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Preface

In tropical geometry, algebraic varieties are replaced by combinatorial objects in the hope that
the combinatorial objects still carry relevant information about the algebraic counterparts while
being easier to study. Ideally, one can formulate a question both on the algebraic and on the
tropical side, answer it on the tropical side and transfer the answer back to the algebraic setup.
The transformation process is called “tropicalization” and there are various ways to describe it,
see e.g. the introductory article [Gat06]. The combinatorial objects on the tropical side are pure-
dimensional polyhedral complexes, which fulfill a “balancing condition” at each polyhedron of
codimension one.

The technique of transforming algebraic questions into tropical ones has already been used success-
fully, especially in enumerative geometry of plane curves. A starting point was the correspondence
theorem by Grigory Mikhalkin [Mik05], which states that the number of projective curves of de-
gree d and genus g passing 3d 4+ g — 1 points in P? is equal to the number of plane tropical curves
of degree d and genus g passing the same number of points in R2, counted with multiplicity. It
is not only known that these numbers do not depend on the position of the points, they can also
be calculated. On the algebraic side, in [CH98]| a recursive formula is established that determines
these numbers in any genus. The same and similar ideas have been applied on the tropical side
[GMO7b] [BMO08]|, yielding the same recursive formula. There have been various other results in
plane enumerative tropical geometry, e.g. [IKS08, BGM12), (GMS12, BBM11].

Algebraic enumerative geometry. The main strategy to count geometric objects fulfilling
a collection of conditions is to construct a moduli space which parameterizes the objects. The set
of objects which fulfill a given condition is then a subspace of the moduli space. By intersecting
the arising subspaces, we obtain the points in the moduli space that correspond to the objects
that fulfill all desired conditions at the same time. Since we want to count objects fulfilling given
conditions, the conditions are chosen in way that the number of these objects is finite, i.e. the
intersection of the subspaces is zero-dimensional. The main tool to study enumerative questions is
therefore intersection theory on moduli spaces.

In algebraic geometry, main objects of interest are the moduli spaces ./\;lgm(IP’m, d) of stable maps
(C,z1,...,2n, f) of degree d with n marked points in genus g, see e.g. [BM96]. Such a stable
map (C,z1,...,T,, f) consists of a curve C of genus g with n marked points z1,...,z, and of a
map f : (C,xq,...,2,) — P™ that fulfills that the push-forward f.[C] has degree d and that f
has finitely many automorphisms. One considers stable maps to P instead of algebraic curves of
degree d embedded in P™ because their moduli space behaves in a better way.

The moduli space M gn(P™,d) is a Deligne-Mumford stack and has an expected virtual dimension.
Its actual dimension, however, can be larger and needs not to be constant. The space M gn(P™,d)
is considered a compactification of the subspace M ,(P™, d) which consists of stable maps whose
underlying curves are smooth. However, M, ,(P™,d) is in general not dense in M, (P™,d). In
the case that the underlying curves are rational the dimensions of the two spaces coincide.

For each marked point z; with ¢ € [n] there exists an evaluation map
ev;: My ,(P",d) — P™
(Camla"'axrwf) = f(xi)7

which evaluates the map f at the point x;. The maps ev; are morphisms.

v



vi PREFACE

If we want to count curves of degree d in P which fulfill a general collection £ = (L;)ie[n) of
incidence conditions in P™, i.e. which intersect all subvarieties L1, ..., L, of P™, there exist two
approaches using moduli spaces to tackle this problem.

In [Vak00], the following approach is used for counting rational and elliptic curves in P (i.e. the
genus g of the curves is zero or one). One considers the closure X! of the set of smooth stable maps
(Cyz1,...,Tn, [) € My n(P™,d) which fulfill all conditions Li,..., Ly, i.e. it holds ev;(z;) € L;
for all ¢ € [n]. (It is moreover demanded in the elliptic case that no component of arithmetic genus
one is contracted to a point.) If the dimension of X! is zero, the enumerative number Nclplx(d, g9, L)
of curves of degree d and genus g in P™ is defined as the degree deg(X;) of X*. The number does
not change if we replace L1, ..., L, by rationally equivalent varieties.

Another approach using so-called Gromov-Witten-invariants is the following, see e.g. [BM96].
There can be constructed a naturally defined virtual fundamental class

(M (P™,d)]" € Au(Mgn(P™,d))

in the chow group of the moduli space. This virtual class has the expected virtual dimension of
Mg o (P™,d). The pull-back of the subvarieties L; along the evaluation maps ev; can be interpreted
as the geometric condition that the curves pass the subvarieties L;, and hence we consider the

intersection product

X% =evi[Li] - evi[Ly] - [Mgn(P™, d)"".
If X2 is zero-dimensional, the virtual number Nclplx(d,g,ﬁ) = deg(X?) does not change if we
replace L, ..., L, by rationally equivalent varieties.

In the case of rational curves, the virtual fundamental class is equal to the usual fundamental class
and the two invariants coincide, i.e. it holds N}, (d,g,L) = N2, (d, g, £). In general, this is not
true.

Let us turn to the question how and if these enumerative invariants can be calculated.

As already mentioned above, in the case of plane curves (i.e. curves in P?) a recursive formula is
established in [CH98] that allows us to calculate the enumerative numbers N}, (d, g, £) in any
genus. Even more, with the formula also relative invariants can be calculated: The term relative
means that we impose, in addition to the incidence conditions L, ..., L,, tangency conditions to

subvarieties 17, ...,T} of a hyperplane H C ™.

The idea used in [CH98] is the following: The incidence and tangency conditions to the hyperplane
H, which is in this case a line, are specialized (i.e. the varieties are translated) in a way that the
curves C which fulfill all incidence and tangency conditions split up into components Cy, ..., C]
such that Cj lies in the hyperplane H and such that the other components Ci,...,C; are not
(completely) contained in H. Instead of counting the curves C of degree d and genus g, the
decomposed curves Cy, ..., C; (fulfilling derived incidence and tangency conditions) are counted.
The data of the decomposed curves is simpler than that of the original curves and a recursion
appears.

The same idea of specializing the incidence and tangency conditions is used in [Vak00] to calculate
the enumerative numbers N, Clplx(d, g, L) in the case of rational and elliptic curves in any dimension.
There are no known formulae which allow to compute the enumerative numbers N1, (d, g, £) in
the case that the genus is greater than one and that the dimension of the ambient space is strictly

greater than two.

In the case of virtual invariants, a constructive formula has been proven in [Gat03] with which the
virtual invariants can be calculated in any degree, genus and dimension, using relations between
them.

Tropical enumerative geometry. Ideas that are similar to the explained techniques in
algebraic enumerative geometry have also been used successfully in tropical geometry, and various
algebraic results mentioned above have been proven also on the tropical side.

A tropical curve is a metric graph with unbounded leaves that fulfills a balancing condition at
every vertex. The tropical analogue of an n-marked stable map to P of degree d and genus
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g is a parametrized n-marked tropical curve (C,h) of degree d and genus g in R™. With the
algebraic setup in mind, we can think of (C,h) as a triple (C,z1,...,z,,h) where C is a smooth
(abstract) tropical curve of genus g, z1,...,x, are marked points on C and h : C — R™ is a
tropical morphism. The curve has degree d if h(C) has precisely d leaves in each of the standard
directions —eq, ..., —€m,, —eg = >0, €; € R™.

The translation of the enumerative algebraic question dealt with above to tropical geometry is the
following: Given a collection £ of incidence conditions Ly, ..., Ly, in R™, which are tropical L}’-
directional varieties (i.e. their recession fan has standard directions and is therefore some L}}*), how
many parameterized n-marked tropical curves (C, h) of degree d and genus g, counted with multi-
plicity mult(C, h, £), fulfill all conditions L, ..., L,? We denote this number by Niop(d, g, L).

Why do we count with multiplicity and what does mult(C, h, £) stand for? Remember that the
main motivation for dealing with tropical geometry is its relation to algebraic geometry. We want
to answer algebraic questions on the tropical side. So assume that the collection £’ of incidence

conditions L},...,L! in P™ tropicalizes to the tropical varieties Lq,...,L, in R™. Then the
multiplicity mult(C, h, £) is defined as the number of stable maps (C, z1, ..., z,, f) that fulfill all
algebraic incidence conditions L7, ..., L} and such that f.C tropicalizes to h(C). In particular, if

mult(C, h, £) is greater than zero, (C, h) fulfills all tropical incidence conditions L; (which are the
tropicalizations of the algebraic varieties LY).

It follows from this definition of the multiplicities that the algebraic invariant Nclplx(d, g9, L") is
equal to the number Ny,op(d, g, L£). Therefore, also the tropical number Ni.op(d, g, L) does not
depend on the position of the varieties Ly, ..., L, in R™.

In the case of plane tropical curves and in the case of rational tropical curves in any dimen-
sion, there exists correspondence theorems which state a formula for calculating the multiplicities
mult(C, h, £), see [Mik05), [NS06, [Tyo12]. For elliptic curves in R™ with m > 2, there exist
only partial correspondence theorems dealing with the case that the edges in the loop of the curve
span the ambient space R™, see [Tyol2} [Nis09]. Moreover, there are additional (but not com-
plete) results in [Spe07, [Kat10] dealing with the question which elliptic tropical curves in R™
are realizable.

In the case of rational curves, the multiplicities mult(C, h, £) do not only have an interpretation
on the algebraic but also purely on the tropical side. The tropical moduli space My ,(d, R™)
of parameterized n-marked rational tropical curves of degree d in R™ is a well-studied tropical
variety, i.e. a pure-dimensional polyhedral complex which fulfills a balancing condition at every
cell of codimension one. As on the algebraic side, there exist evaluation maps ev;, which are
morphisms, that evaluate a curve (C,h) at the marked point z;, i.e. ev;(C,h) = h(x;). Using
tropical intersection theory as developed in [Shal2, [AR10, [FR12], we can define the intersection
product [[i, evi L; - Mo, (d,R™). Using the correspondence theorems, it has been shown in
[Rau05] that the multiplicity mult(C, h, L) is equal to the weight of the point (C,h) in this
intersection product. It hence holds in the rational case that the invariant Niop(d, 0, £) is equal
to the degree of the intersection product

[1evi Li - Mon(d,R™).

i=1
Note the similarity to the algebraic definition of the virtual invariants prlx(d, 0,L).

Tropical moduli spaces of abstract n-marked tropical curves (i.e. curves without a map to R™)
have been defined in any genus, e.g. [Cap12}, [Chal2]. However, for genus greater than zero these
moduli spaces do not have a structure as tropical varieties but only as topological spaces or stacky
fans (think of the latter as fans modulo a group action on the cones). Moduli spaces M7 ,,(d, R™)
of parameterized n-marked tropical curves of degree d and genus g have been studied in [KMO09]
in the case of plane elliptic curves and in [Her09] in any genus and any dimension. These moduli
spaces have a structure as a weighted polyhedral complex and as a tropical local orbit space,
respectively. We can think of tropical local orbit spaces as abstract tropical varieties modulo a

group action on the cells of the underlying polyhedral complex. However, for m > 2 these moduli
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spaces are, at least in the elliptic case, not appropriate for tackling enumerative questions. On
the one hand, not all elliptic curve which are known to be realizable are contained in the local
orbit space M1, (A,R™) defined in [Her09]. (All curves (C,h) € M}, (A,R™) fulfill that the
direction vectors of edges in and at the loop of h(C) span R™. However, all 3-valent well-spaced
elliptic curves in R™ are realizable - and well-spacedness does not restrict the dimension of the
space spanned by the edges in and at the loop, see [Spe07]). On the other hand, it can be checked
in small examples of curves in R? that the intersection product

n
[Tevi(zi) - M (AR™)
i=1
is in general not independent of the position of the varieties L1, ..., L, in R™.

Results of this thesis. We study enumerative tropical questions in R™ for m > 2. Our
approach is purely tropical and based on tropical intersection theory as developed in [Shal2,
AR10, FR12).

In chapter 2 we deal with rational curves in R™. Using tropical intersection theory on the moduli
spaces of rational parametrized curves, we establish with purely tropical means a recursive formula
that allows to determine the degree of

n

[Tev; Li - Mon(d, R™),

i=1
where Ly,..., L, is a collection of L]"-directional tropical varieties, i.e. the varieties have standard
directions. As in the algebraic case, as a side product also relative invariants can be computed.
The formula is the tropical analogue of the recursive formula proven in [Vak00] with which one
can calculate the enumerative number of algebraic rational curves of degree d in P passing a
configuration of subvarieties of P.

As mentioned above, there already existed an indirect proof of this recursive formula using the
detour over algebraic curves via correspondence theorems. Our approach is a tropical version of
[Vak00] merged with ideas used in the plane tropical case [GMOTb]. A related result about the
recursive structure of the multiplicity of a rational tropical curve is stated in [BMOT].

In chapter 3 we study elliptic curves.

e We develop a combinatorial notion of a well-spaced elliptic curve in R™, which is based on
the known necessary and sufficient conditions on the realizability of elliptic curves in R™.
In particular, for m > 2, a well-spaced elliptic curve fulfills all known necessary realizability
conditions and all elliptic curves which are known to be realizable are also well-spaced.

e We construct a pure-dimensional weighted polyhedral complex M;j (A, R™) parameter-
izing I-marked well-spaced curves of degree A in R™, where I is an index set labeling the
marked points of a curve.

o We define an open and dense weighted subcomplex My (A, R™)™8 of My (A, R™) con-
taining only elliptic curves which have an “honest” loop, i.e. the first Betti number of
the support of the curve is one. The weighted polyhedral complex M (A, R™)" is an
abstract (open) tropical variety, non-regular curves without honest loop are missing and
M (A, R™)™8 hence has “holes”.

e We prove an enumerative statement: Let Lq,..., L, be translated tropical fans in R™ that
are complete intersections, i.e. they can be cut out by rational functions on R™. Then the
degree of the intersection product

n

H GV: Li . Mlm(A’Rm)reg

i=1
is independent of the position of the translated fans L; in R™ as long as their position is
general. The degree of this intersection product can be interpreted as the the number of
well-spaced elliptic curves in M (A, R™)™8 passing a general configuration of tropical
fans in R™, counted with an intersection-theoretic multiplicity. It is not known of this
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tropical invariant whether it is equal to the corresponding enumerative or virtual algebraic
invariant.

At the end of the thesis an index of the notations is provided. The figure on page 4 has been
produced with the help of the polymake application a-tint written by Simon Hampe using jReality.
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CHAPTER 1
Preliminaries

In this chapter, we recall some definitions and results concerning polyhedral complexes and tropical
varities, intersection theory of tropical varieties as developed in [Shal2), [AR10,[FR12] and moduli
spaces of rational tropical curves, e.g. [Mik07] [GKMO09]. The developed notions and the stated
results will be needed in the subsequent chapters.

1.1. Polyhedral complexes and tropical varieties

If A is a lattice, we denote the dual lattice by AV. We regard R™ as a vector space containing
the lattice Z™ with the usual embedding. We denote the standard unit vectors by eq,..., e, and
define e¢ := — Zie[m] €;.

Definition and notaion 1.1.1 (Saturation and index of a lattice)
Let A be a lattice and let Ag := A®zR be the corresponding real vector space containing A. Given
a sublattice A’ C A, we call

sat(A) == AN (A @z R)
the saturation of A’.
A morphism of lattices f : Ay — Ay corresponds to a linear map of the corresponding real vector
spaces f : (A1)r — (A2)r which maps A; to Ay. By abuse of notation we denote the two maps
identically. We define the index of f by

ind f := [sat(im f) : im f] € N.
Given a sublattice A’ of a lattice A we define the index of A’ as the index of the inclusion map
i: A — A. For elements y1,...,ys € A we define ind(y1, ..., ys) as the index of the lattice spanned
by y1,...,Ys-
Definition 1.1.2 ((General) cone, polyhedron)

A general polyhedron in Ag is a subset ) # 7 C Ar that can be described by finitely many affine
linear integral equalities and inequalities, i.e. a set of the form

T ={z € Ar|fi(z) = a; for all i € I, f;(z) > b, for all j € J, fu(z) > ¢ for all k € K}
for some finite index sets I, J, K, affine linear forms f;, f;, fi € AV and real numbers a;, b;, ci.
We denote by W(7) the smallest linear subspace of Ag containing all x — y for all 2,y € 7 and by
A(7) the lattice W(7) N A. We define the dimension of 7 to be the dimension of W(r).

A general polyhedron 7 is called a polyhedron if it is closed, i.e. the affine linear forms f;, f;, fx
can be chosen in a way that no strict inequalities occur.

A (general) polyhedron is called a (general) cone if all a;, b; and ¢ can be chosen to be zero.

Definition 1.1.3 ((Abstract) polyhedral complex)

An abstract polyhedral complex X = (X,Y,{¢,}) is a topological space Y together with a finite
set X of closed subsets of Y and embedding maps ¢, : 0 — (A(0))r = A(0) @z R for every 0 € X
(i-e. o is continuous and injective), called polyhedral charts, such that

a) for all 0,0’ € X with cNo’ # O there exist n € Nand oy,...,0, € X with cNo’ = U™ 0y,

b) every image p,(0), o € X, is a general polyhedron in (A(c))r such that W(p, (o)) =
(A(o))r, i.e. W(ps(0)) (which is defined in [1.1.2)) is not contained in a proper subspace of
(A(U))R7
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c) for every pair 0,0’ € X with o C ¢’ the maps ¢, o ¢} and ¢, 0 p ! are affine Z-linear
where defined,
d) Y =U,cx¥s (¢s(0)°), where ¢,(0)° denotes the interior of ¢, (o) in W(pe(0)).

X is called the polyhedral structure of X and is denoted by pol(X), Y is the support supp(X) of
X. The elements of X are called polyhedra or cells of X and o € X is called a face of ¢/ € X
if 0 C ¢’. An inclusion-maximal polyhedron is called a facet. The relative interior of ¢ € X is
defined as 0° = ¢, (¢,(c)°). The dimension of a polyhedron o € X is defined as the dimension
of ¢, (0) and the dimension of the polyhedral complex as the maximal dimension of its polyhedra.
We will denote the set of all k-dimensional polyhedra of X by X(¥) elements are called k-cells. A
polyhedral complex is called pure-dimensional if all facets have the same dimension.

For all o € X, we define W(o) = W(p,(0)) and A(o) = A(py(0)).

A polyhedral complex X in Ag is an abstract polyhedral complex (X,Y, {p,}) with Y C Ag such
that all polyhedral charts ¢, : 0 — A(0) C Ag are translations by an element of Ag (where the
target space is restricted to A(o)) and such that all ¢ € X are closed in Ag. We call it an open
polyhedral complex if there exists o € X that is not closed in Ag.

We denote (X,Y,{¢,}) by X only because Y is given by J, .y o C Ar and because the polyhedral
charts ¢, are translations such that ¢, (o) C W(0).

Definition 1.1.4 ((Open) subcomplex, refinement)
Let X = (X,supp(X),{¢s1}), Y = (Y,supp(}), {¢+}) be two abstract polyhedral complexes. We
say that X is a subcomplex of ) if

a) for every o € X there exists 7 € Y such that o is a closed subset of 7,
b) for every pair 0 € X, 7 € Y with o C 7 the maps ¥, 09! and v, o p, ! are integer affine
linear where defined.

In particular | X| is a closed subset of |Y|. If there exist 0 € X and 7 € Y such that the inclusion
o C T is not closed, we call X an open subcomplex of J. We call X’ a refinement of ) if X is a
subcomplex of Y that fulfills | X| = |Y].

Definition 1.1.5 (Ux(0))
Let X be an abstract polyhedral complex and ¢ € X. The polyhedral complex Ux (o) is defined
as the open subcomplex of X whose support is

supp(Ux (o)) = U 7°
T€EX,0°CT
and whose polyhedral structure is given by {r Nsupp(Ux)(o)|r € pol(X)}.

We just write U(o) instead of Ux(co) if no confusion can occur. A subset U C supp(X) is called
polyhedral set if there exist 01, ..., 04 € pol(X) such that U = U,y supp(Ux (07)). In particular,
if o € pol(&X) and ¢° C U, it follows 7° C U for all 7 € pol(X) with o C 7.

Definition 1.1.6 ((Open) fan, normal vector)

A fan in Ag is a polyhedral complex in Ag that is a refinement of a polyhedral complex in Ag
whose polyhedra are all (closed) cones in Ag. An open fan F' in Ay is an open polyhedral complex
in Ag such that there exists a fan G in Ag that fulfills that F' is a refinement of Ug({0}). Note
that every fan is an open fan.

Let F' be an open fan and let 0,7 € F with 7 C ¢ and dim7 = dimo — 1. Then there exists
feAo)Y with flw(r) = Ow(r) and f(p) > 0 for all p € o\ 7. The primitive integer vector

Ug /7 € W(G)/W(T)
which fulfills f(u) > 0 and (A(7),{u}) = A(o) (which is the span of A(7) and w in Ag) for all

u € U, /7 is called normal vector of o with respect to 7. It is unique in W(o)/ W(7).

Remark 1.1.7
Every abstract polyhedral complex has a refinement such that the intersection of two polyhedra is
either empty or a single polyhedron:
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Let us consider polyhedra in R™. A polyhedron 7 C R™ has a natural structure of a polyhedral
complex pol(7) in R™. We define a refinement: Choose a rational point p € 7° (i.e. a point such
that the convex hull of p and o € pol(7) is a rational polyhedron for all o € pol(7)) and for all
o € pol(7) \ {7} define o, C R™ as the convex hull of p and o. Set

pol(7(p)) = {oplo € pol(7) \ {r}} U {{p}} U {g € pol(r)V}.
Then, pol(7(p)) is a refinement of pol(7) that has the following property: For all maximal o €
pol(7(p)) there exists precisely one ¢’ € pol(7) of codimension one which fulfills ¢’ C o.
Using this idea for refining an abstract polyhedral complex X, starting with the cells of dimension
one in pol(X) and proceeding to the facets, we get a refinement X’ of X" for which the following is
true: For every 01,09 € pol(X’) with o1 N oy # ), there exists o € pol(X’) with 7y N1 = 7.

Definition 1.1.8 (Weighted (reduced) polyhedral complex, refinement)

A d-dimensional weighted (abstract) polyhedral complex is a pure-dimensional (abstract) poly-
hedral complex X of dimension d € N together with a weight function wy : pol(X )(d) — Z. A
weighted open fan is defined similarly. If no confusion can occur, we denote it by X’ only.

Set X* = {o € pol(X)[|3r € pol(X)D : ¢ C 7, w(r) # 0}, | X*| = U,cx- 0 and X" = (X*,|X*|).
Then (X, w|(x+y@) is a weighted (abstract) polyhedral complex, too. We call (X, wx) reduced if
it is equal to (X, w| x«)w ).

(Y, wy) is called refinement of the weighted polyhedral complex (X, wy) if Y* is a refinement of
X* and if for all facets o € pol(Y) and 7 € pol(X) with ¢ C 7, it holds w(o) = w(r).

We define the polyhedral structure and the support of (X, wx) as the polyhedral structure and the
support of X.

Definition 1.1.9 (Tropical fan)
An (open) tropical fan F = (F,w) of dimension d € N in W is a weighted (open) d-dimensional
fan that fulfills the following balancing condition for all 7 € F(4=1:

Z w(o) g/, =0€ W /W(T)
o:TCoeF(d)

Example 1.1.10 (The tropical linear spaces L}*)
Tropical fans that will appear frequently are the fans (L}, w) in R™: Set

Zn = {{0},CODV(RZO CCiyg e ,Rzo . eik,0)|ij S {O, . ,m}VJ S [k]}

and let the weight function w be one on every facet.

FIGURE 1. The tropical linear spaces L? and L3.

Definition 1.1.11 ((General) morphism of (open) tropical fans)

Let Fi,F2 be (open) tropical fans in (Aq)r and (Ag)gr. A morphism f : F; — Fp is a map
supp(F1) — supp(F2) that is the restriction of an affine Z-linear map W; — Wy, i.e. the compo-
sition of a translation by a real vector and a Z-linear map, such that for all o € F; there exists
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FIGURE 2. Example of a tropical surface (green) in R and a subvariety (pink)
that is a curve.

T € Fo with a closed inclusion f(o) C 7. If we drop the condition that the inclusion f(o) C 7 is
closed, we call f a general morphism.

An isomorphism of tropical fans is a bijective morphism f : F; — F> whose inverse is a morphism,
too, and that respects the weight functions of F; and Fa, i.e. wz, (0) = wx,(7) for all facets o of
F1 and 7 of Fp with f(o) C 7.

If Uy C supp(F1), Us C supp(Fz) are polyhedral sets and g : Uy — Us is a map that is on each
connected component the restriction of a (iso-)morphism of tropical fans then we call g tropical
(iso-)morphism, too.

Remark 1.1.12
There exist refinements of G; and Gz of F; and F3 such that f(o) € G, for all o € Gy.

Definition 1.1.13 ((Abstract, open) tropical variety, polyhedral neighborhood)

An abstract tropical variety X is a topological space | X| together with a finite atlas {¢; : U; —
supp(F;)} where {U;} is an open cover of supp(X) and where all ¢; are homeomorphisms into
the support of an open tropical fan F;, which are called fan charts, such that the transition maps
ot pi(UiNU;) — ¢;(U;NU;) are tropical isomorphisms for all 4, j. (In particular o;(U; NU;)
and ¢;(U; N U;) are polyhedral sets in F; and F}, respectively.)

X* is the non-zero part of X, namely the abstract tropical variety with underlying topological
space

supp(X™) = {x € | X||3i : ¢;(x) is contained in a facet of F; with a non-zero weight} C |X]|
and atlas {¢;|u,supp(x+)}-

We define the support supp(X) of the tropical variety X as the non-zero part supp(X™*) of the
underlying topological space | X].

A tropical variety is an abstract tropical variety such that the underlying topological space is a
closed subset of a real vector space Ag and such that all fan charts are translations by an element
of Ar. If the underlying topological space is not closed in Ag, we call it an open tropical variety.
We identify abstract tropical varieties X = (| X[, {¢} : Ul = F!}) and X' = (|X'|, {¢} : U} —
F?}) that fulfill supp(X*) = supp((X')*) if their atlases are compatible, i.e. if @; o (p7)~" are
tropical isomorphisms where defined.

Construction and definition 1.1.14 (Polyhedral structure of an abstract tropical variety, poly-
hedral neighborhood and set)

Let X = (supp(X), {¢: : U; — supp(F;)}) be a representative of an abstract tropical variety. Set
pol(X) = U;{¢; '(0)lo € F;}. Then pol(X) together with polyhedral charts induced by ¢; is an
abstract polyhedral complex X. This is true because the F; are open tropical fans and because of
the following: For all o € F; with ;' (¢°) NU; # 0 it holds ¢ 0 p; *(0°) = 7° for some T € F}, see
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definitions|l.1.11jand |1.1.13] As weight function w : pol(X) — Z we choose the one that is induced
by the weight functions of the open tropical fans F; (which is well-defined since isomorphisms of
tropical fans respect the weight functions).

If we choose a different representative X’ of the same tropical variety, X and X’ have a common
refinement.

An abstract polyhedral complex X that arises in this way from the tropical variety X is called a
polyhedral structure on X.

Let p € supp(X). We call a neighborhood U C supp(X) a polyhedral neighborhood of p in X if
there exists a polyhedral structure X on X containing {p} such that U = Ux({p}), see for
the notation. We call U C supp(X) a polyhedral set in X if there exist points p1,...,px € U with

polyhedral neighborhoods Uy, ..., U C supp(X) such that U = Ule U;.

Remark 1.1.15
Let X be an abstract tropical variety with polyhedral structure X. For o € pol(X), the polyhedral
neighborhood Uy (o) of the polyhedron ¢ inherits from X a structure as tropical variety.

Example 1.1.16
There exist different abstract tropical varieties which have the same underlying topological space.
Here is an example:

We equip R? with the lattice spanned by the standard unit vectors and let the topological space
|X| =R?\{(0,0)} be given by the plane without the origin. Let X be the tropical variety that has
| X | as underlying topological space, let the polyhedral structure be induced by the rays R<q - eq,
Rog-ez, Ryg-e; and Ry - e2 and let all fan charts be the identity maps. We define all weights to
be one.

Next, we consider the topological space
V] = {z € R*|z; > 0,22 > 0,21 — 3z2 > 0}/ ~,
where ~ is given as follows:
y~y oy €{reR*ay > 0,21 =0} U{x € R*zy > 0,27 = 325} and yp = v

Note that [(0,0)] ¢ |Y|. The topological space |Y| is illustrated in figure [3| and the illustrated sets
o;, 7; induce an abstract polyhedral complex ) with support |Y|, ¢ € [3] (where o; are the rays
{l((F = Dza, z2)]|z2 > 0} C |Y]). The set {U(o;)|i € 1,2,3} is an open cover of |Y|, see notation

o1 09 03 o1 01

Y ¢1(U(01))
F1GURE 3. Left: The polyhedral structure of Y defined in example[l.1.16] Right:
The image of U(o) under the fan chart ¢,, , which maps the intersection of U (o)
and the dashed line to the dashed line.

Except ¢1, let the fan charts ¢; : U(o;) — R? be given by the identity map. The fan chart ¢; is
given by [(z1,x2)] — (z1 — 3z2,22) on 75, by [(z1, 22)] — (21,22) on 77 and by [(0,z2)] — (0, z2)
on o (see figure . Let again all weights be one and denote this tropical variety by Y.

The topological spaces |X| and |Y'| are homeomorphic. However, the tropical varieties X and Y do
not agree. For example, in Y there exists a loop which is a straight line in the lattice (the dashed
line in figure [3]), which is not possible in X.
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Definition 1.1.17 (Subvariety)

Let X = {|X|,{¢i}} be an abstract tropical variety. We call an abstract tropical variety C =
{IC],{#;}} subvariety of X if |C| is a closed subset of | X| and if ¢; o @./1171 and 1); 0 ¢; ! are tropical
morphisms where defined. We call C' an open subvariety of X, if C' fulfills the weaker condition
(compared to |C] C |X]| closed) that there exist polyhedral structures C on C' and X on X such
that C is an open subcomplex of X

We denote the set of subvarieties of X by Z(X) and the set of d-dimensional subvarieties of X by
Zq4(X).

Example 1.1.18
The open unit interval with weight one is an open subvariety of R with weight one, but not a
subvariety.

Lemma 1.1.19 (JAR10]: 5.15)

Let X be an abstract tropical variety. Given two closed subvarieties X7, Xo of dimension d, one
can define their sum X; + Xo, which is again a subvariety of X (see e.g. 5.14 in [AR10]). Z4(X)
together with this operation “+” forms an abelian group.

Remark 1.1.20

The statement of the previous lemma is not true for open subvarieties. Consider for example the
open intervals (0,1) and (0,2) with weight one as open subvarieties of R with weight one. Trying
to define the sum (0,1) + (0,2), it seems reasonable to choose (0,1) U (0,2) = (0,2) as underlying
topological space. Moreover, it seems reasonable to take {(0, 1],{1},[1,2)} as polyhedral structure
and define the weights as w((0,1]) = 2 and w([1,2)) = 1. However, this open polyhedral complex
is not balanced at {1}. In order to remedy this problem, we would have to allow polyhedral
structures with superposed polyhedra, e.g. {(0,1),(0,1],{1},[1,2)}. This is possible but not used
in this thesis. Therefore, we do not develop this concept here.

Definition 1.1.21 (Degree)
Let X be a zero-dimensional tropical variety. Then we define its degree by

deg(X) = (X) = 3 w(p)

peEsupp(X)
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1.2. Intersection theory on tropical varieties

We recall some main definitions and results in tropical intersection theory from [Rau09], [Al109]
and [FR12|. Additionally, we prove some corollaries that will be needed later on.

Intersection with rational functions.

Definition 1.2.1 (Rational function)

Let X be an abstract tropical variety and let U C supp(X) be an (open) polyhedral set. A rational
function on U is a continuous map ¢ : U — R such that there exists a polyhedral structure X
on X with polyhedral charts ¢, for which ¢ o ¢! is affine Z-linear for all ¢ € X. We call such
a polyhedral structure on X a ¢-polyhedral structure and a representative that induces such a
structure a p-representative. Note that the restriction of a rational function to a polyhedral subset
U’ C U is a rational function on U’.

Let the polyhedral complex X be a polyhedral structure on X. Then, for all o € pol(X), there
exists a unique A € A(0)¥ and ¢ € R such that g o ;| = (A + ¢)|,. We set ¢, == .

Construction 1.2.2 (Intersection with rational functions)

Let X be an abstract tropical variety of dimension d € N, C' a subvariety of X and ¢ : U — R a
rational function on a polyhedral set U D supp(C'). Choose a p-representative (supp(C), {¢; : U; —
supp(F;)}) with corresponding polyhedral structure C and denote by o; € pol(C) the polyhedron
with U; = Ug(o;). We define the intersection product ¢ - C as the abstract tropical variety
(supp(C4=Y), {¢}}) where ¢} = ; Uinsupp(ctd-1) and the weight function is given by

wW.C:C(dfl) — Z

r oo Y eo(wo) —er( X wlo)vn).

cec(d) sec(d)

TCo TCo

where v, /, are arbitrary representatives of the normal vectors u,,,. (Note that ) w(o)v,/r € Ar
due to the balancing condition.)

Example 1.2.3
The tropical linear spaces L} arise as the intersection product

(max{0,21,...,2,})" - R™.

Proposition 1.2.4 ([Rau09]: 1.2.13, [AR10]: 6.4 and 6.7)
Let X be an abstract tropical variety and ¢ a rational function on X. Then ¢ - X is a subvariety
of X of codimension one. It holds ¢ - (¢ - X) = - (¢ - X).

Remark 1.2.5

Let X be a tropical fan in R™ and let ¢1,...,¢, : R™ — R be integer linear functions. For
i € [r] define ¢; : R™ — R, z — max{p;(z),0}. Then, for any o € pol(X), Hie[r] ;- U(o) is the
translation of a tropical fan in R™.

Remark 1.2.6 (On the support and the weights in an intersection product)

Let r € N and let X be a tropical fan in R™. Let ¢; : X — R™ be rational functions and a; € R,
i € [r], and let X be a @;-representative for all ¢ € [r]. Then, by the definition of the intersection
product, the reduced part of the support of

H max{p;, a;} - X
i€[r]

is contained in the union of the (dim X — r)-dimensional polyhedra ¢ € X which fulfill that
max{y;, a;}|y(s) is not affine linear for all i € [r]. (If max{y;,a;}|y(s) were affine linear, the
weight of o in max{y;,a;} - U(c) and hence in [],.,j max{y;,a;} - X would be zero.)
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Definition 1.2.7 (Star, e.g. [Rau09]: 1.2.3)
Let X be a tropical variety in a real vector space W and let X be a polyhedral structure on X.
Let o € pol(X) and denote by ¢ : W — W /W(o) the quotient map. For 7 € pol(X) with o C 7
denote by 7T the closed cone in W / W(o) that is spanned by the image of 7 — o under q. We define
Stary (o) as the tropical fan

Stary (o) = {7|o C 7 € pol(X)}
where the weights are given by w(7) = w(7). We call Stary (o) the star of X at ¢ and we denote
the associated tropical fans by Starx (o).

For a point p € X we define Starx(p) as the tropical variety associated to Stary({p}) for some
polyhedral structure X of X with {p} € pol(X).

Proposition 1.2.8 (Locality of the intersection product, [Rau09]: 1.2.12)

Let X be a tropical variety in W and let ¢1,...,¢; be rational functions on X. Let o € pol(X)
for some ;-representative X, i € [l]. Then the intersection product can be computed locally on
Starx (o), i.e.

a) Startpl"'SOrX(U) = (901)0 T (@l)(r - Starx (U)
b) If I = codim(o), then

Wiy X () = Wi (1) -Starx (o) ({0})-

Lemma 1.2.9 ([Rau09]: 1.2.9)
Let hq,...,h; be integer linear functions on W with [ < dimW = r and define the rational
functions ¢; = max{h;,0} on W. Let H : W — R! be the linear function that is given by
x +— (h1(z),...,h(z)) and assume that H has full rank. Then ¢;---¢; - W is equal to ker(H)
with weight ind H = |Z!/H(A)|.

