 1.3 Let (X,,)n>0 be a Markov chain with state space S and transition matriz P.
Set Gy (z,y) := Y j_o Pk . Show that

Gn(z,y) < Gp(y,y) forallm € Ny and x,y € S.

Hint: Observe that Gy, (xz,y) is the expected number of wisits of the chain in y until time n
when started at x.

Exercise 1.4 Let (X,)n>0 be simple random walk on Z with drift (i.e., p == Ppaqy1 =
1-Pyp1 # %) Calculate

P.{my < 1} and E,min(m,7y) for 0 <z <y.
Exercise 1.5 Show that simple symmetric random walk on Z? is recurrent.

Exercise 1.6 Let T be the infinite rooted d-ary tree (i.e., T is the infinite graph where all
vertices have degree d+ 1, except the root which has degree d). At each time a random walker
on the vertex set of T independently jumps from the present vertex to any of the adjacent
vertices equally likely. Show that for d > 2 the random walk on T is transient.

Hint: Use the first part of Fxercise 1.4.

Exercise 1.7 Downward excursions on the way up. Let (X,)n>0 be simple symmetric
random walk on Z. The mazximum of the random walk until time n is defined as M, =
maxo<k<n Xk ond the downward excursion depth at n as D, := M, — X,. Show that, for

z €7,
z
Yy
P Y, = | — =12,...
O{og}%};k<y} <1+y)’y o

where T, denotes the first hitting time of z.

Exercise 1.8 Time reversal. Let (Xy,)n>0 be a Markov chain with state space S, transition
matriz P, and stationary distribution w. Define the matriz Q by

W(y)Pyaz
m(z)

sz =

a) Show that @ is the transition matriz of a Markov chain with stationary distribution .
b) Show that @ is the transition matriz, corresponding to the time-reversed chain, i.e.

Pw{XO =x0,X1 =21,...,Xp = In} = W(xn)Q:cn:cn—1 o Quyzo-

Exercise 1.9 The Galton- Watson process is a basic stochastic model for the growth of a
population. It is assumed that each individual independently has k children with probability py
(b > 0 and Yy pr = 1). The generation sizes Z,, can be recursively defined as

Zn—l
Zni= Y Xpi, n>1,
=1

where the X, ;, n,i > 1 are independent random wvariables with the offspring distribution
(Pk)k>0, independent of the number of founding ancestors Zj.
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a) Show that (Zy)n>0 is a Markov chain on No with transition probabilities

b) Show that, if p1 # 1 then all states z # 0 are transient.

¢) Prove that, if p1 # 1 then

P.{Z, — 0} +P.{Z, — o0} =1 for all z € N.

Exercise 1.10 Let y # z be states from the same recurrent component of the state space S.
Recall that m, was defined as

m,(y) = EZ(ZI{Xn=y}> forally €S,
n=1

where o, is the time of the first return of the chain (Xy)n>0 to z. Show that

P Ary <o}
m(y) = m'

Exercise 1.11 The Metropolis algorithm is a recipe for the construction of a Markov
chain that has a given probability distribution m > 0 on S as its stationary distribution: Let
Q@ be an irreducible stochastic matriz on S and define

_ : T(y) Qya .
P, = mm(l, 7%(3:) Q:Ey> Quy, T#YES;
Poo = 1-) Py, z€S.

yFx

a) Show that P is a stochastic matriz and that a Markov chain with transition matriz P
1s reversible with respect to w. Can you think of a two-step random mechanism that generates
transitions according to P?

b) Recall that a Markov chain converges to its unique stationary distribution, if it is
aperiodic and irreducible. Show that if Q is not irreducible, then P is not irreducible either.
Is the converse true?

¢) For myn € N let S = {(z1,...,2n) € {0,...,20}™ | 3" 2 = n}. We want to
generate a uniform sample from S, however, we do not know the exact size of S. How can
we use the Metropolis algorithm here? Propose a stochastic matriz () and check aperiodicity
and irreducibility of the corresponding matrixz P.

d) Write a computer program to implement the method from part c).

Exercise 1.12 Let (X,)nen be the symmetric random walk on {0,1,..., N} with reflecting
boundaries, i.e. transition probabilities

Py1=Pyn-1=1
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and )
Py g1 = Pri—1 = 5 for every k € {1,...,N — 1}.

a) Is the chain irreducible?
b) Is the chain aperiodic?
¢) Find a stationary distribution for (Xy)n>0.

Exercise 1.13 The Propp- Wilson algorithm. Let P be a stochastic matriz on the finite
set S with stationary distribution m and let F' be a random mapping from S to S with

P{F(z) =y} = Pyy foralz,yecs.

a) Show that if X is a random variable with values in S and distribution m, independent
of F, then X and F(X) have the same distribution.
b) Define
Gp:=FioFyo0---0F, n>1,

where the Fi, k > 1 are independent copies of the random mapping F. Let
T :=min{n > 1: |G,(S)| = 1}.

be the so-called backwards coupling time.
Show that if P{T < oo} =1, then m is unique and

P{Gr(S) ={y}} =n(y), Vy€S.

(Hint: Consider the sequence G,,(X) and observe that Gr4; = Gt for all j > 0.)
¢) Suppose that P is irreducible and aperiodic. Show that if the random variables F(x),
x € S are independent, then P{T < oo} = 1.

Exercise 1.14 Suppose that P is a stochastic matriz on the state space S with stationary
distribution w. Show that the Markov chain with transition matrix

aP+(1—-a)lds, 0<a<1
1s an aperiodic chain with stationary distribution 7.

Exercise 1.15 Show that any Markov chain on a finite state space S has at least one sta-
tionary distribution.

Exercise 1.16 Let (X,,)n>0 be a random walk on Z with increments
Xn - Xn—l = Yna n Z 17

where the Y, j > 1 are i.i.d. random variables with values in Z. Forn fized the dual random
walk (X )o<k<n is defined as

X, =X, — Xy g, 0<k<n.
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a) Show that
d
(X1, X0) 2 (X1 — Xo, Xo — Xos..., Xn — Xo).

b) Show that for x € Ng, y € N and n > 2

Po{lrjnaf X; <0, X1 =—y, X =2}

= Py{Xi=z+y, m<1n X; >z, X, =1z}

c) Suppose P{Y7 > —1} =1 and let 0 := min{n > 1: X,, > 0}. Use part b) to conclude
that
Po{o < 00, Xgo1 = —y, Xo =2} = P{Y1 =2+ y} Py {710 < o0}

for x € Ng, y € N.

Exercise 1.17 Let S = {0,1}® and for x = (2, 2®) 20)) € S let f(z) = Z?:l @ be the
sum of its components. Consider the following stochastic dynamics on S: Given x choose I
uniformly at random from {1,2,3} and flip the Ith component of x.

a) Let (Xp)n>0 be a Markov chain following this dynamics. Give an argument that the
process Y, = f(Xy,), n > 0 is a Markov chain on Sy = {0,1,2,3}.

b) Compute the transition matriz P of (Yy,)n>0 and its stationary distribution .

¢) Show that the chain with transition matriz Q = $(P + I) satisfies the conditions of the
convergence theorem.

Exercise 1.18 Let p, o', p" and pp,n > 1 be probability measures on a discrete space S. Recall
that the total variation distance between p and p' is defined as

drv(p,p') := sup |p(B) — p'(B)|.
BCS

a) Prove the A-inequality: dpy(p, p") < dpv(p, p') + drv (o, p").

b) Show that the supremum in the definition of dry is attained and that

drv (p, p') Z|P

:JcES
c¢) Show that

lim p,(z) = p(z) for allz € S = lim dry(pp,p) = 0.

n—oo
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2 Renewal processes

2.1 Limit theorems

Let Tj, 5 > 1 be non-negative i.i.d. random variables with values in @g and let Ty be a
R/ -valued random variable, independent of (T});>1. Set Sy := 0 and

n
Spp1:=To+ > Tj, n=>0. (2.1)
7=1

The times S,,, n > 1 are called renewal points. The number of renewals until time ¢ is denoted
by
Ny:=max{n >0:5, <t}, t>0.

Note the relation
{N:>n}={S, <t} foralln € Nand t > 0.

Definition 2.1 The process (Y:)i>0 with
}/% = SNz—l-l -t 1 > 07
is called a renewal process with lifetime distribution v := L(T1) and delay Tj.

(Y2)¢>0 is the continuous-time analogue to the renewal chain studied in Chapter 1. Tradi-
tionally, the process (IVi):>0 is called renewal process. Note that in general the latter process

is not Markovian.
Proposition 2.2 (Law of large numbers) Suppose u:=ET; € (0,00], then

N, 1
im = == a.s. (2.2)
t—oo t 1)

Proof. f P{Th = o0} =6 >0 then N; T Ny, < o0 a.s. as t — 0o, where
P{No =k} =0(1 -0, keN

Hence,

Now assume P{7} = oo} = 0. By definition of Ny, we have Sy, <t < Sn,4+1 for all ¢ > 0.

Division by NV gives
Ny —1 Sy, < t SNi+1

N, N,—-1- N, N,

(2.3)

Now observe that

S T i1 T
i) ntl _ 20y Q % 1 asn — oo (by the standard LLN);

n n n
ii) Ny “3 0o (since S, 2" 0 for all n).
Asymptotics i) and i7) show that when passing to the limit ¢ — oo in (2.3), both the lower

and upper bound converge to u a.s.
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The function

n=1 n=1

is the so-called renewal function. The following theorem shows that we may interchange

expectation and limiting procedures in (2.2).
Theorem 2.3 (Elementary renewal theorem) Suppose that € (0, 00|, then

lim @ = l
t—oo 1 1%

To prove Theorem 2.3 we need the following result which is interesting in its own.

Lemma 2.4 (Wald’s Identity) Let Z1,Zs, Zs, ... be i.i.d. random variables with E|Z1| <
0o. Let T be a stopping time for (Zy)n>0 with ET < co. Then

E(ZZZ) =ErEZ. (2.4)
i=1
Relation (2.4) states that the mean of the random sum ), Z; is the same as if the Z; and

T were independent.

Proof. Clearly,

=1 =1

i—1

i<t} =1-Hr<i-1} = 1-) I{r=j} (2.5)

J=0

Note that

Identity (2.5) and the fact that 7 is a stopping time for (Z,,) show that the random variables
Z; and I{i < 7} are independent. Thus (compare (1.17))

E(ZZZ) = Y E(ZI{i<T})
=1 i=1
= Y EZP{r>i}
=1

= EZ ) P{r>i} = EZE7.
i=1
Proof of Thm. 2.3. We may assume 1 < oo (else u(t) T u(co) = § < 00). We first prove the
lower bound
u(t)

t
lim inf - >

t—o0

. (2.6)

n
o}
=0

1
1
Since

n—1
(N; =n} ={S, <t, Sn+1>t}—{ZTj§t<
7=0
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depends on Ty,..., T, only, for each t > 0 the random variable N; is a stopping time for
(Tk)k>0- Using Wald’s identity we get

t < ESn,+1 :E<T0+ZT]'> =ETy + u(t)p. (2.7)

Consequently,

which gives (2.6) provided that ETj < oc.
In general (i.e., possibly E Ty = 0o0), we have

u(t) > E(N, I{Ty < 2}) = E(N, | Ty < 2) P{Tp < z}.

Given {Tp < x} the process (Y:):>0 is a renewal process with the same lifetime distribution
and a delay with mean E(Ty | Ty < x) < x. Hence, the first part gives

t 1
lim inf u®) > P{Tp <z} —. (2.8)
t—oo 1t n
Passing to the limit 2 — oo in (2.8) gives (2.6).

For the upper bound Wald’s identity is not directly applicable since Ny —1 is not a stopping
time for (T})x>0. Instead, we will use the inequality

t+ TN, > SN, +1-

In general, the mean ET), cannot be bounded in terms of . To circumvent this difficulty we
use a truncation procedure. For z > 0 let

T2 =TjNw, j>0

and define S7, N, uz(t) and p, in the obvious way. Since the maximal overshoot is bounded
by x, we have
X
ESN{”+1 S t+ Z,

Hence (recall (2.7)),
t+x>ETT + u () ETY > uyp(t) po

so that

t 1
lim sup U (t) < —.
t—o0 t Mz

Since S¥ < 5, a.s. we have Ny < Nf¥ a.s., which implies

u(t)

t 1 1
lim sup —~ < lim sup lim sup Uzt() <limsup — = —. (2.9)

t—o00 T—00 t—00 z—oo Mz 1%
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2.2 Stationary renewal processes

This section deals with the question when the renewal process (Y;):>0 is a stationary process
(i.e., for what £(1p)). By the Markov property, for (Y;);>0 to be stationary it is sufficient
that £(Y;) does not depend on t. Now recall from Section 1.5 that if (X,,),>0 is an aperiodic,
irreducible and positive recurrent Markov chain then

P.{X, =y} — n(y) asn — oo for all z,y € S,

where 7 is the unique stationary distribution of (X,,),>0. Hence, our opening question boils
down to finding the law of Y; = Sn,+1 —t ast — oco. Let

At Z:t*SNt

be the age of the item in use at time t. The first guess (?!) that the total lifetime Ty, = A;+Y;
of the item in use at ¢t has asymptotic distribution v = £(7}) is wrong. This is because of the
so-called size-biasing effect: It is more likely that ¢ falls in a large renewal interval than that
it is covered by a small one.

To explain things in a simple setting we first have a look at stationary renewal chains (i.e.,
we take time to be discrete). Consider the augmented process (Y, Zy,)n>0, where Z, is the
total lifetime of the item in use at n. Observe that (Y, Z,)n>0 is @ Markov chain on the state
space S = {(y,2) € N3: 0 <y < 2z < 00, ¢; > 0} with transition matrix

17 ify/:y—l,Z/:Z,
Py =19 ¢, ify=0, y =2 —1,
0, else.

Note that the chain (Y, Z,)n>0 is irreducible, since (y,z) — (0,2) — (' — 1,2") — (¢/, 2/).

Proposition 2.5 Suppose 0 < p:=ETy =Y ;2| kqi < co. Then the stationary distribution
of the Markov chain (Yy, Zn)n>o0 is the distribution of the pair (|({UT1|,T1), where T\ has the
size-biased distribution of 11,

P{T} =y}

P{Ty =
_y{; y}ayEN()?

and U is uniformly distributed on the interval [0,1], independent of T\l.

Remark. Note that P{T\l > 1} = 1 and that Efl = ET2/ET; > ET; by Jensen’s inequality.
In fact, 17 is stochastically larger than T7.

Proof. We first compute the weights of the distribution (LUﬁJ T 1) and then verify station-
arity. For 0 <y < z < oo with g, > 0 we have

P{UT,| =y|Ti =2} = P{lUz] =y} = P{ly<Uz<y+1} = % (2.10)
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In other words, given T, = z the random variable \U ﬁj is uniformly distributed on the set
{0,...,2 —1}. Hence,

m(y,z) = P{UT],Th) = (y,2)}

For 7 being a stationary measure it must satisfy the balance equations

(o ¢]
m(z,24+1) = Y 7(0,2)qq1, 2 €N (2.11)
=1
and
w(y,z) = n(ly+1,2), 0<y<z-—1 (2.12)

The validity of (2.12) is obvious. For (2.11) observe that

o0

qz+1 dz
(Z z+ 1) A Qz—i-lz Z 0 x)Qz—H

r=1

Remark. Note that the projection onto the first coordinate (the residual lifetime) gives

o0

T(y) = Y w(y,2) =

z=y+1

i 7 = P{Ty >y}’

1
e ETy

which is consistent with our considerations in Chapter 1.

We now return to the continuous-time setting.

Lemma 2.6 Suppose 0 < p < oo and let L(Ty) have density

P{Tl > t}

g(t) = .

t>0. (2.13)

Then

i) For everyn > 2, L(Sy) has density

1
gn(t) = ;(IP’{SR ~ 8y <t} —P{Sps1 — S1 < t}), t>0.

u(t)y=—, t>0.

t
1
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Remarks. The density ¢ in (2.13) is the analogue to 7* (verify that it integrates to 1!).

Note that, by i),
h
E(Netn = Ne) = u(t +h) —u(t) = m

does not depend on t. Obviously, this property is crucial for stationarity.

Proof. Since S, is the sum of independent random variables at least one of which has a
density, £(.S,,) has a density, too. For k > 1 let
Fk(S) = P{Sk+1 — Sl < S}, s> 0.

Decomposing S, w.r.t. Ty (= S1) gives

W _ /0 g(t — 8) dFy_1(s)

= 1/{; (1 — Fl(t — 3)) an—l(S)

I

- ;(Fn_l(t) — Fa(t))-

For ii) observe that

u(t) = iP{Sngt}

t x t1
_ /0 TCIEDY /0 (e (5) = Fuls))ds

_ ; /0 (1- A +§§<Fn1<s> ~ Fu(s))ds

= l /lt ds = 3
K Jo K
Proposition 2.7 If L(Ty) has density g, then (Y:)i>o is a stationary process.
Proof. Tt suffices to show that £(Y;) has density g for all ¢ > 0. For every y > 0 we have
o
P{Y; >y} = > P{Yi>y, Ny=n}
n=0

= > P{Sy <t Sup1 >t +y}

n=0

© ot
= P{T02t+y}+2/P{SnGdS}P{TnZt—s+y}
n=1 0

- /too g(s)ds—l—,u/otg(t—s‘f'y)du(s)

+y

- / T g(s)ds = P{Yo >y},
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In analogy with (2.5) the density g should arise from £(77) by some form of size-biasing.
Following we give a formal definition of this notion.