Definition 1.2.10 (Morphism of tropical varieties)
Let X,Y be abstract tropical varieties. A tropical morphism f: X — Y is a map

[ supp(X) — supp(Y’)
such that there exist representatives X = (|X|,{wi : UX — Wi'}), ¥V = ([Y],{¢; : Uy — W}/})
such that all ; ofocpi_1 are morphisms of open tropical fans, see(1.1.11{ If the maps ), ofocpi_l are
general morphisms of open tropical fans, we call f a general tropical morphism. An isomorphism

of tropical varieties is a bijective morphism whose inverse is a tropical morphism, too, and which
respects the weight functions on X and Y.

Remark 1.2.11

The restriction of a morphism of tropical varieties f : X — Y to a subvariety is again a morphism.
This is not true for the restriction to an open subvariety: In this case the image f(o) of a polyhedron
o € X, X a polyhedral structure on X, need not be closed in supp(Y’). The restriction of a general
tropical morphism to an open subvariety is again a general tropical morphism.

1 = f(o1)
01 f

92 T2 = f(01)

FIGURE 4. Look at the tropical varieties X (left) and Y (right) above in R? whose
weights are all one. The map which is given on U(oy) by (z1,22) — (0,22) and
on U(oz) by (z1,22) = (x1, 21 + x2) is a morphism which is not globally given by
an affine Z-linear map.
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Definition 1.2.12 (Pull-back, e.g. [Rau09]: 1.3.3)
Let f : X — Y be a general morphism of abstract tropical varieties and let ¢ be a rational function
on Y. We call the rational function f*¢ on X the pull-back of ¢ along f.

Construction 1.2.13 (Push-forward)
Let f: X — Y be a morphism of (abstract) tropical varieties. Choose representatives X’ of X and
Y such that f(o) € pol(Y) for all o € pol(X). Define

pol(f«X) := {f(0)|o € X is contained in a facet on which f is injective}

with weight function

wra(r) = Y wxlr) - |A(T) : fo(A(0))]
florer

where f, : W(o) — W(7) is the linear map induced by the restriction of f to o. Put supp(f.X) =
Uaepol(f*X) g.

Lemma 1.2.14 ([AR10]: 7.4)
Use the notation from the previous construction. Then the abstract polyhedral complex f, X is a
polyhedral structure on a subvariety of Y. We denote this subvariety by f.X.

Lemma 1.2.15 ([Rau09]: 1.3.8 and 1.3.9)
Let f: X =Y, f:X'—-Y and g:Y — Z be morphisms of abstract tropical varieties. Then it
holds for all subvarieties W of X and W’ of X’

a) (f x f(WxW') = fo(W) x fL.(W') and
b) (go [)«W = g (fW).

Theorem 1.2.16 (Projection formula, [AR10]: 7.7)
Let f: X — Y be a morphism of (abstract) tropical varieties and let ¢ be a rational function on
Y. Then it holds for all C' € Z(X) that

¢ (f+C) = fu(f*¢- O).

Intersecting tropical varieties. We will describe properties of an intersection product of
tropical varieties from [FR12] that is compatible with the intersection of a tropical variety with a
rational function. This is not possible for all varieties, only on those that locally look like matroidal
fans.

Definition 1.2.17 (Matroid variety, matroidal fan)
Let M = (E,B) be a loop-free matroid with ground set £ = [m] of rank d. To a chain of flats
F=0CFH C---CF, 1 CF,=E) we associate the cone

p
<]:> = {Z)‘lvﬂ Z)\17...,)\p,1 207>\p ER},
i=1

where vp = — >, pe; for FF C E. Define pol(B(M)) as the set of cones in R™ that correspond
to a chain of flats of M and define the weight function w to be one on every facet. Then B(M) =
(pol(B(M),w) is a tropical fan in R™ with lineality space (at least) L = R-eg. Denote by B(M) the
corresponding tropical variety and by B(M)/L the tropical variety with lineality space L modded
out. A tropical variety that is of the form B(M) or B(M)/L for some matroid M is called matroid
variety. B(M) and B(M)/L are called matroidal fans.

Remark 1.2.18
Another definition of the support of B(M) is the following. For p € R™ define the p-weight of
a basis B C M as ), ppi. Let M, be the matroid that is given by the p-minimal bases of M.
Using this notation, the support of B(M) is given by the points p € R™ such that the matroid M,
is still loop-free.
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Example 1.2.19

The tropical linear spaces L} are matroid varieties that correspond to the uniform matroids
Uk+1,m+1 (that have rank k 4+ 1, m + 1 elements and all subsets of the ground set with k + 1
elements are bases) modulo lineality space.

Lemma 1.2.20 ([FS05]: 4.2)
Let X be a matroidal fan and let 0 € X be a cone. Then the star Starx (o) is a matroidal fan,
too.

Definition 1.2.21 (Smooth variety, [FR12]: 6.1)
A smooth variety is an abstract tropical variety X that has a representative (supp(X), {p; : U; —
supp(F;)}) such that all F; are open matroidal fans.

Let C, D be subvarieties of a smooth variety X. In [FR12], an intersection product C-D € Z(X)
on X is constructed. It has the following properties:

Lemma 1.2.22 (Properties of the intersection product, [FR12]: 6.4)
For all subcycles C, D, E of a smooth variety X and all rational functions ¢1,...,ps on X the
following holds:

a) If X is a matroid variety and if C' and D are fans, then C' - D is a fan, too.

fC=p1--ps-X,then C-D =y D.
Ay x Ag) - (By x Bg) = (A1 - B2) x (A - Bg) if Ay, By and As, By are subvarieties of two
smooth varieties X; and Xs, respectively.

Remark 1.2.23 ([FR12|: 6.3 and 6.4)
The intersection product can be calculated locally on Starx(p): Let C,D be subvarieties of a
smooth variety X and let p € supp(X). Then the following holds on Starx ((p):

Starc.p(p) = Starc(p) - Starp(p)

Definition 1.2.24 (Pull-back of varieties, [FR12]: 8.1)
Let f: X — Y be a morphism of smooth tropical varieties and let C' be a subvariety of Y. Then
the pull-back of C' along f is defined as

fC=mnTy (X x0C)),

where 7 : X xY — X is the projection to the first factor and I'y is the graph of f,i.e. I'y := v¢_(X)
with v : X - X XY, z — (z, f(2)).

Lemma 1.2.25 (Properties of the pull-back, projection formula [FR12]: 8.2 and 8.3)
Let f: X =Y, ¢g:Y — Z be morphisms of smooth tropical varieties. Moreover, let C' and C’ be
subcycles of Y, D of X and F of Z. Then the following holds:

a) [1(C+C") = f*C+f*C'-

b) supp(f*C) C f~!(supp(C)).

c¢) The projection formula C - f, D = f.(f*C - D) is valid.

d) f+(C-C") = f*(C)- f(C).

e) (go f) E=f"(g"E).

f) f*C=f*p1--- fror - X if ¢1,..., ¢ are rational functions on Y with C' =1 -+ ¢ - Y.

Lemma 1.2.26
Let X be a smooth variety and let A, B be subvarieties of X. Denote by d the diagonal morphism
d: X —- X x X,z (x,z). Then it holds d*(A x B) = A- B.
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PRrOOF. Let 7: X x X — X be the projection onto the first factor. Since d, X is the diagonal
Ax in X x X, we get using the projection formula
A-B = m(Apy-(AXB))=m.((4Ax B)-d.X)
= M (de(d*(AXx B)-X))=(mod).(d"(Ax B)-X)
= id.(d*(A x B)) =d*(A x B)
|

Lemma 1.2.27
Let M, My, ..., M, be smooth tropical varieties and for ¢ € [n] let f; : M — M, be morphisms.
For subvarieties A; of M; it holds

n

(flavfn)*(HAz)M = Hfz*Al - M.

=1 i=1

PRrROOF. It suffices to show the claim for n = 2. Let d: M — M x M, z — (z,z) be again the

diagonal morphism. We get (f1, f2) = (f1 X f2) od, and it follows with lemmata |1.2.25{ |1.2.26| and
1.2, 10

(fi, f2)" (A1 x A2) - M = ((f1 X f2) od)" (A1 x A2)- M
d*(f1 x f2)*(A1 x Az) - M

= d"(fi (A1) x f3(A2))- M

= fi(A1) f5(A2) - M

O

Lemma 1.2.28 (Pull-back of subvarieties of matroid varieties)
Let f: FF — X be a general tropical morphism where X is a matroid variety and F an arbitrary
tropical fan. Let 1, ..., @ and 91, ..., ¥, be rational functions on X with
C=1-@p - M=y M.
Assume that there exists a matroid variety Y such that F' is a subvariety of ¥ and a morphism
f:Y = X with f|p = f. Then it holds
Frovfror-F=f"r- [ Fand supp(fo1-- for - F) C [~ (supp(0)).
PrOOF.
P ffon F o= [ [ FoY
ffC-F-Y
The second statement follows from lemma [[.2.25] O

Corollary 1.2.29
Let f: X — R™ be a general tropical morphism and let C' = @1 - - - ¢ - R™ = 11 - - - ¢, - R™. Then
the following is true:

o1 frop - X = f*y - 4y - X and supp(fre;r - fror - F) C f~ (supp(C))

PROOF. Since intersection products can be calculated locally on stars, we only have to consider
the case that X is a tropical fan in R! and f the restriction of a Z-linear map. We can hence extend
f to a morphism f : R — R™ with f |x = f. Therefore the prerequisites of the previous lemma
are fulfilled and the claim follows. O

Definition 1.2.30
Let f : X — R™ be a general morphism and let C' = ¢ - -- ¢ - R™. Using the previous lemma,
the following definition is well-defined:

[7C=f"pr- frop- X
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h
Xo % x X : R” x R”
(mh x id)
fi X g
X() X Xl
s
Xo

FIGURE 5. The maps h; and 7’.

Lemma 1.2.31 ([Rau09], 2.3.10)

Let ¥ be a complete unimodular fan in R™ and let By, ..., B,, be a basis of the group Z,(X) of
Y-directional varieties in R™. Let X ~ >, \iB;, ¥ ~ Zj w;B; be two X-directional cycles in R™
with complementary dimension. Then

deg(Z - (X xY))=deg(X-Y) = Zdeg(X - B;)Bij deg(Y - Bj),

.3

where (8;;);; denotes the inverse of o := (deg(B; - B;));; and deg(-) is set to zero if the dimension
of the argument is non-zero.

Lemma 1.2.32
Let | € N and let Xj,...,X; be subvarieties of a matroidal fan and denote by Z the diagonal in
R™ x R™. Denote by

It Xg x o x X = Xy,

the projection on the k-th factor, 0 < k < j < [. Moreover, for k € [I] let fr : X9 — R™,
gr. : X — R™ be morphisms and define

hi = (kagk)o(ﬂ'éXﬂ',lg):Xox"'XXl%RmXRm.
Then the following formula is valid:

T« | | TT Pi(2) ] - (X0 x---x X0) | = [T £ ((gr)+X) - Xo.
kel

ke(l]

PROOF. According to|1.3.27| the pull-back f;((gx)«Xx) and the intersection product

T £ ((gr)Xx) - Xo

kel

are defined.

For | = 0 the claim is obviously true. Now, let [ € N and define
e = (fr ng)o(ﬂ'é ><7T§€) XX x X1 >R xR"

for k € [l — 1] and
h;::flxgl:XoxXl%Rmem.
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Note that h; = hj o (7} x id) and let ' : Xo x X; — X be the projection on the first factor. By
induction we conclude

(76" ((H hz<Z>> (Xo x -+ X Xz))
ke(l]

- (Wm (( I (h;>*<z>> ( I ) ))
ke[l—1] ke[l—1]

(') ((hb*(Z)-(wéxid)* (( I1 (h;>*<z>> ( I1 Xk> xxl>>
ke[l—1] ke[l—1]

mAE ()., <(h;)*<z>. (( I1 ﬁ‘((gi)*Xi)) x)ﬁ))
i€[l—1]

induction *
=TT £ ((9)X0) - Xo

i€(l]

kel
S

Rational equivalence.

Definition 1.2.33 (Rational equivalence, Ryx)
Let Z be a subvariety of the abstract tropical variety X. Define

Rz ={p € O(Z)|p(o) compact Vo € pol(Z), o C supp(Z*)}.

We call Z rationally equivalent to zero if there exist a morphism f: Z’ — Z and ¢ € O(Z') with
flo-2) = 2.

We call two subvarieties Z1, Zs of X that have the same dimension rationally equivalent if Z1 —Z5 €
Z(X) is rationally equivalent to zero.

Remark 1.2.34

This definition of rational equivalence differs slightly from the one given in [ARO8|. There Ry
is defined as the set of bounded rational functions on Z. However, if we only consider tropical
varieties in W, whose polyhedra are closed subsets of W, the two definitions coincide. With the
definition from [AROS8], all points in the open unit interval (an open tropical variety with weight
one for example) would be rationally equivalent to zero, which makes this definition inappropriate
for enumerative purposes. This is the reason why we changed the definition.

Remark 1.2.35
Note that the restriction |y of ¢ € Rx to a subvariety Y of X is an element of Ry. This is true
since we demand in the definition of a subvariety that supp(Y’) is a closed subset of supp(X).

Since intersection products are calculated locally, the following lemma is a consequence of [ARO8]
Lemma 2, [FR12] 9.2 and [AIl09] 1.7.6.

Lemma 1.2.36
Let f : X’ — X be a morphism of abstract tropical varieties. Assume that C’ and C are subvariety

of X’ and X, respectively, that are rationally equivalent to zero. Let ¢ be a rational function on
X. Then the following holds:

a) ¢ - C is rationally equivalent to zero.

b) Let X be a matroid variety and let D be another subvariety of X. Then C - D € Z(X) is
also rationally equivalent to zero.

c) ff*oe Rx if p € Rx.

d) f.(C") is rationally equivalent to zero.

e) f*C is rationally equivalent to zero.
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f) Assume that C is zero-dimensional. Then deg(C) = 0. In particular, two zero-dimensional
varieties which are rationally equivalent have the same degree.

Lemma 1.2.37 (Translations of tropical varieties are rationally equivalent, [ARO8|: Lemma 3)
Let C be a tropical variety in Ag and let C'(v) denote the translation of C' by a vector v € Ag.
Then C(v) is rationally equivalent to C.

Definition 1.2.38 (Recession cone Re(o))

Let (X,wx) be a weighted polyhedral structure on a d-dimensional tropical variety X in Ag and
let 0 € X. Define the recession cone Re(o) C R™ of o as the cone that consists of all v € R™ such
that there exists p € o with p +R>¢ - v C 0. If Re(0) is d-dimensional, we define its weights as

w(Re(o)) = Z wx (o)

oclex:
Re(o)CRe(o’)

Lemma 1.2.39 ([AROS8|: Theorem 7)

Let X be a tropical variety. Then there exists a representative X of X such that {Re(o)|o € pol(X)}
is a tropical fan, denoted by Re(X), called the recession fan of X, and does not depend on the
chosen representative.

Theorem 1.2.40 (JAROS8|: Theorem 10)

Let X be a tropical variety in a real vector space Ag. Then Re(X) is rationally equivalent to
X. Re(X) is the only tropical variety which X is rationally equivalent to and whose polyhedral
structures are tropical fans.

Remark 1.2.41 (Recession fan of [, (,j max{¢;, a;} - X)
Let X be a tropical fan in Ag, let ¢; : Ag — R be linear, ¢ € [r] and let a € R". Then the recession
fan of [];¢(,y max{y;, a;} - X is

H max{¢;,0} - X.

1€[r]
This is true because [];¢(,j max{p;, a;} - X and [];c(,; max{e;, 0} - X are rationally equivalent and
because J[,¢(,) max{e;,0} - X is a tropical fan.



1.3. TROPICAL CURVES AND MODULI SPACES OF RATIONAL TROPICAL CURVES 15

1.3. Tropical curves and moduli spaces of rational tropical curves

We recall some general facts about tropical curves and moduli spaces of rational tropical curves,
see for example [GKMO09] and [Rau09].

Smooth abstract curves. The linear spaces L}" will be the local models of smooth curves.

Definition 1.3.1 (Smooth curves, vertex, edge, leaf, flag)
A (smooth) abstract curve C is a one-dimensional connected closed tropical variety which is locally
isomorphic to L] for suitable r € N. The genus of C is defined as the first Betti number of supp(C).

We denote by V(C) the set of points in supp(C) that are contained in at least three 1-cells of
every representative of C. The elements of V(C') are called vertices of C. The number of 1-cells
containing v € V(C) is called valence of v. We call a connected subset E C supp(C) an edge of
C if the following property is fulfilled: If £ C C has a boundary point and if there exists a vertex
v € V(C) with v € E, then v is a boundary point of E. By E(C) we denote the set of edges of C.
If it is clear which curve we refer to, we write V and E instead of V(C) and E(C). Edges which
have only one boundary point are called leaves.

A pair (p, F) consisting of p € supp(C) and an edge E € E(C) such that p is a boundary point of
E is called a flag of C'. A pair (p, E’) such that E’ is a connected subset (which is not a point) of
an edge E € E(C), such that p’ is a boundary point of F and such that the other boundary point
of E (if it exists) is a vertex is called a flag segment of C. We denote the set of flag segments of C
by FS(C) and the set of flags of C' by F(C).

Let I be a finite set with #I > 3. An (I, G)-marked abstract curve is a triple (C,I,G) where
C is a smooth abstract curve with #1I leaves that we label by the elements of I and where G :
supp(C) — N is a map that fulfills #{p € supp(C)|G(p) > 0} < oo. If a leaf is labeled by i € I,
we denote it by x;. We denote (C, I, G) also by (C,I) or by C' and call it I-marked abstract curve
if no confusion can occur.

For all p € supp(C), the genus of p is defined as G(p) € N. If ¢’ is the genus of C, the genus g of
(C,1,G) is defined as
g=¢+ Y. Glp.
pEsupp(C)
Let L C supp(C) be the set of points that are contained in a circuit of C'. We define the loop of
C by
Cr == LU{p € supp(C)|G(p) > 0} C supp(C).

An (I,G)-marked curve is called rational if its genus is zero and elliptic if its genus (as (I, G)-
marked curve) is one. (If (C,I,G) is an elliptic curve, either C' has genus one and C' has only
points of genus zero or C is rational and supp(C) contains exactly one point with a non-zero genus
that is one.)

Remark 1.3.2

Note that if an abstract tropical curve C is not L1 and if all circuits of supp(C) contain more
than one edge, there exists a polyhedral structure C on C such that V(C') = pol(C)®) and E(C) =
pol(C)™).

Definition 1.3.3 (Length of an edge)

Let C be an (I, @)-marked curve and let E € E(C). Choose a polyhedral structure ¢ on C' in
which F is a union of pairwise disjoint 1-cells Ey,...,E, C supp(C). Then polyhedral charts
o; : E; — R are part of the data of C, i € [n]. The images o;(E;) are intervals I; C R. We define
the length of E as the sum of the lengths of the intervals I;, ¢ € [n], and denote it by Length(E).
(This is well-defined because the composition of polyhedral charts and tropical isomorphisms are
affine Z-linear and invertible, see|1.1.3] [L.1.11| and [L.2.10])

Construction 1.3.4 (Combinatorial morphism, abstract combinatorial type)
Let (C,I,G¢), (D,I,Gp) be abstract marked curves. A combinatorial morphism f : (C,I,G¢) —
(D, I,Gp) is a homeomorphism f : supp(C') — supp(D)
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a) that respects the labeling of the leaves (i.e. a leaf of C' with label ¢ € I is mapped to the
leaf of D that has the same label ¢) and

b) that respects the genera of the points (i.e. the genus of each p € supp(C) is equal to the
genus of f(p)).

The abstract combinatorial type I'c of C' is defined as the set of I-marked curves D such that
there exists an abstract combinatorial morphism f : C — D. In this case we write C' ~ D. It is
easy to check that ~ is an equivalence relation on the set of I-marked curves.

Remark 1.3.5
Let C, D be I-marked curves. Note that an abstract combinatorial morphism f : C — D maps
edges onto edges and vertices onto vertices.

Construction 1.3.6 (EICI, edge induces partition of I)

Let E be a bounded edge of an I-marked curve C' that is outside the loop. Then supp(C) \ E°
has two connected components. They induce a partition I = I;Ul; and we denote the edge by
E¢ = E.

Construction 1.3.7 (Edge contractions)

Let E € E(C) for an (I, G)-marked curve C and assume that E is no leaf. The topological space
supp(C)/E (i.e. we contract the edge F) inherits from C both the structure of a polyhedral complex
and of an I-marked curve, that we denote by C'/F, in the following way:

If p,q € E are the boundary points of E that have valence val(p) and val(g), locally around
E ¢ supp(C)/E, supp(C)/E is then isomorphic to Lva(P)+vall@=2 if 4, £ ¢ and to L'¥®)=2 if
p = q. The labeling of the leaves of C'/F is chosen such that it is respected by the projection map
7 : supp(C) — supp(C)/E. Moreover, 7 respects the edge lengths. The genus of p € supp(C)/E
is given by the sum over the genera of the points in 7= 1{p} plus the first Betti number of 7=1{p}.
See figure [6] for two examples.

Z1 €3 Z1
E

E

€2 T4 €2
Tl T
T €3 x1
1
T2 T4 T2

FIGURE 6. Example of the contraction of an edge E. On the left, all points have
genus zero. On the right, in the upper curve all points have genus zero, too. Then
the edge F is contracted and turned into a point of genus one in C'/E below.

Remark 1.3.8
Note that the contraction of different edges of an I-marked curve C can lead to the same curve,
see figure [7] below for an example.

Definition 1.3.9 (Specialization, specialization of a combinatorial type)

Let C be an I-marked curve. An I-marked curve D is called a specialization of C' if D is obtained
from C by a sequence of edge contractions. We write D < C'. A combinatorial type I'p is called a
specialization of a combinatorial type I'¢ if there exist D € I'p and C' € I'¢ such that D < C. In
this case we write I'p < T'c.

Lemma 1.3.10
< is a partial order on the set of combinatorial types of I-marked abstract curves.
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Tq Tr3 X1 T3
E3 E3

E1 E2 El E2

T2 T2

7TE1,E2\' AE%ES

Ty L2 I3

E3 resp. E1

FIGURE 7. On the left, the edges E; and E5 are contracted by mg, g,. On the
right, the edges E» and E3 are contracted by mg, g,. The arising curve is the
same if F and E3 have the same length.

PROOF. < is reflexive because the identity map id : supp(C') — supp(C) is a combinatorial
morphism for all I-marked curves C. It is transitive because concatenations of combinatorial
morphisms are again combinatorial morphisms. It remains to show antisymmetry: Assume that
I'c, I'p are combinatorial types which fulfill I'c < I'p and I'c < T'p. That implies that there exist
curves C € I'c, D € I'p and specializations D’ of D, C’ of C with C ~ D’ and D ~ C’. D’ and
C" are obtained from D and C by a sequence of edge contractions. Since the number of edges is
finite, we conclude that in both cases no edges are contracted, C ~ D and I'c = I'p, see also the
diagram below. |

LR

supp(C”) — supp(D)

Yol TD

supp(C') < supp(D’)

FIGURE 8. 7 and wp are the projection maps that correspond to the sequence
of edge contractions in the previous lemma.

Lemma 1.3.11

Let C, D be (I,G1), (I,G2)-marked curves of genus one and let f1, fo : C' — D be combinatorial
morphisms. If there exists an edge E € E(C) with fi(E) # f2(E) then f1(E)U f2(E) = Dy, i.e.
f1(E) and fo(FE) are the only edges in the loop of D. In particular, fi(v) = fa(v) for all vertices
v e V(0O).

PRrOOF. If E is an edge outside the loop of C, fi(E) and f3(FE) are edges outside the loop of
D. The set supp(C) \ E° has two connected components that give a partition of I = I1Ul5. Since
combinatorial morphisms respect the labeling of the leaves, supp(D)\ f1(E°) and supp(D)\ f2(E°)
must induce the same partition I = I;UI,, which implies f1(E) = fo(E).
If F is an edge inside the loop of C, fi(E) and fo(FE) are also edges inside the loop of D. If
fi(E) # f2(E), the loop of C' and D contains at least two edges. So let E # E' € E(C) be
another edge in the loop of C. The set supp(C) \ (E°U (E£’)°) has two connected components that
give a partition of I = I;Ul,. Again, this partition is respected by combinatorial morphisms and
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supp(D)\ (f1(E)°U f1(E")°) and supp(D)\ (f1(F)°U f1(E’)°) induce the same partition I = I;Uls.
This implies that {f1(E), f1(E")} = {f2(E), f2(E")} for all edges E’ # E that are inside the loop
of C, ie. fo(E') = f1(F) for all edges E’' # E that are inside the loop. Hence, f(E) and f1(E’)
are the only edges in the loop of D. O

Definition 1.3.12 (Morphism of (I, G)-marked curves)

A morphism of marked curves (C,1,G¢),(D,I,Gp) is a morphism f : C — D that respects the
labeling of the leaves (i.e. a leaf with label ¢ € T of C' is mapped to the leaf with label i of D) and
the genera of the points (i.e. the genus of f(p) equals the genus of p for all p € supp(C)).

Corollary 1.3.13
Let C be an (I, G)-marked curve. If C has genus one and if there exists an automorphism f : C — C
that is not the identity, then one of the following statements is true:

a) The loop of C consist of only one edge.
b) The loop of C consists of precisely two edges E1, Es and f(F,) = Es, f(F2) = Ej.

If C is rational, C' has no non-trivial automorphisms.

In order to deal with enumerative questions concerning tropical curves we will study a space that
parametrizes I-marked rational curves. To construct such a space we make use of tree metrics.
The following definitions and statements can be found for example in [GKMO09]:

A metric on the set I = {i1,...,4,} with #I = n can be identified with a point in R(3) such that
the coordinate {4, j} describes the distance between i € I and j € I. The space of metrics coming

from I-marked metric trees defines a fan F in R(2) whose cones are in bijection with combinatorial
types of trees. The lineality space of this fan is given by metrics which come from trees without
inner edges where all leaves are incident to the single n-valent vertex, so-called star metrics. This
space of star metrics can be described by the image of

o, :R" — R()
(@iyy--oyai,) = (ag +ai)k

Dividing out the image im(®,,) from the fan F, which parametrizes tree metrics, we obtain a
tropical fan:

Definition 1.3.14 (The moduli space of abstract curves)
Let I be a set with #I = n. The moduli space of rational I-marked abstract curves Mg ; is

the fan in R(g)/ im(®,,) that parametrizes metric trees with bounded edges of positive length
and unbounded edges of infinite length. The lattice is generated by the metric trees which have
precisely one bounded edge. For a precise definition, see [GKMO9], section 3.

In [Rau09], proposition 2.1.21, it is shown that the space My ; not only parametrizes metric trees
but also abstract rational I-marked curves. Therefore, we often speak of rational abstract curves
instead of metric trees without different meaning.

The cones of My ; are in bijection with combinatorial types of I-marked rational curves. The
dimension of a cone equals the number of bounded edges in the corresponding combinatorial type.
A point in the interior of a facet corresponds to a 3-valent metric tree with (n —3) bounded edges.
Hence, the dimension of Mg is (n — 3). All facets are equipped with weight 1. Using these
weights, M satisfies the balancing condition and is a tropical fan.

We also denote the associated tropical variety by Mo ;.

Definition 1.3.15 (v; € My 1)

The rays of Mg ; with #1 = n are generated by the metric trees v; = vp s € R(g)/@n (R™), JC 1,
with (vy);; =0if4,5 € Jori,j ¢ J and (vs);; = 1 else. Hence, the partitions {J, I\ J} of I with
I # J # () give a global labeling of the edges of curves in Mg ;. Here is an illustration:
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vy = § EMO,I

edge length 1

labels in J labels in I\ J

Lemma 1.3.16
Consider Mg and let J C I with #J > 1 and #(I\ J) > 1. Define a € R¥*/ with a; = #.J — 2 if
ke Jand ap =01if k ¢ J. Then it holds

Z va =vy+ ®r(a).
ACJ,
#A=2

PROOF. Let k,l € J with k # [. There exist precisely #J — 2 pairwise different A C J with
#A =2 ke Aandl ¢ A. Hence, the distance of k and [ in > va, where the sum runs over all
A C J with #4 = 2,is 2+ (#J — 2). Moreover, for k € J and [ ¢ J, there exist precisely #J — 1
different A C J with #A4 = 2 and k € A. Thus, the distance of k € J and any [ ¢ J in > vy is
#J — 1. Finally, the distance of k,I ¢ J in > vy is zero. Combining these statements we get that
> w4 is defined by the metric tree (see picture below)

e with one bounded edge of length one
e such that all leaves k € J are incident to the same vertex and all have length #.J — 1 and
e such that all leaves [ ¢ J are incident to the other vertex and all have length zero.

This proves the claim.

edge length #.J — 2 edge length 0

N

edge length 1

labels in J labels in I\ J

FIGURE 9. Metric tree defining > v4.

Parametrized curves.

Definition 1.3.17 (Parametrized curve of degree A, marked point, genus, regular)

a) A labeled degree is a map v : A — Z™ \ {0} such that A is a finite set and such that the
image vectors of the map sum up to zero, i.e. >, A v(i) = 0 € Z™. We denote the degree
by A if no confusion can occur.

b) Let C be an abstract curve, p € supp(C), o, : Uc(p) — R P) =1 4 fan chart at p and
let f: C — R™ be a morphism. We define the multiplicity mult;(p) of f at p as the
index of the map of lattices that is induced by f oo, '. (multy(p) does not depend on the
chosen fan chart since the concatenation of o, with the inverse of a different fan chart 7, 1
is Z-linear invertible.)

c) Let A, I be finite sets with ANT =0, #I > 1 and #(AUI) > 3. Let (C,AUI,G) be a
marked curve and let ko : C'— R™ be a morphism. We call ((C, AUI, G), h) a parametrized
(I, G)-marked curve of degree v: A — Z™ \ {0} if
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e for every j € A the image h(z;) C R™ of the leaf z; is an unbounded ray that has
direction v(j) € Z™ \ {0},
e for every i € I the leaf z; is mapped to a point and
e the multiplicity of h at p € supp(C) is greater than the genus of p (this condi-
tion is necessery in chapter 3 to make the moduli space of well-spaced curves pure-
dimensional).
A leaf that is mapped to a point by h is called a marked point of ((C,AUI, G),h). We
just write (C, h) instead of (C, AUI, G, h) if no confusion can occur.

d) A morphism (C,h) — (D, g) is a morphism of the abstract curves f : C'— D that fulfills
h=gof.

e) The genus of a parametrized I-marked curve ((C,AUI, G),h) of degree A is defined as
the genus of the underlying (AUI)-marked curve. If G(p) = 0 for all p € supp(C'), we call
(C, h) regular; if there exists p € supp(C) with G(p) > 0, we call (C, h) non-regular.

f) If (C,h) is an (I,G)-marked curve of degree v(A) with I = [n], we also call it (n,G)-
marked.

Construction 1.3.18 ((Weighted) direction vector, w(E), w(p, E))
Let (C,h) be an I-marked parametrized curve. The direction vector of a flag segment (p, E) €
FS(C) is the integer primitive vector v(c,p)(p, E) € Z™ \ {0} such that

h(E) C h(p) +v(p, E) - Rxo.

V(c,n) is a function on the set of flags of (C, h). We write vc or v instead of v(¢ ) if no confusion
can occur. Let ¢g : F — R be a cone chart in a polyhedral structure on C'. Then we define

W(C’h)(E) = w(E)
as the index of the map of lattices corresponding to h - pr~!, and we set w(p, E) = w(E). We call
vien (0, E) = wien(E) vien P E)
the weighted direction vector of (p, E) € FS(C) and denote it by v¥(p, E) if no confusion can

occur.

Definition 1.3.19 (Combinatorial type a = (T'y, v ), E(a), V(a), F(a), P(a))
Let T be the combinatorial type of an abstract (I, G)-marked curve C and let h : C — R™ be a
morphism. For £ € E(C) we define

[E] ={f(E)|f:C — D is a combinatorial morphism of marked curves}.

Define [v] for v € V(C) accordingly and set V(I') = {[v]|v € V(C)}, E(T") = {[E]|E € E(C)} and
F(T) = {(p], [EDI(p, E) € F(CO)}.

Let v : F(I') — R™ be a function. Then we call (I, ¥) a combinatorial type of parametrized (I, G)-
marked curves. The combinatorial type of (C,h) is defined as o = (I, v¥) with v¥([(p, F)]) =
W(E) -v(cn)(p, E) for all (p, E) € F(C). Note that (C,h) and (D, g) have the same combinatorial
type if and only if there exists a combinatorial morphism f : C' — D that fulfills

wie,n) (E) - vien (0 E) = wb,g (D) - v(p,g) (f(p), f(E))
for all (p, ) € FS(C).

We define V(a), E(a) and F(«) as the corresponding sets for I', and we just write V, E and F if
no confusion can occur.

We define P(«) as the set of curves that have combinatorial type a.

Remark 1.3.20

Let C be an elliptic marked curve which has only two edges F1, Fs C Cf in the loop that have
the same weight. Then there exists an automorphism f : ¢ — C with f(F;) = E2 and hence only
one edge [E1] = [F2] in the loop of the combinatorial type I'c of C.
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Definition 1.3.21 (Specialization, specialization of a combinatorial type, P(«))
Let (C,h) be an parametrized I-marked curve. A parametrized I-marked curve (D, g) is called
a specialization of (C,h) if D is a specialization of C' and if the projection map = : C — D
fulfills va(p, E) = vp(w(p), n(E)) for all flags (p, E) € F(C) such that 7(E) € E(D). We write
(D, g) < (C,h) in this case.
A combinatorial type « is called a specialization of a combinatorial type g if there exist (D, g) € «
and (C, h) € 8 such that (D, g) < (C,h). In this case we write o < . We denote the set of curves
whose combinatorial type is a specialization of « by P(«).

If a < B, there exists a surjective map on the vertices 72 : V(8) — V() that maps a vertex of /3
to the corresponding vertex in a.

Lemma 1.3.22
< is a partial order on the set of combinatorial types of I-marked parametrized curves of degree
A. (Hence, we can speak of maximal combinatorial types of parametrized curves.)

PROOF. The statement follows from the respective statement about abstract curves, see(L.3.10)
|

For dealing with enumerative questions, we are interested in a variety parametrizing rational
parametrized curves of a given degree.

Definition 1.3.23 (Mg (A,R™), W(a))

We define Mg 1 (R™, A) to be the space that parametrizes the set of rational I-marked parametrized
curves of degree A in R™. The construction of this space as tropical variety can be found in
[GKMO09], section 4. Having fixed one root vertex x; with label ¢ € I we identify Mg (A, R™)
with Mg jua X R™, where the first factor parametrizes the I-marked abstract curve C' and the
second factor contains the coordinates of h(x;) € R”. In remark we explain why C and
h(x;) are sufficient to encode a parametrized rational curve (C,h) € Mo (A, R™).

If « is a combinatorial type in Mg 1(A,R™), we denote by My(a) the set of curves that have
combinatorial type a. For shortening notation, we set

W(a) = W(Mo())

(where the latter is defined as the smallest linear space containing the polyhedron My(«), see|l.1.2))
and

U /o = UM (B)/ Mo ()
(where o < 8 is a maximal combinatorial type, dimW(8)/ W(a) = 1 and ur—= 777 is the

Mo (8)/Mo(a)
normal vector, see |1.1.6]).

Remark 1.3.24

Let C € Mo, P € R™ and let v : A — R™ be a labeled degree. Then there exists exactly
one rational curve (C,h) € Mg (A, R™) such that the position of its root vertex z; is given by
h(z;) = P. We explain why this is true:

Let v € V and assume that h(v) is known and that v € E for some bounded F € E(C). Since C is
rational, supp(C) \ E° consists of exactly two connected components Cy,Cy # (). These connected
components induce a partition I;Uly = I of the set of labels I. By the balancing condition, we
conclude that the direction vector v(v, E) is given by

v(v,B) == v(i)=> v(j) eR".

i€l j€l2
There exists v # v' € ENV(C') and it holds
h(v") = h(v) + w(E) - Length(E) - v(v, E).

Since supp(C) is connected, we can reconstruct h(v) forall v € V(C) and hence h : C — R.
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Remark 1.3.25 (The curves vy)

In definition we defined the curves v; € My for a subset J C I which have only one
edge. In the case of parametrized curves in Mg ;(A,R™), we can similarly define curves v for
J C TUA and i € I by choosing the position of a root vertex x; to be 0 € R™, i.e. vf] = (vs,0) €
Mo, rua X R™ = Mg 1(A,R™). In the situations in which the position of the root vertex does not
play a role we leave out the choice of the root vertex ¢« € I and just write v;. In particular, lemma
is still valid in the case of parametrized curves.

Definition 1.3.26 (Evaluation maps and their pull-back)
We recall the construction of evaluation maps Mg (A, R™) — R™ and My (A, R™) — R™~!
made in [GKMO9], section 4.2, which encode the information where the unbounded ends of a
curve (C, h) € Mo 1(A,R™) are mapped by h.
If x; is a leaf labeled by ¢ € I, it is contracted by h and mapped to a point. Hence, the map
ev; : Moyl(A,Rm) — R™
(C,h) = h(z)
is well-defined. In [GKMOQ9], proposition 4.8, it is shown that it is a tropical morphism.
If v : A — R™is a labeled degree and if the end z; is labeled by i € A, the leaf z; € C is
not contracted by the map h and we have to use R™/(v(i)) as codomain in order to obtain a
well-defined evaluation map
evi: Mo r(AR™)  — R™/{v(i)) 2 R™?
(C,h) +— [h(P)], P € x; arbitrary.
Using the same argument as in [GKMO09], proposition 4.8, we see that also in this case ev; is a

morphism.

Lemma 1.3.27 ([AKO06]: chapter 4, [FR12|: 7.2 and 7.3)
The spaces My ; and Mg (A, R™) are matroid varieties. Therefore, we can do intersection theory
on them using the results stated in section [1.2

Remark 1.3.28
There exists a proof [GZ] of the following statement:

Let v : A — R™ be a L]'-directional degree and let C} be L-directional varieties in R™ for
k=1,...,1, e.g. translates of L7*. Set I = {0,...,n}. Then the push-forward

n
(evo)« [ [ evi Ci - Mo (A, R™)
i=1
is also L7*-directional.



CHAPTER 2

Enumerative geometry of rational tropical curves in R™

In this chapter, we study rational tropical curves in R™. Given a family of incidence and tangency
conditions, which are tropical varieties in R™ and R™!, we establish a recursive formula which
allows us to count the number of rational tropical curves of a prescribed degree j : A — R™
that fulfill all these conditions, i.e. which intersect these tropical varieties. Each curve is counted
with an intersection-theoretic multiplicity calculated on the moduli space of parametrized rational
tropical curves of degree A in R™.

Our approach to the stated enumerative question is based on tropical intersection theory. It
is geared to the method applied in [Vak00] for counting rational algebraic curves of a given
degree d € N in P™ fulfilling given incidence and tangency conditions to a hyperplane. Moreover,
we generalize ideas from [GMOTb] applied to prove a tropical Caporaso-Harris-type formula for
counting rational tropical curves of degree d and genus g passing a general configuration of 3d+¢g—1
points in R%2. Merging both approaches and using tropical intersection theory, we establish a
recursive formula for counting rational tropical curves in R™ that coincides with its algebraic
counterpart, see [Vak00]. A related result, which describes - using floor diagrams - the recursive
structure of the multiplicity of a rational curve fulfilling given incidence and tangency conditions,
is stated in [BMO7] and proven in [BM11].

2.1. Setup

We will formulate the enumerative question studied in this chapter precisely. We restrict ourselves
to degrees of parameterized tropical curves in R, which have only standard directions and fulfill
another property stated in the definition below (see[1.3.17]for the definition of a degree). Moreover,
we prescribe that the considered incidence and tangency conditions (which are varieties in R™ and
R™~1, respectively) have standard directions, i.e. their recession fan is L or LG_l for some
k € [m — 1]. The numbers ¢, . that appear in the following definition stand for the number of
tangency conditions of dimension e € [m — 1] that have to be fulfilled by a leaf of the curve which
has direction —e; and weight r» € N.

Remember that eq,...,e,, are the standard unit vectors in R™ and that eg = — 27;1 e;.

Definition 2.1.1 ((Generalized) projective degree)
Let t :== (ty.c)reen, tre € N, be a vector such that ¢, . = 0 for all e > m — 1. Set d(t) :==>_
i.e. t determines d(t). Let Hp,(t) : A (t) — Z™ \ {0} be the tropical degree with

Ap(t) = {(re, DL << Y tre UMD U{2-d(t) +1,..., (m+1) - d(t)}

re Tlre,

and
H,(t): Ap(t) — R™!
(r,e,j) +— —re;
1,...,d(t) — —eg
2d(t)+1,...,3d(t) — —eo
m-d(t)+1,...,(m+1)-d(t) — —en.
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We call a tropical degree such that there exists a vector ¢ = (¢,..) which has the above requested
properties a generalized projective degree d(t) in R™.
If t, o = 0 for all r # 1, we call A,,(t) the projective degree d(t) in R™.

Remark 2.1.2

A parametrized curve of projective degree d(t) in R™ has precisely d(t) leaves with weight one
in each of the standard directions —ey, ..., —e,,. A parametrized curve of generalized projective
degree A,,(t) resembles a curve of projective degree d(t). The only difference is that a curve of
generalized tropical degree A,,(t) may have leaves in direction —e; whose weight is larger than 1.
However, the sum over the weighted direction vectors of all these leaves still equals —d(t) - e1, due
to Y tre = d(t). In the remaining standard directions —eg, —ea, ..., —e,, there are exactly d(¢)
leaves with weight 1.

The additional parameter e appears in a label (r,e,j) € A,,(t) because later on we will demand
from curves of degree A,,(t) that the end labeled by (r, e, j), which has weight r, passes the support
of a tropical variety Fjr'ye of dimension e.

FIGURE 1. h(C) of a curve (C,h) of generalized projective degree 2 in R2. The
weight of the leaf of direction —e; is two and the weight of the remaining edges is
one.

Let d,m € N, let i := (i.)een, ie € N, be a vector such that i, = 0 for all e > m (i.e. we do not
impose incidence conditions of dimension greater than m) and let

I={(e,j)le eN,1 < j <iic}.
Let H,,(t) : A, (t) — R™ be the generalized projective degree corresponding to the vector ¢ =
(tre).
Denote by e, e € N, the vector with (e.)e = 1 and (e.); = 0 for all e # f € N. Define ¢,,
r,e € N, respectively.
We are going to introduce a subvariety of Mj(A,,(t),R™) parameterizing curves of generalized
projective degree d which fulfill given incidence and tangency conditions. The number of incidence
conditions of dimension e (which can be fulfilled by an arbitrary point of the curve) will be given
by i, € N, the number of tangency conditions of dimension e which are fulfilled by the ends in
direction —e; with weight r will be given by ¢, . € N.
Considering M (A, (t),R™), we denote the evaluation map corresponding to the leaf labeled by
(r,e,5) € Am(t) by

evl .t Mi(Ap(t),R™) = R™/({e1) = R™L

We denote the evaluation map corresponding to the leaf labeled by (e, j) € I by

evl s Mr(Ap(t),R™) — R™,
Given vectors i and t, let

a) Q@ = (2 C R™).1<j<;, be a family of tropical varieties in R™ such that each Q? is a
translate of L™ for all e and all 1 < j < i, in particular dim(2J) = e, and

b) I':= ([, CR™ Y)eri<j<t,. be a family of tropical varieties in R™~! such that T is a
translate of L7*~! for all e,r and 1 < j < t,.., in particular dim(I'/ ) = e.
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We call a set ) that fulfills these properties a set of incidence conditions for ¢ and we call a set T’
that fulfills these conditions a set of tangency conditions for ¢.

Definition 2.1.3 (X,,(£))

Let i, t be vectors as above, €, I" be sets of incidence and tangency conditions for ¢ and . We set
E:=(t,Q,T).

We define X,,(€) as the subvariety of Mr(A,,(f), R™) which is given by

Xn(€) = [ [[(evD) @) | - | TT(evl) @) | - Mr(Am(t), R™).

€,J €]
If X,,(€) is zero-dimensional, we define

_ deg(Xn(£))
N Sty

where the factor (d(¢)!)™ equals the number of possibilities to label the non-contracted leaves of
an I-marked rational curve of degree A,,(t) which do not have direction —ey, i.e. the ends which
are not restricted by tangency or incidence conditions. Define N,,(€) to be zero if

dim (X, (E)) # 0.

Remark 2.1.4

In order to compute Ny, (E) = Ny (t,€Q,T) we can replace the varieties ) € Q and I, € T
by rationally equivalent varieties without changing the number (see [FR12|, remark 9.2). In
particular, we may translate the linear spaces without changing N,,(£) (see [Rau09], lemma

1.4.9).

Moreover, all tropical linear spaces whose recession fan is of the form L7* are rationally equivalent
to L7, see [AROS8], theorem 7. Although we assume in the following that all elements of € and
I' are translates of some L7, the recursive formula we will establish actually allows to count the
number of curves which fulfill incidence and tangency conditions that are varieties whose recession
fan is of the form L.

For determining the numbers N, (€) it is hence sufficient to know the vectors ¢ and ¢, which deter-
mine the tropical degree A,,(t) and the number of linear spaces € and 1"%6 that have dimension
e and that are rationally equivalent to L]*. Hence, for shortening and simplifying notation, we
denote in the following a set of data given by vectors ¢, ¢, which induce sets of incidence and
tangency conditions Q and ' up to translation, by F = (i,¢). We define

Ny (F) = Ny (i, t) == Ny (¢, Q,T),

where 2 and I' are arbitrary sets of tangency and incidence conditions for ¢ and ¢.

Given & = (t,Q,T), the dimension of X,, () is given by

dim(X,,(t,Q,T))
dim(M (A, (2),R™)) — Z(m — )i, — Z(m —1—e)ty.

e re

= (m—l—1)d—|—m—3—2(m—1—6)2'5—Z(m—2+7”—e)tm.

r.e

The cycle X,,(t,Q,T) is zero-dimensional and the numbers N, (¢,£2,T") can only be non-zero if

(m+1)d+m7372(m71fe)iefZ(m72+rfe)tm:0.

T,e

In order to describe the enumerative relevance of the numbers N, (£), we state the following
lemma.
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Lemma 2.1.5 ([Rau09], Corollary 2.2.13)

Let X be a polyhedral complex and let fr : X — R™* k = 1,...,n, be maps which are affine
linear on the cells of X. Moreover, let Y1, ..., Ys be polyhedral complexes in R™. Then for general
translations Y, = Y}, + vy, vp, € R™* (i.e. vy can be chosen from a dense open subset of R™*), it
holds that

a) Z =, fr '(Y}) is pure-dimensional,
b) the codimension of Z in X equals the sum
codimy (Z) = Z codimgm,, (Yy),
k

¢) the interior of a facet of
. -1
Z = n I k (Ykl )
k
is contained in the interior of a facet of X.

Remark 2.1.6 (Enumerative relevance of the numbers N,, (¢, Q,T))
Let us interpret the numbers Ny, (¢,2,T"). Since

supp evy(Y) = supp (MO’IUA"L(t) X Y) = evlzl(Y)

with respect to the anchor leaf xy, k € I, for subvarieties Y a of R™, using the previous lemma
and replacing all Q7 and T'J., by general translations, we conclude that

supp X (t, 2, 1) = (Y(ev]) () () (evio)~H(TY.)-

e, r.e,J
Hence, the points in the interior of a facet of X, (¢,,T") correspond to curves
(07 h’) € MI(Am(t)? Rm)
such that

a) each vertex v € supp C' is trivalent,
b) evi(C,h) € Q) and evi (C,h) € TL, for all e,m,1 < j <ic, 1 <i <y,

where the facets are equipped with weights that arise from the intersection products as additional
structure. Consequently, if X,,(¢,Q,T') is zero-dimensional, N,,(¢,,T') counts (modulo labeling)
the number of curves

(C, h) S MoJ(Am(t), Rm)

a) which are trivalent,
b) which intersect all spaces I €  and _
¢) whose leaf labeled by (r,e,j) € A,,(t) intersects T2, € T' (considered as subspaces of

R™/{e1),

where each curve is counted with a weight that arises from the intersection product.

Remark 2.1.7

Note the analogy to the algebro-geometric scenario of counting rational curves in projective space.
In [Vak00], section 2.1, there are defined subschemes X,,,(€) of the moduli space of stable maps
MO,E troe+5 i, (P, d) which parametrize degree d rational curves in projective space intersecting
given linear subspaces Q7 of P™ and intersecting a hyperplane H C P™ with prescribed mul-
tiplicities along linear subspaces I'J . of H. Mo sy, 43, (P™,d) has the same dimension as

Mo, 1(An(t),R™), and also in the classical case the dimension of X,,(€) is given by

(m—|—1)d—|—m—3—2(m—l—e)ie—Z(m—Q—Fr—e)tm

r,e

for given vectors 1, t.
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As in [GMOTDb], section 4, we substitute in our setup the tangency conditions to the hyperplane
H encoded by the vector ¢ by the tropical analogue of imposing constraints on the unbounded ends
with direction —ej.
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2.2. Specialization of the conditions

In order to prove a recursive formula for counting rational curves, we specialize the position of
the incidence and tangency conditions. This specialization process causes that the curves in
supp(X,»(€)) split up into “easier” curves, i.e. either the degree or the dimension of the ambi-
ent space decreases or the number of incidence conditions decreases, and a recursion appears. The
approach in this section is the same as in [GMOT7b].

We assume in this section that X, (¢, 2, T') is zero-dimensional and that Q, I are in general position.
Let € > 0 be a small, T, N > 0 large real numbers and 0 < E < r — 2 such that there exists a
variety QL € Q of dimension E in Q. Denote the zero-dimensional cell of Q € Q by p/ € R™
(e €N, 1< j <ic) and the position of the zero-dimensional cell of I/ . € T by ¢/, € R™! (r,
ee€ N, 1< j<t,.). Denote the coordinates of R™ by z1, ...,z and those of R™ ! by ya,...,Ym.
We choose the elements of €2 and I' in each case in general position such that

a) the xa,...,z,-coordinates of all p/ and the s, ..., ym,-coordinates of all qf;ye lie in the
interval (—e,¢),

b) the x1-coordinate of all pJ # pL is in the interval (—¢,€),

c) the z1-coordinate of pl is less than —N and greater than —T,

i.e. we keep the zero-dimensional cell of all incidence and tangency conditions in a small neighbor-
hood of the origin and we move Q}, very far in direction —ey, see figure

Ph remaining p? R R S
! | | ! ! | ! ! | !
! ! ! ! ! ! ! ! ! !
€ —— A - [T PR T € — =4 — —|— -+ _———— k-~
| | I | | I I I
| | | I I I I I
| | I I I I I I
| | | I | I | I
B e e i T-—-=—-r-- —€-—-1---- ——=-r--
| | | | | | | | | |
| | | | | | | | | |
-T —N —e € -T —N —N-+a —€—a —e €

FIGURE 2. Left: All incidence conditions encoded by p/ lie in the light gray area
except pL,, which lies in the dark gray area.

Right: All vertices of a curve (C,h) € X3(€) lie in the gray area R. The area
with the vertical lines represents R’, whereas the area with the horizontal stripes
represents S, with a = 2ed?(m + 1).

Lemma 2.2.1
All vertices of a curve (C, h) € supp(X,,(¢,Q,T)) lie in the set

R={(z1,...,zp)| - T <z1<e,—-e<z;<eforali=2,...m}

PROOF. Assume that there exists a vertex v € supp(C) such that the x2-coordinate of h(v) is
smaller than —e. Denote by wvq, ..., v the vertices of C with minimal zs-coordinate. We want to

show that in this case ‘ ‘ ‘ ‘
(ev) () () (evl.) " (T7,)

€,J 7,€,7

is one-dimensional in contradiction to the assumption that €2 and I' are in general position.
Since the xo-coordinate of vy, ..., v, is minimal, there must exist a vertex
(IS {vl,...,vk}
one of whose incident edges is pointing downwards, i.e. running along the edge decreases the
To-coordinate:

If none of these vertices had an incident edge pointing downwards, by the balancing none of these
vertices would have an edge pointing upwards. This contradicts the assumption that (C,h) has
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degree A,,(t). But there are no vertices below vy,...,vg, hence this edge must be unbounded.
Due to the definition of A,,(¢) the direction of this edge must be (0,—1,0,...,0) and it must have
weight 1.

Assume without loss of generality that for some p € N all vertices vy, ..., v, have an incident edge
that points downwards and that all v,y ..., v, have no incident edge that points downwards (and
hence none that points upwards). As C is trivalent, it follows from the balancing condition that
locally around v;, @ € [p], the curve (C,h) looks as in figure 3| for some u; € R” with (u;)2 = 0.

FIGURE 3. Local picture around a vertex v; € {v1,...,v,}; u; € R” is a vector

We will deform the curve (C, k) in the space Mg (A, (¢), R™): We move all vertices v;, i € [p],
upwards in direction —u;+e5 by a small § > 0 along the incident edge which has direction —u; + ez,

and we move all vertices v;, j =p+1,...,k, upwards in direction es by § > 0, see figure El The
length of the edges in direction —u; + eq, ¢ € [p], decreases in the local picture and the remaining
edges which are incident to vy,...,vs move upwards in the xs-coordinate, changing neither their

direction nor the remaining coordinates.

FIGURE 4. Deformation of the curve (C, k) in the local picture.

For small § > 0 such a deformation does not change the combinatorial type and the deformed
curves (Cs, hs) are still trivalent. Moreover, the curves (Cs, hs) differ from (C,h) only locally
around the vertices vy, ...,vr. We claim that these curves still satisfy all incidence and tangency
conditions, i.e (Cs, hs) € supp(Xm(£)):

Assume that an incidence condition Q* € Q is fulfilled by an edge E; incident to v;, ¢ € [s] in the
point a1 € supp ¥, such that the direction vector of (v;, E;) has an xs-coordinate which is zero
(e.g. the edge in direction u; in figure [3)). Then h(C) intersects Q* in a cell that contains —es -Rx>q
as ray because the xs-coordinate of the zero-dimensional cell of 2* is larger than the x-coordinate
of v1,...,vs. Hence, there exists § > 0 such that af = a; + 0 - ea € supp(2*), (see figure 4| for an
example). We conclude that (Cs, hs) fulfills the condition Q* for small § > 0, too, namely in the
point aj.

Assume now that v(v;, E;) = —ey. With the argument from above, we conclude that a; lies in a
cell of Q* that has —es - R>¢ as ray and a} = h(v;) € supp(Q?*). Thus, we are in the first case
again and it holds that (Cjs, hs) fulfills the condition Q* for small § > 0, too.

Assume that an incidence condition Q* € Q is fulfilled in the point as € supp(2*) which lies in the

relative interior of an edge E; incident to v;, ¢ € [s], whose direction vector has an xs-coordinate
which is plus one (e.g. the edge in direction —u;+es). If we choose 0 < ¢ smaller than the difference
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of the xa-coordinates of as and v;, it is valid that ay € h(Cs). Hence, the deformed curve (Cj, hy)
satisfies the incidence condition Q*. See figure [4] for an example.

This is a contradiction to the assumption that X,,(€) is zero-dimensional.

If a tangency condition I'* € T" is fulfilled by an edge incident to some w1, ..., vs, we similarly see
that also the curve (Cj, hs) fulfills the condition T'™* for small § > 0.

In the same way we see that no vertex can have its xi-coordinate below —T, its x1-, ..., Typy-
coordinate above € nor its z3-, ..., T,-coordinate below —e. O
Lemma 2.2.2

Set a == 2ed?(m + 1). No vertices of a curve (C,h) € supp(X,,(t,Q,T)) lie in the strip
S = {(xla'--axr)|*N+(l<$1 < 767&}.

PRrOOF. First note that the previous lemma implies that all edges leaving
R ={(z1,...,2;)| - N <21 < —¢,—e<ax;<eforalli=2,...7r}

without passing the hyperplanes {1 = —N} or {x; = —¢} must be unbounded and go straight to
infinity as there are no vertices outside the area R defined in the last lemma (see figure .

Consider a connected component Cy of h™!(R’) and assume that it contains a vertex v € Cy with
h(v) € S. We will show that in this case

(e () () (evi) " (T7.)

e,J e,m,j

has dimension one in contradiction to the assumption that 2, T' are in general position and
Xm(t,Q,T) is zero-dimensional.

Since C' and Cj are connected and balanced and since (C, h) has a generalized projective degree d,
h(Cy) intersects the hyperplane {z; = —N} and we can run from v along Cj to this hyperplane.
We claim that we pass at least one edge with direction —e; no matter which path we choose:

Assume that there exists a path in Cy from v to {#; = —N} which does not contain a flag
with direction vector —e; and let E be an arbitrary edge which is passed on the way from v to
{1 = —=N}. Let v1,v2 € E be the incident vertices. For degree reasons no entry of the weighted
direction vector u = w(FE) - v(vy, F) = —w(E) - v(ve, E) € R™ can have entries u;, i € {1,...,m},
with |u;| > d. Hence, the x1-coordinates of v; and vq differ by less than 2ed. Since the z1-coordinate
of v € S differs from —N by more than 2ed?(m + 1), we pass more than d(m + 1) vertices on the
way from v to the hyperplane {x; = —N}. As C is rational, the curve C' has more than d(m + 1)
leaves, which is a contradiction to the assumption that C' has a generalized projective degree d in
R™,

If it is possible to run in Cj from the vertex V' to the hyperplane {x; = —¢}, we see by the same
argument that we pass at least one edge with direction e;.

Denote the maximal connected part of C' which contains the vertex v and no edge in direction +e;
by C,. We can deform (C,h) to (Cs, hs) without changing the combinatorial type by displacing
only C, in direction +e; by d > 0 (i.e. we change the length of all edges incident to C,, which
have direction +eq, by +0).

These deformed curves (Cs, hg) still fulfill all incidence conditions: Assume that (C,h) fulfills the
incidence condition Q* € € in the point a € supp(£2*) NS. Since the zero-dimensional cells of
all incidence conditions except Q}E have an zj-coordinate larger than —e but all points in .S have
x1-coordinate smaller than —e, the point @ must lie on a facet of Q2* that contains a ray in direction
—e;. Hence, the curve (Cs, hs) still fulfills the condition *, namely in the point atde; € supp(2*).
Moreover, it holds supp(2L) NS = () because a > e. O

Corollary 2.2.3
The intersection h(C) N S contains only edges in direction +e;.
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(B, 1)
2

CO7h/ Cl7h‘1) 027h2
S S
(E, 1)

FIGURE 5. A curve (C,h) in some X3(Ay4,Q,T) and the splitting into (CY, hj),
(C1,h1) and (Cq, ha). The black points represent the zero-dimensional incidence
and tangency conditions in © and I". (One-dimensional conditions do not restrict
a curve in R?.)

See figure 5| for an example of a curve in some X5(Ay4,Q2,I'). By cutting the edges which lie in S
and by setting the length of the cut edges to infinity, the curves (C,h) € supp X, (E) decompose
into one curve (C{, h{,) which lies “on the left” and curves (C1,h1),...,(Ci, ), I € N, which lie
“on the right”. These decomposed curves are simpler than (C, h) because either the degree or the
dimension of the ambient space or the number of incidence conditions has dropped. By counting
the number of the decomposed curves in suitable intersection products we will find a recursion
which allows to calculate N,,(€). The splitting process will be made more precise in the following
section.

Corollary 2.2.4

Let (C,h) € X,,,(€) and assume that £ is general and specialized as described at the beginning of
this section. If a point p = ev’(C, h) with first coordinate p; < —e—a fulfills an incidence condition
Q4 € O\ {QL}, it follows that P is contained in a cell of O which contains the ray R<q - e1 (at
least if we take the coarsest polyhedral structure on ©Z, which is a translate of L™).
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2.3. Recursive structure of Mg ;(A,,(t),R™)

We describe the splitting process of elements of X,,(£), which is possible due to the results of
the previous section. The aim is to express the degree of the intersection product X,,(€) on
Mo 1(Ap (1), R™) via the degree of suitable intersection products on spaces of the form

Mo, 1, (A1 (#'(0)), R™ ™) x Mo,1, (A (8'(1)),R™) X -+ x Mo,1, (An (t'(K)),R™),
where each of the factors has “easier” data than Mg (A, (t),R™).
For a moduli space of rational curves Mg ;(A,R™), we denote by Mg ;(A,R™)° the subvariety
that consists precisely of the trivalent curves and whose weights on the facets are all one.
Assume that the data & is general and specialized as in the previous section, i.e. one incidence

condition has a very small x1-coordinate and all other coordinates of the incidence and tangency
conditions are very close to the origin.

Construction 2.3.1 (Splitting of trivalent curves (C,h) € Mo 1(An (), R™)°)
See figure [6] for an example of the following construction. Let

(C,h) € Mo 1(An(t),R™)°,

i.e. C is trivalent, (C,h) lies in the interior of a facet and we do not demand that (C,h) fulfills
any incidence or tangency conditions. Denote by C* the polyhedral complex given by the maximal
connected part of (C, h)

a) which contains the leaf (g 1) labeled by (E, 1) and
b) which fulfills that the path from (g 1) to any p € supp(C*) contains no flag segment with
(primitive) direction vector ey,

see figure |§| for an example. Let I € N be the number of flags of C' that are incident to C* (and
all have direction e;) and denote the corresponding edges by E1, ..., E;. For all k € [I] denote the
weight of the edge Ej by w(E}) = r*. We remove C* from C and denote the connected polyhedral
complex which contains the edge E;, ¢ € [I], by C]. The complexes C*,C1, ..., C] induce a partition

of the sets 2, I" into
Ny

1
Q= Uk:OQ(k) and T' = Uk:or(’“)’
such that each C}, k =1,...,[, contains the marked point labeled by (e, j) and (r, e, j) if and only
if T, € [(k) and © € Q(k), respectively, and such that C* contains the marked point labeled by
the (e, j) and (r,e, j) if and only if Q7 € Q(0) and I'J , € I'(0). Denote the induced partition of the

vectors ¢ and t by
l

l
i=> i(k)and t = t(k).
k

=0 k=0

For k =0,...,l, denote the data (t(k), 2(k),'(k)) by E(k).

Consider C}, k € [l], set the length of the edge Ej to infinity and denote the arising curve by Cj.
Choose hy, : C), — R™ such that hk'% = h|CL'

Let 7 : R™ — R™ ' (z1,...,2,) = (22,...,7m), be the projection which forgets the first
coordinate. Add to C* all edges FE1, ..., Ej, set their length to infinity and denote the arising curve
by C{ = Cp. Let the parametrization h{ : Cj — R™ be induced by h and let the parametrization
ho : Co — R™~! be given by hg = mo h{, : Cp — R™~ L.
Since an edge Fy, k € [I], has direction e; and since C is rational, it follows from the balancing
condition that, for an appropriate labeling, the curve (Cg, hi) has degree A, (¢'(k)), where

t'(k) = t(k) + €pk 1.
€7k m—1 stands for the leaf coming from the cut edge E} whose length we set to infinity. A,,t'(k)
is a generalized projective degree d(t'(k)) = d(t(k)) + r*.
Set do = d(t) — Yj_y (d(t(k)) + %) = d(t) — ¥}, d(#'(0)) and

t/(O) = do *€1,m—2-
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ho(Co)

m:R? >R
_—
(1,0,1)
(2,1,1)

sao
(B ngEhY

Eg

FIGURE 6. A curve (C,h) € Mo (Ax(t),R?)° and the splitting into (C{, hy),
(Cy,h1) and (Co, hg). tis given by 10 = 2, t21 = 1 and all other ¢, . are zero.
The thick part represents C*. Moreover the deformation of (C{, h{, : Cj — R?)
into (Co, ho : Co — R'). The black points represent the marked points x; with
1el.

Ap,—1(t'(0)) is a generalized projective degree dy = d(t'(0)).
Choose the labeling of the marked points on Cy, ..., C; in the following way:
For k € [l], label the leaves in C}, arising from the edge Fj by

(Tk?m - 1at(k)rk,m71 + 1)?

which means that it is the leaf of weight r* which has to intersect a variety of dimension m — 1
with the highest number ¢(k),x ,,,_; + 1. For shortening notation, we denote this leaf by x,, too.
Label the marked point of Cy, which comes from the edge Ej by Ej (it is hence denoted by x g, ).
The labeling of the remaining leaves in Cg, k =0, ...,[, is chosen

e such that leaves with a higher number in C' go to leaves with a higher number in C,
e such that (Ck, hi) has generalized projective degree A,,(t'(k)) for Kk =0,...,l and
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e such that a label (e, j) € I of C' goes to a label (e, ji) with 1 < ji <i(k)e.

After having chosen the order of the cut edges E1, ..., Ej, this labeling is unique. See figure [] for
an example.

Define
Iy = {(T,e,j)\r,e,j eN, 1<y < t(o)he} U {(6,j)|€,j eEN1<)< Z(O)e} U {Ek}ke[l]

and for k € [I]
I = {(e.f)le €N,0 < j <i(k)e}.

Let k € [l]. Then I stands for the marked points of Cj which come from marked points of C. I
has three parts:

a) The marked points labeled by (e, j) of Cy which come from marked points of C,

b) the marked points labeled by (r, e, j) of C' which come from leaves of direction —e; of C,
belong to C{j and which are contracted by hg via the projection to R™/(e;) and

c) the marked points labeled by Ej, which come from the cut edges Ej, linking C{ to C}, which
are contracted by the projection to R™~1.

With this notation, it holds that (Ck, hx) € Mo 1, (A, (' (k)),R™*) for all k = 0,...,1, where
mo =m — 1 and my = m for all k € [I]. For shortening notation, we set

My == Mo 1, (A1 (F(0)),R™™ ) and My, := Mo 1, (A, (¢ (k)),R™) for all k € [1].

For k = 0,...,1, denote by evZ™ : M, — R™« (mg = m — 1 and my = m for my € [m]) the

evaluation map of the marked point that corresponds to the marked point of Mg (A, (¢), R™)
labeled by (e, j). Define evf;’,(ek) : My, — R™ accordingly. ev,x : My — R™"! and evg, : My —
R™~! are the evaluation maps that correspond to the cut edge Ej (k € [I]).

In particular, the splitting of (C,h) into curves (Cg, hx), k = 0,...,[, induces a partition of the
data & into E(k) = (¢(k), Q(k),T(k)).

Remark 2.3.2

The projection of (Co,hy : Co — R™) to (Co,ho : Co — R™1) is necessary because we want
to establish a recursive formula which counts tropical curves of generalized projective degree.
Since in general the curve (C{, hj,) does not have a generalized projective degree (there will be
unbounded flags with direction ey linking C{ to the curves Ci,...,C}), we cannot count curves of
this combinatorial type. However, the curve (Cy, ho) has a (generalized) projective degree. We will
see that we do not lose relevant information in this projection. Since the curves (Cy, hi), k € [I],
already have a generalized projective degree, no projection is necessary here.

Notation 2.3.3 (¢1,¢2 : R™ — R)
Remember that the position of the variety QL € Q(0) is given by pk, i.e. supp(QL) = pk +
supp(L’}). Define the rational functions ¢1, ¢2 : R™ — R via

qbl(xlv e 7xT> = max{O,xl - (pjl‘_?)lv sy T — (plE)m}

and
¢2(.’E17 .o 7337‘) = maX{O,fEQ - (p}?)27 ceey I — (p}?)m}

Lemma 2.3.4
Let 0 < E < m. Then it holds ¢; - ¢5 #71 . R™ = QL.

PROOF. Without loss of generality, we assume pL, = 0 € R™. We prove this statement by
inductiononm—FE —1. f m— E—1=0,ie. m—1= F, the statement is true. So it remains to
calculate

P10 T =go 1T =g L.
Since ¢ is constant on all facets of L, (where we use the coarsest polyhedral structure), the
support of ¢o - L, | is contained in the support of L7 (which is the E-skeleton of L | using
the coarsest polyhedral structure). Similar to the calculation of L7}, we see that all weights are

one. O
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Definition 2.3.5 (The varieties M+, M;" and M(€(©):-€0))

By M* we denote the open subvariety of Mg (A, (t),R™)° whose support consists of all trivalent
curves (C,h) € Mg (A, (t), R™) which fulfill the following condition (which is motivated by the
conditions that the curves in the support of X (&) fulfill if £ is specialized as described at the
beginning of the previous section):

Assume that (C, h) € Mo (A, R™) is trivalent and is split up into ((Co, ho), - .., (Ci, hi)). Denote
the vertex at the left end of the edge Ej by vg, and the vertex on the right end by v,« (where 7*
is the multiplicity of the cut edge Ej). Then (C,h) is contained in the support of M T if for all
k € [I] the first coordinate of h(v,x) of (Cy, hy) lies on the right of

2ed*(m +1) - e; +supp(¢1 - R™) = pk + 2ed*(m + 1) - e; + supp L'y.

Said differently: If p € supp(¢1-R™) such that the zo-, ..., x,,-coordinates of p coincide with those
of hy(v,r), then it holds that the difference of the z1-coordinates of hg(v,») and p is greater than
2ed?*(m + 1), ie. (hg(vpx))1 —p1 > 2ed?(m + 1). Moreover, we demand that the first coordinate of
h(vg,) lies on the left of

2ed*(m + 1) - e; +supp(¢y - R™) = ph + 2ed*(m + 1) - eq + supp L'z.

M™ has the same dimension as My 1(A,,(t),R™), and we equip all facets with weight one.

We define the varieties M ,j' accordingly as the subvariety of M} containing only trivalent curves
which fulfill that the vertex v,«» adjacent to the leaf x,» lies on the right of

2ed*(m +1) - e; +supp(¢y - R™) = pk + 2ed*(m + 1) - e; + supp L'2.

Let (C,h) € Mo (A (t),R™)°, in particular C' is trivalent, and let £(0),...,E(l) be the induced
partition of £ as in the construction above (which includes the choice of the labeling of the cut
edges). Then we say that (C, h) has splitting type (£(0),...,£(l)). Note that curves which lie in the
same facet as (C, h) have the same combinatorial type and hence also splitting type (£(0),...,E(1))
if we choose the labeling of the cut edges consistently.
Denote by

MEW),...£(1))
the subvariety of M whose support contains only curves of splitting type

(£(0),...,&(1))
and whose weights on the facets are all one.

Remark 2.3.6
A curve (C,h) € Mo 1(An(t),R™)° that has splitting type (£(0),...,E(l)) has I! splitting types,
namely all

(5(0)7 5(0(1)), T 75(0(1)))
with o € S;, which correspond to the possible labelings of the I cut edges linking the curve C{ on
the left with { curves C)}, on the right. Therefore it holds

M=% Lo,

where the sum runs over all (ordered) partitions (£(0),...,£(1)) of £.

Construction 2.3.7 (The variety M;")
Let (Co, hg) € My. Then we can associate to it a curve (Cop, h( : Co — R™) that fulfills hy =
mohf: Cop — R™7 1 in the following way - reversing the splitting process:

A leaf of (Co, h{)) that has direction —ea, ..., —€m, —€o € R™™1 in (Cp,hg) (the coordinates on
R™~1 are ya,...,ym) gets the direction —es, ..., —em, —eo € R™ and weight one. Moreover, the
leaves labeled by (r,e,j) € T'(0) C Iy get direction —e; € R™ and weight 7, the leaves labeled by
Ej, € Iy get direction e; € R™ and weight r*. The contracted leaves labeled by (e, ) € I are still
contracted to a point by hj. (Co, hg) is a tropical curve since d(t'(0)) = d((0)) — >y 7 (where
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d(t'(0)) is the projective degree of (Cp, ho)). The position of the root vertex of (Cy, hy) is chosen
such that hg = 7 o h{, and such that

ho(xp) € supp(¢1 - R™),
i.e. the image of the marked point z, is contained in ¢; - R™. This second condition is possible
because ¢ - R™ is a hyperplane. Denote the vertex adjacent to the leaf labeled by Ey by vg, .