Definition 2.8 Let X be a non-negative random variable with 0 < EX < oco. The random
variable X s said to have the size-biased distribution of X, if

Eh(X) = E()I(E@EX))

for every non-negative measurable function h.

Remark. If X takes values in Np, then (take h = 14y)

S EP{X =k}
P{X =k} =—~—-—-—, kecNo
{ } EX ’ € No
If £(X) has density f, then £(X) has density
; zf(x)
= > 0.

Lemma 2.9 Let T\l and U be independent random variables, where T\l has the size;biased
distribution of Th and U is uniformly distributed on the interval (0,1). Then L(UTy) has
density g.

Proof.
1
P{UT, <t} — / P{UT, < ¢|U = u} du
0

1
_ / P(T; < 1} du
0
1

_ i/()l(/oidel(s))du
= [ [ ane)ar = [ g

As in the discrete case one can consider the pair process (Y, Zt)¢>0, where Z; = Sn,4+1—Sn,
is the total lifetime of the item in use at . The following two convergence theorems for renewal
processes are not surprising in light of the results in the discrete time setting. Their proofs,

however, are much more involved and omitted here.

Theorem 2.10 Suppose 0 < u < oo and that L(T1) is non-lattice (i.e., P{Th € dN} <1 for
alld>2). Then o
Ly, (Yy, Zy) — L(UTy,Th) weakly ast — oo

for every 0 <y < z < o0, q, > 0.
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Theorem 2.11 (Blackwell’s renewal theorem) Suppose 0 < pu < oo and that L(T) is
non-lattice. Then

h
u(t+h)—u(t)—>; ast — oo

for every h > 0.

2.3 The homogeneous Poisson process on the half line

We now consider the case where the lifetimes 7T}, j > 1 have exponential distribution.

Definition 2.12 A non-negative random variable T' is said to be exponentially distributed
with parameter A > 0 (“Exp(\)-distributed” for short), if

P{T >t} =e ™, >0
We list some elementary properties of the exponential distribution.
1. £(T) has density f(t) = Xe™, t > 0.
2. T has mean ET = 1/ and variance Var T = 1/)\2.

3. The Laplace transform of T is

A
f):=E —0T)=——, 0>0.
¢(0) == Eexp(—0T) = -, 020
4. The “lack of memory”:
P{T>t+s|T>t}=P{T > s} foralls,t>0. (2.14)

Property (2.14) says that knowledge of the age gives no information on the residual lifetime.
This explains why in the case of exponential lifetimes the stationary density of Ty and the
lifetime distribution agree,

o P{Tl > t}

g(t) .

This is commonly referred to as the bus stop paradox: If the interarrival times are exponen-

=Xe M=f(t), t>0.

tially distributed then arriving at the bus stop at time ¢ one has to wait as long as if arriving
immediately after a bus has left.

Definition 2.13 Let T;, j > 0 be independent Ezp(\)-distributed random variables. Then
the random set ® := {S, : n > 1} is called a homogeneous Poisson process on RJ with
intensity A.

The “homogeneous” refers to the process (IVi);>o having stationary increments. The name
Poisson process is due to the following.

Proposition 2.14 Let Ny :=|® N [0,1]] be the number of points of ® in the unit interval.
Then

i) N1 is Poisson distributed with mean .

ii) Given N1 = n, the random variable (S1,...,Sy) is distributed like the order statistics
(Uays---»Uwy) of n independent uniform random variables Uy, . .., Up.
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Recall that the order statistics is the U; in increasing order. The respective assertions hold
for any interval [a, b].

Definition 2.15 A random variable X with values in the non-negative integers Ng is called
Poisson-distributed with parameter X > 0, if

P{X =k} =e" k € No.

A
Ha

Sometimes it is convenient to have the case A\ = oo included: The Poisson distribution with
parameter oo is the delta measure at co. We list some elementary properties of the Poisson
distribution.

1. X has mean EX = ) and variance Var X = A.
2. The generating function of X is

EsX = ef)‘(lfs), 0<s<1.

3. The Poisson approximation of the binomial distribution B(n,py,):
If np,, — A as n — oo, then

B(napna k) = (Z)pﬁ(l _pn)nik — 67)\ E as n — oQ.

Proof of Proposition 2.14. Let
B C{(s1,52,...,8n):0<s1<s9<...<s, <1}

be a measurable set. Write B for the corresponding inter arrival times,

B :={(s1,852 — $1,---,8n — Sn—1) : ($1,.--,8,) € B}.
Then,

P{len (Sl,...,S>EB}
= P((S1,...,5n) € B, Sn+1>1)

= P{(Ty,...,Th_1) € B, ZT >1}
7=0

= e Mo xe A Ne At - it
(tQse-rtn_1)€EB,
to++tn>1
= / A" Ne At dsy - disy i
(817~~-75n)6375n+1>1
AleH
= —nl [ dsi---dsn. (2.15)
n. B
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On the other hand,
P{(Uqy,---,Uw)) € B}
= > P Uw) € B, Upay < Upe) <+ < Uy}

p permutation

= > P{Uyy,--- Uywy) € B}

p permutation

= nlP{(Uy,...,U,) € B}
= n!/ dsy---dsp. (2.16)
B
Combining (2.15) and (2.16) establishes the claim of the proposition.
Observe that Proposition 2.14 suggests the following two-step construction of a homoge-
neous Poisson point process.
1. Choose a Poisson(\)-distributed random number N, say.
2. Generate N independent uniform random variables on [0, 1].

Note that this construction has an obvious extension to more general state spaces (other than
the construction via lifetimes which uses the linear ordering of R). We will get back to this
construction in the next chapter.

2.4 Exercises

Exercise 2.1 (Stationary age processes) Consider a renewal chain (Yy,)n>0 with lifetime
distribution (qi)k>1 and finite expected lifetime ET.

a) Compute the transition matriz of the time-reversed chain (compare Ezercise 1.8 and
recall that w(y) = P{Ty > y}/ET}, y € Np).

b) Compute the so-called hazard function: the conditional probability that the lifetime Ty
equals y given that it exceeds y.

Exercise 2.2 Let (Y;)i>0 be a renewal process with renewal points Sp+1 = Z?:oTja n>0
and let X1, Xs,... be a sequence of i.i.d. random variables with finite mean m := EX;. The
renewal reward process is defined as

Ny
R =) X;, t>0
j=1

a) Let = ETy be the expected lifetime. Show that R/t “3 m/pu.

b) Define A, :=1t — S, to the time at t since the last renewal (= age of the item in use).

Show that . )
ot [ s s S
0 2p
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Exercise 2.3 Patterns of discrete random variables. Let X1, Xo,... be i.i.d. random
variables with P{X1 = j} = pj, j € N. Let 7 be the first time the pattern ji,...,ji occurs,

T = min{n Z k: ank+1 = jl, cee ,Xn = ]k}
Suppose that j1 # ji. Use the elementary renewal theorem to compute ET.

Exercise 2.4 Consider a single server bank in which customers arrive at the times of a
Poisson point process on Rt with rate X\, but only enter when the server is free. Let the
service times of the customers entering the bank be i.i.d. with finite mean m.

a) Argue that the times at which customers enter the bank form a renewal process.
b) Compute the expected number of customers arriving while one customer is served.
¢) What fraction of potential customers enter the bank in the long run?

d) What fraction of time is the server busy?

Exercise 2.5 Let X be a non-negative random variable with positive finite mean. Recall that
a random variable X is said to have the size-biased distribution of X, if

Eh(X) = E(E@EX )

for every non-negative measurable function h.
a) Show that P{X € -} is a probability measure on (R, B).
b) Show that X is stochastically larger than X,

P{X >z} > P{X >z} forallz>0.
c) Show that if X1,..., Xy are i.i.d. random variables then
ZXz' LR+ X4+ Xy,

where )/(\'1 1s independent of Xo, ..., X,,.

d) Suppose that X takes values in the non-negative integers No. Show that Y has probability
generating function (p.g.f.)

f(s) = S;,((ls)), 0<s<1,
where -
fls):=>Y P(X=k)s" 0<s<1,
k=0

is the p.g.f. of X.
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e) Let X have (shifted) geometric distribution,
P{X =k} = p(1 — p)¥, k € N,.

Show that R R
X21+X+X, and |UX]ZX,

where X1 and Xy are independent copies of X, and U is uniformly distributed on the
interval [0, 1], independent of X.
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3 Poisson point processes

The Poisson point process is a fundamental model in the theory of stochastic processes. It is
used to model spatial phenomena (like the spread of colonies of bacteria on a culture medium
or the positions of visible stars in a patch of the sky) or a random series of events occurring
in time (like the emission of radioactive particles or the arrival times of phone calls).

Formally, a (Poisson) point process is a countable random subset of some state space S.
The distribution of ® can be described by specifying the law of the number of points of ®
falling into “test sets” B; (where the B; are from some o-field B on S). To this end one needs
to ensure that there are enough sets in B. This can be done by the weak assumption that
the diagonal D = {(x,y) : * = y} is measurable in the product space (S x S, B ® B), which
implies that singletons {z} are in B for every z € S.

We will not address the measure theoretic niceties here (but be aware that there is some
demand!) and only list a few important properties (for a thorough account we refer to the
monographs [3, 6]).

e The set of countable subsets of a measurable set S is a Polish space when equipped with
the vague topology (identify ® = {x; : i € I'} with the counting measure ), ; 0z, ).

e The distribution of ® is uniquely determined by the “finite-dimensional distributions”
of (N(B1),...,N(By)), where N(B;) := |® N B;| is the number of points that fall into
the set B;.

3.1 Construction and basic properties

Definition 3.1 Let A be a o-finite (and non-atomic) measure on the measurable space (S, B).
A random countable subset ® of S is called a (simple) Poisson point process on S with
intensity (or mean) measure A, if

i) The random variables N(B1),...,N(By) are independent for any finite collection of
disjoint measurable subsets B, ..., B, € B.

i1) For every B € B the random variable N(B) has Poisson distribution with mean \(B).

Recall that a measure A is called non-atomic if A({z}) = 0 for all z € S. This property is not
essential for the definition of a Poisson point process, but guarantees that ® has no multiple
points. A measure ) is called o-finite if there exist By C By C --- C S such that | J;», B =S
and A\(B;) < oo for all 4, i.e., if S can be exhausted by sets of finite measure. -

The inevitability of the Poisson distribution. We give a (somewhat heuristic) argu-
ment that the Poisson distribution is inevitable if one requires the maximal independence in
condition i) of Definition 3.1. Suppose that we independently throw points into the infinites-
imal volume elements dy with probability

P{N(dy) = 1} = EN(dy) = A(dy).
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Then, the so-called avoidance function or taboo probability of ® is

P{N(B) =0} = [T(1 = Ady) = [] exp(~A(dy))

yeB yeB

= e (= [ Man) = exp(-A(E)

and
PINGB) =K} = = Y Mdw)Mdw) [[ (- Aw)
"Y1, Yk EB yEB\{y1,-- Yk}
= A/i]f) exp(—=A(B)), keN.

This kind of argument is instructive and almost always leads to the right answer/guess. It
can be justified by a limiting procedure (decompose the set B into partitions Bi(n), 1<i<n

(n))

with maxi<;<p A(B; /) — 0 as n — 00).

As a first step towards showing the existence of Poisson point processes we turn things
around and verify that condition i7) does not contradict the independence from condition 7).
Note that for disjoint sets By and Bs

N(Bl U Bg) = N(Bl) + N(BQ)

Consequently, the sum of independent Poisson distributed random variables has to have a
Poisson distribution again. This result is the content of the following lemma.

Lemma 3.2 Let X, j > 1 be independent Poisson(\;)- distributed random variables. Then
> 521 Xj has Poisson distribution with mean 222, ;.

Proof. Recall that the probabilty generating function of a Poisson(\)-distributed random
variable X is Es® = exp (— A(1 — s)). Hence,

Es>i=1%i = HE%X = Hexp(—)\j(l —8)) = exp ( - Z/\j(l - s))
j=1 j=1

For n = co the monotone convergence theorem implies

EsXi-1Xi = lim Es2=1% = lim exp ( — Z Aj(1— S)> = exp < — Z Aj(1— S)>
j=1 j=1

n—oo n—oo

Theorem 3.3 (Construction) Let A be a finite (!) and non-atomic measure on the mea-
surable space (S,B). Let N be a Poisson distributed random variable with mean \(S) and let
Y1,Ys, ... be i.i.d. random variables with distribution A\/A(S), independent of N. Then the
random set

¢:={Y;:1<j<N}

is a Poisson point process on S with intensity measure \.
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Proof. Let By,..., B, € B be disjoint subsets of S and set
n
Bny1 =8\ J B
i=1

Note that given N = ¢ the counts (N(Bj),..., N(Bp+1)) have multinomial distribution with
parameter (¢,p1,...,Pn+1), Where p;j = A(B;)/A(S), 1 < j <n+ 1. Hence, for ki,..., kyp1 €
Ng and ¢ = k1 + - -+ + kpy1 we have

P{N(By) = ki,..., N(Bns1) = kni1}
= P{N =0OP{N(By) =ki,...,N(Bps1) = kny1 | N = £}

_ NSY ([ ABOY" | (ABu) )
= exp(=A(S)) = (k1, o~ (A(Sl)> (A(SJS)
n+1 N B )k \B, kn41
= exp(—z)\(Bj)) (kllu) A k;:jl)'
=1
i AB):

= TLew(Am) ~ 35 (3.1)
j=1

Properties i) and i) follow from (3.1) by summation over k1.

Theorem 3.4 (Restriction theorem) Let ® be a Poisson point process on S with mean
measure A and let B be a measurable subset of S. Then the random countable set ¥ := ®NB
is a Poisson point process on S with mean measure A\g = A(BN -) .

Proof. Conditions i) and ii) are easily verified for ®p.

The following result will be useful to extend the construction of a Poisson point process
given in Theorem 3.3 to the case A(S) = oo.

Theorem 3.5 (Superposition theorem) Let ®;, j > 1 be independent Poisson point pro-

cesses on S with non-atomic intensity measures \j. If X = Z?; Aj is o-finite, then the
union
[o.¢]
o= ]
j=1

1s a Poisson point process on S with intensity measure .

Proof. If X and Y are independent random variables with values in & and non-atomic
distributions vx and vy, then, by means of Fubini’s theorem,

PIX =V} = [BX =YY = yhordy) = [ vx{ah) vy (ds) =0
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Hence, letting X; and X; have distribution A\;(- NB)/\;(B) and A;(- NB)/\;(B), respectively,
Theorem 3.3 shows that

P{®;N®;NB#0} < E|®N&;NB
= E(E(‘@iﬁ‘pjﬂB’ NZ(B),N](B)>)
< P{X; = X;} E(N;(B)N;(B))

P{X; = X;} \i(B)\;(B) = 0 (3.2)

provided that A;(B),A;(B) < oco. Taking By C By C -+ C S such that {5, B, = S and
A(Bp) < oo for all n, we see that (3.2) holds for all B. Hence,
N(B) :=|®N B[ = Y N;(B).

=1

By Lemma 3.2, N(B) is Poisson(A(B))-distributed. For the independence note that

o o

(N(BY), .., N(Ba) = (Y Ni(B1), o, Y Ny(Ba)),
j=1 i=1

with the N;(By), 1 <k <nand j > 1 being mutually independent if the By, are disjoint.

Corollary 3.6 (Existence theorem) Let A be a o-finite (non-atomic) measure on (S, B).
Then there exists a Poisson point process on S with mean measure .

Proof. Let By C By C -+ with A(Bj) < o0 and J;Z; B; = S. Set
j—1
B :=B;\|JBi, j>1
i=1
Note that the B}, j > 1 are disjoint and that ULI B} = ngl B; for all j > 1. Following

Theorem 3.3 we can construct independent Poisson point processes ®7 on S with intensity
measures A\ = A(- N B}). By Theorem 3.5, the superposition

(@)
d* = U @;
j=1

is a Poisson point process on S with intensity measure
oo oo [e.e]
=3 =3 acnB) =AU nB) =
j=1 j=1 j=1
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Another nice property of Poisson point processes is that, if the state space is mapped
into some other space, then the transformed points again form a Poisson point process. The
only thing one has to pay attention to is that the function might pile distinct points. This
possibility, however, can be detected by merely looking at the transformed intensity measure.

Theorem 3.7 (Mapping theorem) Let ® be a Poisson point process on S with mean mea-
sure A and let f : S — S’ be a measurable function such that the image (or induced) measure

Ap=Ao ft

on 8" is o-finite and non-atomic. Then f(®) = {f(x): xz € ®} is a Poisson point process on
S’ with mean measure \f.

Proof. Let B, 1T S with A\(B,,) < oo and let Y, ; and Y, 2 be ii.d. with distribution Ap,.
Similar to (3.2) we deduce

P{f(z) = f(y) for some x #y € P} = 7}1_)1{)1019’{]’(33) = f(y) for some z #y € &N B,}
< lim P{f(Yy1) = f(Yn2)}EN(B,)? = 0.

n—oo

Hence,
Ny(B'):=|f(®)nB| = [@n f~(B) = N(f(B)), (3.3)

which shoes that Ny(B’) has Poisson distribution with mean A(f~1(B’)) = As(B’). For the
independence properties note that f~1(B) N f_l(B§) = f4(B/N B) =0, if B;nB; = 0.

3.2 Sums over Poisson point processes

In this section we study random quantities ), 4 f(2), where ® is a Poisson point process
on S and f: S — R is some measurable function. We will address questions about absolute
convergence, the expectation and variance of such sums and their Laplace functionals. The
general strategy will be to first look at simple functions f = Y | §;1p, with non-negative 3;
and disjoint measurable sets B;, 1 < ¢ < n, and then apply standard techniques from inte-
gration theory to extend the results to general f.