We define MS' as the subvariety of My whose support contains all trivalent curves (Cy, hg) € My
such that (Cy, hy,) has the property that h{(vg, ) lies on the left of

2ed?(m + 1) - e + supp(¢y - R™),
i.e. there exists p € ed?(m + 1) - e; + supp(¢; - R™) such that the zo-, ..., z,,-coordinates of p
coincide with those of h{(vg, ) and such that the z1-coordinate of p is greater than that of hj(x g, ).
For every partition (£(0),...,£(1)) of £ we are going to construct an open morphism
PEO - ED) ; (evL) gy - MEO-ED) _y M ... x M.
Moreover, we calculate the push-forward of M(€©)-E(0) along W(E©)-E1)

Construction 2.3.8 (The diagonal Z in R™~!, the map W(€(©):--€(0))
Let Z == max{x1,y1}- - max{@,_1,Ym_1} (R™"1 x R™~1) denote the diagonal in R™~1 x R™~!
and, for k =1,...,[, define

evig: My x - x M; — R™xR™!
(Cishi)icqo,..;y > (evE,(Co,ho),evyr(C, hy)).

Denote by 7T§€+1 : My X -++ x M; — M, the projection onto the factor with index k € {0,...,1}.

Then it holds

evi g = (evp, omh™) x (ev,x omit).

Define the map
GEOEW) + (evh ) () - ME©EW) H evinZ |- (Mgr N Ml+)
kell]

(C, h) — ((007 ho), Ceey (Ch hl))

where the (I 4 1)-tuple ((Co, ho), - - ., (C1, hy)) arises from splitting up the curve (C,h) as in con-
struction We show below that this map is well-defined.

We denote W(€0):--€(0) just by ¥ if no confusion can occur.

Lemma 2.3.9
It holds

dON™ - Trep ™
TTi—o (d(¥' (k)™

We will split up the proof into some lemmata.

W, ((e"}z)*(%) : M(S(O)""’g(l))> = H evir(Z) | - (Mg x -+ x M").
kel

Remark 2.3.10 (Geometric relevance of ]_[eV,”;’k(Z)(MJr x oo x M)

Given a curve (C,h) € Mt C Mo (An(t),R™)° of splitting type (£(0),...,£(l)), we are in-
terested in the spaces MOJr X o X Mfr, whose support contains the (I 4+ 1)-tuple of split curves
((Co, ho), -, (Ci, hy)), see construction [2.3.1] This is guaranteed by the condition on the first
coordinate of h(z,x) in the construction of M (this point lies on the right of 2ed?(m + 1) - e; +
supp(¢1 - R™). Now we also want to go the other way round: Given a tuple

((Co,ho),...,(cl,hl)) S ]\40+ X - X ]\41Jr

we want to glue the curves together to a curve (C,h) € Mg (A (), R™). Obviously, this is not
possible for all tuples ((Cy, hg), ..., (Ci, b)) but (at most) for those where the evaluation of a leaf
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X1 of (Ck, hy) (which comes from the cut edge Ej and which has direction —e;) lies in ho(Cp) for
all k € [I]. Hence, we consider the space

H eviw(Z) | (Mg x -+ x MF)
kel

in which, by the pull-back of the diagonal, we demand for all k € [I] that
CVEy (007 hO) = CVyk (Cka hk)a

i.e. we demand that the evaluation of the contracted leaf labeled by Ej, of (Cy, ho) and the evalu-
ation of the non-contracted leaf x,x of (C, hy) coincide in R™~1. (Remember that the pull-back
is contained in the preimage.)

Lemma 2.3.11
It holds that the support of

[T evin(2) (Mo x - x My)

is equal to the locus where ev,.« omy, = evg, omg for all k € [I]. Moreover, the weight on each facet
is one.

PrROOF. My x --- x M is isomorphic to
(Mo, 1yua (o)) X+ X Mo pua, ) X (R™HHE xR

where (R™~1)I+1 x R stands for the coordinates of the root vertices of My, k = 0,...,l. We use
the leaf labeled by r* (coming from the cut edge E}) as root coordinates for My, k € [I], together
with the xj-coordinate of an arbitrary marked point z; with k € I;. As root vertex on M, we
use alternately the marked points z g, (also coming from the cut edges E}). Hence, the evaluation
maps ev,x and evg, that appear in evyj are just the identity map on the second factor of the
respective moduli space. In order to calculate

[T evin(2) (Mo x - x My,
we hence only have to calculate the intersection product
H (,n_(l)—i-l % 7T§c+1)*Z . (Rmfl)lJrl
kell]

where 7r§.+1 : (R™~1)I*1 is the projection on the j-the factor. By induction we see that its support

is {(z,...,2)|]z € R™1} C (R™1)!*! and the weights are all one. O

Lemma 2.3.12
The map WE©):€M) js a surjective morphism.

PROOF. Remember that the pull-back is contained in the preimage. Due to the condition that
the first coordinates of h(vg, ) in M+ and hj(vg, ) in My lie on the left of 2ed?(m+1)+supp(¢;-R™)
and due to the condition that the first coordinate of h(v,+) in M+ and hy(v,+) in M," lie on the
right of 2ed?(m + 1) + supp(¢y - R™), the map W(E(0)E€W) ig well-defined. (See the construction
of the spaces for an explanation of the notation.)

W(EW©),EWM) ig surjective: Given a tuple

((Cosho),-- -, (Cl)) € | [ evin(2) | - (Mg x -+ x MF),
ke(l]
we can associate to (Cp, hg) a curve (Co, hj) : Co — R™) that fulfills hj(zk) € supp(¢1 - R™), see
the construction of MO+ above. Due to the last lemma, it holds
evg, (Co, ho) = v, (Ch, hi)

for all k € [I]. Using the condition on curves (Co,ho) € supp(My) and (C, hi) € supp(M,),
namely that the first coordinate of h{(x g, ) is less than the first coordinate of hy(z,x), it follows
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that we can glue the curves (Cp, h() and (Cy, hi) together - at the leaves g, of Cy and z,+ of
Cy - creating a new interior edge of positive length and weight 7*. We choose the labeling of
the arising curve (C,h) € supp ((evE) (¢1) - M(EO©:o, (l))) in a way that the splitting process
yields again the tuple ((Co, ho),-..,(Ci, h;)). Due to the lemma above, the image of a facet of
(evh)*(¢1)- M(E©)ED) ig g facet of (er[l] evy i Z) (Mg x -+ x M;") (if we choose compatible
polyhedral structures).

W(E©),E(M) i5 5 morphism: We consider the edge lengths and the coordinates of one root vertex
per moduli space as local coordinates. As root vertex for a curve

(C,h) € supp((evp)*(¢1) - MEOE0))

choose the leaf (E, 1) which is part of Cy (see construction . The edge lengths of C' are in
1 : 1-correspondence to the edge lengths of the curves Cy, ..., C; except for the [ edges E1,..., E;
with direction +e; linking the curves Ci,...,C; to the curve Cf “on the left”: In the curves
C1,...,C; the lengths of these edges is set to infinity. Moreover, the xo, ..., x,.-coordinates of the
root vertex of (C, h) correspond to the coordinates of the root vertices of (Ck, hy), k=0,...,0. If
only the z;-coordinates of the root vertex of (C,h) varies, ¥(¢(0):-€W)(C| h) remains unchanged.
If the edge length of Fy, k € [I], varies by a € R, the x1-coordinate of the root vertex of M}, varies
by r* - a, where r* is the weight of the edge Ej.

O

PrOOF OF 239 (evy)* (1) - Mo, 1(An(t),R™) is isomorphic to Mua,, 1) % (¢1-R™) using
the marked point labeled by (E, 1) as root vertex and it holds

supp(ME©@EW)y = Mg (A, (1), R™).

Thus the weights in the domain of W€ are all one. Also the weight of a facet of

Hevkk S(MS X -+ x M)

is one, see lemma [2.3.11

Since we project the curve (C}, k) on the left to R™/R - e;, changing the z1-coordinate of h(xL)
(with z}, C C}), does not change the image of (C,h) under &€ Hence, we see that
W)€ g injective in a neighborhood of (C,h) € supp((evk)*¢; - M(E©-EW) if and only if
the image h(z};) of the marked point z}; of C' is contained in a facet of ¢; - R™ which does contain
—ej as ray (¢ - R™ is a translate of L _).

The weight of the facet o of
(WEOEWNY (evh)* (¢y) - ME©)EW)

which contains the tuple of curves ((Co,ho),...,(Ci,h)) € o is determined by the index of
the linear part of the map W(E©):&0) restricted to o and by the number of preimages of
((Co, ko), - - -, (Cr, hy)) under WE©EW) which lie in facets on which the map W(E©0)E0) jg
injective. (The weights of the facets do not play a role in this case because they are all one.)

It follows from the proof of surjectivity in the last lemma that the preimages (C,h) of tuples
((Ck, h))k=0,...; only differ in the labeling of the leaves of C' which are labeled by {1,...,d(¢t)} U
{2d(t)+1,...,(m+1)d(t)}, i.e. the leaves which have standard directions apart from —e;. Let us
count the number of these labelings:

The splitting process prescribes which ends of C' in direction —e;, i = 0,2,...,m go the the curves
Cy,...,C;. The labeling of the leaves of C} respects the order of the corresponding leaves in C,
see construction [2.3.1] Hence, there are #&l/(k))r possibilities to choose a labeling of the d(t)

k=0 °)):
leaves with direction —e; of C' such that the leaves of all C}, get a prescribed labeling. Considering
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all directions —eqg, —ea, ..., —€,,, the number of possibilities to label the leaves of the curve (C, h)
without changing W(E©)»EW)(C h) = ((Co, ho), - .., (Cy, hy)) is given by
(a)h™

TT5_o(d(t' (k))Hm

Finally, we analyze the linear part of ¥(€(0):-€(): Ag already mentioned in the proof of proposition
the map WE©)€() equals the identity in all coordinates but those which encode the lengths
of the edges linking C{), which lies “on the left”, with the curves C1,...,C; “on the right”. When
the length of the edge linking C) and Cj, varies by aj, € R, the x;-coordinate of the root vertex of
(Cy, hi) varies by r* - ag, where r¥ is the weight of the edge linking C}, to C. Hence, the index of
W(EW©),EM) ig given by [Ticp r*.

Altogether, we conclude that

(a@nm - er[l] rk
[T5_o (d(t' (k)™

V. (evp)*(gr) - MEOE0) = [T evin(@) ) (M - M)
kel
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2.4. A recursive formula

Notation 2.4.1

Remember that 7 : R™ — R™~! is the projection on the last m — 1 coordinates and that € > 0 is
a small number such that the zero-dimensional cell of all Q] € Q\ {Q%} has z;-coordinate larger
than —e. Denote by i : R™~! — R the inclusion map (21,...,%m_1) — (0,21,...,Zm_1). It holds
Tol= id]Rm—l .

The idea behind the following definitions is that we split and deform the incidence and tangency

conditions Q and T" such that they become incidence and tangency conditions in the split spaces
My, .. . Define

Qj (0) = m.({max{zy,—N} - Q) for QI € Q(0) \ {QL} (we project the part of ] in the
region {x1 << 0} to R™~1),

° Q}E(O) = (i*pg) ™ F=L.R™1 (we project ¢y -5 FTHR™ = O}, except ¢ - R™ to R™1),
o I (72) o, = R™™2 for 1 < j < d(¥(0)) (the leaves of (Co, ho) in direction —e; are unre-

btrlcted)
o Q0 = 0 for Qe Qk), k € 1],
o I3 =T forTJ, €T(k), k=0,...,l and
t(k) ke 1+1 (k) k 1 .. . . . .
o T =TI" =R™! for k € [l] (the additional leaf in M}, with direction —e;

and weight r* coming from the cut edge Ej, is unrestricted).

Set
o 0(0) = {27107 € Q0)} U{TE L, € T(0)},
o T(0) = {T]\ 5 = 1,....d(¢'(0))},
o Q(k) = {2W|i e Q( )} for k=1,...,1 and
o T(k) = {307, € D(k)} Ui v 0 ang
o (k) = (t(k), Qk ) I'(k)) for k=0,...,1.

Note that T'(k)" is a set of tangency conditions for the vector ¢'(k), k = 0,...,l, defined in con-
struction 2311

Proposition 2.4.2
Let £ be general and specialized as described at the beginning of section [2.2] Then the degree of
Xm(€) is equal to the degree of

@)™ - (M, ) l
Vi) (Z X, (E(K)
2 L) ,Em(e ) | 1 X 207

where the sum runs over all partitions (£(0),...,E(I)) of &.

PROOF. Denote by 7i™ : My x --- x Mj the projection onto the k-th factor, k € {0,...,1}. Tt
holds that

° evg’(k) omh™ o W = ev! for all labels (e, j) that go to the curve Cy, k € [I],
(k) l LoW = evj for all labels (r, e, j) that go to the curve Cy, k =0,...,l,
o ev) (0)

oW = roev) for all labels (e, j) that got to the curve Cy.
Moreover, for a label (e,7) # (E,1) that goes to Cp it is true that
(moevl)* WO = (1 oevl) m, (max{zy, —N} - Q) = (ev!)*r*m, (max{z, —N} - Q) = (ev?)*QI,

at least in the region {z € R™|z; << 0} where Q! is fulfilled by the elements of supp(X,,(€)), see
corollary Furthermore it holds

(0 evl) Q) = (evi) m (i"g2) ™ F 7L - R™TY) = (evi) (g5,

because ¢o does not depend on the first coordinate.
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Since & is general and due to all curves (C,h) € supp(X,,(€)) lie in the support of M.
Moreover, the push-forward preserves the degree of zero-dimensional varieties. Using the projection
formula (p.f.), we conclude

deg(X,n (€)) = deg (H (ev)) (@) [ (evio) (i) -Mo,,(Am<t>,Rm>>

(e.9) (r.e.d)
EEEET Geg (H(ev{,ﬂ)*(ﬂiﬂ) [T (evle) (mie)- M+>
(e9) (re:9)

l
1 * 1 * i,(k)\* 7, (k * ! * j,(k)\*d,(k
=2 :ﬁdeg< [TI I & Eel®)yi® I o @) evi®) Tt

k=0 \ odeq(k) T .€r(k)

N
:
3

kel
-

l
Zudeg(H [I G e®yer® T @) ) )
k=0

ol Weawy ri: M er k)

I T (A (k))H™ kel

m 1Tl k
3 Z (d)™ ITea v deg { (H eVZ,k(Z)>
]

l
T I e®ra® [T ed®rme)
F=0 \al M eary Y er(ry’
where the sum runs over all partitions (£(0),...,&(1)) of £.

With the same argument as in lemma we see that all tuples of curves ((Co, ho), - .., (C1, b))
that lie in the support of the intersection product

I evin(2) | Xin—1(£(0)) x X (E(1)) x -+ x Xm(E(1))
kell]

actually lie in the support of 1\40+ XX M l+ - at least if all conditions in £ and also the diagonals
Z are general and if £ is specialized as described at the beginning of section Hence, the claim
follows.

O

Lemma 2.4.3 (Splitting lemma)
With ey, := dim(X,,,(E(k)")) for all k € [I] and mg =m — 1 and my, = m for k € [I], it is valid that

l
deg | | JT(evi)"(2) | - TT X (E(R))
k=0

kel

= deg( I eve) L -Xml(E(O)’)> ] des <(evrk)*Lz}ek -Xm(é'(lc)’)),
kell] kell]
where £(k)’ is defined at the beginning of this section.

ProoFr. We will prove the splitting lemma by induction on {. For [ = 0 the claim is obviously
true.
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Assume that the lemma is true for [ — 1 € N. With the projection formula and since the push-
forward preserves the degree of zero-dimensional varieties, it holds that the degree of

iowr ) - (T 50
ke(l]
is equal to the degree of

Z - ([(evEl 0776)* ( H (evig)® ) (H X, (€ >] X [(evrz)*Xm(S(l)/)‘D ’
kell—1]

whose degree is equal to that of

((em)* (), ( IT (evin) ) (H X, (€ )) : ((evrz)*Xm(g(l)’))
kell—1]

For k € [l — 1] define
evi = (evg, xevye) o (nh 't x 1) 1 X1 (£(0)') x H X (E(k)) = R™ 1 x R L,

Using [1.3:28] it follows that

(evE, )« ( H (eka)*(evrk)*Xm(é'(k)')-MO) and (ev,.), X, (E(1)),

kell—1]

which are subvarieties of R™, have standard directions. Due to lemma[I.2:32] the first term above
is equal to

(evi)e (nh). (( I1 <evz,k>*<z>) (Ko (EO)) %+ x X, (€L~ 1)’))) .

kell—1]

Hence, the prerequisites of lemma [1.2.31] are fulfilled and it follows

l
deg ( (H <er,k>*<z>> : (H Xomy <s<k>'>>)
ke(l] k=0
-1
= deg ( (<eVEl>* (=) ( I1 <ev’k,k>*<z>> - (H KXo <s<k>'>>) : (<evrz>* mem»))
ke[l—1] k=0

e (L’" -((evm (=), ( I1 <ev;,k>*<z>>-(ﬁm(s(z«)’))))

kell—1] k=0
-deg (L?H1 - ((ev,1) O8]

")
) [evEl L;nfl-Xm_1(5(0)l)>< ( H Xm(g(k)l)):|>
kell—1]

-deg((evﬂ)Lm L X (EW))

L]
I
(oW
¢
[0S]
/
>
ﬂ
.:
('D
<
?T‘
?r-

ke(l]

A deg ((H(GVEk)*LL’Ll) -Xm1(5(0)')) ~deg ((ev,r) L "1 e, - Xm(E(R)))

where e, is the dimension of X, (E(k)’). O
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The following notation, which finally allows to state the recursive formula that allows to determine
the number of rational tropical curves of generalized projective degree A,,(t) passing a given con-
figuration of tropical varieties with standard directions, is based on the notation used in [Vak00],
section 2.

Notation 2.4.4 (F(m,e), F(k), F'(k ))
Let the data £ = (¢,,T) be general, L, € Q be the distinguished element “on the left” as before

and let
(1(0), £(0)), ..., (i(1), (1))
be a partition of F = (i,t) and set F(k ) (i(k),t(k)) for k € [I]. Set
) =

Nin(F) 1= Nin ().
By F(r,e) we refer to the set of data given by
the vector i —ep and t — €, ¢ + € c4 E—(m—1)-
If the partition F(0),...,F(l) of F is induced by the partition (£(0),...,E(1)) of £, remember
that we defined e, = dim X,,,(€(k)’) for k € [I] and let ¢'(k) and ¢'(k) be given by
o i/(k) =1i(k) and
o t'(k) =t(k) + & _1-e, (which has already been defined before),

where the second summand of ¢ (k) stands for the additional tangency condition L™ "1 ¢, imposed

on the leaf z,» of weight 7* in My in the last lemma. The remaining entries of i’ (k) and ¢'(k) are
induced by Q(k)" and T'(k)’. For k =0 we set

. Z"(O)e = i(0)9+1 + #{6k|€k = 6}1§k§l + 27- t(O)ne for all e € N \ {E, E— 1},

o (0)p = l( JE+1+ 1+ #{exler = E}lgksz + 2,10,

o /( )E 1:=1(0)p — 1+ #{exler = E — 1}i<p< + >, 1(0),, g1 and

o t/(0) = do&1,m—2 (which has already been defined before),

where the terms #{ex|er = €}, e € [m_1] stands for the additional incidence conditions L7'~! of
dimension e imposed on the leaf zg, in My in the last lemma. The remaining entries are induced
by (0)" and I'(0)’, see 2.4.1]

For k=0,...,1set F'(k) = (i'(k), ' (k)).

Define multinomial coefficients with vector arguments via

(h(O), .%.,h(l)) H <i(0)e, Ze ,z’(l))’

€

<t(0),.%.,t(l)) = g<t(0)m,t.rf,t(1)m)'

The following formula, which allows to count rational tropical curves of generalized tropical de-
gree Ay, (t) which fulfill prescribed incidence and tangency conditions, coincides with the algebro-
geometric counterpart in [Vak00], theorem 2.20.

Theorem 2.4.5
Let 2 < m € R™. The numbers N,,(F) can be calculated recursively via the formula

Nm(‘/—") = Zr “tre- Nm(‘F(T7 6))

ey 7" ] t ) 1 —€E
+ ZAut(}"(l),...,]-'(l))~d(t’(0))! <t(0),...,t(l)> <i(0)—eE,...,i(l))
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where the second sum runs over all partitions (F(0),...,F(l)) of F = (i,t) with d(¢'(0)) > 0 (see
9 1.1)).

The only initial value that is needed for computing all numbers via this formula is that there
exists exactly one rational tropical curve (counted with multiplicity) of projective degree 1 which
intersects two given general points in R? (where one point may be a tangency condition in R? /R-e;).

PRrROOF. We want to calculate recursively

N _/—-' deg (H(evj)(evg)*Qg ! H(nl,e,j) (ev'f‘ae)*raj;,e : MO,I(Am (t)7 Rm))

m(F) = (d(®)h)m '

Let F be induced by € = (¢,Q,T), which we assume to be specialized as described at the beginning

of section [2.2] With ej, = dim(X,,, (E(k)’) for [ =0,...,1, mg =m — 1 and my, = m for k € [I] it
follows

N (F) = N (E)

7 Hl:1 rt

§
£

@ (Hi::l Tk) * rm—1 ’
a 2 I ([Tpep (d® (k))H™ - deg ((H (eve, ) Le,, ) - Xm-1(€(0) ))

deg [ [T ((evp) LEZ0oc, - Xo(E(R))
kell]
3 | T N N1 (F'(0)) - TT—y N (F'(R))
Aut(F(1),...,F({1)) d(t(0))! '
where the sum runs over all partitions all ordered partitions (£(0),...,E(l)) of £ and over all
partitions F(0), ..., F(l) of F, respectively, and where

M= <t(0),.1.5.,t(l)) | <i<0) —iE_E,E-]LT-’Z’(”)'

The factor N appears because it is the number of possibilities to distribute the incidence conditions
of dimension e (except L) and tangency conditions of dimension e and weight r onto the I + 1
components of the partition F(0),...,F(l). We divide by Aut(F(1),...,F(l)) to make sure that
we count each curve in X,, (&) only once.

Take a closer look at the case that the partition F(0),...,F(I) implies d(¢(0)") = 0, i.e. the curve
(Co, ho) on the left has projective degree 0 and h(Cp) is a point on an unbounded end of h(C') with
direction —e;. Since £ was chosen to be general, all curves that appear in X,,(&) are trivalent.
Hence, the partition (F(0),...,F(l)) of F may only have a non-zero contribution to N,,(F) if the
curve (Cy, k() fulfills only one incidence and one tangency condition, i.e. i(0) = g, t(0) = &, for
some (r,e) € N? with ¢, > 0 and [ = 1.

We conclude that

dim(X,,—1(£(0)")) =e+ E—(m—1),
Np—1(F(0)) =1,

i(l) =i—eg,

t(1) =t —ere + € et E—(m—1) and hence
Nin(F(1)) = N (F(r, €)).

The claim follows due to
t 1 —ER
=t d =1.
(t<o>7t<1>> ne (i(O) - w’(l))




CHAPTER 3

Enumerative geometry of elliptic tropical curves in R"”

We will give the set Pr(A,R™) of elliptic [-marked parametrized curves of degree j : A — R™ a
polyhedral structure that reflects the combinatorial types. Afterwards, we will introduce a notion
of a well-spaced elliptic curve, which is oriented at the known sufficient and necessary condition
on the realizability of elliptic curves. The set M ;(A,R™) of well-spaced elliptic I-marked curves
of degree A in R™ is a pure-dimensional subcomplex of P;(A,;R™). We will show that a certain
dense open subset My (A, R™)"8 of My (A, R™) consisting only of regular elliptic curves (i.e.
they contain only vertices of genus zero and an “honest” loop) is a tropical variety.

Finally, we prove an invariance statement about elliptic curves: The number of well-spaced elliptic
curves passing a general configuration of shifted tropical fans in R™ does not depend on the position
of the fans.

3.1. An abstract polyhedral complex parameterizing elliptic tropical curves

Definition 3.1.1 (Parameter space P;(A,R™) of elliptic curves of degree A in R™)

We define P (A, R™) as the set of elliptic parametrized I-marked curves (C, h) of degree A in R™
which fulfill the following condition: If C is elliptic, there exists a flag segment (p, E) € FS(C) in
the loop of C' (i.e. E C Cp) which fulfills v(p, E) # 0. In this case, h|g is injective. Elliptic means
that either C' has genus one and only points of genus zero or C is rational and has precisely one
point of genus one. If C is elliptic, C, contains at least two different edges because of the condition
that h|g is injective on at least one bounded edge E C Cf, in the loop of C. If I = [n], we denote
this parameter space also by P, (A, R™).

The aim of this section is to prove the following proposition. Remember that for a combinatorial
type a we denote by P(«) the set of curves in P;(A;R™) which have combinatorial type o and by
P(a) the set of curves whose combinatorial type is equal to or a specialization of a.

Proposition 3.1.2

({P(a)},Pr(A,R™), {549}), where a runs over the combinatorial types in Py (A, R™) and the charts
jLd are defined later on in is an abstract polyhedral complex whose polyhedral structure is
given by the combinatorial types. It is in general not pure-dimensional.

By abuse of notation, we denote the abstract polyhedral complex ({P(a)}, P;(A,R™), {j49}) by
P;(A,R™), too.

Example 3.1.3 (P;(A,R™) not pure-dimensional)

Let A = {a,b,c,d} and let the degree j : A — R? be given by j(a) = (—1,1,—1), 5(b) = (2,1,0),
jle) = (1,-2,-1), j(d) = (—2,0,2). The curves (Ci,h1),(Ca, h2) in the following figure are
elements of P1(A,R3). Denote their combinatorial types by a; and as, respectively. Since both
curves have only 3-valent vertices of genus zero, their combinatorial types are maximal and they
both lie in facets of P1(A, R3).

The dimension of P(ay) is 5: Oy is determined by the position of the unique marked point in R3,
the length of the unique bounded edge outside the loop and by the length of the path around the
loop. However, the dimension of P(as) is 6 because C5 has an additional bounded edge compared
to Cl .

45
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The reason why the dimension of the two maximal cells differ is the following. If the direction
vectors ai, ag, as,ay of the edges in the loop span R? as in the case of C, they must fulfill three
conditions to close the loop, one in each coordinate:

4
> Nia; =0 € R?,
i=1

If the direction vectors by, bo, b3 of the edges in the loop span a space of dimension two as in the case
of C5, these edges must only fulfill two conditions to close the loop. Hence, Cs has an additional
degree of freedom.

Ta

FIGURE 1. The curves (Cy, h1) (left) and (Cq, he) (right) from example The
given vectors are the direction vectors of the bounded edges.

This example can be generalized: Let (Cy,h1),(Co,h1) € Pr(A,R™) be curves with maximal
combinatorial types a; and as. Let L1, Ly be the linear spaces spanned by the direction vectors
of flags in loop of C7 and Cs, then

dim P () — codim Ly = dim P(ap) — codim Ls.
We present the idea why this statement is true:

Let oy = (I'1,v1) and ag = (9, va), where I'; and T's are the abstract combinatorial types. Then
I'y and T’y are both elliptic and have the same number of inner edges, namely #(IUA), and there
are no conditions on the edge lengths. However, the combinatorial types a1 and «o fulfill that the
loop is closed, which imposes dim L; and dim Lo conditions on the edge lengths, respectively. It
follows dim P(a1) + dim L; = dim P(aw) + dim Ly and the stated result follows.

Lemma 3.1.4

A curve (C,h) € Pr(A,R™) is uniquely determined by C, the degree j : A — R™, the position of
one root vertex h(z;), i € A, and the non-zero direction vector of a flag in the loop of C (if such
a flag exists). In other words: Let (C,h),(C,g) € Pr(A,R™) and assume that there exists i € A
with h(x;) = g(x;). If C is regular, assume moreover that there exists (p, E) € F(C) with E C Cf,
bounded and 0 # v(c ) (p, E) = v(c,q)(p, E). Then it holds h = g.

Proor. If C is non-regular, the first Betti number of supp(C) is zero and (C, h) is uniquely
determined by C' and h(z;), see remark So let us assume that C' is regular. Then there
exists a flag (p, E) with £ C Cp and d = vio,n)(p, E) = v(c,g)(p, E) # 0. We cut the edge E
in the middle, set the length of the two new edges to infinity. We give the arising topological
space structures of parametrized I-marked curves (C’,h’) and (C’,¢’) that are induced by (C, h)
and (C,g). (C',h') and (C',¢') are rational curves and elements of Mg (A, R™) with A’ =
AU{A;1, Az}, where the direction of the leaves x4, and x4, labeled by A; and Ay is given by
da, = dand da, = —d. Since an element (D, f) € Mg ;(A’,R™) is uniquely determined by D and
the image of the marked point x; under f, see above, we conclude A’ = ¢’ and therefore h = g. 0O

Example 3.1.5
Here is an example that shows that a degree j : A — R™ and an abstract combinatorial type
I are in general not sufficient to determine a combinatorial type (I', v) uniquely. Let the degree



3.1. AN ABSTRACT POLYHEDRAL COMPLEX PARAMETERIZING ELLIPTIC TROPICAL CURVES 47

3,—1). In figure

A = {1,2,3} — R? be given by j(1) = (1,2), j(2) = (2,—1) and j(3) = (—
,R?) which fulfill that C}

h1(Cy) and hge(Cs) are shown for two curves (C1, hy), (Ca, he) € Pg(A
and C5 have the same abstract combinatorial type.

(1,2)

ha(C?2)

(=3,-1) (=1,0) (2,-1)
FI1GURE 2. The curves C; and Cs have the same abstract combinatorial type and
the combinatorial types of (C1, h1), (C2, he), which have the same degree, differ.

Let 8 < « be combinatorial types in P;(A,R™) and let [E] € E(3) be an edge. We will show
that the edge [E] corresponds to a unique edge eg([E]) € E(a) of a - at least if « is regular. This

correspondence will allow to use the edge lengths as coordinates for the polyhedral charts ;!¢
P(«) (where P(«) denotes the set of curves whose combinatorial type is finer than «).

Notation 3.1.6

Let a be a combinatorial type in P;(A,R™) and (C,h) € P(a). We define E(C) C E(C) as the
set containing all edges of C' except E, Es € E(C) if E; and E5 are the only edges in the loop of
C and if they fulfill w(E)) = w(Ey) (i.e. Fy U Ey = C). E() is defined analogously.

Lemma 3.1.7
Let 8 < « be combinatorial types of elliptic I-marked curves and let (C,h),(D,g) € Pr(A,R™)
be of type a and 3, respectively, such that (D,g) < (C,h). Denote the projection map by 7 :
supp(C) — supp(D). Then the map

5 :E(f) — E(a)

[E] — [r'(E°)]

is well-defined, injective and does not depend on the choice of (C,h), (D,g). Moreover, if there
are only two edges Fq, Ey in the loop of D,

e ([En]) = {[m=H(ED) [~ (EZ)]}
does not depend on the choice of (C,h) and (D, g).

PrOOF. Lemmal[l.3.1]]states that f1(E) = fo(E) if f1, f2 : (C,h) = (C’, 1) are combinatorial
homeomorphisms and if £ € E(C’) In order to prove the lemma, it remains to show that, for
specializations (D1, ¢1), (D2, g2) < (C, h) of (C, h) with projection maps 7; : supp(C) — supp(D;),
it holds 7 (E) = mo(E) for all edges E € E(C) which are not contracted by m or 7.

We prove this statement via the following, where we denote the set of edges that is contracted by
m; by E;: If f: Dy — D5 is a combinatorial morphism, it holds

1 (BD,) =3 (f(ED,))
for all edges Ep, € E(D;) and

w1 ((Ep,)?) U ((ED,)%)) = my ' (F((ED,)°) U fF((ED,)°))
if B}, and E7, are the only edges in the loop of D1, i.e. El, UE} = (D1)r. Here is the proof:
Let E € E(C)\ Eq, hence E is not contracted by 71 and 71 (E) € E(D;) is an edge of Dy. Assume
first that E is an edge outside the loop of C. Then supp(D;) \ m1(E°) and supp(D2) \ f(71(E®))
induce the same partition of I = I;UI,. Also supp(C)\ E° = supp(C)\ 7, (71 (E°)) and supp(C)\
7y H(f(71(E°))) induce the same partition I = I;Ul. But that means that E° = 75 *(f (71 (E°)))
and F is not contracted by mg, i.e. E € E(C) \ Es.
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Assume now that F € E(C) \ E; is an edge in the loop of C. Since the loop of a parametrized
curve consists of more than one edge, there exists an edge Ep, # 71 (E) in the loop of D;. As in
the previous case,

supp(D1) \ (m1 (E°) U Ep,) and supp(D2) \ (f(m1(E°)) U f(ED,))

induce the same partition of I (because combinatorial morphisms are homeomorphisms that respect
the labeling of the leaves), so do therefore

supp(C) \ (B° Uy ' (ED,) and supp(C) \ (w3 ' (f(m(E°))) Umy ' (f(ED,)))-
It follows that
{B°,m7 1 (Bp,)} = {my  (f(m(E%)), m3  (f(ED,))}
for all edges Ep, # 7(E) in the loop of D;, which implies that E € E(C) \ Es. If the loop of D,
contains more than two edges, it follows E° = 1, '(f(7(E®))). O

Definition 3.1.8 (Path)
Let p,q € supp(C). A path from p to ¢ with n € N flag segments is an n-tuple of flag segments

((p17E1)7 ey (pna En))
such that

® p=Dpi,

o (pit1, E;) is a flag segment for all i € [n] where we set p,4+1 == ¢,

e for any i, j € [n| with ¢ # j the set E; N E; is either empty or a single point, i.e. the edges
of the path overlap only in vertices.

The length of a path ((p1, E1), ..., (pn, Ey)) is defined as Y, Length(E;). Denote the abstract
combinatorial type of C by I'. A path in I with n flags is an n-tuple of flags ([F1],...,[F,]) with
[F;] € F(T') such that for all C' € T there exist F¢ € [F;] N F(C) and a path (FC,...,FY) in C.
A path around the loop of C is a path such that the union of the edges that appear in the path is
equal to the loop Cf of C. A path around the loop of T" is a path such that a corresponding path
in C is a path around a loop of C. If « = (T',v) is a combinatorial type, a path in « is defined as
a path in T

We will construct polyhedral charts on Pr(A,R™) on the set P(a) for every combinatorial type
a in Pr(A,R™). The coordinates will be given, as in the rational case, by the edge lengths and
the position of a root vertex x; in R™, ¢ € I. In contrast to the rational case, we have to encode
additionally the condition that the loop of the curve is closed, i.e. running around the image of the
loop yields the zero vector. This will be done via the kernel of a linear map.

Construction 3.1.9 (P(a),j4%)

Let « be the combinatorial type of a curve in Py (A, R™). Define [, € N as the number of (bounded)
edges inside the loop of a, b, € N as the number of bounded edges outside the loop. Both numbers
may be zero.

Let [ : {[E] € E(a)|[E] bounded} — [by + o] be a bijective map with I([E]) <, if [E] € E(«) is
an edge inside the loop of «, i.e. [ is a labeling of the bounded edges of a. Choose [ in a way such
that there exist [p;] € V(&) such that

(([pa], 71D, (20 171 (1))
is a path around the loop of «, i.e. [ respects the order of the edges in the loop of a. Define
[B;] = 171(3) for i € [lo + ba).
Using the map from the previous lemma, the labeling [ induces a labeling of the edges of g for
all combinatorial types § < a, where an edge in the loop of 8 might get two labels if there are
precisely two edges in the loop of 5. Hence, we get a labeling of the edges of all (C,h) € P(«).

For (C,h) € P(«), we define

ba+la
U(c,h) eR *
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as the vector whose i-th coordinate is given by the length of the edge of C with label ¢ if such an
edge exists. (Remember that we labeled only bounded edges by I. Otherwise the i-th coordinate
is set to zero. Note that if E € E(C) has two labels, it is an edge in the loop of C' and there is
exactly one other edge E’ in the loop of C which has the same labels. In this case, E and E’ have
the same length and weight. Hence, u(c ) is well-defined.

Choose d € I and define the map
jid:Pl@) - Rbetle xR™
(Ch) = (ucnh(za)),
where x4 is the leaf of C' with label d € I and mapped by h to a point. j5¢ maps a curve onto its
edge lengths and the position of a root vertex xg.
In order to encode the condition that the loop is closed, we define the map

Al i Rbetle . R™

. {w(En-vqpi],[Ei]), if i € [la),
0, else,

where ¢; is the i-th standard unit vector in Rle*be (i.e. Al (e;) is the weighted direction vector of
the flag ([p;], [E;]) in the loop of a if i € [l,]) and where (([p1], [F1]),- .-, ([pi.], [Ei.])) is the path
around the loop from above in the definition of the labeling I : E(a) — [lo + ba]-

Lemma 3.1.10
Let « be a combinatorial type in P;(A,R™), define

VL =ker(AL) NRi™ and V! | = ker(AL) N Ry
Then the map
§bd . P(a) — Rlatbe x R™
is injective with
Ja!(P(a)) = Vo x R™ and jg?(P(a)) = Vg | x R™,
where d € I and | : E(a) — [lo + bo] is chosen as described in the construction above.

PROOF. Assume that there exist (Dy, hy), (D2, h2) € P(a) such that
jgd(Dl’ h1) = jgd(DQ’ hs).

This means that edges in Dy and D; that have the same label also have the same length and that
the root vertex x4 has the same image under h; and he. Denote the combinatorial type of (D;, h;)
by S, i € {1,2}. Since the i-th coordinate of j;%(D1, h;) is zero if and only if the i-th coordinate
of jL4(Dsy, hy) is zero, in order to construct $; and Bo from «a the same subset of edges of «a is
contracted. Hence, D and Dy have the same combinatorial type 8 = 81 = (2. Due to lemma
we conclude (Dy,hq) = (D2, hs).

Next, we study the image of j.:¢. Since edge lengths are greater than zero and since the loop of an
elliptic curve is “closed”, we get

J(Pla)) € Vi x R™ and jLU(P(a)) € V), x R™,

So let us assume that (u,p) € V! x R™ and let us construct a parametrized curve (D,g) with
3&*(D,h) = (u,p):

Let a be a combinatorial type with underlying abstract combinatorial type I' and direction vectors
v : F(a) = R™ and let C' be an ITUA-marked curve of combinatorial type I' whose edge labeled
by i € [loa 4+ ba] has length w; if u; is non-zero. Denote the vertex incident to the leaf x4 by
vg € V(C). Choose the remaining edge lengths arbitrarily. Define D as the (I U A)-marked curve
that comes from C by contracting the edges of C' which are labeled by ¢ € [l + by] if u; = 0
(see construction , and denote the projection map by 7 : supp(C) — supp(D). Define the
morphism g : D — R™ by setting g(xq) = p and v(p 4 (7(q),7(E)) = v(q, E) for all (¢, E) € F(C)
such that E is not contracted by m. Since morphisms are locally affine Z-linear, this data is
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sufficient to define g : supp(D) — R™. If the first Betti number of supp(C) is zero, there is only
one path from v, € supp(D) to ¢ € supp(D) and g is well-defined. If the first Betti number of
supp(D) is one, there can be two paths from vy € supp(D) to q € supp(D). However, u € ker(AL)
assures that the loop is closed, i.e.

0= Length(E)-wp(E) - v(p, E) € R™,

where the sum runs over all flags (p, F) € F(C) that appear in the path around the loop of C' that
is used to define AL (which is done in the construction above). Hence, g(q) is well-defined for all
q € supp(D). Since the contraction of an edge respects the balancing condition and since « is a
combinatorial type of tropical curves, it follows that ¢ is a morphism. (D,g) has combinatorial
type « if and only if  contracts no edges, i.e. u; > 0 for all i € [by, + o] O

Remark 3.1.11

Let a1, be combinatorial types in P;(A, R™) with P(a1) NP(ay) # 0. Then it is in general not
true that there exists a combinatorial type 8 with P(ay) N P(az) = P(8). Here is an example:
Let the degree j : A = [8] — R? be given by

§(1) = (-1,2),7(2) = (-1,-2),j(3) == (0,1),j(4) = (0,1),
j(5) == (0,-1),4(6) == (1,0),5(7) = (0,1),5(8) :== (0,—1).
Figure [3| shows two curves (Ci,h1),(Ca,he) € Pyo3(A,R?) in the first row. We denote their
combinatorial types by a7 and as. The only difference between the two combinatorial types is
that the labels 24 and x7 are exchanged. In the second row two common specializations (D1, g1),
(D2,92) € Pia3 (A, R?) of (Cy, hy) and (Cy, hy) are shown whose combinatorial types differ and are
both maximal in P(a1) NP(ag).
The maximality of the two combinatorial types can be seen by running around the loop of C; and
(5 in both directions starting at leaf x; and, when we arrive at leaves whose labelings i1, ¢o differs
in the two curves C7 and Cs, we contract in both curves precisely those edges that lie between the
two leaves labeled by ¢ and is.

Remark 3.1.12
Let a1, ag be combinatorial types in Pr(A,R™). If P(ay)NP(a) # 0, there exist two combinatorial
types B1, B2 (81 = B is allowed) that fulfill

P(a1) N Plaz) = P(B1) UP(Bs).

B1 and B correspond to the two “directions” of the loop in which we can run around it. We do
not prove this statement because we do not need it in the following.

Lemma 3.1.13

Let 8 < a be combinatorial types in Pr(A,R™) of curves (D, g) < (C,h). Let l, be a labeling of
the edges of «, I3 be a labeling of the edges of 8 with the properties of Construction Moreover
let dn, dg € A. Then the maps jlﬁ‘i’dﬁ o (jlerda)=1 and jlovde o (jgﬁ’dﬂ)_1 are integer affine linear
where defined.

PROOF. The coordinates of the maps jl**de and leB 4% are the edge lengths and the position
of a root vertex. Due to corollary an edge of [ corresponds to a unique edge of « - at least if
the loop of 3 does not contain precisely one edge. However, in this latter case, the lengths of the
two corresponding edges in « coincide. Moreover, in P(«) the position of each marked point can
be expressed as the position of the leaf x4, labeled by d, € I plus a linear combination of direction
vectors of the flags (times the weight of the underlying edge) with edge lengths as coefficients. In
particular, the position of the leaf x4, is a linear function of the edge lengths and of the position
of the leaf z,4_, and vice versa. ]

Construction 3.1.14 (Topology on P;(A,R™))
For all combinatorial types a in P;(A,R™) we endow P(«) with the coarsest topology such that
the maps j4¢ : P(a) — RletPa x R™ are continuous. We endow P;(A,R™) with the topology
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T1

X1 T3, T4, L7
91(Dn) 92(D2)
T4,T7
X3
(0,—1) | i (-1,1)
| ‘o T6
T2 xs Ta
T6
xrs x5
T2 Ts5

F1GURE 3. The combinatorial types of the curves in the lower row are different
but both are maximal common specializations of the combinatorial types of the
curves in the first row.

induced by the one on the sets P(«) C P;(A,R™). Then a subset U C P;(A,R™) is open if and
only if jL4(U NP(a)) is open in im(j4?) = V! x R™ for all combinatorial types «, labelings [ of
the bounded edges of o and d € A. From now on, we consider P;(A,R™) as a topological space

with this topology.

ProoF ofF 3121 As topology on P;(A,R™) we choose the one from the construction above.
Then the claim follows from lemma [3.1.10] lemma [3.1.13 and example [3.1.3] O
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3.2. The pure-dimensional abstract polyhedral complex M; ;(A,R™)

Well-spaced elliptic curves. We will define a polyhedral subcomplex of Pr(A,R™), the
subcomplex M j(A,R™) of well-spaced elliptic curves. The definition of well-spacedness is in-
spired by the known sufficient and necessary conditions on realizability of elliptic curves in R™. In
order to recall briefly what conditions are known, we need the following notation.

Notation 3.2.1 (Linear spaces related to the loop of a curve, de(p))
Let o be the combinatorial type of an elliptic curve (C, h) € Pr(A,R™).

a) As (C,h) is elliptic, for each point p € supp(C) \ Cr, there exists a unique vertex v, € Cp,
and a unique path P, = ((pi, Fi))ie[n,) from p to v, such that E; ¢ Cp, for all i € [n,],
i.e. the path does not pass the loop. The distance d¢(p) between p and Cp, is defined as
the length of the path P,. For all vertices p € C, N'V(C) in the loop of C, set dc(p) = 0,
and for all points p € Cp which are no vertices, set de(p) = —1, which makes d¢(p)
well-defined for all p € supp(C). If no confusion can occur, we just write d(p).

b) Let d € R. By V(C,h)q we denote the linear space that is spanned by the direction
vectors of the flag segments (p, E) € FS(C) with d¢(p) < d, i.e. V(C,h)q is spanned by
the direction vectors of all flag segments whose distance to the loop is at most d. Moreover,
we define V(C,h)<4 as the linear space that is spanned by the direction vectors of flag
segments (p, E) € FS(C) with d¢(p) < d. By L(C, h)q, L(C, h)<q, we denote the lattices
in V(C,h)q and V(C, h)<4 that are spanned by the respective weighted direction vectors
w(E)-v(p, E). Note that V(C, h) := V(C, h) < is the linear space spanned by the direction
vectors of the flags in the loop. V(C, h)g is the linear space spanned by the direction vectors
of the flags in and at the loop.

c) We define V(a)o, V(a)<o, V(a), L(a)o, L(a) <o as the respective spaces for the combina-
torial type a.

If no confusion can occur, we leave out o or (C, h) and just write Vg, Vg, Lg and L.g.

FIGURE 4. The curve C3 from example The given vectors are the direction
vectors of the bounded edges.

Example 3.2.2 (Nomenclature around the loop of an elliptic curve)

As example of the above definitions, we look at the curves in example [3.1.3] The direction vectors
of edges in the loop of C; span R? and the direction vectors of edges in the loop of Cy span the
2-dimensional space V(Cs, ha)<o = ((1,0,—1),(0,—1,0)). It holds (1,2, —1) € V(Ca, ha) <o,

V(Cs,ha)<o = V(Ca, ha)o and V(Ci, k1) <o = V(C1, h1)o = R®.

Let us assume that the length of the bounded edge E of Cy with direction vector (1,2, —1) that is
outside the loop is d € R~o. We get

V(CQ, h2)<d = V(CQ, hg)o and V(Cg, hg)d = Rg.
However, if the length of E becomes 0 and (Caq, ha) degenerates into a curve (Cs, hs), we get
V(Cg, h3)<0 g V(Cg)o = RS.

The curve Cj is shown in figure [
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Notation 3.2.3 (VH7 dH, FH, Vd, Pd, FSd)
Let (C,h) € Pr(A,R™) and H C R™ a hyperplane. We define

a) the vertices of distance d > 0 to the loop as V4(C,h) == {v € V(C)|d(v) = d},
b) the points of distance d > 0 to the loop as P4(C, h) := {p € supp(C)|d(p) = d},
c) the flag segments of distance d > 0 to the loop as

FSd(C, h‘) = {(pa E) € FS(C)|p S Pd(C7 h)7 d(Q) Z dv qc E}a
d) the vertices of (C, h) closest to the loop at which a flag runs out of H as
VH(C7 h) = {U € 5upp(C’)|V(C, h)<d(v) C H, E'(’U, E) € Fsd(v) (C) : V(U7E) ¢ H)}v

e) the distance di(C, h) of H to the loop of C' as the distance of a vertex closest to the loop
at which a flag runs out of H, i.e. if Vg (C,h) # 0, we define dg(C,h) == d(v) for an
arbitrary vertex v € Vg (C, h), otherwise we set di(C,h) =0,

f) the flags closest to the loop which run out of H as

Fu(C h) = {(p,E) € F(C,h)|d(p) = du(C,h),v(p,E) ¢ H},

If it is clear which curve is referred to, we just write Vg, dg,.Fg, V4, P4 and FSy.

If T is the abstract combinatorial type of C and if « is the combinatorial type of (C,h), we define
Vo(T), Vo(a), Po(T), Po(a), FSo(T') and FSp(«) analogously and write Vo, Py and FSy if no
confusion can occur.

Remark 3.2.4
Let (C,h) € Pr(A,R™). Note that dg(C,h) > 0 if and only if V(C,h)y C H and (v(F)|F €
F(C)) ¢ H.

Remark 3.2.5 (On the realizability of elliptic tropical curves)

a) In [Spe07], David Speyer gives a sufficient condition for the realizability of an elliptic
curve h : C' = R™ for arbitrary m € N>q: If

#Vyg >2

for all hyperplanes H C R™ with V(C, h)<o C H (i.e. there are at least two vertices closest
to the loop at which a flag runs out of H), then (C, h) is realizable.

b) In [Spe07], David Speyer also proves a partial converse: If (C, h) is 3-valent and realizable
in characteristic zero, then #V g > 2 for all hyperplanes H C R™ with V(C,h)<o C H.
¢) We can reformulate Speyer’s results in an alternative way: 3-valent elliptic curves are

realizable in characteristic zero if and only if

#Fpg > 2

for all hyperplanes H C R™ with dgy > 0. This can be seen as follows:

Assume that #V g > 2 and that (C, h) is 3-valent. Since (C, h) is 3-valent and balanced
it is true that all direction vectors of flags at the loop lie in H if and only if the direction
vectors of all flags in the loop lie in H, i.e. V(C,h) C H and V(C, h)y C H are equivalent.
Moreover, if #V g > 2, there exist at least two different vertices vy,v2 € Vg at which
at least one edge runs out of H, i.e. there exist flags (v1, E1), (v2, E2) € F(C) that fulfills
v(v1, E1),v(ve, Eq) ¢ H. By definition of V g, the direction vectors of all flags on the way
from the loop to vy and vy lie in H. By the balancing condition, it follows that there are
at least two flags that, seen from loop, lie behind each of the vertices v; and vo and whose
direction vectors are not contained in H, i.e. #Fy > 4 > 2. Now the other direction: If
C is 3-valent, at most two edges can run out of H at v € V. Hence, it follows from
#F > 2 that there exists at least two vertices at which flags run out of H, which means
#Vy >2.
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d) In [Kat10], Eric Katz shows a necessary condition on an elliptic curve to be realizable:
If (C,h) is realizable and #V gy = 1 for a hyperplane H C R™ with V(C,h)<o C H (i.e.
there exists a unique vertex which is closest to the loop at which a flag runs out of H),
then the unique vertex v € Vg is at least 4-valent.

e) An elliptic curve which fulfills #F g > 2 for all hyperplanes H C R™ with dg > 0 also
fulfills Katz’ necessary realizability condition: If #V g = 1 and #Fg > 2, there are at
least three different edges E., Es, F3 adjacent to the unique vertex v € Vg that fulfill
v(v, E;) ¢ H, i € [3]. Hence, the vertex v is at least 4-valent.

We take our reformulation of Speyer’s sufficient and necessary condition on the realizability of a
3-valent elliptic curve stated in the remark above as definition of well-spacedness.

Definition 3.2.6 (Well-spacedness, M; (A, R™))
We call (C, h) € Pr(A,R™) well-spaced if
#Fpg > 2
for all hyperplanes H C R™ with dy > 0.
We define the moduli space of elliptic I-marked parametrized curves of degree A in R™ by

My 1 (AR™) = {(C,h) € Pr(A,R™)|(C, h) is well-spaced}.
If I = [n], we also write M7 ,(A,R™).

Remark 3.2.7
By the previous remark, it follows that well-spaced elliptic curves satisfy Eric Katz’ necessary
realizability condition. Moreover, elliptic curves which are realizable according to David Speyer

are well-spaced, and 3-valent curves are well-spaced if and only if they are realizable in characteristic
0.

Remark 3.2.8

Let (C,h) € P;(A,R™), H C R™ be a hyperplane with dgy > 0 and v € Vp, i.e. there exists
an edge that is adjacent to the vertex v that fulfills that the direction vector v(v, E) of the flag
(v, E') is not contained in the hyperplane H. Due to the balancing condition, there are at least
two different edges F1, E5 € E(C) adjacent to v which fulfill v(v, Ey),v(v, E2) ¢ H. Tt follows that
#Fpy > 1. Hence, demanding in the definition of well-spacedness that

#Fpg >0or #Fyg > 1

would be an empty condition.

Polyhedral structure on M, ;(A,R™). In order to give My ;(A,R™) the structure of an
abstract polyhedral complex, we refine the definition of the combinatorial type.

Definition 3.2.9 (Fine combinatorial type of a well-spaced curve, specializations, M; (T, v, <))
A fine combinatorial type is a triple (T',v, <) where (I',v) is a combinatorial type and < is a
total preorder on the set of vertices of I' (i.e. < is a total, reflexive and transitive) that fulfills the
following condition for any vertex v € V(I'):
If a path P, from v to the loop of T' (see definition [3.2.1)) passes a vertex w, the relation w < v is
fulfilled.
If C is a tropical curve of abstract combinatorial type I', the function d : V(C) — Rx¢, which
indicates the distance of a vertex to the loop, defines a total preorder <4 on V(I') that fulfills the
condition from above for all [v], [w] € V(T'):

[v] <4 [w] :& d(v) < d(w).
If (T, v) is the combinatorial type of (C,h) € Pr(A,R™), we call (T', v, <q) the fine combinatorial
type of (C, h).
We say that (I'1,vq,<1) is a specialization of (I'2, va, <5) and write (I'1, v, <1) < (T, va, <o) if

e (T'y,vq) is a specialization of (I'y,va) and
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o [v] <5 [w] implies 7w ([v]) <1 w([w]) for all [v], [w] € V(T'2) where 7 : V(I'y) — V(I'y) is the
map from definition , i.e. the specialization process respects the total preorder on
the vertices.

By M; (T, v, <) we denote the subset of P;(A,R™) that contains precisely the curves of fine com-
binatorial type (I', v, <). By M;(T", v, <) we denote the set of curves whose fine combinatorial type
is a specialization of (T, v, <).

The aim of this section is to prove the following theorem.

Theorem 3.2.10

The moduli space M j(A,R™), where the degree is given by j : A — R™, together with the
polyhedral structure given by the fine combinatorial types, is a pure-dimensional subcomplex of
P;(A,R™) of dimension #A + #I +m — dim(j(A)).

We split the proof of this statement into several propositions and lemmata.

Proposition 3.2.11

The set {M;(T',v, <)} of closed subsets of My (A, R™), where (T, v, <) runs over all fine com-
binatorial types of curves in M ;(A,R™), defines a polyhedral structure on M ;(A,R™) as
subcomplex of Pj(A,R™).

The key to the proof is the following lemma which implies that
UL (T, v, <)} = My (A R™),
where the union is taken over all fine combinatorial types (I', v, <) of curves in M j(A,R™).

Lemma 3.2.12
Let (C,h) € M1(T, v, <) be well-spaced. Then a curve (D, g) € M;(T',v, <), whose fine combina-
torial type (I'p,vp, <p) is a specialization of (T',v, <), is also well-spaced.

PrOOF. Let (D,g) € P;(A,R™) such that its fine combinatorial type (I'p,vp,<p) is a
specialization of (I',v,<). Assume that (D,g) is not well-spaced. Then there exists a hyper-
plane H C R™ with dg(D,g) > 0 such that Fy(D,g) = 2, in particular V(D,g)g C H. Let
7 : supp(C) — supp(D) be the projection map. Due to

V(C,h)o CV(D,g)o C H
we know that either
#FH(C, h) > 2 or dH(C, h) =0
because (C, h) is well-spaced.
Assume first that d g (C, h) = 0, which means that either (j(i)[i € A) C H or V(C,h)o ¢ H, where
j(@) is the weighted direction vector of the leaf labeled by ¢ € A. If (j(i)|i € A) C H, it follows
dy(D,g)=0. If V(C,h)y ¢ H, it follows that
V(C.h)o cV(D,g)o ¢ H
and dg (D, g) = 0. Both statements are a contradiction to dg (D, g) > 0.
Assume now that dy(C,h) > 0 and #Fy(C,h) > 2. Let (p, E) € Fu(C,h), i.e. v(p, E) ¢ H and
the direction vectors of all edges on the way from the loop to p lie in H. If 7(FE) is an edge of D,
then 7(p) € Vi (D, g) because v < p implies 7(v) <p 7w(p) for all vertices v € V(C) and because
v(p, ) = v(r(p), 7(E)).
If 7(E) is a vertex of D, then E is bounded and adjacent to an edge E’ with v(q, E’) ¢ H, due
to the balancing condition, where ¢ € E is the second vertex in E. Either w(E’) is a point or the
edge m(E’) is adjacent to the vertex m(p) of D. Since C is elliptic and since unbounded edges can
not be contracted in the specialization process, we arrive recursively at a flag (pp, Ep) € F(C)
such that
e the edge Ep is not contracted by =, i.e. m(Ep) € E(D),
e 7(pp) = (p) and
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e v (rp,Ep) ¢ H.

As d(v) < d(w) implies d(7(v)) < d(n(w)) for all vertices v,w € V(C), it follows w(pp) €
Vi (D,g) and hence

(m(pp), 7(Ep)) € Fu(D,g).
Moreover, #F g (C, h) < #F g (D, g): If there exists another flag (p, E) # (p, K) € Fy(C, h) closest
to the loop that runs out of H, it holds Ep # Kp because, in the construction of Ep and Kp, we
consider only edges outside the loop of C' that lie behind the vertex p seen from the loop and the
paths from p to pp and pg, respectively, do not overlap. We conclude that

2< #FH(C’ h) < #FH(Dvg)v

which is a contradiction. O

PROOF OF PROPOSITION [B.2. 11l Let (T, v, <) be a fine combinatorial type. Define a :== (T, v).
For every [v] € V(T), the concatenation of a polyhedral chart (54?)~! with the map

d[v] : P(a) — R

given by (C,h) — dc,p)(v) that maps a vertex onto its distance to the loop is an affine linear
map (the coordinates on (C,h) € P(«) are the edge lengths and the position of a root vertex in
R™). The set of well-spaced curves of fine combinatorial type (T, v, <) is cut out from P(I",v) by
equations of the type

(d[m] - d[Uz]) =0 and (d[vl] - d[vz]) >0,

where [v1], [ve] € V(T'). Hence, the set of well-spaced curves of fine combinatorial type (I',v, <) is
a polyhedron in P(T,v).

The boundary of M;(T',v, <) consists of curves where some of the inequalities (dj,,] —dj,)) > 0
become equalities or where edges in the loop are contracted. This happens precisely when the total
preorder < becomes coarser or the fine combinatorial type specializes, which may imply that edge
lengths become zero (i.e. also the combinatorial type specializes). Hence, M;(T', v, <) is a closed

polyhedron in P(T',v). Due to the previous lemma it holds moreover that
M (T, v, <) € My 1(AR™)

if (T',v, <) is a fine combinatorial type of well-spaced curves. |

The following proposition is a first step on the way to describe the curves of maximal fine combi-
natorial type in My ;(A,R™) combinatorially.

Proposition 3.2.13
Let (o, <) be a maximal fine combinatorial type in M; ;(A,R™). Then (a, <) is regular, i.e. «
does not contain vertices of genus greater than zero but an “honest” loop.

In order to prove this proposition, we will amongst others parametrize the combinatorial types
(T',v) that have I" as underlying abstract combinatorial type. Moreover, we will describe regular
resolutions of a non-regular combinatorial type (T, v).

Definition 3.2.14 (F,, v(p))
Let (C,h) € My 1(A,R™) and let p € supp(C) be a point with d(p) > 0. Then we define F,(C)
as the set of flags segments of C' that lie directly behind the point p seen from the loop, i.e.

F,(C) = {(v. E) € FSa()(O)v = p}.

Moreover, we define v(c n)(p) as the sum of the weighted direction vectors of the flags that lie
directly behind p, i.e.
ven®) = Y. wE) v E).
(p,E)EF,(C)
We define Fp,(«) and v, ([p]) analogously for a combinatorial type a. We just write F,, v(p) and
v([p]) if no confusion can occur.
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The next lemma allows to parametrize the combinatorial types (I', v) if the abstract combinatorial
type I is given.

Lemma 3.2.15
Let C be a regular elliptic JUA-marked curve (i.e. C' contains an “honest” loop) and let j : A — R™
be a degree. Moreover, let

((p17 E1)7 ey (p’r‘a ET))
be a path that runs around the loop of C and let u € Z™ \ {0}. Then there exists a parametrized
curve (C, h) € Pr(A,R™) with w(E,) - v(p,, E,) = u if and only if

. o
K2

u € Conv Zv(pj)ﬁ elr—-11 ,
j=1
where © denotes the relative interior.
Moreover, there exist a; € R, i =1,...,r — 1 such that u = Z:;ll a; - v(p;) and it holds 1 > a; >
->ap_1 > 0.

PrOOF. Note that r > 2 because there exists a flag in the loop of C' whose direction vector is
non-zero. v(p,, E,) determines the weighted direction vectors a flag (p;, E;), @ € [r], in the loop of
C to be

7
W(Ez) V(pi7 Ez) = w(Er) V(pm ET) - Z V(pj)'
j=1
Note that it holds 37, v(p;) = 0 due to the balancing condition. As the loop of h(C) is
“closed” and edge lengths are greater than zero, there exists a curve (C,h) € P;(A,R™) with
w(FEy) - v(pr, Er) = u if and only if there exist 0 < A; € R, ¢ € [r], which we scale such that
Soi_1 A =1 (N is the length of the edge E;), such that

i)\i~w(E v(pi, Ei) Z)\ iv

i=1 j=1
& u— Z A ZV (p;j)) =0
_]:1
ST Dt o)
j=1
r—1 r—1
& u=) (3 N) v
i=1 j=i
The claim follows because }_;c,;Ai =1 and 1> A; > 0 for all i € [r]. O

We will introduce ordered partitions of a set in order to describe resolutions of vertices in the loop
of an elliptic curve.

Definition 3.2.16 (Sets of partitions O(Oq,...,0;s) and P(Oq,...,0y))

Let (Oq,...,04) be an s-tuple of pairwise disjoint sets. Then we denote by O(Oy,...,Oy) the
set of ordered partitions (P,...,P.) of UiesOi that are finer than (Oq,...,0Oy), i.e. there exist
i1,...,is = r € [r] such that O; = Uz Li;_141 i for all j € [s] (where ig = 0). By P(O1,...,0;)
we denote the set of partitions {Pi,..., P} of UiESOi that are finer than {O,...,O,}.

Construction 3.2.17 (I'p)
Let T’ be an abstract combinatorial type of elliptic curves and let (([v1], [F1]),- .-, ([vs], [Es])) be
a path around the loop of T, if T" is regular. Otherwise, if I is non-regular, let [v1] be the unique
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vertex of I' that has genus 1. (FSy,,),...,FSy,)) is an ordered partition of the flags FSo(I') at the
loop of I. An ordered partition

0= (01,. .. ,Or) S O(FS[UI], e ,FS[US])

that is finer than (FSy,,,...,FSy,,]) defines a regular combinatorial type I'o that is a resolution
of I and that fulfills that, when specializing from I'p to I', only edges in the loop are contracted:

Assume that C' € T' and remove Cp, from supp(C') such that supp(C) decomposes into #FSy(C)
connected components. Add r vertices wvq,...,v, of genus zero such that precisely all E with
([p], [E]) € O; C FSy(T") are adjacent to v;, ¢ € [r]. Now we add edges between v; and v;y; for
all i € [r — 1] and between v; and v,. We denote the combinatorial type of this curve by I'n. See
figure [5| for an example in the case that I' is non-regular, i.e. the loop of I' consists only of one
vertex [v1].

Note that the path around the loop is not unique if there exists a flag in the the loop of T' (the
path can start at different vertices in the loop and starting there can run in two direction around
the loop) and that hence different ordered partitions 01, Oz may induce the same combinatorial
type T'o, = T'p,. However, for all combinatorial types I' < I' such that in the specialization
from I to T" only edges in the loop are contracted there exists an ordered partition O that refines
(FS[vl]a ey FS[vS]) and that fulfills F@ =TI

zs3
X2

T2 T3

X
Ty 1

x
€ x5 4

5
Ty Te
Te
genus 1 T7

FIGURE 5. On the left: A curve of combinatorial type I' with one vertex of
genus one. On the right: A curve of combinatorial type I'o where O =

({([p]v [xl])v ([p]v [x2])}7 {([p}v [xBD}v {([p]v [$4D7 ([P], [:E5]), ([p]v [!EGD}, {([p]v [:E7])}) is

an ordered partition finer than (FSy(T)).

PROOF OF PROPOSITION 3.2.73] We will show that the fine combinatorial type of a non-
regular well-spaced curve (C,h) € My (A, R™) is not maximal in M ;(A,R™). Denote the
unique vertex of C' which has genus one by v € V(C).

First case:
Assume that
dim V(C, h)o < #FSo(C) — 1,
i.e. the flags that contain the unique vertex p € V(C) of genus 1 fulfill at least one relation in
addition to balancing at p, and assume #FSy(C) > 4.
If there exists a vertex of genus zero in C, i.e. {v € V|d(v) > 0} # ), define

1
d:= 3 min{d(v)|v € V(C),d(v) > 0},
i.e. d is half of the distance of the vertex closest to the loop. If C' contains no vertex except the
vertex p of genus 1, i.e. {v € V|d(v) > 0} = 0}, set d = .

The direction vectors v(F') of flags F' € FSy(C) at the loop of C fulfill a relation in addition to the
balancing condition at the vertex p € V(C). Hence, there exists a partition {F1, Fa} € P(FS((C))
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FIGURE 6. h(C) on the left and h'(C’) on the right locally around the vertex h(p)
of genus one with edge lengths [ = ¢, I, =14 — € and If =I5 — e. The partition of
FSo(C,h) is {{(p,z1), (p, 22), (P, 23)}, {(P, 24), (P, x5)}} and 24,25 € (v(p, )i €
[31)-

of the flags at the loop of C such that (v(F)|F € F1) = V(C,h)o and #F1,#F2 > 2. (Here we
need #FSq(C) > 4.)

The following construction is illustrated in figure [f] Since C' is non-regular, we can add an edge
FE to C at the vertex p of genus one such that the one vertex v; € E is contained in the flags
in F; and such that the other vertex vy € E is contained in the flags in F5. Set the length of
the new edge to 0 < ¢ < d. Reduce the length of all edges E # E’ that are adjacent to vs by €,
which is possible due to the choice of d (as the distance to the loop of the vertex closest to the
loop). Assign genus one to v; and genus zero to ve and denote the arising curve by (C’,h') and
its combinatorial type by (I, v’). Denote the total preorder on the vertices of I that comes from
d(c/ py by <'. (I, v, <) is obviously a specialization of (I, v/, <') and the two fine combinatorial
types are different.

Moreover, (C',1') is well-spaced: Let H C R™ be a hyperplane with dg(C’,h') > 0. Since
V(C', W)y = V(C' W) for all 0 < d' < d, it follows dy(C’,h') > € because we chose € < d.
Moreover, the curve (C, h) looks as (C’,h’) in the region where the distance to the loop is greater
than or equal to d. Therefore the well-spacedness of (C’, k') follows from the well-spacedness of
(C,h).

Second case:

We assume that dim V(I')g = #FSo(I") — 1, i.e. the direction vectors of the flags containing the
unique vertex [p] € Vo(I') of genus one fulfill no relation in addition to balancing at [p]. Let

FSo(T') = {[F1],...,[Frt1]} be the the set of flags that contain the vertex [p] of genus one. For
i € [r+1] set

w; = w(Fy) - v([F}])-
Due to the balancing conditions, it holds Z:;l u; = 0 and wuq,...,u, are linearly independent

because of dim V(T")g = #FS(T') — 1. Set

FD(ui,...,upq1) = {Z Aiui]0 < Ny < 1,
im1

which is a fundamental domain of the lattice L(ug,...,u,) spanned by uq,...,u,. By defini-
tion of Pr(A,R™), the multiplicity of C' at p € supp(C) is greater than one, which means that
ind(L(u1,...,ur)) > 1. This implies that #(Z™NFD(u1,...,ur+1)) > 1 and there exists a non-zero
element

u€ZmNFD(ut, ..., Upt1)-
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We claim that there hence exists an ordered partition O = (O,...,0s) € O(FSo(I")) with s > 1
and [F.41] € Oy such that

ceem($( 5 )

Jj=1 Fk]EOj

Let (O1,...,05) € O(FSy(T")) be an ordered partition of the set of flags FSo(T") = {[F}]|i € [r+1]}
at the loop of I that fulfills [F,. 1] € Os. Denote by A(Oq,...,0,) C FD(uq,...,u,+1) the subset
which consists of all
v = Z )\Z—ui
i=1

that fulfill

e 0 < Aq,..., <1,
o )\, = ) if there exists i € [r] with [F], [F}] € O; and
o )\, >\ if there exist 4,7 € [r] with ¢ < j and [Fi] € O, [F] € O;.

{)‘(017 AR OS)|<01’ s aOS) € 0({[F]1’ ) [FTJrl]})’ [FT+1] € OS}
is by definition a partition of FD(u1,...,ur+1). It holds

) (o]
3

Conv [ > [ > w|li=1,....5] =AOx,...,0)
=1 \k:[F]€0;

and therefore

) o
. %

FD(ul,...,urH):UConV Z Z ug | i=1,...,s | ,

j=1 k:[Fk]GO]'

where the disjoint union runs over all ordered partitions (Oq,...,0s) € O(FSo(I")) with FSo(T) =
{[F1],. ... [Fys1]} which fulfill [F,.1] € O,.
So let (Oq,...,0s) be the ordered partition such that

) o
3

u € Conv Z Z ug | li=1,...,s

j=1 \k:[Fy]€0;

Since 0 # u € Z™, it holds s > 1. Due to lemma there exists a regular curve (C',h') €
P;(A,R™) which has combinatorial type (I'o,ve) such that u € R™ is the weighted direction
vector of a flag in the loop. Remember that (I'o,ve) specializes to (I',v). Moreover, (I',v) and
(To, <o) are different because s > 1. We define <p on V(T'p) via

[v] <o [w] & w([v]) < 7 ([w])

where 7 : V(I'p) — V(I') is the projection map. Since in the specialization process only edges in
the loop are contracted and since (C, h) was chosen to be well-spaced, it follows that also a curve
(C', ') of fine combinatorial type (T'o,veo, <e) is well-spaced. Hence, (T',v, <) is not maximal in
My 1 (AR™).

Third (and last) case:

Assume that dimV(C,h)g < #FSo(C,h) — 1 and #FS¢(C,h) = 3, hence dimV(C,h)y = 1.
(#FSo(C, h) < 3 does not occur: That would imply dim V(C, h)o < 0. Hence, the multiplicity of
the vertex p € V(C) of genus one would be one, which is not allowed.) Then, locally around the
vertex p € supp(C) of genus one, the image of C under h looks as follows, where the I; denote the
lengths of the edges:

ll 12

weight >2 P ls
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Since the weight of the edge on the left is greater than or equal to 2, we can resolve the vertex p
into a loop, see the figure below, and get a well-spaced curve that specializes to (C, h). Hence, the
fine combinatorial type of (C,h) is not maximal.

ll € l2
weight > 2 I3

O

Here is a combinatorial description of the well-spaced elliptic curves contained in maximal polyhe-
dra of My ;(A,R™).

Proposition 3.2.18
A curve (C,h) € My ,(A,R™) has a maximal fine combinatorial type if and only if
a) C is regular,
b) dimVy/Veg = #FSy — #Py (i.e. the direction vectors of the flags at the loop fulfill no
relation modulo Vg in addition to balancing at the vertices in the loop) and
¢) dim(Vy/Veq) = #FSq — #P4 — 1 for all d > 0 with V4 # 0 (i.e. the direction vectors of
flag segments with distance d > 0 to the loop fulfill precisely one relation modulo V.4 in
addition to balancing at the vertices with distance d to the loop - at least if there exists a
vertex which has distance d to the loop).

In the proof of this proposition we use an alternative description of well-spacedness that is based
on the relations that the direction vectors of flag segments with distance d to the loop fulfill in
Via/V<q. This description allows to construct a well-spaced resolution if the conditions stated in
the proposition above are not fulfilled.

Definition 3.2.19 (d-well-spaced, V(A)<q)

Let (C,h) € P;(A,R™) and 0 < d € R. (C,h) is called d-well-spaced if
4Py > 2

for all hyperplanes H C R™ with distance dyg = d to the loop.