Theorem 3.8 Let ® be a Poisson point process on S with mean measure X and let f : S — R
be a measurable function.

LIff >0, then
E exp < _ Z;) f(:r)) — exp < _ /S (1- e_f(z)>)\(dz)> (3.4)

and
1, if [¢min(1, f(2)) AM(dz) < oo;

]P{ Y ) < oo} - (3.5)

€D 0, else.
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2. If f >0 or [5]f(2)| Mdz) < oo, then

(% 70) = [

3. If [s|f(2)| Mdz) < oo, then

Var(meq) > /f2

The Laplace functional ¢(f) in (3.4) uniquely determines the distribution of ®. For fixed f

S

the value is the same as the Laplace transform of ) 4 f(x) evaluated at 1.

Proof. Let
n
=Y Bz,
i=1

where 3; > 0 and B; N Bj = 0 for i # j. Then

Yo f@) = D) Bil(x)

rzed zed i=1
Z/Bz > ip(x) = Y BN(By). (3.6)
i=1 zed =1

Now recall that if N is Poisson(v)-distributed, then Eexp(—0N) = exp (—v(1—e~?)). Hence,
using the independence of the N(B;) and identity (3.6) we get

Eexp ( - gf(x)) = Eexp < - gﬂﬂW&))
_ f[lexp (=B (1-e))
— exp (- zn:A(BZ-)<1 - 6ﬁ")>

=1

= exp < — /s <1 —e Z?—lﬂ”Bi(z)))\(dzO
= exp ( - /S (1 - e_f(z)>)\(dz)>.

Since any non-negative measurable function f is the increasing limit of simple functions f,,
say, the monotone convergence theorem gives

Eem(—Zf(fv)) = Eexp(—zgingofn(w)>

zed zed
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= lim Eexp < -y fn($)>

zed

= lim exp < - /S (1 - e_f”(z)>/\(dz))
exp ( . /S (1 - ef(z)))\(dz)>. (3.7)

For the convergence criterion of the random series ) g f(2) recall that for any non-

negative random variable X one has P{X < oo} = limg|g Eexp(—6X). Using the continuity
of the exponential function we get

IP’{ Zf(x) < oo} = 191151 E exp ( - GZf(x))

zed zeD

= exp < ~lim (1 - e_ef(z)))\(dz)) (3.8)

010 Js

We write Iy for the integral on the right-hand side of (3.8). By the monotone convergence
theorem, to prove (3.5) it suffices to show

A(dz) =

/ < 00 Iy < oo for some 6
min(1, f
=0 Ig =00 for all 6.

For the first implication note that

Iy < /mln 0f(z),1) A(dz) < max(6,1) /mln (2),1) \(dz).
Similarly,
Iy > /mln 1) A(dz) > min( /mln ) A(dz)

for some ¢y > 0. This completes the proof of the first part of the Theorem.
For 2. we again first take f of the form f = """, 8;1p,. Then (recall (3.6))

E(Zf@)) = E(;ﬁiN(Bz‘)> = ;/Bi/\(B

zed

[ @@ = [ e

For general f > 0 take f, T f and use monotone convergence. For f with [|f|d\ < oo
decompose f = fT — f~ and use linearity of expectation.
Finally, for f =" | 8;1p, we have

ar<Zf(m)> = Var<zn:5i 1B¢(35)>

zed

3" Var(BiN(By) = ﬁQA / f2(z)
=1

= 1
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If [|fld\ < oo, then

Va( Y s@) = va( X @+ Y sw)

zed ze®dN{f>0} ze®n{f<0}
= Var<2f+(aj)> +Var<2f_($)>
zed rzed

- / (£ + £ (22) M)
S
- /5 F(2)2\(d2).

3.3 Labelled Poisson point processes

Recall the following characteristic property of the Poisson distribution in relation with the
binomial distribution.

Lemma 3.9 Let M = le\il X, where N is a Poisson(\)-distributed random variable and
the X;, i > 1 are i.i.d. Bernoulli(p)-distributed random variables, independent of N. Then M
and N — M are independent Poisson-distributed random variables with mean Ap and A\(1—p),
respectively.

Proof. Given {N = n} the random variable M is binomially distributed with parameter
(n,p). Hence, for every k,¢ > 0,

P{M=kN-M=1{} = P{N=k+P{M=Fk|N=>Fk+(}

D Lan s Y
¢ A(1<:+£)!< k )pk(l_p)g

—Ap M —X(1-p) ()‘(1 - p))é.

= € (&

k! /!

Corollary 3.10 (Coloring Theorem) Let ® be a Poisson point process on S with mean
measure . Color the points of ® independently (of each other and of their positions) with
k different colors. For each j let ®; be the set of points of color j. Then ®;, 1 < j <k are
independent Poisson point processes on S with intensity measure \; = p;\, where p; is the
probability that a point is colored j.

Proof. Let k = 2 (the case k > 3 follows by induction). If By, ..., B, are disjoint measurable
subsets of S, then, by Lemma 3.9, the counts

NJ(Bl):|(I)J(BZ)|, ]:1,2 and 1 <i<n
are independent random variables with distribution Poisson(p;A(B;)).
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The assumptions of Theorem 3.10 are far too restrictive. The demand to relax these
conditions leads to the concept of labelled (or marked) Poisson point processes.

Let ® = {X; : ¢ € I} be a Poisson point process. Attach to every point X; a label L;
whose distribution may depend on Xj, but is independent of (X, L;), j # i (you may think
of spatially inhomogeneous color probabilities).

For a formal definition recall that P is called a transition kernel from (S, B) to (S, B'), if

1. P(x, -) is a probability measure on (S’, B’) for each x € S.
2. P(-,B’) is a measurable function on S for each B’ € 1.

Theorem 3.11 Let ® be a Poisson point process on S with mean measure A. Given ® =
{zi:iel}, let L;, i € I be independent with distribution P(x;, -). Then

U= {(Xz,L,L) 11 € I}
is a Poisson point process on S x S’ with mean measure
AP(dx dl) := \(dx)P(x,d?).

Proof. By the superposition theorem, it suffices to consider the case A(S) < co. We use the
construction of ® from Theorem 3.3:

®={X;:1<i<N},

where N is a Poisson(A(S))-distributed random variable, and the X; are i.i.d. with distribution
A/A(S), independent of N.
Note that if X has distribution A/A(S) and the conditional distribution of L given {X = =}
is P(x, -), then the pair (X, L) has distribution AP/\(S). Hence,
UL (X, L;):1<i<N},

where N is Poisson-distributed with mean

MS) = éA@@P@S@
= /)\(dx)/ P(z,dl) = AP(Sx &),
8 /

and the (Xj, L;), i > 1 are i.i.d. with distribution

A AP

——P = ————.
A(S) AP(S x &)
The assertion of Theorem 3.11 now follows by yet another application of Theorem 3.3.

Corollary 3.12

1. If AP(S x -) is a o-finite and non-atomic measure on S', then the set of labels
{L; :i € I} form a Poisson point process on 8" with intensity measure AP(S x -).
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2. For measurable disjoint subsets B C S', the sets of points with a label in By,
\IJB;:\IfﬂSxB}, j>1
are independent Poisson point processes with intensity measures AP( - X B;)
Note that the coloring theorem is the particular case P(x,dy) = u(dy), i.e., AP = A ® p.

Proof. The first part follows by Theorem 3.11 and the mapping theorem, the second part by
Theorem 3.11 and the restriction theorem.

3.4 Exercises

Exercise 3.1 Let ® be a homogeneous Poisson point process on R? (i.e., ® has Lebesgue
measure as its mean measure \). Set Dy := 0 and let D;j, j € N denote the distance of the
j-th closest point in ® to the origin. Show that

a) P{Dy > y} = exp(—my?) for all y = 0.

b) D32‘+1 — Djz7 j € Ny are independent and exponentially distributed random variables with
parameter .

Exercise 3.2 Let v be a probability measure on R\ {0} with expectation m and finite variance
o2. Let (Y;)>0 be the process defined through

Yie= Y Hi, t>0,
0<S;<t

where (S;, H;) are the points of a Poisson point process ® on Ra’“ X R with mean measure

Adsdh) = dsv(dh).
a) Show that (Y) is a renewal reward process with Exp(1)-distributed lifetimes.

b) Compute the mean and the variance of Y;.

e}

¢) Suppose v(RT) = 1 and let p(0) = [, exp(—bz)v(dx), # > 0. Compute the Laplace
transform ¢(0) := Eexp(—0Y}).