For a set A C FS4(C,h) of flag segments with distance d to the loop define

V(A)<a = (V(C,h)<a U{v(F)|F € A})

as the linear space spanned by the direction vectors of flags that are closer to the loop than d and
by the direction vectors of the elements of A.

Remark 3.2.20

If there exists no vertex v € V(C') with distance d(v) = d to the loop, there exists no hyperplane
H C R™ with distance diy = d to the loop and (C,h) is automatically d-well-spaced. A curve
(C, h) is therefore well-spaced if and only if it is d-well-spaced for all d > 0 with V4 # 0.

Lemma 3.2.21
It holds
dim Vd/V<d S #FSd - #Pd -1
for all curves (C, h) € My (A, R™) and for all d > 0 with V; # (). It is moreover true that

dim Vy/ Voo < #FSo — #Py.

PROOF. Let (C,h) € My (A, R™), d > 0 and assume V4 # (), i.e. there exists a vertex with
distance d to the loop, which is always true for d = 0. Due to the balancing condition at all points
p € Py(C) with distance d to the loop, it holds dim V;/V.y < #FS,; — #P,.

Assume that d > 0 and that dim V;/V.y = #FS; — #Pg, i.e. the direction vectors of the flags
with distance d to the loop fulfill no relation modulo V.4 in addition to the balancing condition at
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the vertices v € V4. Let v € V4 be a vertex with distance d to the loop and let Fy, Fy € F,, with
Fy # F5 be flags that lie directly behind v seen from the loop. Then it holds

dim V(FSd \ {Fl, FQ})<d < dim Vd,

and there exists a hyperplane H that contains V.4, all direction vectors v(F) of flag segments
F € FSy \ {F1, F»} with distance d to the loop but not v(Fy) and v(F3). This implies that
#FH:2 and (C,h) ¢M1,[(A,Rm). O

Lemma 3.2.22
Let (C,h) € P;(A,R™), d > 0 such that Vg # 0. Then (C, h) is d-well-spaced if and only if there
exist pairwise different A\p € R, F' € FS,, that fulfill

> Ap-v¥(F) € Ve
FeFSy

PROOF. Assume that there exist pairwise different Ap € R, F' € FS,, such that
> Ap-v¥(F) € Ve
FeFS,y

Assume moreover that (C,h) is not d-well-spaced. Then there exists a hyperplane H C R™, a
vertex v € FSy with distance d to the loop and different flags Fy, F» € FS,, such that

V(FSq\ {1, F2})<a C H

and v¥(Fyp),v¥(Fy) ¢ H, i.e. the weighted direction vectors of all flag segments whose distance
to the loop is at most d are contained in H except the weighted direction vectors of F; and Fb.
In particular, it holds V.4 C H. Due to the balancing condition at v € P; we can assume that
Ar, # Ap, = 0. It follows

A
Ve (Fy) — > EV(F)eVeyCH
FEFS,\{F1,F} 1

and hence v¥(F}) € H. This is a contradiction.

Assume now that (C, h) is d-well-spaced. Assume moreover that there exist no pairwise different
Ar € R, F € FSy, such that
Z AR -Vw(F> € Vg
FeFS,

Then there exists a vertex v € V; with distance d to the loop and flags Fi,..., F,. € FS, directly
behind v, with r > 2, such that A\p, = Ap, for all such equations and all 4,5 € [r]. (If there
exists an equation of this type with Ay # Af, and an equation with A3, # A&, by scaling and
adding these two equations we see that there also exists an equation of this type where Ag,, Ag,
and Ag, are pairwise different.) Let {F1,...,F.} C FS, be the set containing all flags F' € F,
that lie directly behind the vertex v € V4 and that fulfill Ap = Ap, for all equations of the type
from above. Then it holds that the vectors v¥([Fi]),...,v*([F,]) fulfill only one relation modulo
V(FSq\ {F1,...F.})<ad, namely the one given by the balancing condition

> vE(F) € VFSo\{F,... Fo})<a,
i€[r]
in particular [v¥(F1)], ..., [v¥(Fr—1)] are linearly independent in V(FSy\ {F1, ..., F;})<4. Hence,
there exists a hyperplane H C R™ that contains the linear space V(FSy \ {F1,... F.})<q and the
vectors v¥(F1),...,v¥(Fr_2) but not v¥(F,_;) and v¥(F,). (Remember that » > 2.) This is a
contradiction to the d-well-spacedness of (C, h).
O

The following constructions allow to find a well-spaced resolution of a well-spaced curve if condition
b) or c) is not fulfilled in the proposition above.
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Construction 3.2.23 (A(F), (ap,<p))
Let (C,h) € P;(A,R™). Let (p, E) be a flag segment outside the loop that points away from the
loop, i.e. d(g) > d(p) for all ¢ € E. Denote by A(F) C AU I the set of labels i € A U I such that
the leaf x; lies behind F seen from the loop, i.e. the path from p to the leaf x; labeled by i € A(F)
contains F' as first flag segment. If the flag segments F, ..., F,. € F, all lie behind the same point
p € P(C), we define
A(Fy,... . F) = | A(F).

1€[r)
Given such a set A(Fy,..., F,.), we can add an edge E({F1, ..., F;.}) of length one to C such that
removing E({Fy,..., F,}) from C induces the partition {A(Fy,...,F.),A\ A(Fy,..., F)} of A.
We get a curve C({F1,..., F.}). See the figure below for an example. (Remember that the length
of the edge E({(p, E2), (p, E3)}) was chosen to be one.)

T2 T3

€2 T3

E({(p,z2), (p,x3)})

Let now P ={Py,..., P} € P{F,}vep,), i.e. P is a partition of the set of flag segments of C' that
have distance d to the loop and P is finer than the partition given by the vertices with distance d
to the loop. Let (Cp,hp) be a curve that arises from (C, h) by adding the edges E(P;) of length
one to C for all ¢ € [r] and by choosing the position of the root vertex arbitrarily. See the figure
below for an example.

If the fine combinatorial type of (C, k) is (a, <), we denote by (ap, <p) the fine combinatorial type
of (Cp, hp) (which does not depend on the choice of the position of the root vertex of (Cp, hp)).

FIGURE 7. The fine combinatorial type of (Cp,hp) on the right is constructed
from the fine combinatorial type of (C,h) on the left using the partition P =

{{(plu E3)}7 {(p17 E4)7 (p17 E5)}7 {(an E7>7 (p27 ES)}7 {(p?w EIO)}} of FSQ(C)u the
flags with distance two to the loop, where p; = E4 N E5.

Remark 3.2.24
Let (C,h) € M1 (A, R™) be of fine combinatorial type (c, <) and let P = {P;};c},) be a partition
of FS, that refines the partition {F,|p € P4} given by the points with distance d to the loop. In
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the case d > 0, (o, <) = (ap, <p) if and only if #P; = 1 for all ¢ € [r] (i.e. we enlarge the length of
all flag segments in FS; with distance d to the loop by one) or P = {F,|p € P4} (i.e. we enlarge
the length of all edges which lie in front of p € P4 by one). In the case d = 0, (o, <) = (ap, <p)
if and only if #P; = 1 for all i € [r].

Remark 3.2.25

Assume that (C,h) € My (A, R™) and P € P{F,},ep,). Let d > 0. Since (C, h) is well-spaced,
a curve (Cp, hp) (see previous construction) is well-spaced if and only if (Cp, hp) is d-well-spaced.
If d =0, a curve (Cp, hp) is well-spaced if and only if it is 1-well-spaced.

Let (C, h) be of fine combinatorial type ce. We will define a set Pary(C, h) C P({F,(C, h)}pep,(c,n))
of partitions of FS; which are finer than the partition given by the points with distance d to the
loop. Pary(C,h) is of interest because, in the case that d > 0, a resolution (ap, <p) of («, <),
where P € P({Fp},ep,), is well-spaced if and only if P € Pary(C, h) (see the next corollary).

Construction 3.2.26 (Parg)
Let (C,h) € My 1(A,R™) and d > 0 such that there exists a vertex with distance d to the loop,
i.e. #V4 > 0. An equation
> ApvU(F) € Vg

FeFS,
defines a partition {Fi,...,F.} of the flag segments with distance d to the loop that refines the
partition {F,},ecp,, which is given by the vertices of distance d to the loop, in the following way:
Two flag segments Fi, F5 which lie behind a point p € P4 with distance d to the loop lie in the
same set F; if and only if Ap, = Ap,, Le. for p € Py and Fy, F> € FS,, there exists ¢ € [r] with
Fy,Fy € F; if and only if Ap, = Ap,.
Define Pary(C,h) C P({F,(C,h)}pep,(c,n)) (or just Parg) as the set of partitions of FSy that are
defined in this way by an equation as above and that are finer than the partition of FS, that is
given by the points with distance d to the loop. If d = 0, denote the combinatorial type of (C, h)
by « and define Parg(«) analogously.

Corollary 3.2.27

Let (C,h) € My 1(A,R™) be of fine combinatorial type («, <) and let d > 0 with #V4 > 0.
Assume that P € P({F,(C)}pep,(c)) is a partition of the flags with distance d to the loop of C'
that is finer than the one given by the vertices with the same distance to the loop.

Then the fine combinatorial type (ap, <p) is a fine combinatorial type of well-spaced curves if and
only if P € Pary(C, h).

PROOF. Let P € Pary(C,h) and let (Cp, hp) be a curve of combinatorial type (ap, <p) as in

construction [3.2.23, It holds (Jp.p P = FSy(C), i.e. the union of the elements of P is the set of
flag segments with distance d to the loop of C. Since P € Pargy, there exist pairwise different Ap,

P € P, such that
POREYE (Z v“(F)) € Veu-

PcPary FeP
With lemma [3.2.22| and remark [3.2.25) it follows that (Cp,hp), and hence (ap,<p), is well-

spaced. O

Lemma 3.2.28
Let (C,h) € My (A, R™). If there exists d > 0 with V4 # 0 such that

dim Vy/Veq < #FSy — #Py — 1

or if
dim Vp/Veo < #FSop — #Py,

then the fine combinatorial type of (C,h) is not maximal.
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PROOF. Denote the fine combinatorial type of (C, h) by («, <). Assume that there exists d > 0
with V4 # 0 and

dim(Vd/V>d) < #FSd — #Pd —1.

Then the weighted direction vectors of the flag segments with distance d to the loop fulfill at least
two independent relations in V.4 of the type

> Apv¥(F) € Vg

FeFS,

in addition to balancing at the vertices with distance d to the loop. Hence, the set of partitions
Pary of FS, from the construction above contains at least one element P € Par, different from
{{F}|F € FS;} and different from {FS,|p € P4} (the latter partition is induced by the equations
given by the balancing condition at the points p € P4 with distance d to the loop). According to
the previous corollary and remark it follows that (ap, <p) is a well-spaced resolution of
(ar, <) that is different from («, <).

Let us turn to the case where dim Vy/Veg < #FSy — #Py: The weighted direction vectors v¥(F')
of flag segments F' € FSy at the loop fulfill at least one relation in addition to the balancing
condition at the vertices p € FSy, i.e. we find coefficients 0 # A\p € R, F € FSy, such that there
exists v € Py and F, Fy € F,, with Ap, # Ap, = 0 and such that

> Ap-ve(F) € Ve
FeFSy

Define a partition of the set of flag segments F'Sy at the loop via
P ={F}HF # 1, B2} U{F, ol

and let (Cp,hp) € Pr(A,R™) be a curve of fine combinatorial type (ap,<p) # (o, <) as in
construction [3.2.23] see also remark |3.2.24

(Cp, hp) is d-well-spaced for all 1 # d > 0 because (C, h) is well-spaced. It is also 1-well-spaced:
It holds A; # 0 and

A
VO (FY) = > AF v¥(F) € V(Cp, hp)o.
FeFSo\{F1,F2} B

Due to the balancing condition, it follows v¥(F») € V(Cp, hp)o and hence
V(Cp,hp)1/V(Cp,hp)<1 = V(Cp, hp)o/V(Cp, hp)o = {0}.

It follows that there do not exist hyperplanes H C R™ that fulfill dy = 1. Hence, (Cp, hp) is
well-spaced and the combinatorial type of (C, h) is not maximal in My (A, R™). a

PROOF OF PROPOSITION [3.2.18] Let (C,h) € M 1(A,R™) be regular,
(V d>0: Vd 75 @ = dide/V<d = #FSd — #Pd - 1) and (dimVo/V<0 = #FSO — #PO) .

Assume that the fine combinatorial type of (C,h) is not maximal. Then there exists (C,h) <
(D,g) € My (A,R™) such that the fine combinatorial types of the two curves are different.
Denote by 7 : supp(D) — supp(C) the projection map. Due to the assumptions, there exists an
edge E € E(D) and a vertex p € V(C) such that n(E) = p, i.e. E C supp(D) is contracted to the
point v € supp(C). E is bounded and we denote the two vertices contained in E by p1,ps € V(D).

If E C Dy, is contained in the loop of D, denote the vertices in the loop of D by p1,...,pr € Df,
with p1,p2 € E in a way that ((p1, E), (p2, E2), ..., (pr, E,)) is a path around the loop of D. Set
E, = E. By lemma [3.2.15] there exist A\; € Ry - with A\; < A; if ¢ > j - such that

Z Ai Vip.g) (i) = V(g (Pr, Er) € Vao(D,g) C Vao(C, h)
i1€[r—1]
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Hence, the weighted direction vectors v¥(F') of the flags F' € FSo(C) at the loop of C fulfill a
relation modulo V(C, h)<¢ in addition to the balancing condition at the vertices v € V(C'). This
is a contradiction to

dim V(C, h)o/V<0(C, h) = #FSO(C, h) — #PQ(C, h)

Assume now that £ ¢ Dy, denote the two boundary points by p;,p2 € E and assume without
loss of generality that d(p1) < d(p2). It follows from lemma [3.2.21| that there exist a, a2 € N with
as > 1 and a1 > 0 (a1 can be zero if p; is contained in the loop) such that

dimV(D, g)ap)/V (D, 9)<dp) = #FSap,) (D, 9) — #Pap,) (D, g) — a1
and

dim V(D, g)a(p,)/V (D, 9)<d(ps) = #FSaps) (D, 9) — #Pap,) (D, g) — aa.

Since 7 : supp(D) — supp(C) fulfills 7(E) = 7w{p1} = 7{p2} = p, it follows that
dim V(C, h)aep)/V(C. h)<ap) < #FSa)(Ch) — #Pag)(C. h) — (a1 + az).

If d(p1) > 0, it holds a; > 1 and a3 + as > 2. If d(p;) = 0, it holds a1 > 0 and a; + az > 1.
Both statements contradict the prerequisites stated at the beginning of the proof. Thus, the fine
combinatorial type of (C,h) is maximal in My (A, R™).

It follows from lemma [3.2.13| and lemma [3.2.28| that curves in Mj ;(A,R™) of maximal fine com-
binatorial type fulfill the properties stated in the proposition. O

PROOF OF THEOREM [3.2.T0l Using proposition it remains to show that M; (A, R™)
is pure-dimensional of dimension A + #I — dim(j(A)). Let (C,h) € My (A, R™) be of maximal
fine combinatorial type (T, v, <). Denote the set of bounded edges of C' by E°. From construction
and proposition it follows that

dimM; (T, v, <) = #E" + m —dimVeo — > (#Va-—1).
d>0,#V4>0

The terms (#Vq4 — 1) stand for the condition that all v € V4 have the same distance to the
loop, m stands for the position of the root vertex and dim V¢ for the condition that the loop is
closed. Since (C,h) is regular (i.e. C' contains only vertices of genus zero and an “honest” loop),
the number of bounded edges is given by

E' = #A+#1 - (val(v) - 3).

veEV

From lemma [3.2.18} it follows > _p (val(v) —3) = dim Vp/V<o (the direction vectors of flags at
the loop fulfill no relation modulo Vg in addition to balancing and there are two edges in the loop
adjacent to each vertex v € Vj in the loop) and for all d > 0 with #V4 > 0

> (val(v) =3) + #Pg—1= Y (val(v) —2) — 1 = dim Vy/Veq,

veEP, veEPy

i.e. the direction vectors of flags with distance d to the loop fulfill precisely one relation modulo
V<4 in addition to balancing at each point p € Py and, for each p € Py, there exists one flag
segment (p, E) € FS that points towards the loop.
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We conclude

dim M, (T, v, <)
HA+HI = (val(v) —3) +m —dimVeg— Y (#Va—1)

vEV d>0,V 4#0

#HA+H#I— [ dimVp/Veo+ D (dimVa/Vea — (#Va—1))
d>0,V 4 #0

tm—dimVeg— > (#Va—1)
d>0,V 3#£0
HA + #1 +m — dim(j(A)).

Definition 3.2.29

Let (C,h) € My (A, R™) be of fine combinatorial type (T, v, <). We define the (co-)dimension of
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(T, v, <) as the (co-)dimension of the polyhedron M;(A,v,<) in M; ;(A,R™). Its dimension is

equal to

HA+HI =Y (val(v) —=3)+m—dimVeg— > (#Va—1),

veV d>0,V4#0

where #A+#1—3 v (val(v) —3) is the number of bounded edges of I', m stands for the position
of a root vertex, (—dim V) appears because the loop is closed and (— Ed>0,Vd7$(Z)(#Vd —1))is
the number of conditions on the edge lengths outside the loop imposed by the total preorder < on
the set of vertices outside the loop of T'.

The (co-)dimension of (C, h) is defined as the (co-)dimension of (I, v, <)
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3.3. A tropical structure on M ;(A,R™)"e

We equip the facets of M; (A, R™) with integer weights and construct a tropical atlas on a dense
open subset My (A, R™)"8 of Mj ;(A,R™) containing only regular elliptic curves, which have
an “honest” loop.

Weights on M, (A, R™).

Definition 3.3.1 (ind(«), n(P), # Aut(a))
Let (C,h) € My 1(A,R™) be of combinatorial type a. For shortening notation, we define

ind(a) == ind(L(&)p)) = [sat(L(a)o) : L()o],

i.e. ind(«) is the index of the lattice spanned by the weighted direction vectors in and at the loop
of a.. For a finite set P # (), we define

n(P) == (=1)#F=L(#P — 1)

Moreover, define # Aut(«) as the order of the automorphism group of a curve (C,h) of combina-
torial type a. # Aut(«) is one, except if « has only one edge that is contained in the loop - in this
case all curves of combinatorial type a have two automorphisms and # Aut(«) is two, see corollary

L3131

Definition 3.3.2 (The weighted abstract polyhedral complex M (A, R™), P°(«))

If (a, <) is a maximal combinatorial type in M ;(A,R™), we equip the facet M; (a, <) containing
all curves whose fine combinatorial type is a specialization of (a, <) with weight

' ind(a'P)a

wMi (o, <)) = w(a) = _ Z [H n(P)

HAUQ) b m (@ eevy ) LPEP

i.e. the sum runs over all partitions P € P(FSy(«)) of the flags at the loop of a that are finer
than the partition {F,()},ev,(a) given by the vertices in the loop of a. The combinatorial types
ap, P € {F,}yev,, are constructed from « in [3.2.23

For shortening notation, we set P%(a) := P({Fy(a)}uevy(a))-

Example 3.3.3

Figure [§]illustrates a combinatorial type a and also the combinatorial types which are of the form
ap, P € P%a). Assume that the fine combinatorial type (o, <) is maximal and let us calculate
the weight w(«) of the facet My (a, <):

o) = 3 [TLe0 - 1] ntion
PePO(a) LPEP
= ind(«)

4

+ (=1)- ) ind(8:)

i=1

4
+ (1)2.<2!.ind(y1)+ ind(’Yi))
+ (=1)%-2!-ind(5) i

= ind(e) - Y ind(;) +2-ind(y1) + Y _ind(y;) — 2 - ind(6)

i=1 =2
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Tr1 T2 T3
[e%
T4
Te Zs

{13423, {3}, {4}, {5}, {6}}
T2 X1 T3

X1 €To T3
&A b X B X
X4 T4 T4
Te

Te x5 Te Ts5

x5
{1}, {2}, {3}, {4, 5}, {6}} {{1}.{2,3}, {4}, {5}, {6}} {113} {2}, {4}, {5}, {6}}

x1 X2
€3 Z1 Ty T2 T3 z3
X2
B4 71 V2
T4 T4 T4
X6 x5 Te x Te6 Zs

{{1,2}, {3}, {4}, {5}, {6}} {{17273}7{4}j{5}’{6}} {{1},{2,3},{4,5}, {6}}

T T T T T1 To T
2 1 3 3 Uy 1 T2 T3
3 Y4 )

T4 T4 Lq
Te T5 Te T5 T6 T5

{{1,3},{2},{4,5},{6}} {{1,2},{3},{4,5},{6}} {{1,2,3},{4,5},{6}}

FIGURE 8. A list of the combinatorial types which are of the form ap, P € P%(a).
The corresponding partition of the set of flags at the loop of « is given below each
curve, where we refer to a flag by ¢ € [6] if it contains the leaf z;.

Tropical atlas on M ;(A,R™)"8, We will construct a tropical atlas on the open and dense
subvariety My (A, R™)"8 of My ;(A,R™), which turns M; (A, R™) 8 into an abstract tropical
variety. The target of the fan charts will be suitable moduli spaces of rational curves. In order
to define the charts, we use the following construction that a assigns a rational curve (Cp, hr) to
a regular elliptic curve (C,h) € Py(A,R™) and to a flag F' € F(C) in the loop of C that fulfills
v¥(F) # 0.

The idea is the same as for example in [KIMO09] and [Her09].

Construction 3.3.4 (Rational curve (Cr, hr) € Mo r(Ap), R™), (a(F), <(r)))

Let (C,h) € P;(A,R™) be regular. Hence, there exists a flag F' = (p, E) € F(C) that is part of
the loop and that fulfills v¥(F') # 0. Denote the vertex contained in F which is not p by ¢ € E.
Set z == w(E) v(p, E) to be the weighted direction vector of F. Define

Aip) = AU{z,—z} and I' := IU{A, B}.

e cut the loop of C' in the middle of the edge F,

e add a vertex ¢’ at the new end that is adjacent to the vertex ¢ and add two leaves at ¢/,
which we label by —z and A,

e add a vertex p’ at the new end that is adjacent to the vertex p and add two leaves at p’,
which we label by z and B.
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See figure [J] for an example of the described construction. We denote the arising rational curve
by Cr and define hg : Cp — R™ as the map which is induced by h : C — R™, fulfills that
the weighted direction vectors of the new unbounded flags (p’,z,) and (¢’,z_,) are z and —z,
respectively, and fulfills that the leaves x4 and xp are contracted to a point. The curve (Cr, hr)
is an element of Mo 1/ (App, R™).

Let P be the unique path from p’ to ¢’ in Cp. Then we call the union of the edges that appear in
this path together with the leaves x4, x5, z, and x_, the loop (CF)r, of CF, i.e.

(Cp)p =xzaUzpUz,Uz_, U (UE)

where the union runs over all flags (p, E') that appear in the path P from p’ to ¢’. With this notation,
all definitions and notations around the loop of (C,h) can be used analogously for (Cr,hr), e.g.
V(Cr,hr)o, L(ar))o and F g (Cr, hr) for a hyperplane H C R™, and also the question if (Cr, hr)
is well-spaced makes sense.

In particular, (Cr,hr) has a fine combinatorial type, and (C,h) is well-spaced if and only if
(Cr,hp) is well-spaced. If the fine combinatorial type of (C,h) is (a, <), we denote the fine
combinatorial type of (Cr,hr) by (apr), <ip)-

C Cp
P
B /_\ !
q
|
h(z_z)
h(CF)
h(C)
h(p) h(xA)
h(q) h(zz)

FIGURE 9. Example of construction The first row shows the abstract curves
C and Cp, the second row shows their images under h and hp.

Definition 3.3.5 (U(OL[F], S[F]) C M071/(A[F],Rm))

Let (o, <) be a regular combinatorial type in M; ;(A,R™) and let [F] be a flag in the loop of «
that fulfills v¢([F]) # 0. Then we denote by U(ap), <(p)) C Mo, 1r(A[p), R™) the subset of curves
whose fine combinatorial type specializes to (ar), <(r)) and which correspond to an elliptic curve
in My r(A,R™), ie. a curve (C,h) € U(apr), <(p) that fulfills A(z4) = h(zp), that the edges
between the vertices p and p’ and between the vertices ¢ and ¢’ have the same length (where we
use the notation from the construction above) and that it is well-spaced.

Since the coordinates both on My ;(A,R™) and My 1/(A(g}, R™) are given by the edge lengths
and the position of a root vertex, it follows from theorem that U(op), <(r)) is a pure-
dimensional open subcomplex of Mo (A, R™). We equip a facet of U(ajp), <[r)) containing
curves of combinatorial type ) with the weight

# Aut(B) - w(p),

where (3 is the fine combinatorial type of curves corresponding to B(py, i.e. the facet in U(ap), <(r))
has # Aut(S)-times the weight of the corresponding facet in M ;(A,R™) and the factor m
appearing in w(f) cancels out. Remember that Aut(f) is one if 3 has at least two edges in the loop.
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By abuse of notation, we denote the arising weighted abstract polyhedral complex by U (o z}, <(r),
too.

Construction 3.3.6 (M ;(A,R™)"™8, fan charts ngL)
Let (3,<p) be fine combinatorial types of regular elliptic curves that specializes to (o, <). Let
U(a, <) be the polyhedral neighborhood of Mj(«, <) which contains all curves that have a fine
combinatorial type that specializes to («, <), where Mj(«, <) is the set of curves that have fine
combinatorial type (a, <). In particular, it holds M;(8, <g) C U(«, <).
Define

My (AR = | JU(a, <),

where the sum runs over all fine combinatorial types («, <) which have at least codimension one
in My 1(A,R™) and at least two edges in the loop and over all maximal fine combinatorial types
in My 1(A,R™) which have at least one edge in the loop. Note that M;j (A, R™)*8 contains
only regular curves and note that a fine combinatorial type (o, <) in Mj (A, R™)*8 has at
least two edges in the loop, if the codimension of («, <) is at least one. We equip the facets of
M (A, R™)"e with the weight of the corresponding facet in M ;(A,R™), and denote the arising
weighted abstract polyhedral complex by My (A, R™)"8, too.

Choose a flag [F] € F(«a) in the loop of « that fulfills v¥([F]) # 0. If a curve (C, h) of combinatorial
type a has no non-trivial automorphisms, there exists precisely one flag in the loop of 8 which
is mapped to [F] in the specialization process, see lemma In particular, it has the same
weighted direction vector as [F]. We denote this flag of 8 by [F], too. If a is maximal and has
only one edge in the loop, let (C,h) be of combinatorial type a. There exist two different flags
Fy = (p, Es), F5 = (p, Ez) in the loop of C that fulfill [F] = [F}] = [F2]. Since v(F}) = v(F3) and
w(F1) = w(Ey) and since there are only two edges in the loop of C, it holds (CF,, hr,) = (Cr,, hr,).
Thus, the following map is well-defined if (e, <) is a fine combinatorial type in My j(A,R™):

@/Jt[f]g : U(a, S) — U(a[p]) C MO,II(A[F],R"I)
(C? h) = (CF7 hF)7

where U(ap)) is the polyhedral neighborhood of Mo(a(g)) that contains all curves whose combi-
natorial type specializes to ajr. The image consists precisely of the curves (D, g) € U(ap)) that
satisfy
e g(A) =g(B),
e that the lengths of the edges between the vertices p and p’ and between the vertices g and
¢’ coincide (in the notation of construction and
e that are well-spaced.

Hence, it holds im (wLF}S) = Ular), <im))-

Since the coordinates in the domain and the target space are the edge lengths and the position of
a root vertex, ¢([XF]< is injective and integer affine linear invertible on each polyhedron M (5, <g)
in U(a, <). (Theré is only one coordinate in the target space for the lengths of the two cut edges
because their length is equal. It is given by the sum of edge lengths of the cut edges.)

Let U(a,<)NU(B,<p) # 0 and let [G] be a flag in the loop of 3. Then the concatenation
wLFL o (z/JEL,)_l is, where defined, the restriction of an integer affine linear invertible map because
both on M ;(A,R™), Mo (A, R™) and Mo, (Ajg), R™) the coordinates are given by the
edge lengths and the position of a root vertex.

Remark 3.3.7

With the described construction, we can define fan charts z,ZJLF]< only on subvarieties of My (A, R™)
which contain only regular curves. Non-regular fine combinatorial types (o, <) do not have any flags
in the loop and the direction vectors of flags in the loop of their regular resolutions differ in general.
Hence, in the case that « is non-regular it is not possible to identify a polyhedral neighborhood of
a polyhedron M;(a, <) with a open subvariety of a unique moduli space of rational curves.
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Moreover, if there is only one edge in the loop of o and if @ < 8 has more than one edge in the
loop, there exist two edges in the loop of 8 that correspond to the unique edge in the loop of «, see

the figure below. Hence, the fan chart z/)LF]S in the previous construction would not be well-defined.

It follows that M ; (A, R™)™8 is the maximal subset of M; (A, R™) on which we can define fan
charts with the previous construction.

[EA]

[E2]

FIGURE 10. Assume w([E;]) = w([Es]). The combinatorial type 8 in R? on the
right specializes to the combinatorial type « on the left, whose only edge in the
loop is [E]. Both edges [E1] and [Es] go to [E] in the specialization process. If we
cut the edges [E;] and [Es] in the middle, two different combinatorial types arise.

The aim of this section is to prove the following theorem.

Theorem 3.3.8
My 1 (A R™)*8 together with the weights defined in[3.3.2)and together with the atlas { ([XF]S }( N

where the fine combinatorial type (a, <) has at least codimension one, is an abstract tropical
variety.

Remark 3.3.9

Note that the weights on U(apy, <[p}), the image of w([XFL coincide with the corresponding weights
in My (A, R™)™8 (although their definitions differs by a factor # Aut(a)) because # Aut(a) = 1
for all fine combinatorial types of codimension at least one in M7 j(A,R™)".

In order to prove this theorem, we will show that U(aqpj, <[p}) is a tropical fan if (a, <) is a regular
fine combinatorial type of codimension one in Mj ;(A,R™), where “regular” means that « has
only vertices of genus zero and an “honest” loop. This is sufficient to prove the theorem above
because it holds

im (fL) = Ulage). <ir))
if (v, <) is a fine combinatorial type in My ;(A,R™)™8, ie. if o has at least two edges in the loop.
(In this case # Aut(«) is one.)

The following lemma describes the regular fine combinatorial types in My (A, R™) which have
codimension one.

Lemma 3.3.10

Let (o, <) be a regular fine combinatorial type in M; ;(A,R™) and let (C,h) be of fine combina-
torial type (o, <). Then (C,h) has codimension one if and only if it fulfills one of the following
properties:

a) (C,h) is regular and there exists d > 0 with #V4 > 0 such that
(a) dim Vd/V<d = #FSd - #Pd - 2,
(b) dim V()/V<0 = #FSO — =/%'5P07
(¢) dimVy /Veq = #FSy — #Py — 1 for all d # d’ > 0 with #V 4 # (.

In this case, in the specialization process from a curve of maximal combinatorial type to

(C,h) an edge which does not intersect the loop is contracted.
b) (C,h) is regular and fulfills

(a) dim V()/V<0 = #FSO — #PO — 1 and
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(b) dimVy/V.q = #FSy; — #P4 — 1 for all d > 0 with #V4 # (.
In this case, in the specialization process from a curve of maximal combinatorial type to
(C,h) an edge in or at the loop is contracted.

PROOF. The local coordinates on M (A, R™) are given by the edge lengths and the coordi-
nates for the position of a root vertex in R™. A curve (C, h) € M (A, R™) has codimension one
if and only if it is a specialization of a curve (D, g) € M 1(A,R™) of maximal combinatorial type
such that in the specialization only one coordinate, an edge length, has become zero. It follows
from proposition that, if the edge whose edge length is set to zero does not intersect the
loop of D a curve with the properties from a) arises. Using the same proposition we see that, if
the contracted edge intersects the loop, (C,h) is of type b). |

We first deal with case a) of the lemma above. First, we show balancing of U(apy, <[#]) in example
cases in R3.

Example 3.3.11

A curve (Cp, hp) of combinatorial type (ajp), <[rj) in R? is shown in figure (In order to have
clearer pictures, we do not illustrate the cut flag [F].) We assume dim V(Cp, hp)o = 2, that the
distance of the unique vertex outside the loop to the loop is one and that V(Cr, hr); = R3. We
denote the flag segments in FS;(C, h) by F;, i € [6].

P F F3 Fy

edge length is one

Fs Fy

FI1GURE 11.

e Assume that none of the direction vectors of the flags F;, i € [4], lie in V(ayg))o, i-e.
(V(ogry)o U{v(E;)}) = R3 for all i € [4]. Then the well-spaced resolutions are given, in
figure by the combinatorial types on the left for any i1,io € [4] with i1 # 3. The
sum over the representatives of respective normal vectors is given by the curve on the
right (see lemma , which is an element of the vector space spanned by curves of
fine combinatorial type (o, <) in which the loop is closed. We do not have to consider the
weights of the facets in this calculation because they are all equal (since the weight of a
facet only depends on the combinatorics in and at the loop of the corresponding curves).

F, F;,
Fy Fy F3 Fy
ﬁe\%ge length is one
Fs I

FIGURE 12.

e Assume that v(Fy) € V(ar))o, v(F;) € V(aip)o for i € [3] and v(Fy) € V(apr))o. The
well-spaced resolutions are shown below, where i € [3]. The sum over the representatives
of the normal vectors is the same as in the previous case, see again lemma Again,
the weights of the facets corresponding to the resolutions are all equal.
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Fi F4 F1F2F3
F,

e Finally assume that v(F3),v(Fy) € V(ap))o and v(F1),v(F2) ¢ V(ar)o- In this case,
(aF), <[rp) is not well-spaced: Let the hyperplane H C R™ be given by H = V(a(p)) <o-
Then it holds Fyg = {Fy, F»}, #F g = 2 and («, <) is not well-spaced. Hence, we do not
deal with this case.

Proposition 3.3.12

Let (a, <) be a regular fine combinatorial type of codimension one in M ;(A,R™) (i.e. o has only
vertices of genus zero) and let (C, h) be of fine combinatorial type (o, <). Assume that there exists
d > 0 with #V4 > 0 and dim V;/V.q = #FSy; — #P4 — 2. Then, for all flags [F] in the loop of «
that fulfill v([F]) # 0, the weighted subcomplex U (), <[r]) of Mo 1 (Arpy, R™), whose support
contains all curves whose fine combinatorial type specializes to (a(p}, <(py), is a tropical fan.

PROOF. Since (C, h) is regular, there exists a flag F' in the loop of (C, h) whose direction vector
v(F) is non-zero. It follows from proposition [3.2.18 and lemma|3.2.27|that for all fine combinatorial
types (apy, <p)) < (8, <p) in Mo p(Ap),R™) there exists P € Parq(Cp, hr) such that

(B,<p) = ()P (L)) P)-

Since all ((or))p, (L[F))p), P € Parg, have the same combinatorics in and at the loop as the fine
combinatorial type (g}, <(r), all facets of U(ar), <(r)) have the same weight

Aut(a) - w(a).

We claim that, for all pairs of flag segments F, F» € FS4(C, h) of distance d to the loop which both
lie behind the same vertex v € Py, there exists precisely one partition P € Pary(C, h) that fulfills
that F; and F> belong to the same set, i.e. that fulfills that there exists P € P with Fy, Fy € P:

Remember that all partitions P € Pary are strictly finer than the partition {F,},cp, given by the
points with distance d to the loop. Assume that there are two different partitions Py, Ps € Pary
that are strictly finer than the partition {F,},ecp, given by the points with distance d to the loop
such that F; and F5 lie in the same set in both partitions, i.e. there exist sets P; € Py and P>, € Po
such that Fy,Fy € P, and Fy, Fo € P>,. Then, in addition to the balancing condition at points
p € P, there exist two equations

> A v(F)€Vegand Y AR vE(F) € Vg
FeFS, FeFS,

that induce different partitions Py, P2 such that v¥(F;) and v¥(F3z) have the same coefficients
in both equations, i.e. A, = i for i € {1,2} (see for the construction of the partitions
Py, P2). In particular, the two equations are independent. Due to dim Vy/V.y = #FS;— #P4—2
the weighted direction vectors v¥(F') of flags F' € FS, with distance d to the loop fulfill altogether
only two independent relations modulo V.4 in addition to balancing. It follows that all such
equations ) pcpg, Ar - v¥(F) € Vg fulfill Ap, = Ap,. Using lemma this is a contradiction
to the d-well-spacedness of (Cr, hr).