Exercise 3.3 The Gamma(a, 3)-distribution with shape and scale parameters o, 3 > 0 has
density
ﬁa

ga,ﬂ(x) = F(Oé) wa—le—ﬁx’ T e Rga

where T(a) = [y le ¥Ydy.

a) Compute the Laplace transform of a Gamma(a, 3)-distributed random variable X.

b) Show that the sum of n independent Gamma(S;,3)-distributed random variables has
distribution Gamma(c, 3).
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c) Let ® be a Poisson point process on Rt with intensity measure

—Bz
Aagldz) = 25— dz.
z
Show that
Y = Z x
red

has distribution Gamma(a, 3).

Exercise 3.4 PPP representation of the Gamma process. Let ® be a Poisson point
process on Ry x RT with intensity measure \(dsdz) = ds A\, g(dz). Set

Yo=Y oy, t>0.

(u,y)e®N[0,]
Show that:
a) Yy =limp o Yipn and Y- :=limp|o Yy exists a.s. for everyt > 0.

b) In every non-empty bounded time interval [t1,t2] the process (Yi)i>o0 takes infinitely
many jumps, only finitely many of which exceed € (> 0).

c) Forevery <t; <tg <--- < tps1 the increments Ytj+1 —Ytj, 1 < j <n areindependent
random variables with distribution Gamma(o(tj1 —t;), 5).
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4 Markov chains in continuous time

In this chapter time is continuous while the state space S is still discrete.

4.1 Definition and basic properties

Definition 4.1 Let P, t > 0 be a sequence of stochastic matrices on a discrete space S. A
stochastic process (X¢)e>0 is called a (time-homogeneous) continuous-time Markov chain with

state space S and transition probabilities Py,, if

PI{Xt+S:Z’Xt1 :yl,...,th :ynaXt:y}:P;z (41)

foreveryn € Ng, 0 <t; <ty <...<t,<t, s>0and ,9,Y1,...,Yn, 2 €S (provided that
the conditional probability is well defined). Here, Py is the law of (Xt)i>0 when started at x.

Note that in the continuous-time setting we need a whole sequence of stochastic matrices to
describe the dynamics of the chain rather than a single transition matrix as in the discrete-
time case. The analogue of Lemma 1.3 are the so-called Chapman-Kolmogorov-equations:
The law of total probability and (4.1) imply that the P! satisfy

PL* =" Pl P; = (P'P*)yy foralls,t>0andz,y€S.
z€S

In other words, the sequence P!, t > 0 is a semigroup of stochastic matrices.
The distribution of the path (X¢):>0 is not uniquely determined by the finite-dimensional
distributions (4.1) as can be seen by the following example. Let

(XM)120=0

1, if t=
Xt(2) _ , 1 Ua
0, else,

and

where U is uniformly distributed on the unit interval [0, 1], say. Both processes have transition

1, ify=0
Pt — 9 9
W { 0, else.

probabilities

In order to have uniqueness of £((X¢):>0) one has to require some smoothness of the paths
(e.g., that the paths are a.s. continuous or cadlag).

4.2 Jump processes

Jump processes are an important class of Markov chains in continuous time. They can be
thought of as disrete-time Markov chains with randomized holding times.

Let Ty := inf{t > 0 : X; # Xy} and assume P,{Tp > 0} = 1, i.e., the chain does not
instantaneously move away from its initial point (later on we will learn of processes where
this is not the case). The Markov property (4.1) then implies

PATo >t+s|Ty >ty =P {To >t+s|X,- =xforall 0 <u<t} =P {1y >s}. (4.2)
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The lack of memory property (4.2) uniquely characterizes the exponential distribution, i.e.,
L(Ty) = Exp(q,) for some 0 < ¢, < oo. This suggests the following construction of a
continuous-time Markov chain. As ingredients we need

e state dependent jump rates ¢, x € S;
e a (stochastic) jump matrix (Juzy)zyes-

For simplicity we will assume

Jzz =0o0r 1 forall z € S. (4.3)
If Jo» =1, then ¢, = 0. (4.4)

Relations (4.3) and (4.3) say that “any jump is a true jump” (see Exercise 4.1.a) for the fact
that these assumptions mean no loss of generality). A verbal description of a (g, J)-jump
process is as follows: When started at x the process

— stays at x for an Exp(q,)-distributed time T}

— jumps to y with probability J,

— stays at y for an Exp(g,)-distributed time 77 (independent of Tp)
— jumps to z with probability J,.

Construction 4.2 Let (Y,)n>0 be a discrete-time Markov chain with transition matriz J.
Giwen (Yo,Y1,...) = (yo,y1,-..) let T, n > 0 be independent Exp(yy)-distributed random
variables. Set

Xt =yn, if Sp <t < Spya,

where Sp := 0 and Sp41 := Sp + Tn, n > 0. Then (X¢)e>0 is said to be a (gq,J)-jump process
and (Yn)n>0 = (Xs, )n>0 is called the embedded Markov chain.

4.3 Explosion

Our construction of the (g, J)-jump process defines the path (X;)¢>¢ for all ¢ > 0 only if the
sum of holding times exhausts the time axis, i.e., if

C::iT = 00.
n=0

However, if the transition rates ¢, grow to fast, then ¢ might be finite.

Definition 4.3 If {( < oo, then the jump process is said to explode and ( is called the
explosion time. If P,{( = oo} =1 for all x € S, then the process (X¢)i>0 is called regular.

The following result gives a handy characterization of regularity.
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Lemma 4.4 A (q,J)-jump process is reqular if and only if

]P’x{zlzoo}zl forallz € S.

n=0 vy

Proof. We first consider the case where the embedded Markov chain (Y,),>0 is deterministic,
i.e., we assume that for each x € S we have

Po{ (Ya)n>0 = (yn)n>o} =1

for some (y2),>0 € SN0. In this case we need to show that

(o.9]
1
P {(=0}=1 < = 00. 4.5
+{¢ = oo} ng() ” (4.5)
For the necessity part of (4.5) observe that
o o o 1
B -E (3 ) - YB3
n=0 n=0 n=0 s,
Hence,
o0
Y — <o = E.(<o0 = P {{<o0}=1
n=0 dys;

For the other direction first observe that
P {( =00} =1 <= Eexp(—()=0.

Clearly, we may assume gy > 0 for all n. By the assumed independence of the T;,, we have

Eyexp(—¢) = E, exp(— ZT”> = H E, exp(—T5)
n=0 n=0

= < -
n=0 1+ gy [ ot (1 + ﬁ) > 0 Gy
Hence,
1
Z =00 = Eyexp(—() =0 = P {{ <o0}=1.
n=0 s,

Now let (X;)¢>0 have a general jump matrix J. By the law of total probability,
o
IP’x{C:oo}:IP)w{ZT :oo} = Eog(Yo, Y1, ...), (4.6)
n=0
where g : SN0 — [0,1] is defined as

9o, y1,-..) = ]P’{ZT :oo‘Yn:yn, nZO}.
n=0
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Since 0 < g < 1, we have
P {( =00} =1<=P{(Vn)ns0 € g ' (1)} = 1.

From the first part of our proof, we know that
=1
gil(l) = {(y07y17 . ) : Z - = OO}
n=0 Tyn
Hence, S
P{(=col =1 += ]P’{ 7200}:1.
#1¢ =0} ’ Z av,
n=0
Corollary 4.5 A (q,J)-jump process is reqular if one of the following conditions holds:
i) SUPges Gz < OO;
ii) |S| < oo;
iii) (Yn)n>o0 is a recurrent Markov chain.

Proof. Clearly, condition i) implies 7). If ¢) holds, then

o0 o0

1 1
Loy 1o
oy, T = SUDuesda
For iii) note that

o0 o0

1 1 L
DI SR T
n—0 qy, n—=0 qy, qz

where L, is the number of visits at « by (Y,,)n>0. By Theorem 1.9, P, {L, = oo} =1, if x is
a recurrent state of (Y3,)n>0.

Examples.

e Pure birth process. Let J; ;11 =1 for allz € § =N and ¢, = ®. Then

> Loy
n=0 v - n=Yp ne

Hence, the chain explodes, if o > 1, while it is regular, if 0 < a < 1.

¢ Binary Galton-Watson process. Let ¢, = Az, x € Ny and
D2, ify=x+1,
ny = o . o
pp=1-pg, fy=2-1.
Then - - -
1 1 1 1
e e P IE
n=0 9 n=0 )\(}/0 + n) A n=Yy n

This shows that the binary continuous-time Galton-Watson process is regular.
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Is there a Markovian continuation of a non-regular (g, J)-jump process after its time of
explosion? In what follows we briefly discuss two possible extensions.

The minimal process. Let A be some element not in S and set S := S U {A}. The
minimal process (X{)i>o following the dynamics (g, J) is constructed as above for all times
before ¢ and is set equal to A for times after the explosion (the absorbing external state A
is sometimes called cemetery). The minimal process is thus a continuous-time Markov chain
on S? with transition probabilities

Py, z,y € S;
PRt =S P{C<t}, zeS y=24;
Oys = A.