Next, we show that for two flag segments Fi, Fy € FS; that lie behind one point p € Py there
exists a partition P € Parg which is strictly finer than the partition {F,},cp, given by the points
with distance d to the loop and which fulfills that there exists P € P with Fy, F5 € P. Since

dim Vd/V<d = #FSd - #Pd -2
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there exist two independent relations

> N v(F) €Vegand Y AL vE(F) € Vg
FeFS, FeFS,

in addition to balancing at points with distance d to the loop. (Balancing implies that, for all
points p € Py with distance d to the loop, the sum over the weighted direction vectors of flags
that lie directly behind p seen from the loop lies in Vg4, i.e. EFer VO(F) € Veg.) IE A = A,
or )\%1 = )\%2, we define P as the partition corresponding to this equation, see construction |3.2.26

Otherwise, it holds A, # Aj, and A3, # A%,. Due to balancing at the points p € P4, we can
assume without loss of generality that

Ay, =A%, =1and A, = A, =0.
Hence, the coefficient both of v¥(F;) and v¥(Fy) is one in
> (b 2F) v (F) € Ve,
FEFS,

Assume that the partition defined by this equation is {F,},cp,, see again construction
Then it holds Al + Mg, = Mg, + A&, for all pairs of flag segments Gy, G € FSy with distance d
to the loop that lie behind one vertex v € Py, i.e. there exists v € Py such that G;,G2 € F,,. It
follows that for all p € P, there exist 7, € R such that A% = r, — AL for all F € F,. This is a
contradiction to the prerequisite that

> A v(F)€Vegand Y AR vE(F) € Vg
FeEFS, FeFS,

are two independent relations in addition to the balancing condition (3. pep, v¥(F) € Vca) at the
points with distance d to the loop (which is 3 pep v¥(F) € Vea).

Let P € Pary. A representative vp of the normal vector U((agm)p (<r)) )/ (are,<(ry) 1S Siven by

vp = Z UA(p)

where A(P) C Appj U (I U {A, B}) is defined in construction [3.2.23| and where v; is defined in
[1.3.15( and [1.3.25 for a subset J C App U (I U {A, B}). It follows from lemma [1.3.16| that

vappy = Z V{jr,i2}
J1,J2€A(P)
= Z Z V{j1,52} + Z Z V{j1,52}
F1,Fa€P, j1eA(F), FeP ji,joeA(F)

F1#F2  ja€A(Fy)

> (varuaw) = vam) — VaE)) + Y VAR
Fy,F,eP FeP

and hence

vp = Z Z (VA(FHUA(F:) — VA(R) — VA(R)) | T Z VA(F)-
PcP F1,F,eP, FeFS,
F1#Fy
All P € Parg are refinements of the partition {F,},ecp, given by the vertices in the loop and for
all pairs Fy, Fy € FS; of flag segments that lie behind one point p € P4 there exists precisely one
partition P € Pary and one element P € P with Fy, Fy € P, see above. We conclude (again with
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lemma |1.3.16|)

Z P = Z Z Z (VA(F)UA(R) — VA(R) — VA(R)) T+ Z UA(F)

PePary PePary \ PEP F1,F2€P, FeFS,
Fy £

Z Z (UA(Fl)UA(Fg) —VA(F) — UA(FQ)) + # Parg - Z VA(F)

pePy Fy,Fa€Fp, FeFS,
F1#F3
= Y vaw, + #Parg—1) Y var) € Wlagrp, <im),
pePy FeFSy

where W (ap), <[r)) is the smallest linear space containing all curves of fine combinatorial type
(aqr), <(rj) which fulfill that the loop is closed, i.e. evqa = evp and [, = [, in the notation of
construction B.3.4 O

In the rest of the section, we will deal with case b) of the lemma above and prove the following
proposition.

Proposition 3.3.13
Let (a, <) be a regular fine combinatorial type of codimension one in Mj ;(A,R™) that fulfills

dlm‘/b/V<0 = #FSQ — #PO — 1.

Then, for all flags [F] in the loop of «, the weighted subcomplex U(a(py, <[r)) of Mo 1 (A(r), R™),
whose support contains all curves whose fine combinatorial type is a resolution of (a, <), is a
tropical fan.

Assume in the rest of this section that « is a regular combinatorial type in P;(A,R™) that fulfills
dim Vo/V<0 == #FSO - #PO —1

and that F' € F(a) is a flag in the loop of « that fulfills v¥(F) # 0. If we talk about («, <), we
mean a well-spaced combinatorial type in My ;(A,R™) of codimension one that fulfills the same
condition.

A maximal fine combinatorial type (3, <g) in U(apy, <[r]) that specializes to (ar}, <|r)) can have
either additional edges in the loop or additional edges outside the loop. Additional edges both
outside and inside the loop are not possible because the codimension of («, <) is one and because
well-spacedness is a condition on the lengths of edges outside the loop only. We are going to study
these kinds of resolutions separately, starting with those that have only additional edges inside the
loop.

We will describe the intersection product
X = (lp = 1g)"{0} - (eva —evp)* (V(ar)) - X(oyr))
combinatorially, where the notation is the following.

Notation 3.3.14 (V(ap)§, lp, lg, €va, evp, X(ajp))

Denote by V(a))§ a complement of the linear space V(cp))o spanned by the direction vectors
of the flags in and at the loop of ajp). Remember that U(ajr)) C Mo 1(Ap), R™) is the open
subvariety whose support consists of the curves whose combinatorial type specializes to ap}, and
all facets are equipped with weight one. Denote by 1,1, : U(ar)) — R the maps that map a curve
(C,h) € U(oyp)) onto the lengths of the edges £ (between p and p’) and E’ (between ¢ and ¢’)
which we glue together to close the loop of o[z}, where we use the notation of construction
Moreover, define ev4,evp : U(oqp)) — R™ as the evaluation maps of A, B € I' = I U {A, B}, the
marked points we glue together to close the loop of apy.

Denote by X(cp)) the open subvariety of U(cp)) that consists precisely of the curves whose
combinatorial type specializes to ar) and in the specialization process only edges in and at the
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loop are contracted, i.e. the combinatorics away from the loop are the same for all curves in X(ap))
and we resolve only vertices in the loop of ajgy.

We will describe the facets of
X = (lp = 1lg)™{0} - (eva —evp)*(V(ar)5) - X(ory)

combinatorially and will determine their weights. Our aim is proposition which describes
the balancing condition at the polyhedron of X containing curves of combinatorial type aqp
combinatorially. (We will show that this polyhedron has codimension one in X.) The resulting
equation will be used to prove balancing of U(ajpy, <[r)) and thus to prove proposition

Lemma 3.3.15
Denote the number of bounded edges of a|x) that are outside the loop by bq . Then it holds

dim X(ap)) = bayy +dim Vo +m + #Pg — dim Vg + 2

arr)
and
dim X = bo,) +m + #Po —dim Vg + 1.

ProOF. Since in X(ap)) we allow to resolve only the vertices in the loop of ajp) and since
combinatorial types in X(ar)) have at most #FSg + 1 edges in the loop (where one edge length
in the loop is determined by [, = I,), it holds

dlmX(a[F]) = ba[F] +#FSg+1+m
= bajp +#FSo+1+m+ #Po — #Po +dim Vo — dim Ve
= ba[F] +dim Vo +m + #Py — dim Vg + 2

because dim Vo /Voo = #FSg — #Po — 1. (The term +1, instead of —3 appears in the first line
of the equation because of the four marked points x4, xp, 7., . in the loop of a[p that arise
when cutting the flag [F] of a in the construction of apy.) It follows

dim X = b, +m + #Py — dim Vg + 1.

Lemma 3.3.16
It holds

supp X C (eva —evp) {0} N (I — Ig) ~ {0} N {(D, 9) € X(agr))IV(D, g)o = V(er))o}-

Proor. Using corollary (which states that the pull-back is contained in the preimage),
for (D, g) € supp(X) it holds (eva —evp)(D,g) € V(oqp)§ and I,(D, g) = l4(D, g). It also holds
(eva—evp)(D,g) € V(ap))o due to the combinatorics of (D, g). (The direction vectors of all flags
in a path around the loop from A to B are contained in V(a(r))o.) We conclude

eva(D,g) —evp(D,g) € V(aip)o NV (app)s = {0}

Let us check that V(D,g)o = V(ap))o for all (D,g) € supp(X): It holds V(D,g)o C V(ar)
for all (D, g) € supp(X) since the combinatorial type of (D, g) is a resolution of afz. So let 3
be a combinatorial type such that supp X contains curves of combinatorial type 8 and assume

that V(8)o € V(ajpy)o. Then we choose a lattice basis wi, ..., ws of V(ap)§, extend it to a
lattice basis w, ..., w, of a complement V(3)§ of V(8)o, where s is strictly smaller than r, and
to a lattice basis wi,...,w, of R™. For r < i < m, define the functions ¢; : R™ — R by

> jepm A - wy = max{A;, 0}, which fulfill

V(o)) = supp H ¢; - R™

s<i<m
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It therefore holds
(eVA —eVB)*(V(a[F])S) . X(a[p]) = H (eVA —eVB)*(bi . X(a[F]).
s<i<m

All curves (D, g) whose combinatorial type specializes to 8 fulfill V(D,g)§ C V(5)§. With the
same argument as above, wee see that (evq —evp)(D,g) = 0 if the fine combinatorial type of
(D, g) specializes to § and if (D, g) is contained in the support of

X' = (eva—evp)*(V(B)§) - X(oqp)) = H (eva—evp)* i - X(ory).

Hence, for s < i < r, the restriction of ¢; o (eva —evpg) to U(8) Nsupp(X’) is the zero function.
(U(P) is the fan containing all curves whose combinatorial type specializes to 8.) Since

X = H (eva—evp) ;- X',
s<i<lr

this implies that U(8) Nsupp(X) is empty, which is a contradiction. O

Example 3.3.17

We illustrate the result of the previous lemma. Consider the well-spaced combinatorial type a(p)

in R3. (Again we do not illustrate the cut ﬂag [F]) Assume that V(oqp))<o = (e1,e2), that
(F;) & V(o)) <o for i € [3] (i.e. V(ap))o = R*) and that the third coordmate of v¥(Fy) and

v¥(F3) is greater than zero. Hence, due to the balancing condition the third coordinate of v¥(F3)

is smaller than zero.

Iy Fy Fy
a[F)|
Fy s

Since it holds, according to the last lemma, that V(D,g)o = V(ap)o for all curves (D,g) €
supp(X), curves of the combinatorial type shown below do not appear in the support of X.

XX

Since the loop is closed for all curves in supp(X) and since v(F;) ¢ V(oqp))<o for i € [3], the curves
in supp(X) have one of the following comblnatorlal types Where i1,42 € [3] and iy # i2 and where
J1,J2 € {1,2} with j; # ja. (Since the third coordinate of both v¥(F}) and v¥(Fy) is greater than
zero and since the loop is closed, it holds j1, j2 # 3 in the figure on the right.)

FA
. Fjl Fj2
Fy Fs Fy
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Notation 3.3.18 (¢(8))

Let ajr; < 8 be a combinatorial type of curves in X(aqg}). Then we denote by o(3) the poly-
hedron which contains all curves (D, g) of combinatorial type 8 such that the loop is closed, i.e.
(eva—evp)(D,g) = (I, — 13)(D,g) = 0. o(8) may be empty.

Corollary 3.3.19
o(ajp)) has codimension one in X.

. D F i i i . J.
PROOF. Due to lemma [3.3.16, o(aqp)) is contained in supp(X). Due to lemma 3.3.15} it has
(|

codimension one.

If o) < B is a combinatorial type and if there exist curves of combinatorial type 8 in X, 3 has
- compared to ajp) - either additional edges inside or outside the loop. This is true because the
intersection product X does not impose conditions on the edges outside the loop and because a[py
has codimension one.

We study first the facets o(3) of X that fulfill that 5 has, compared to a|p, only additional edges
inside the loop.

Notation 3.3.20 (A € Parg(ax)))
Due to
dim V' (ajry)o/V (apry) <o = #FSo(ar)) — #Polor) — 1,
the weighted direction vectors of the flags [F] € FSq at the loop of ayp) fulfill only one relation
modulo Vg of the type
> Ay vEF) € Veolagr)
[F]eFSo
in addition to the balancing condition at the vertices v € Vg in the loop of ap). It follows
that Parg(ag)) (see construction contains precisely one partition that strictly refines the
partition {F, },cv, given by the vertices in the loop of o). Denote this unique element by

Ae Paro(a[p]).

Lemma 3.3.21

Let o) # B be a combinatorial type in the intersection product X that has, compared to ap,
only additional edges inside the loop. Assume o(8) # 0. Then, the partition of the flags at the
loop of 8 given by the vertices in the loop of g is A, i.e.

A=A{Fu}vevy(s):
where we identify a flag at the loop of 3 with the corresponding flag at the loop of a(r). Moreover,
the weight of o(f) in X is
2- ind(a[p]).

PROOF. Due to dim V' (ajp)o/V (o)) <0 = #FSo(or)) —#Po (o) —1, the weighted direction
vectors of the flags at the loop of « fulfill only one relation modulo V(ajp))<o in a addition to
balancing at the vertices in the loop, namely the relation that defines A.

Since $# has, compared to aqp, additional edges only in the loop of aygy, it holds V(8)o = V (a[r))o-
Moreover, each flag [G5] at the loop of 3 corresponds to a unique flag [G] at the loop of ajp). The
two flags have the same weighted direction vector and we denote both of them by [G].

There exist pairwise different A(,) € R such that

(IFD= Y (A Y w@®@ V(e E)) | € Viap)<o,

[v]€Vo(B) [(p,E)EF(B)
see lemma (3.2.150 Since 3 # oy, it follows
A=A{Fy(B)}vevo(s)

and the weighted direction vectors of the flags at the loop of 5 fulfill no relation modulo V()<
in addition to balancing at the vertices in the loop.
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Let us calculate the weight of a facet o(8) of X. Since the weighted direction vectors of the flags
at the loop of 8 fulfill no relation modulo V(8) < in addition to balancing at the vertices in the
loop, it holds

dim V (8)0/V (8) <o = #FSo(8) — #Po(B).

Since the pull-back is contained in the preimage and since V(aqp))o = V(8)o, for small generic
€ > 0, the intersection product

Xe=(lp = 1g)"{0} - (eva —evp)"(V(amm)s + €) - X(aqry)

is an intersection of hyperplanes in a unique facet of X(ap)), i.e. all vertices in the loop of 3 are
3-valent. Hence, the weight of the unique facet o, of X, is given by the index of the restriction of
the map (I, — lg) x (eva —evp) to o, sce lemma[1.2.9] The index of this map is

2 - ind(L(F)<0),

where L(8)<o is the lattice spanned by the weighted direction vectors of the flags in the loop of
B. This is true because we run around the loop of £ in order to get from the marked point x4
to the marked point xp and because the factor 2 comes up due to the condition [, = I,. It holds
L(B)o = L(B)<o because the vertices in the loop of § are 3-valent. Since the weighted direction
vectors of flags at the loop of 3 are the same as those of flags at the loop of |y, it holds moreover
that

ind(L(8)o) = ind(L(yp))o) = ind(a).

Since V (aypy)§ and € + V (aqp))§ are rationally equivalent, for small € also X and X, are rationally
equivalent, see It follows that the weight of o(/) in X coincides with the weight of o, in
X, which is 2 - ind(aqgy). |

Next, we study the facets o(3) of X that fulfill that 3 has, compared to op}, only additional edges
outside the loop. They will be given by

(ar))pr
for P’ € Pp(ap) C Po(a[F]), where Pp(q,,)) is defined below. See also example (3.3.17

Notation 3.3.22 ( I(P,P’), Po(am), Ppy(agm) F(P')1, F(P")2)
For partitions P, P’ € Po(a[F]) = P({F[y]}[v]epo(a[F])), we denote by I(P,P’) the coarsest common
refinement of P and P’, i.e.

IP,P)={PiNP,#0|P,eP,P,eP}.

Denote by Po(ar)) € P(aypy) the finest partition Po(aqp)) = {{[F]}|[F] € FSo(am)} of the set
of flags at the loop of ajp).

We define Pp,(4,,) as the set of partitions in P°(ayp)) that arise from the finest partition Po(oyg))
by uniting two flags which lie behind the same vertex in the loop of o[} and which are contained
in different elements of A, i.e.

PPo(a[p]) = {P € PO(OK[F]”#I(,P,,P()(O&[F])) = #P + 17#1(737-/4) = #P + 1}

For P’ € Ppy(a(y)), we denote by F(P’)1, F(P')2 € FSo(ary) the two different flags at the loop of
aqp) that fulfill {F(P');, F(P'),} € P'. All other flags F' € FSo(agp) fulfill {F} € P'.

Lemma 3.3.23

Let ap) # B be a combinatorial type in X(a[p]) that has, compared to o, only additional edges
outside the loop. Assume moreover V(8)o = V(a(p})o. Then, there exists P’ € Pp, (4 ) such that
B = (o)) pr, and it holds V(ap)o = V(aqg))o for all P € Pp . Moreover, the weight of o(f)
in X is

OC[F])

2 -ind(B) = 2 - ind((a(g))p)-
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ProoF. First, we show that V(ap)o = V(ar)o for all P’ € Pp, (o)
Let P' € Pp,(ay)- 1t holds

dim V(a[F])O/V(a[F])<0 = #FSO(Q[F]) — #Po(a[p]) — 1,

and the weighted direction vectors of flags at the loop of ap fulfill only one relation modulo
V(aqr))o in addition to balancing at the vertices in the loop of ajgj, namely the one that defines
A. There exist two different Ay, As € A such that F(P’); € A; and F(P')s € As. It follows that
the weighted direction vectors

ve([F]) with [F] € FSo(a(m) \ {F(P")1, F(P')2} and (v¥(F(P)1) + v (F(P')2))
of flags at the loop of ap fulfill no relation modulo V((ayp))p)<o C V(p))<o in addition to
balancing at the vertices in the loop of (ajp))p/, i.e.

dim V' ((agzy)p)o/V ((air)p) <o = #FSo((ry)pr) — #Po((apm)pr)-

Due to #FSo((am)pr) = #FSo(arr) — 1, #Po((ar)p) = #Po(ar)) and V((r)pr)<o =
V(or)) <o, it follows

dim V((Oé[F])p/)O = dim V(a[p])<0 + #FSo(Oé[F]) — #Po(a[p]) —1=dim V(a[p])o.
Since V ((ar))pr)o C V(ajpy)o, we conclude V ((aypy)p)o = V(agp)o-
Let now 8 be as in the statement of the lemma. Since 8 has, compared to oz, only additional

edges outside the loop, there exists P’ € PO(Oé[F]) such that 8 = (ap))pr. Since V(8)o = V(ar))o
and

dim V(a[F])Q/V(a[F])<Q = #FSO(Q[F]) — #PQ(Q[F]) —1,
it holds that #P’" = #FSo(ap)) — 1 and that P’ is not finer than A € Parg(agp)). We conclude
P e PPo(Oc[F])'
With the argument with which we have already calculated the weight of a facet of X in the last
lemma, it follows that the weight of o(3) = o((ap))p/) in X is

2-ind(B) = 2 - ind((ap))p).

Corollary 3.3.24
It holds

supp X = (eva —evp) {0} N (I, — 1)~ {0} N {(D,g) € X(am)|V (D, g9)o = V(ar))o}-

PROOF. Since o(aF)) has codimension one in X (see corollary and since the intersec-
tion product imposes only condition on the edges inside the loop, a maximal combinatorial type
B in X has, compared to ap), either additional edges inside or outside the loop, but not both.
Hence, the claim follows from lemmata [3.3.16] [3.3.21] and [3.3.23] O

The following proposition is a combinatorial description of the balancing condition at the poly-
hedron o(ajp)) of X containing curves of combinatorial type ajp; which fulfill that the loop is
closed. Remember that X(aqg)) contains all curves whose combinatorial type specializes to aqg
and in the specialization no edges outside the loop are contracted. Remember moreover that it
holds {F(P’)1,F(P’)2} € P’ (see notation for all partitions P’ € Pp(a,) of the flags at
the loop of ap.

Proposition 3.3.25
Let ajp) < ai,...,a; be the combinatorial types in X(ap))

e that have, compared to apj, only additional edges inside the loop,

e that fulfill A= {F,},cv,(a,) and

o that fulfill that the loop of «; can be closed, i.e. there exists a curve (D, g) of combinatorial
type «; that fulfills ev4 (D, g) = evp(D,g) and I,(D, g) = l4(D, g).
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For j € [i], let v* be a representative of the primitive normal vector u,
components outside the loop, i.e. only edges inside the loop. Then it holds

D that has no

‘Xj)/U(a[F

ind(apy) - Zwaj + Z ind((ap)pr) - Z Vg0t | € Wlo(age)),
j=1

’P/GPWO(U‘[F]) J'1€A[F](F(7’/)1),
J2€A[F|(F(P)2)

where @/[p] is the specialization of ajp) in which precisely the edges outside the loop are contracted
and where W (o (@[z])) is the smallest linear space containing all curves of combinatorial type apz]
such that the loop is closed.

PROOF. The polyhedron o (o p)) has codimension one in X, see corollary [3.3.19, Hence, X is
balanced at o(ayp)). It follows from the two previous lemmata that the facets of X are given by
o(ai),...,o(a;) and by o((aip)pr), P' € Ppy(ayy)- Their weight is 2-ind(a;) = 2 - ind(ap)) and
2-ind((ary)pr), respectively. A representative of the normal vector te((ap)pi)/o (o) 1S given by

VA1 (F(P')1)UA [ (F(P)2)»
where F(P’); and F(P'), are the two distinguished flags at the loop of o) that fulfill
{F(P")1,F(P")2} € P,
see construction [3.2.23] and notation [3.3.22] Another representative is given by

Z U{j1,52}

J1EA[R(F(P)1),
J2€A R (F(P)2)

since

VAp|(F(P')1)UAp1(F(P")2) = Z Vijiga} | T VA1 (F(P')1) + VAp|(F(P)2)"
.jleA[F](F<7)/)1)y
J2 €A R (F(P")2)

Since X is balanced at o(a[p), it follows that

s = Z ind(a[p])-Ua(ai)/a(am)—i— Z ind((ar)pr)- Z Vgt | € Wlolagm)).
JEld] P/EPPO(Q[F]) J1€A R (F(P)1),
J2€A[F(F(P)2)

Since the curves v/, which are representatives of the normal vectors uq , were chosen in

a way that they contain no components outside the loop and since

Z V{j1,52}

J1 EA[F](F('P/)l),
J2€A[F)(F(P)2)

aj)/o(arry)

contains no edges that appear outside the loop of a[pj, also s contains no edges outside the loop,
i.e. s € W(o(apg))- O

As a next step, we study the set of maximal fine combinatorial types in My ;(A,R™)™8 that have
- compared to (a, <) - only additional edges outside the loop. Remember that
dim Vp(a)/Veo(a) = #FSp(a) — #Pg(a) — 1,

that (a, <) is a regular fine combinatorial type of codimension one in M; ;(A,R™) and that [F]
is a flag in the loop of « that fulfills v([F]) # 0.

The following notation is used to describe the well-spaced resolutions of (apj, <[p)) that have only
additional edges outside the loop. For simplifying notation, we set (v, <) == (ar}, <jp))-



3.3. A TROPICAL STRUCTURE ON M; (A, RM)ree 83

We are interested in the set W(y) C P%(y) defined below because a fine combinatorial type
(yw, <y ) is well-spaced if and only if W € W (7y), see lemma |3.3.28

Notation 3.3.26 (W (7))
Remember that A is the unique element of Parq(7) that is strictly finer than {F,},ev, (). Define

W) = {W e P°())|W # Po(y), #(ANW) < IVIW € WVA € A},
where Po(v) = {{[F]}}1rieFs,(y)- We just write W if no confusion can occur.

Example 3.3.27
Here is an example of W (y) for the following combinatorial type v in R* for which we assume
dimV(y)<o =2 and dim V() = 4.

F\ Fy F3 F,

Fs Fs

o Assume that A = {{F;}|i € [6]} and that v(F;) ¢ V(v)<o) for i € [4]. Since there do not
exist vertices outside the loop, 7 is a well-spaced combinatorial type and it has codimension
one in the corresponding moduli space. It holds

W(y) =P(7) \ {Po(7)}-

The fine combinatorial types (yw,<w) for W € W(v) are shown in figure where
i1,12 € [4] with 43 # ip and ¢ € [4]. The bounded edges outside the loop in the second
curve from the left both have the same length.

F\ Fy F3 F,

Fy, F, Fy, F,
>Xf/ \iﬁf/ \§i&f :X:

FiGure 13.
o Assume that A = {{F1, F3}, {F, Fa}, {F5}, {Fs}} and v(F;) ¢ V(ajp) for i € [4]. Again
v is well-spaced and has codimension one in the corresponding moduli space. The com-

binatorial types (yw, <w) for W € W(~) are shown in figure where i1 € {1,3} and
iz € {2,4}. The bounded edges outside the loop in the curve on the left both have the

same length.
Fi F;, F, F;,

FIGURE 14.
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Lemma 3.3.28
Let W € P°(«) be a partition of the flags at the loop of 7 that is finer than the partition given by
the vertices in the loop of 4. Then (v, <yy) is well-spaced if and only if W € W (y).

PROOF. Let (8,<g) be a well-spaced fine combinatorial type of curves that specializes to
(7, <) and that has only additional edges outside the loop compared to (v, <). Then there exists a
unique P € P°(v) such that (3, <g) = (yp, <p). Assume that there exists P € P and A € A with
#(A N P) > 2. Denote by [Fi], [F2] two different elements of AN P. Since dim V' (7y)o/V (7)<0o =
#FSo(y) — #Po(y) — 1 and since there exists a vertex [v] € V¢ such that [F], [F>] € F[y), it holds

(V(v)<o U{v([FDI[F] € FSo(1) \ {[F1], [F2]}}) S V(7)o
Hence, there exists a hyperplane H C R™ that contains all v([F]), [F] € FSo(7), except v([F}])
and v([F3]). This is a contradiction to the well-spacedness of (yp, <p).

Let now W € W () and let (Cyy, hyy) be of fine combinatorial type (v, <yy). If there exists
no vertex outside the loop of vy, (1w, <w) is well-spaced. So assume that there exists a vertex
outside the loop of vy, and let the minimal distance of a vertex in C)y to the loop be d. The
combinatorics of C)y at distance d to the loop is given by the partition W. A point P € supp(Cyy)
with distance d to the loop corresponds to an element W € W and the flags behind the point p
correspond to the flags [F] € W, in particular these corresponding flags have the same weighted
direction vector.

There exist pairwise different A4, A € A, such that
Do Aa Y v(IF) € V(<o
AcA [FleA
It holds #ANW <1 for all A € A and all W € W. Due to the balancing condition at the points
p € Va(Cw) (X per, V¥ (F) € V<a(Cy)), there exist hence pairwise different Ap € R such that
Z Aw - Z v([F]) € V(Cw,hw)<a D V(7) <0
[F]EFSo(7) [Flew

Tt follows that (Cyy, hyy) and (awy, <yy) are well-spaced. O

Lemma 3.3.29
Let I,k,a € N with 1,a <1 < k. Then it holds

! .
(1 k! 0 ifa>0
-1) k+l—i—a)l=<"
Z; )<>®—)( i-a) {MJL it a=0.
PROOF. We denote the constant term of a Laurent polynomial by CT(-). It holds

}é@&f(g(k?)(k+l—i—aﬂ:§é@ﬂy<9<k+é:i_a>.M.U_aﬂ

=0

k+lza
)1+y >.m.a—@!

o]
(> gt (14 y)ktis “).kl.(l—a)!
y

(1+y)? yk

_ CT<(1(1+y)) (1+Z):Ha>'k!.(la)!
((1iy)l(l+z):+la)'k!'(l_a)!:CT<((1+;£I€(l>>~k!-(l—a)!

B 0, ifa>0
KD, ifa=0.
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O

The following notation appears in the proof of proposition [3.3.13| and in the next two lemmata
needed for this proof.

Notation 3.3.30 (n(W, P), p(W, P), w(OW,P))
Let W < P € P%(y). For P € P we define

a) n(W, P) = #{W € W|W C P} as the number of elements of W contained in P,
b) pOW, P) = (=1)""VP) =L (n(W, P) — 1)L,
c) wW,P) = [lpepp(W, P).
Lemma 3.3.31
Let P € PY(v) such that #I(A,P) > #P + 1, i.e. the coarsest common refinement of P and of

the distinguished partition A € Parg has at least two elements more than P. Choose two flags
Fy, Fy € FSy at the loop of 7. Then it holds

E wW,P) =0,
WEW (7): WP,
IWEW:F| ,FoeW

i.e. the sum runs over all partitions W € W which are finer than P and which fulfill that there
exists an element W € W that contains F; and F5.

Example 3.3.32
Let us illustrate the previous lemma with the example of the combinatorial type v in R* shown in
figure Assume dim V (7) <o = 2 and V(7)o = R*. Assume moreover

A= {{Fl,Fg}, {FZ}"L € {2,4,5,6}} and P = {{Fl,FQ,Fg,F4}, {F5}, {Fg}}
It holds I(A,P) = A and hence #I(A,P) =5 = #P+2. Let Wp C W(y) be the set of partitions

Fy Fy F3 Iy

Fy Fy
FIGURE 15.

W € W(v) that are finer than P (i.e. W < P) and that fulfill that there exists W € W with
Fi,F, € W. It holds Wp = {W,},c[3 with

o Wi ={{F, Fo}} U{{F}]i € {3,4,5,6}},
L W2 = {{F17F2}, {F37F4}, {F5}, {Fg}} and
° W3:{{F1,F2,F4}}U{{Fl}|le {3,5,6}}

The combinatorial types vy, are illustrated below.

"y "y Fs Fy M Fy Fy
F3 F4 F3

A% TWo TWs
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The only element P € P with #P > 1is P = {1,2,3,4}. Thus, it holds
S e p) = ST (0P o, p) - 1))

WEWp ie[3] PeP
(-1 @ -1)+2- (1> 2 -1
0

In the notation of the proof below, it holds Q = {Fy, Fs, F5, Fy}, Ay = {F1, F3}, Ay = {F3} and
A= {Fy}.

Proor oF [3.3.31] Denote by Wp the subset of W(«y) that consists of all W € W () which
refine P and for which there exists W € W with F,Fy € W, i.e. Wp is the set over which the
sum in the statement of the lemma runs. Let W € Wp C W(y). Then it holds #(ANW) <1
for all A € A and all W € W. Since there exists W € W with Fy, F» € W, there exist different
A1, Ay € A such that Fy € Ay and Fy € As. Due to #1(A,P) > #P + 1, there exist moreover
Ay, As £ A€ Aand Q € P such that § # ANQ C Q. Define

Wang = {W e WplvF e ANQ: {F} e W},

i.e. all elements of AN Q are contained in separate sets of order one. For W € W 4~ p define WW
as the set

[W<YeWplvy ey:(3W eWand FEANQ:Y =WU{F}or Y =W or Y = {F})},

i.e. WY contains the partitions W < ) < P contained in Wp which are constructed from
W € W 4 by uniting elements of W contained in @ \ A with elements of W contained in AN Q.

Remember that for W € Wp C W(x) it holds #(A'NW) <1 forall A’ € Aand al W € W'.
Since all elements of Wp are finer than P and since Fy, F» ¢ A, it holds
_ w

Wp = UWewAmQ '
Fix an arbitrary W € Wyng. It holds | == #(ANQ) >0and k = {W e WW Cc Q} -1 >1
because § C ANQ C Q. k is the number of elements of W that are contained in Q and whose
intersection with A is empty and k + [ elements of W are contained in . Assume [ < k. All
elements of W are of the following form:

Choose 0 < i <[ elements {F1},...,{F;} € W with {Fy,...,F;} C ANQ and take the union
{F;} UW; with pairwise different W4,...W; € W that fulfill W; C Q and W; N A =0 (j € [i]).

There are (l) . (k’fi)! possibilities to do this. The resulting partition Y € W' has precisely k+1—i

%

elements which are subsets of Q. We get

yeww
= > I @, p) - 1)
YEWW PeP
L k! o ‘
= ;(J (k —1)! (—1)(k+l )L((k-l—l—z)—l)! Pl;[)’p(va)
l
— ()R-, AN L
(-1) };gap(W,P) 2_%(( 1) (z)(k—z)' (k—1 1)!>
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If £ < I, we reverse the roles: We choose 0 < i < k elements Wy,..., W, € W that fulfill
Wi,...,W; C Q and Wy,...,W; N (AN Q) = 0 and take the union W; U {F;} with i elements
€li

{F1},...,{F;} € W that fulﬁll F; € ANQ, j € [i]. Then we get the same result.
The claun follows because .
_ w

Wp = UWeWAnQW '

O

Remark 3.3.33

Assume that P’ € P°(y) and #I(P’, A) = P’ + 1. Then there exist two distinguished elements
Py, P, € I(P', A) and different Ay, Ay € A which fulfill (P, UP) € P, P, C A and P, C A,. For
all elements Py, P> # P € I(A,P’), there exist P’ € P’ and A € A with P =P’ C A.

Lemma 3.3.34
Let P’ € PY(v) such that #1(A,P’) = #P’ +1. Denote the two distinguished elements of (A, P’)
by P, and P,, see the remark above. Let F; € P; and F, € P,. Then it holds

> wW, Py = J[ 0#F i #P -1

WEW WP/, PeI(A,P)
IWEW:Fy ,FoeW

Example 3.3.35
Let us illustrate the previous lemma with the example of the combinatorial type v in R* from
example [3.3.32] Assume again dim V (y) <o = 2 and V(7)g = R*. Assume this time that

A= {{F\, F3},{F>, Fy}, {F5},{Fs}} and P’' = {{F}, F», F3, Fy}, {F5}, {Fs}}.
It holds I(A,P’) = A and hence #I(A,P’) =4 = #P' + 1.

Let Wy C W(7) be the set of partitions in W € W () that are finer than P’ (i.e. W < P’) and
that fulfill that there exists W € W with Fy, Fy € W. It holds Wp: = {W,}cjg) with

W1 = {{1,2}} U {{FZHZ < {3,4,5,6}} and WQ = {{Fl,FQ}, {Fg,F4}, {F5}, {F6}}

The combinatorial types yw,, 7w, are illustrated below.

F1F2 F1F2 F3F4
F3 Fy

YWy YWy

The only element P € P’ with #P > 1is P = {1,2,3,4}. It holds

> e ) = 3 I (0P v, Py - 1))
WEW 5, i€[2] PEP’
(13- D+ (-1 2 - 1)t
=1

- H (=1)#P=1(#P —1)!

PeI(A,P)

In the notation of the proof below, it holds @ = {Fi, F», F3,Fy}, P, C A = {Fy, F3} and
P, C Ay = {FQ,F4}.

PROOF OF LEMMA [3.3.34] Define
W = {WeWW <P, 3w ew: i, R ew}

as the set over which the sum in the lemma runs. Define Q = P U P, € P’ and let A1, Ay € A be
the elements that fulfill P, C A; and P, C As.
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According to lemma [3.3:28] it holds that #ANW < 1 for all W € W € Wp, and A € A. Let
W € Wop,. Since W < P’ and since for all Q # P € P’ there exists A € A with P C A, it holds
for all flags F' € FSp(v) \ Q at the loop of v that are not contained in @ that {F} € W. Set
lh=#P — 1,1l =#P, — 1, i.e. #Q =11 + > + 2. Assume without loss of generality I; < 5. All
elements W € Wy, are of the following form:

We start with the partition

({F}IF € FSy\ {Fy, Bo}} U {{F1, F>}} € Wy,
Then we choose 0 < 4 < [; elements

F,.. Fle P\ {F}=(AnQ)\{F}
and unite them with pairwise different elements

FE,...F} e B\ {F}=(4nQ)\ {FH}

There are (l;) . (lzli!i)! possibilities to do this. The resulting partition has l; + I3 + 1 — ¢ elements
that are contained in Q). It follows

= > wW,P)

WEW p/
SN .
-2 (z) Iy — i) RN R | U
=0 2T PEP,Q#P
(71)l1+l2 AR AR H (*1)#P71(#P —1)!
PEP/,Q#P
= II —o#@#p—-1)
PeI(A,P)

O

PROOF OF PROPOSITION 3.3.T3l Remember that (a, <) is a regular fine combinatorial type
in My ;(A,R™) and that [F] € F(«a) is a flag in the loop of a which fulfills v([F]) # 0. (a, <) has
codimension one and it holds

dim V(a)o/V () <o = #FSp(a) — #Po(a) — 1.
Remember that we denote (ajpy, <[p)) by (7, <), for simplifying notation.