Revival after explosion. Instead of letting the process being absorbed in the cemetery A
we can modify our (g,J)-jump process such that P,{X™°4 € S} =1 for all ¢ > 0: At time
of explosion let the process immediately jump back into S landing at z with probability v(z)
where v is some probability measure on S. At the next explosion we independently repeat
this procedure (same v!). The resulting process (X/"°4),5 is a continuous-time Markov chain

on § whose distribution depends on v.

4.4 Backward and forward equations

The backward and forward equations are two systems of differential equations for P! : RS’ —

[0,1]. The idea behind is that, in general, computation of Péy is difficult whereas computation

dpt, . . . . - .
of —* is easy. By the Markov property, those infinitesimal characteristics should contain

(almost) all information on the transition semi-group (P!)¢>o.
Heuristics. We analyze P! near t = 0. Neglecting effects of multiple jumps (compare
Exercise 4.3) we have (recall our assumption J; € {0,1})

1-P% = P ATy <dt} = 1—e =% = g.dt (4.7)

and
Pg@i = P {To < dt} Joy = Queydt, = #y. (4.8)

The Q-matriz associated with ¢ and J (or infinitesimal generator of the jump process (X¢)e>0 )

Qxeya if x 7& Y,
—(z, if z =y.

is defined as

Qxy =

Note that ¢ and J can be recovered from Q. Also, since ng = 0zy, We can rewrite (4.7) and
(4.8) in matrix notation as

d

dt t‘t:(): @ (4.9)

For the backward equations we decompose the evolution until time t 4+ dt with respect to
X, i.e., we write
Pt+dt o Pt — PdtPt o Pt —_ (Pdt o IdS)Pt
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Identity (4.9) suggests that
d
—P'=QP".
dt @

For the forward equations we decompose the evolution up to time ¢ + dt with respect to

X, instead. This yields
Pt+dt _ Pt — Ptht _ Pt _ Pt(Pdt _ Ids)

so that we expect

d
— Pt = PtQ.
dt @

Theorem 4.6 (Backward equations) Let (P')i>o be the transition semi-group of a (q,J)-
Jump process. Then Pgﬁy 1s continuously differentiable with

dpt => Qu.P! (4.10)

Ty
dt zZ€S
forallx,y € S andt > 0. In particular,
d
%ny =0 Quy:

Note that for each fixed y € S, (4.10) is a system of differential equations for u; := P?y.
Proof. We will derive an integral equation for Pgﬁy. Using the Markov property of (X¢)i>0 we
get

P, = P{Xy=y, t<(}

= PfXi=y, To>t} + > Po{Xy=y,To <t X, =2(>t}

zF#x
) +Z/ Goe 5 P X s =y, C >t — s} ds
z#T
- e—qzt<5w+qz / e%“(ZJmP“) > (4.11)
zH#x

Observe that

u) = 6(]9:”(2 JxZng>, u>0

zF#x
is a continuous function, since
‘ Z J$ZP;Ly+h 2 JePy| = Z J“’P;L;rh — Byl
z#x z#x 2#T
< > PET-PY 42 > (4.12)
z#x, z€K z#w, z€K¢
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By (4.11), the first sum goes to zero as h | 0 for each finite K, while the second sum can be
made arbitrarily small by choosing the set K large enough.

Hence, the product formula for differentiation yields

d -
S Pl = —quPL, + e tlg et Z eJy. P, = Z Qu=PL,. (4.13)

xy
dt zF#T z€S

For continuity of the derivative on the right-hand side of (4.13) recall (4.12).

Theorem 4.7 (Forward equations) Let (P!);>o be the transition semi-group of a (q,J)-
jump process and assume

> Plgy < oo (4.14)
yeS

forallx,y € S andt > 0. Then P,}iy s continuously differentiable with

7P;y D PLQuy. (4.15)

z€S

Remarks.

e The assertion of Theorem 4.7 holds without assumption (4.12) (see [10], pp.100-103 for
a proof).

e Condition (4.14) can be interpreted as the chain having finite expected speed at time ¢.

e For each fixed x € S, (4.15) is a system of differential equations for v; := PL .

Proof. For x # y we have

h —
Py (BAlish) Bzt
h h h

Also,

h h
Pl“r - P, Z Zy N Pt Py,
Tz h h
27y

Hence, by assumption (4.14) and the dominated convergence theorem,

. th;-h - Pt zy t Ph -1 t
lim == = Mm ) PLot 4 Plmt— = ) PLQy,
2y z€S
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To stress the different role of the backward and forward equations consider a function
f:S — R and a measure p on S. Note that

E. f(X4) Z (P'f) ()
yeSs
is the expected payoff at ¢ when started at z and that
Pu{Xi =y} =) n(@)Ph, = (uP")(y)
€S

is the distribution of X; when started with initial distribution p. The function P;f satisfies
the backward equations while the measure u, P satisfies the forward equations. Indeed,

%(P#f)(x) = Z%Péyﬂy) = 2 W) QuPly

yeS yeS z€S
ZQJ:ZZP;yf(y) = Zsz(Ptf)(z) =: (QP'f)().
z€S yeS z€S
Similarly, p

(1P () = (P'Q)(y).

The interchange of summation and differentiation has to be justified from case to case.

4.5 Stationary distributions

The notions of stationarity and ergodicity introduced in Chapter 1 have a natural extension
to the continuous-time setting. Also, the main results extend to continuous time with only
minor modifications.

Definition 4.8 A probability measure ™ on S is called a stationary distribution for (P%)i>o,
if
7P' =7 for allt > 0.

Theorem 4.9 Suppose that the embedded chain (Yy,)n>0 is irreducible and positive recurrent
with stationary distribution v. If (P')i>0 has a stationary distribution m, then

v(z)

qz

m(x) =c¢ , T €S,

where ¢! _ZyES g
Y

The result (see [2], pp. 358-359 for a proof) is not surprising in view of our interpretation of
7(x) as the asymptotic proportion of time that the chain spends in x. Note that v(x) is the
asymptotic proportion of times at x while 1/¢, is the expected time time spent at x per visit.

The following theorem is the continuous-time analogue of Theorem 1.25 (see Exercise 4.6
for a proof).

Theorem 4.10 (Convergence theorem) Let (Y,,)n>0 be an irreducible Markov chain and
suppose that (P')i>o has stationary distribution w. Then,

. t
tllglo Py, =m(y) forallz,y € S.
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4.6 Standard transition semi-groups

In Section 4.2 we obtained a semi-group of stochastic matrices starting from the description
of the dynamics of a continuous-time Markov chain in terms of the transition rates ¢ and
the jump matrix J. Now we turn things around and start from the sequence of stochastic
matrices.

Definition 4.11 A sequence of stochastic matrices Pt, t > 0 is called a standard transition
semi-group on S, if
i) PO = Ids.

it) Pt = P5P' for all s,t > 0.

iii) limp o PP, =1 forallz € S.
Properties i),—,4ii) imply a great deal more than one might expect:
Theorem 4.12 Let (P');>0 be a standard transition semi-group on S. Then

P —1d
limn TS =Q (4.16)

exists with
—00< Qe <0 foralzesS;

0<Quy <00 foralz#yecs;

Zy#x Quy < —Quz forallz e S. (4.17)
For a proof of Theorem 4.12, see [8], pp. 138-142.
Definition 4.13 A state x € S is called

instantaneous, if Qzp = —00,
stable , if Qpz > —00.

A stable state x € S is called

conservative, if Z Qzy =0
yeS

and non-conservative, else.

We will now discuss the probabilistic meaning of instantaneous and non-conservative states.
Note that the process has to jump away from an instantaneous state x immediately (since
Qze = —o0). However, by the assumed continuity iii), the chain is at  for small times h
with probability close to 1. For a stable but non-conservative state x note that the process
should exit from S at the time it jumps away from x. However, since the P! are stochastic
matrices, it should immediately return.

The following two examples due to Kolmogorov illustrate these effects. They have become
known as K1 and K2. Starting from a Q-matrix which satisfies (4.17) (allowing Q,, = —oc or
>~y Quy < 0) we will construct a Markov chain (X;);>0. The associated semi-group (PY)¢>0
will then be shown to satisfy (4.16).
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Example K2. Thisis an example of a continous-time Markov chain with state space S = Ny
that has a stable but non-conservative state.

~10 0 0 0
00 0 0 0
0 4 -4 0 0
00 9 -9 0

Q= (4.18)

At a state i > 2 thechain stays an Exp(i?)-distributed time before it jumps to i — 1. When
started at 0 the process waits an Exp(1)-distributed time before it jumps to oo, then imme-
diately “implodes” and is finally absorbed in 1. Such a process can be constructed as follows.
Let T;, i > 1 be independent Exp(i?)-distributed random variables and note that

o o 1 oo a.s
E(ZE) :Zi—2<oo = ZTZ < 0.
i=1

i=1 i=1

Set
0, if 0<t<Ty;

[e.9] o0
ko if i+ Y L<t<Ti+ Y T
i=k+1 1=k

oo
1L, if t>) T
=1

It is easily verified that the transition probabilities of the Markov chain (X;);>o satisfy (4.16).
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Example K1. The second process is an example of a continous-time Markov chain with an
instantaneous state. The state space is again the set of non-negative integers Ny.

1 -1 0 0 0
4 0 -4 0 0
9 0 0 -9 0

Q= : . (4.19)
2 0 0 —i2 0

At i > 1 the process stays an Exp(i?)-distributed time, then jumps to 0. To better understand
what happens at state 0, we first have a look at an approximation of the chain with a finite
state space Spy = {0,1,...,M}. Let

M1 1 1 1 1
1 -1 0 0 0 0
4 0 -4 0 0 0
Qu=1| 9 o 0 -9 0 0 (4.20)
M2 0 .. cee —M?

Now we are back again in the setting of Section 4.2 and may use Construction 4.2 to build a
jump process (XM);>o with infinitesimal generator Q. At 0 this process stays an Exp(M)-
distributed time before it takes a jump to a uniformly distributed element of Sys. Note that
the expected height of the jump is (M +1)/2 whereas the expected return time is ~ ¢/M (with
c=73 1>k 2). In order to pass to the limit M — oo we need an alternative construction of
(th\/l)tzo. Let

t
LM ::/ I{xM =0lds, t >0,
0

be the local (or occupation) time of the jump process at 0 before t. We describe an excursion
of the jump process away from 0 starting at (real) time ¢ by

— the local time LM,
— its height HM,
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— its duration DM.

To do so let
oM = (L}, 1M, DM, i € I}

be a Poisson point process on R* x {1,..., M} x R* with intensity measure
Mds x {k} x du) = ds k* exp(—k*u)du. (4.21)

(Note that the intensity measure depends on M only through the underlying space.) The i-th
excursion starts at real time
oM M M

M M
LM<L)

and ends at S'ZM + DZM . The jump process (XtM )e>0 can be recovered from the point process
®M through
XM =>"HMI{t e [SM 5"+ DM)}. (4.22)
el

Other than Construction 4.2 the Poisson point process construction above also works for
M = oc:

Let ® = {(L;, H;, D;), i € I} be a Poisson point process on R x N x RT with intensity A
as in (4.21). Define A; to be the time spent away from 0 until the moment when (first) spent
time ¢ at 0,

-1
A, ::/t [{X, # 0} ds,
0

where
Lyt :=inf{s > 0| L, = t}.
Note that
B4, = E(Y D) = E(Y > D)

i<t k=1 L;<t,H;=k

L
= iE( Z Di> = i / wk? exp(—k*u)duds = tikg < oo.

=1 L;<t,H;=k (0,t) xR+

Hence, A; 2" 00 which implies

Sz' =L; + Z Dja.<S.OO

L]'<Li
for every i € I. In analogy with (4.23) we may thus define
Xy=Y H;I{t€[S;, S+ D)}, t>0. (4.23)

i€l
We are left with the question whether the process (X;):>0 has a standard transition matrix
that satisfies (4.16). The answer is yes. Propeties i) and ii) as well as (4.16) are easy to

verify whereas the continuity i) is a little involved. We will not give a complete proof here.
However, the next result gives some strong evidence.

@ J. Geiger, Applied Stochastic Processes



4. MARKOV CHAINS IN CONTINUOUS TIME 63

Lemma 4.14 For alle >0

Po{A: < et} > 1—¢ for all t sufficiently small. (4.24)

Assertion (4.24) states that the proportion of time before ¢ that the process spends away from
state 0 tends to 0 as t | 0. Indeed, note that (4.24) is equivalent to Po{L; > (1—¢)t} > 1—¢
for all ¢ sufficiently small.

Proof. For k € N set

Lt
Agy = / Iix =kyds,
0

so that Ay =) 7o Ak Observe that

M [e’s)
Po{A; > et} < IP’O{ZAM >0 or Z Apy > et}

k=1 k=M+1
M 0

< IP’o{ZAk,t>0} - IPO{ > AMZat}. (4.25)
k=1 k=M+1

Now Ny
PO{;Ak,t>O} = P{@ﬁ(0,t)x{1,...,M}xR+7£®}
- 1—exp(—A((o,t)x{l,...,M}xR+))

= 1—exp(—Mt) — 0 ast]O0. (4.26)

For the other term on the right-hand side of (4.25) the Markov inequality gives

]P’O{ i Ak,tzet} 1IE0( Z Akt>

k=M+1 k=M+1

= (z’:‘t)fl Z E()Ak,t

k=M+1

IN

o0

1
= g1 Z — — 0 as M — oo. (4.27)

k=M+1

Combining (4.26) and (4.27) with (4.25) gives

M 00
limsup Po{A; > et} < limsuplimsup (IP’O{ ZAkt > 0} + ]P’o{ Z Ay > Et}> =0.
t]0

M—oo  t]0 k=1 k=M+1
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4.7 Exercises

Exercise 4.1 Let J = (Jgy) be a stochastic matriz on S and let g, x € S be a sequence of
non-negative real numbers.

a) Find a stochastic matriz J = (Jyy) and real numbers @y, v € S with

Jez €{0,1},V2 €S and Jyp=1= G, =0,

such that the (q,J)-jump process and the (g, J)-jump process are identical in law.

b) Suppose that sup,eg ¢z =: v < oo. Find a stochastic matriz J = (Ju,) such that

o]
H" -
P;y = E G_Ut (Un') J;Ly
n=0 ’

foreveryx,y € S andt > 0, where Paﬁy are the transition probabilities of the (q, J)-jump
process.

Hint: Consider first the case where q, = v for all x € S.

Exercise 4.2 The Yule process (X:)i>0 is a pure birth process in which each individual
of the population independently gives birth in accordance with a Poisson process having rate
A > 0. Suppose that the population starts from a single founding ancestor at time 0. Show
that:

a) The time S,, of the nth jump has the same distribution as R1+---+ Ry, where R;, j > 1
are independent Exp(j\)-distributed random variables.

b) Sp has the same distribution as maxi<i<n Vi, where the V;, i > 1 are independent
Exp(\)-distributed random variables.

¢) X; has geometric distribution with mean e,

j—1

:

R L e

Exercise 4.3 Let S,,, n > 1 be the transition times of a (g, J)-jump process (X¢)e>o0, i.e.,
Spt1:=inf{t > S, : Xy # Xg,}, n >0 and Sy :=0.

Show that or every non-absorbing state x € S

P.{Sy <h}

o P{S < hy

Exercise 4.4 Let (X¢)¢>0 be a continuous-time (rate 1) Galton- Watson process with offspring
distribution (p;);>0. Assuming p1 = 0 the Q-matriz associated with (X¢)¢>0 has entries

-, if x =y,
Quy = § TPy—at1, Yy=z—1lory>z+1,
0, else.
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a) Recursively define
Yoo =Y, + Wy — 1) I{Y, >0}, n>0,

where the random variables Wy, n > 1 are i.i.d. with distribution (pj)j>0. Show that
(Y)))n>0 has the same transition probabilities as the embedded Markov chain (Yoar)n>0
stopped at T := min{k > 0: Y = 0}.

b) Suppose that the mean offspring number m := Z;’;O Jpj is finite. Use part a) and the
law of large numbers to show that (Xi)i>o0 is reqular.

c) Suppose that py = pa = % Show that

t
P{X;=0}=——, t>0.
1{X: =0} i 12 0
Hint: Establish a differential equation for ¢(t) := P1{X; = 0} and observe that P,{X; =
0} = (P1{X; =0})".

Exercise 4.5 Recall Péolya’s urn model: Initially, there are r red and s black balls in the urn
(r,s € N). At each draw the chosen ball is replaced and one extra ball of the drawn color is
added to the urn. Let (X1¢)i>0 and (Xo4)i>0 be two independent Yule processes started at
X10 =1 and Xoo = s, respectively and write Zy = X1 1+ Xoy4, t > 0.

a) Show that (Z;)t>o is a pure birth process with linear jump rates started at r + s.

b) Let S, denote the time of the nth jump of (Zi)¢>0. Show that X1,s,, n > 1 has the same
distribution as the number of red balls in a Pdlya urn after n drawings, when initially

filled with v red and s black balls.

c) Argue that, as n — oo, the asymptotic proportion of red balls in the Pdlya urn is

distributed like
Wi

Wy + Wy’

where W1 and Wy are independent with distribution Gamma(r,1) and Gamma(s,1),
respectively.

Hint:  Use part b) of this and Ezercises 3.3 and 4.2.

Exercise 4.6 Let (X;)i>0 be a (g, J)-jump process with gz > 0 for all z € S. Show that, if w
is a stationary distribution for (Xi)i>0 and the embedded Markov chain (Yy,)n>0 is irreducible,
then

ltlim P AX: =y} =mn(y) foralz,yeS.

Hint: Consider first the skeleton (Xp,)n>0-
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5 Martingales
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6 Brownian motion
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