The set of maximal fine combinatorial types in U (7, <) that specialize to (v, <) and that, compared
to (v, <), have only additional edges outside the loop, is given by

{Ow, W)W e W)},

see lemma [3.3.28, The weight of a facet of U(y, <) containing curves of fine combinatorial type
(v, <w) is w(yw), see definition m For W € W (v), a representative of the normal vector

Uy, <w)/(7,<) 18 given by
D UAmw);

wew

where Afp)(W) is the set of labels in Az that lie behind the flags G € W seen from the loop and
where VA (W) IS a curve that has only one edge of length one and such that all leaves labeled by
i € Arp(W) sit at one vertex of the edge and all leaves labeled by Az \ Apy (W) sit at the other
vertex, see definition and construction [3.2:23]

For a partition P’ € P%(v) of the flags at the loop of 7, #I(A, P’) = #P’ implies that P’ is finer
than A. Moreover, (yp/, <ps) is not well-spaced if P’ is finer than A (except if P = {{F}|F €
FSo(v)} ¢ W(y), but then (yp/, <p/) = (v,<)). We conclude that #I(A, P’) < #P’ + 1 implies
#I(A, P') = #P'+1 if there exists a “well-spaced” partition W € W () that is finer than P’, see
lemma B.3.28
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For P € P%(y) with P < A define
Pp(7) = {P' € PY())|#I(A,P) = #P' + 1, #I(P',P) = #P + 1},

i.e. Pp(7) consists of the partitions P’ € PY(v) that arise from P by uniting two elements Py, Py €
P whose flags all lie behind one vertex and for which exist two different Ay, As € A with P, C Ay
and P, C Ay. In particular the partitions in Pp(y) are finer than the partition {F(,}jev,(y)
given by the vertices in the loop of 7.

For P’ € Pp(v) we denote the two distinguished elements of P by P(P’); and P(P’)s - they fulfill
that there exist different A1, As € A with P(P’); C A; and P(P’)y C Ay and that there exists a
vertex [v] € V() such that Ay, Ay C F,j(7y). Moreover, it holds I(A, P") = P for all P’ € Pp(y)
and

_ / 0 / / .
UPEPO(7)7P§APP(7) ={P' e P'(NHI(AP) <#P' +1, Ve W: W < P},

With VA(F,Fa) = VA (p) (F1)UA 5y (Fa) — VA[p)(F1) — VA (g (F) for Fi, Fy € FSy we get:

Z #Aut(’}/) 'W(’YW)' < Z UA[p](W))

WeWwW wew

- Z Z w(W,P) -ind(yp) (Z vA F](W>

WEW PepPO(y), wew
W<P

Ililﬁ Z Z lnd(’}”p) Z W(va) . UA(Fth)

F),Fy€FS PePO(y), WEW, WP,
F1#Fy #I(A,P)>#P+1 IWeW:Fy,FaeW
/
+ E E § ind(yp) E wW, P | - vae m)
Fy,F2€FSq ’PEPO('y) P eEPp(y) WeW, WP/,
F1#F, SWEW:F| ,FaeW

+ D Yoo D wVP) | vaua)

0 .
[G]eFSy \ PePO(y) V\y\}%";

The term

> YooY wWP) | vapmaan

0 WeW,
[GleFS, \ PEP(y) WeW

lies in the vector space W(~, <) spanned by the curves of combinatorial type (v, <) for which the
loop is closed. Moreover, it follows from lemma [3.3.31] that

Z Z lnd(’}/’])) Z W(Wa P) ! UA[F](Fth) =0.

F1,F3€FSg PePO(v), WEW, WP,
F1#Fy  2I(A,P)>#P+1 IWEW:F|,Fo €W

For a partition P € P%(y) that is finer than A, i.e. P < A, let P’ € Pp(y). Hence, it holds
#I(A,P') =#P'+1and I(A, P') = P. Remember that we denote the two distinguished elements
of P whose union is an element of P’ by P(P')1, P(P')s € P, ie. {P(P')1,P(P')2} € P'. For
Fy € P(P'); and F> € P(P')s we get with lemma [3.3.34]

Z WOW,P) | -vam,m) = <H “(P)> “UA(FL,Fy)-

WeW WP/, PeP
IWEW:F1 , FoeW
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Otherwise, if two flags Fy, F» € FSy(v) do not fulfill that they are contained in different elements
of {P(P')1, P(P")2} C P, there does not exist W € W(y) and W € W such that Fy, F, € W.
Therefore, it holds in this case

Z W(W,P) . ’UA(FLFQ) =0.

WeW , W<P/,
IWEW:F] ,Fo€W

It follows
> > > ind(yp) > wW,P') | -var, m)
Pl P PERre R
= > > (H " ) dnd(yp) | Y vagmm)
Pepom P'ePp(y) \PeP F1eP(P')1,
P< FyeP(P})
Let (1, <1),..., (7%, <%) be the maximal combinatorial types that are coarser than (v, <) and that

have only additional edges in the loop, i € N. For j € [i], let v.,; be representatives of the normal
vectors Ui <i)/(~,<) that have no components outside the loop.

We conclude that

Z[:]#Aut(ryj) cw(y!) vy + Z # Aut(yw) - ( Z OIN F](W>

WEW (v) wew

- ¥ ()

PePO(y), \PeP
P<A

ind(vp) ZW > ind(yp) - Y. vammm) ]

P ePp(y) F1€P(P)q,
Fa€P(P')a

+ ) Y D w VAR ([G)

[GI€FSo(y) \ PePO(y) WV

Note that for all P < A and P’ € Pp, it holds in the last term above

Z VA(Fy1,Fs) = Z U{j1,j2}

F1eP(P)1, J1EA[F|(P(P)1),
Fa€P(P')2 J2E€AF(P(P)2)

We will apply proposition [3.3.25[ to vp for P < A in order to show that

ind(vp) va > ind(yp) - > vaw.m)

P ePp(v) F1€P(P)1,
FoeP(P/)a

is an element of W(v, <), which is the linear space spanned by the curves of fine combinatorial
type (7, <) in which the loop is closed. The prerequisites of proposition are fulfilled because
the flags at the loop of v fulfill only one relation in addition to the balancing condition at vertices
in the loop of v and because, due to P < A, the flags at the loop of yp fulfill only one relation
modulo V(yp)<o in addition to balancing at the vertices in the loop of vp. So let P < A.

v,; is not only a representative of the normal vector w(yi <i)/(y,<) but also of the normal vector

“a(ﬂ,)/g(w)’ where we use the notation of [3.3.18

For an example of the following constructions, see figure For each P € P, vp has a corre-
sponding flag at the loop, which we denote by Fp € FSo(vp). It holds Ay (P) = Ap)(Fp) for all
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Fl ];'2 Fl F2 -
F1 Fg F3 F4 FP3 FP4 Fl F2 FS Ps
Fp Fp
gl P VP (vp)ar.P)
FG F5 FPG FP5

FIGURE 16. We denote the combinatorial type of the curve on the left by . Fj,
i € [6] are the flags at the loop of v. We set

P ={{F, F>},{F;}li=3,...,6},
P ={F, F»} and P, = {F;}, i € [6]. The partition
P ={{F, P>, F3}, {F;}]i = 4,5,6}
is coarser than P. It holds Q(P,P’') = {{Fp, Fp, },{Fp,}|i = 4,5,6}.

P € P. A partition P’ € Pp(y) that is coarser than P induces a partition Q(P,P’) of the set of
flags {Fp|P € P} at the loop of vp, via

QP,P") = {{Fr|P C P'}}pep.
It holds Q(P,P;) # Q(P,P;) for different partitions P, P} € Pp(v) and
P'Po(’YP) = {Q(P7P/)|PI € PP(’V)};

where Pp, (.., is the notation from proposition [3.3.22) which we recall here:

Po(yp) is the finest partition of the flags at the loop of vp and it holds Py(vp) = Q(P,P). Then
Pp,(yp) is the set of partitions Q € PO(yp) of the flags of the loop of yp which are finer than
the one given by the vertices in the loop of yp and which fulfill #1(Q, Q(P,P)) = #Q + 1 and
#I1(Q,9(P,A)) =#Q+ 1.

Moreover, for P’ € Pp, it is true that
ind(yp/) = ind((vp) o, P1))-

It hence follows with proposition [3.3.25| that

ind(vyp) - Z Vyi | + Z ind(vyp) - Z V{jr,j2}
j=1

P ePp(v) J1E€A R (P(P)1),
J2€A[F)(P(P)2)

K3

= ind(yp)- vy | + Z ind((vp)goep,P1) - Z Vg2 }
j=1 P eEPp(v) jleA[F](FP('p/)l)»
J2€Ap (Fp(pry,)

3

= ind(’}/p) : Vyi | + E ind((’W’)P’) : E U{j1.52}
j=1 P'E€Pp(vp) J1EA[F(F(P)1),
J2 €A (F(P)2)

is an element of W (o (77)), where 75 is the specialization of 4p in which precisely the edges outside
the loop are contracted, where o(7p) is the set of curves of combinatorial type yp for which the
loop is closed and where W (o (77)) is the smallest linear space containing o (7).
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Since it holds o(¥) = o(¥p) for all P € P°(y) (where 7 is the specialization of 7 in which precisely
the edges outside the loop are contracted), we conclude

S #Aut(y) wiy) v+ > #Aut(yw) - wlyw) - ( > UA[F](W)>

jeli] WEW (7) wew

€ W(o(¥))+ < Z UA[F]([G])> C W(v, <),

[G]E€FSo(7)
where W (7, <) is the smallest linear space that contains all curves of fine combinatorial type (v, <)
which fulfill that the loop is closed. O

PRrOOF OF THEOREM [3.3.8l Combine theorem [3.2.10] and propositions [3.3.19] and [3.3.12] O

Definition 3.3.36 (Evaluation maps)
If z; is a leaf of (C,h) € My ;(A,R™) labeled by ¢ € I, it is contracted by h and mapped to a
point. Hence, the map

ev; : ML[(A,Rm) — R™
(C,h) = h(z:)
is well-defined. It is moreover affine linear on every polyhedron in M; (A, R™) and it follows from

proposition 4.8 in [GKMO9] and the previous theorem that the restriction of ev; to My (A, R"™)r8
is an open tropical morphism.
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3.4. Counting well-spaced elliptic curves in R™

Throughout this section we assume that m € N is a natural number with m > 2. We fix a degree
j: A — R™ of elliptic curves in R™ and fan varieties L; in R™ that can be cut out by rational
functions and that fulfill

> codim L; = #A + n+m — dim(A) = dim My (A, R™).

i=1
Set £ :={Ly,...,L,}. Then the intersection product

H evi(a; + L;) - My (A, R™)™8

1€[n]
is well-defined and zero-dimensional for all (aq,...,a,) € (R™)™, where a; + L; denotes the trans-

lation of L; by a;, see definition and theorem [3.3.8]
The aim of this section is to prove that the degree of

T eviai + Li) - My (A R™)%

i€[n]
does not depend on (aq,...,a,) € R™ aslong as a; + L1, .. .,a, + L, is in general position, which
is defined below. The approach is the similar to e.g. [GMO07a] and [KMO09].
We set

ev = H ev; : My (A, R™) — (R™)"
i€[n]

to be the total evaluation map. Denote by Lin(L;) the lineality space of L; and by L;/Lin(L;) the
fan variety in R/ Lin(L;) in which we mod out Lin(Z;) from the support of L;. Hie[n] R™/ Lin(L;)
parametrizes the set of incidence conditions (a; + L;)ic[n) Vvia

([al]’ R [an]) — (ai + Li)ie[n]a
where (a; + L;) does not depend on the choice of a; € [a;]. Let ¢ : (R™)" — [],c,; R™/Lin(L;)
be the quotient map.

We will study a parameter space of I-marked well-spaced elliptic curves of degree A in R™ to-
gether with incidence conditions a; + L;, i € [n] which they fulfill. Consider My ,(A,R™) x
[Licpy R™/ Lin(L;) x ;¢ Li/ Lin(L;). The subcomplex with support

{((C, h),a], [b])Ig 0 ev(C, h) = [a] + [b]} = {((C, k), g o ev(C, k) — [b], [b]) }
contains the set of triples ((C,h),[a], [b]) such that ev;(C,h) € supp(a; + L;) and such that there
exist ¢ € [[;¢p, Lin(L;) with eV(C7 h) = a+ b+ c. It is a pure-dimensional polyhedral complex
that can be identified with
X = My n(AR™) x ] Li/Lin(L;)
i€[n]

and that has dimension m-n—73_, ., dim(Lin(L;)) (due to } ;¢ codim(L;) = dim My (A, R™)),
which is also the dimension of

Y= [] R™/Lin(L;).

i€[n]

Define

vii:X — Y

((Ca h)a [b]) = q(eV(C, h)) - [b]a

which is continuous and affine linear on each polyhedron.
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We will define dense open subsets G,G; C Y, where G; is also connected. An element [a] € ¥V
which is contained in G will be called in general position, and we will show, as mentioned above,
that the degree of

H er (ai + Li) . Ml,](A,Rmyeg

1€[n]
does not depend on (ay,...,a,) € (R™)™ as long as ([a1],...,[as]) €G C Y.
Definition 3.4.1 (General position, G, G)
We say that (a; 4+ L;)ic[n) is in general position if ([a1],...,[a,]) € Y is an element of

G:=Y\|Jev' | Mi(a,<) x [] Li/Lin(L,)
i€[n]
where the union is taken over all fine combinatorial types («, <) of positive codimension. Remember
that M;j(a, <) is the set of curves whose fine combinatorial type is a specialization of («, <).
Moreover, set

g1 ::Y\UeV’ Ml(a,g)x HO’{,
1€[n]
where the union is taken over all fine combinatorial types (a, <) and polyhedra o; € pol(L;/ Lin(L;))
such that

e (a, <) has codimension at least two and o is a facet,
e (o, <) has codimension one, ev |M1(a,§) is not injective and o is a facet or
e (o, <) has codimension one and ¢ has codimension one.

Since dim X = dimY, it holds that G is dense in Y and that G; is dense and connected in Y.

Definition 3.4.2 (Na )
Define the map

NA,L: g — N
(ladiew > deg (TLiepn evi(ai + Li) - My (A, R7))

We state the theorem which we are going to prove in this section.

Theorem 3.4.3
The map Na  is constant, i.e. the degree of the intersection product

deg H evi(a; + L;) - My (A, R™)™8
1€[n]
does not depend on (a1, ...,a,) € (R™)"™ as long as (a1, ..., a,) € ¢~ 1(G), which is dense in (R™)".
Remark 3.4.4 (Enumerative relevance of the map Na )

As in the case of rational curves, it follows from lemma [2.1.5] that there exists a dense open subset
D C (R™)™ such that for all (ai,...,a,) € D the degree of the intersection product

H evf (ai =+ Ll) . ./\/an(A,Rm)reg
i€[n]

is equal to the number of well-spaced elliptic n-marked curves of degree A, counted with the
intersection-theoretic multiplicity, that fulfill ev;(C,h) € (a; + L;) for all i € [n].

Since G is dense in Y and since G; is dense and connected in Y, Na . is constant if and only if all
a € G have a neighborhood U(a) C Y such that Na £ly(a)ng is constant. ev’ is continuous and
the sets U(a) can be chosen such that

a) each connected component Wi, ..., W; of (ev')"}(U(a)) contains exactly one connected
component of (ev’)~*{a}
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b) W, NW; # 0 for 4,5 € [I] with ¢ # j and

¢) Wi € Upeevy-1{a} U,
where U (p) are polyhedral neighborhoods of Y at p. Denote the tropical subvariety of My (A, R™)
corresponding to W; C My (A, R™) X [[;¢(, Li/ Lin(L;) by M;. Then Na c is constant if and
only if

NYi:u(@)nGg — N

b~ deg | [] evi(bi+Li)- M,
1€[n]
is constant for all a € G; and for all j € [{].

Fix a = ([a1],...,[an]) € Gi. According to the definition of G;, W fulfills one of the following
properties, where

7 X = My (AR™) and mp 0 X — H L;/ Lin(L;)
1€ [n]
are the projections on the first and second factor, respectively:
(A) (ev')"Ha} NW; is at least one-dimensional.
(B) # ((ev')"*{a} NW;) =1, we denote the unique element by ((C,h),z) € X and it holds
(i) (C,h) is contained in My , (A, R™)™E,
(ii) (C,h) has codimension one and precisely two edges in the loop that have the same
weight, and  is contained in a facet of [ ], Li/ Lin(Ls).
(iii) (C,h) has codimension one and is non-regular, and z is contained in a facet of
Hie[n] L;/Lin(L;).
Proposition 3.4.5

For all a € Gy, the map N, ’ is constant if we are in case (A), in the first case of (B) or in the
second case of (B).

PROOF. In case (A), property b) of W; means that W; is contained in a polyhedral neighbor-
hood of (ev’)~'{a} N W;, which implies that (ev’)~1{b} N W, is at least one-dimensional for all

b€ U(a)NG. Hence, ev’ is injective nowhere on W; and N;V 7 is the constant zero function.

In the first case of (B), it holds supp(M;) C My (A, R™)*8, which is an abstract tropical variety.
(bi + Li)icin) € U(a) is rationally equivalent to (a; + Li)ic[n), and if U(a) is small enough,

H evf(bi + Ll) . Mj and H evf(ai -+ Ll) . Mj

i€[n] i€[n]
are hence also rationally equivalent, see lemma |1.2.37] Their degree is therefore equal and NI is
constant.

Let us deal with the second case of (B) and let F' be a flag in the loop of C'. Denote the combinatorial
type of (C, h) by (a, <) and consider the abstract tropical variety

[F
Zj = Ul(ap), <) m],[l,]g(Mj)v

equipped with the weights of U(ar), <[r}), whose support contains all curves whose combinatorial
type specializes to (a[r}, <ry), which fulfill that the loop is closed and which correspond to curves
in Mj, see also definition Remember that a facet of U(aqs}, <|r)) containing curves of
combinatorial type 8| is equipped with weight

# Aut(B) - w(p).

# Aut(B) is two if there is only one edge in the loop of 8, and # Aut(8) is one if there is more
than one edge in the loop of 5. Proposition [3.3.13| states that U(ap), <[r)) is balanced at the
polyhedron containing curves of fine combinatorial type (ajp), <[p)). Hence, also Z; is balanced.
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If U(a) is small enough,
H evy(b;+ L;)- Z; and H evi(a; + L;) - Z;
i€[n] i€(n]
are hence rationally equivalent for all ([b1],...,[bs]) € U(a), and their degrees coincide.
If (o, <) < (B, <p) is a maximal fine combinatorial type in M ,,(A,R™), there exist precisely

2z
# Aut(f)

fine combinatorial types in Z; that correspond to (8, <), see the figure above for an example.

Ey

Ey
E,

Es

FIGURE 17. Assume w(FE;) = w(F3). If we cut one of the edges E; and Ey in
the curve on the left for constructing a rational curve, the resulting combinatorial
types are the same. However, if we cut one of the edges F; and Fs in the curve
on the right, the resulting combinatorial types differ.

Since the weights on a facet of Z; containing curves of fine combinatorial type (3;r), <[r]) are chosen

to be # Aut(3) times the corresponding weight in My ,, (A, R™), it follows for all ([b1], ..., [bn]) €
U(a) that
. 1 «
NYi(b], ..., [ba]) = 5 deg IT evitai+ L:) - Z;
1€[n]
and the map N:Vj is constant. O

The only remaining case is the third case of (B). We will deal with this case in the rest of this
section:

So let a € Gy, let U(a) be a neighborhood and let W be a connected component of (ev’)~1{l(a)}
such that # [(ev') " {a} N W] =1, say ((C,h),z) € (ev')"{a} N W, and

a) (C,h) has codimension one and is non-regular and
b) z is contained in a facet of [, L/ Lin(L;).

We assume moreover that for all ¢ € [n] the support of L; is an affine linear subspace of R™. (This
is no restriction because the element x of the support of Hie[n] L;/Lin(L;) is contained in a facet
and because intersection products are calculated locally.) Furthermore, we assume without loss
of generality m > 3 because non-regular curves in Hie[n] evi L; - M1 (A, R?) have codimension
greater than one.

We denote the fine combinatorial type of (C, k) by (a, <).

3.4.1. Invariance in a special case. In this subsection, we prove in a special case that the
map N is constant under the assumptions of the third case of (B). The subsequent subsection
deals with the general case, and the proof that NV is constant in the general case is a corollary
of the result of this section.
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FIGURE 18. The flags F; are given by (p, E;), where p is the unique vertex of
genus one. The marked points x; and x2 are adjacent to the leaves that have
direction v(Fy) and v(Fy), respectively.

Definition 3.4.6
Let (D, g) € M1 (A, R™). We call (D, g) a star curve if there exist affine linear maps f; : [0, 00) —
R™, i € [#A] such that f;(0) = f;(0) for all 4, j € [#A] and

gD)= J £il0,00).

i€[#A]

Moreover, we demand of star curves that for all ¢ € [#A] there exists at most one marked point
x; with j € [n] such that g(z;) € f;[0,00). This means that there is at most one marked point on
each of the rays of g(D).

Proposition 3.4.7
Assume that we are in the third case of (B) and that

a) the number of marked points is n = 2,

b) the unique element (C, k) of m1((ev’) " {a} N W) is a star curve,
c) #A =m+ 1 and (j(A)) =R™,

d) both L; and Lo are spanned by elements of j(A).

Then the map NV is constant.

We assume in this subsection that the assumptions of the proposition above are valid. Let p €
supp(C) be the unique vertex of genus one and let {Fy,..., F,11} € FSo(«) be the set of flags at
the loop of a. For i € [m + 1] let

yi = w(E;) - v(F)
be the weighted direction vector of the flag F; = (p, F;) at the loop of a. Assume that the marked
point z; is adjacent to the leaf of (C,h) that has direction y;, i € {1,2}, see the figure below for
an example of the notation.
Since the dimension of My 2(A,R™) is m + 3, it holds moreover dim(L;) + dim(Lg) = m — 3. If
Lin(L1) NLin(Lsy) # {0} or if one of the weighted direction vectors y; and yo is an element of L,
or Lg, the map goev : My 2(A,R™) — R™/Lin(L;) x R™/ Lin(Ls) is not injective and N}V is the
constant zero function. So we may assume (by reordering) that

Ll S>) L2 == <y5a o 7y7n+1>-

If m = 3, this condition means that both L; and L, are points in R3.

Notation 3.4.8 (FD, P(a1), 8(a1), ind(P), z(i,j,a1), z(a1))

Define
m—+1

FDZ:Zmﬂ{Z)\i'yi|OS)‘i<1}’

=2
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which is a fundamental domain of the lattice spanned by ya,...,ym+1. An element
m—+1
a; = Z)\zyzEFD
i=1

with Ay = 0 defines an ordered partition O(a1) = (Pi,..., P,) of the set of flags FSy(«) at the
loop of « and thus a resolution S(a1) of «, which has only additional edges in the loop, see also
construction lemma and figure
Set P; = {F;|A; =0,i € [m+ 1]} C FSo(«) and let 7 := #{\;|i € [m]} be the number of different
coefficients that appear in the linear combination a; = 2211 Ai - yi;. Note that F; € P;. For all
i1,92 € {2,...,m + 1} it holds that there exists ji,jo € {2,...,7} with j; < j» and F;, € P;,,
F,, € P, if and only if A\;; > X;, > 0. This ordered partition defines a combinatorial type 5(a1)
which has only additional edges in the loop compared to «, and the order of the flags Fy, ..., Fi41
in the loop of S(ay) is reflected by O(a1). Moreover, a; is the weighted direction vector of a flag in
the loop of (a1) adjacent to the flag Fy if we run around the loop of 5(a1) as specified by O(a1).
For all resolutions 8 of «, there exists at least one a; € FD such that 8 = $(a1). Since « is the
combinatorial type of a star curve, all curves of combinatorial type o and S(a;) are well-spaced.
We denote the fine combinatorial type corresponding to a; € FD which is a resolution of («, <) by
(B(a1), <a,)-
For a; € FD, denote the unordered partition of the set of flags FSy(a) at the loop of « corre-
sponding to O(aq) by

P(ay) € P(a),
where P?(a) is the set of partitions of the flags at the loop of a. If P € PY(a) and P € P, we put

yp = Zyl and ind(P) = ind(yp|P € P).

icP
Te x5
T5 T E,
I b1 P3 T3
E; Es
7 T3 D7 -
4 E, |P2
7 €2 X7 €2

FIGURE 19. The combinatorial type on the right is 5(a;) where a4 is the weighted
direction vector of the flag (p1, E1). The ordered partition of the flags at the
loop of the combinatorial type o on the left which induces S(a1) is O(a1) =
({Fl,Fg}, {Fg,Fg,}, {FQ,F4}, {F7}) where F; = (p, .’Ez) fori e [7]

For 41,12 € [m + 1] with 41 < i3 and for a; € FD we set

Z(i1,09,a1) = | det (Y1, o s Uiy =1, Yist1y - - > Yiom1s Yintls -« - s Ymt1, Q1)
and
Z = |det(y1, ..., Ym)|-
It holds Z = |det(y1, .-, Yi—1,Yit1;---,Yms1)| for all k € [m + 1] because >
Define for i1,is € [m + 1] and 41 # i3 and for a; € FD

z(i1,12,a1) = Z(i1,%2,a1) - (Z — Z(i1,12,a1))

m+

1
j=1 Yi = 0.

and
z(ar) = 2(1,3,a1) + 2(2,4,a1) — 2(1,4,a1) — 2(2,3, a1).
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z(i1,42,a1) is (up to a constant multiple) a product of volumes in the parallelotope spanned by
Y2, - -+ Ym+1 (in which the direction vector y; = — Z:’:gl y; of the flag Fy is a diagonal), see the

figure below.

Ys

Ya
Y2

FIGURE 20. Example of z(i1,42,a1). In this case in R? it holds i; = 1,45 = 3
and a; is the point in the middle of the cube where the two pyramids meet. The
geometric interpretation of z(i1, 2, a1) is four times the product of the volumes of
the two gray pyramids.

We will show the following statements, which are sufficient to prove proposition [3.4.7] see the proof
below:

a) For all a; € FD there exists a matrix M(a1) and for all b € (R™)? such that ¢(b) € G is in
general position, there exists s(b) € {—1,1} such that the following holds: There exists a
curve of fine combinatorial type (8(a1), <4, ) in the support of

K(b) = H BV*(bi + Ll) . MLQ(A,Rm)
1€[2]

if and only if
s(b) - det(M(aq)) > 0.

Therefore, the sign of det(M (a1)) determines whether a curve of combinatorial type 5(a;)
appears in K (b).

b) The weight of a curve (D, g) € supp(K (b)) of fine combinatorial type (5(a1), <q,) is given
by

w(B(a1)) - ind(P(a1))
ind(f(a1)) - ind(Po) - ind(Ys, - - - Ym+1)

where Py = {{F;}|i € [m + 1]} is finest partition of the flags at the loop of .

c¢) For all maximal fine combinatorial types (a, <) < (8, <g), there exist precisely m
elements a; € FD such that

(57 Sﬁ) = (B(al)v Sal)'
In this case, set det(M(B3)) = det(M (ay)).
d) For all a; € FD, it is true that det(M(a1)) = $z(a1).
e) It holds

| det(M(ar))];

w(B(a1)) - ind(P(a1))

nd(B(a1)) - md(Po) #(a1) = 0.

Z # Aut(B(a1)) -

a1 €FD

PROOF OF PROPOSITION [3.4.7] USING THE STATEMENTS FROM ABOVE. Let (o, <) < (8,<p)
be a maximal fine combinatorial type. Then there exists at least one a; € FD which fulfills

(ﬂ7 gﬁ) = (ﬂ(al)a Sal)?

see lemma [3.2.15] For b € (R™)?, there exists a curve of fine combinatorial type (B(ay), <,,) in
the support of

K(b) = H ev*(bi + Ll) . MLQ(A,Rm)
1€[2]
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if and only if s(b) - det(M(a1)) > 0 (see a) above). Hence, for a; € FD the sign of det(M(aq))
determines whether a curve of fine combinatorial type (8(a1), <4, ) appears in the support of K (b),
and the restriction of NV to

U(a)" = {q(b) € U(a)|s(b) > 0} and U(a)™ = {q(b) € U(a)|s(b) < 0}
is constant, where ¢ : (R™)?> — R™/Lin(L;) x R™/Lin(Ls) is the projection.
For all ([b1], [b2]) € U(a), the weight of a curve of combinatorial type 3 in K (by,bs) is given by
w(B) - ind(P
T AP e ) 1
where Ps € P%(«) is the partition of the set of flags FSg(a) at the loop of a given by the vertices
in the loop of 3 (see b) above).

Assume that by,by € U(a) NG such that s(by) > 0 and s(b2) < 0. Since for all maximal fine
combinatorial types (a, <) < (8,<p) there exist precisely m elements a; € FD such that

(8,<p) = (B(a1),<q4,) (see c) above), it follows from d) and e) that
N (b1) — Ng¥(b2)

) () - nd(Pp)
T 0 Aty (s | M)

det(M(8))>0

w(p) - ind(Pp)
a (a,<)<z(t;<5). ind(3) - ind(Po) - ind(ys, - - . Yms1) | det(M(B))

det(M(B))<0)

_ w(p) - ind(Pp)
: (a,S)<Z(/6a§ﬂ) ind(6) - ind(Po) - ind(ys. - Ym+1) AtV )
) i - #AB@) w(B) indPe) o
B ind(ys, -, Ym+1) GIEZFD 2 ind(B(aq)) - ind(Py) det(M(a1)
_ 1 . w(B@r) - nd(Pa)
B 4-ind(ys, .- Ymt1) aleZFD#A 68 md( (a1)) - ind(Py) (a1)
= 0.
It follows that NYV is constant. O

In the rest of this section, we prove the statements in the list above and we start with part b).

Lemma 3.4.9
The weight of a curve of combinatorial type S(a1) in

= H ev*(b; + L;) - My 2(A,R™)

is given by
w(B(a1)) - ind(P(a1))

: . - .| det(M(a1))|,

nd(B(ar)) - md(Po) - md(ys, . gmyy) | (@)
where the matrix M (a;) is defined below.
Construction 3.4.10 (M(aq), ak, ck)
For a; € FD the matrix M (a;) is given as

(1 Y2 Y5 wm cs ¢y Cs
M(al) - ( ay; a2 as ag A5>

where Y5 = (y5 ym+1), Cy = (05 cm+1), As = (a5 am+1) and ¢, aj are defined
in the following:
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Let O(a1) = (P1,...,Pyq,)) be the ordered partition of the flags at the loop of a that defines
(B(a1), <a,), see notation For i € [m + 1], we denote by jg, (¢) the index of the element

Pja1 (1) € P(al)

in the ordered partition O(a1) = (Pi,. .., P(q,)) which contains the flag Fj, i.e. it holds jq, (i) =
k € [l(ay)] if and only if F; € P;. Remember that it always holds F; € P; and hence j,, (1) = 1.
For r € [#P(a1)], denote the vertex of 8(a;) that is adjacent to the flags contained in P, € P(ay)
by Pm,, () i Ma, (r) € [m + 1] is the lowest index of a flag contained in P,, i.e.

Ma, (r) = min{j|Fj € P, }.

Denote the edge in the loop of S(aq) that lies behind the vertex P, (r) when we run around the
loop according to the ordered partition O(a;) by Ema1 (r). For an example of the notation see
figure [19] on the right.

For k € [m + 1] define a;, as the weighted direction vector of the flag (pg, Ex) in the loop of 5(ay)
if an edge with this index exists, otherwise set a; to be minus the weighted direction vector —yy
of the flag F, € FSy(a) at the loop of a, i.e.:

e w(Eg) - v(pk, Ex), Fj€ll(ar)]: minP; =k
ke —Yk, else.

For k € [m+ 1] define ¢, as the weighted direction vector of the flag ([px], [Ex]) in the loop of S(a1)
if an edge with this index exists and if the flag Fj. appears in front of F, when we run around the
loop as specified by the ordered partition O(a;). Otherwise, we set ¢x to be zero, i.e.:

= ag, 3Jja,(2) > o, (k) € [l(a1)] : minP; =k
0, else

If the weight of a curve of combinatorial type S(a;) in K (b) is non-zero, it always holds a; = ¢1,
co = 0 (because in this case the flags F; and Fy are adjacent to different vertices p1, ps in the loop
of B(a1)) and

ar =w(Eg) v(pe, Bx) =a1— >y
ie[l]:
1<jaq ()<da; (k)

if Ey is an edge in the loop of B(a1), i.e. if there exists | € [I(a1)] with min P, = k.

Example 3.4.11
For an example of the matrix M(a;) we consider the curve in figure Let v, € R™ be the
weighted direction vector w(Ey) - v(pg, Ex) if E) is an edge in the loop of S(a1). Then it holds

(w1 v Yy Yy yr ¢ 0O ¢ O 0 O O
M(‘“)_(oooooa1a2a3a4a5a6a7

vi Y2 Y Y yr vi 0 w3 O 0O 0O O
0 0 0 0 0 v V2 U3 —Ya —Ys5 —Ye U7

ProoOF OF 3491 Let ([b1],[b2]) € U(a) and

(D,g) € supp | [] evi(bi + L) - Moo (A R™)®
1€[2]

of fine combinatorial type (B8(a1),<4,). Choose a complement V(3(a1))§ of V(B8(a1))o in R™
(where V(B(a1))o is the linear space spanned by the direction vectors of all flags in and at the
loop of f(a1)) and let ¢ : R™ — R™/V(B(a1))§ be the quotient map. Let F = (po, E2) be
the flag in the loop of D such that py is adjacent to the leaves in the element P € P(ay) which
contains Fy. We assume that the direction vector v(F') of the flag F' is non-zero. (Otherwise the
weight of a curve of combinatorial type 8(a;) in K (b) would be zero.) Define Y (aqp}, <)) as the
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subvariety of Mo 2juga,8} (A[F), <[F}), Which contains all well-spaced curves whose combinatorial
type specializes to (g}, <(p}), and set

evg = (qoev)x(¢' o (eva —evp))x (l,—lg) : Y(oyp), <(r)) — H R™/Lin(L;)xR™/V(B(a1))§ xR,
i€[2]
where we use the notation from [3.3.14]

It follows from lemmata [3.3.21] [3.3.23| and [1.2.9| and from theorem that the weight of (D, g)

in [T;ep evi(bi + Li) - My 2(A,R™)™ is given by %&23)) times the weight of (Dg}, g)) in

I evivi + Li) - (eva—evp) V(B(a1))§ - (Ip — 1g)*{0} - Y (ary, <(y),
i€[2]

which is ind(evo | ay (8(a1)(r)))» Where Mo(B(a1)(r)) is the set of curves of combinatorial type 5(a1) ().

In order to determine this index as the determinant of a matrix, we choose the standard coordinates
on Z™ and the edge lengths as lattice coordinates on My 2ju14,83 (Arry, R™). Remember that the
marked points x; and x5 are adjacent to the leaves of @ whose weighted direction vector is y; and
Y2, respectively, and that ay is the weighted direction vector of the flag (px, Fx) in the loop of
B(ay) if such a flag exists. Then it holds

ind(P(ay))

ind(evo a1 (8(ar) ) = ind(Po) - ind(ys, - -, Ym41) | det(M(a))
and
y1 Y2 Y5 a cz ¢ Cs
M'(ay) = a1 as ax asz as As
1 -1
The entries 1 and —1 stand for the condition that I, = I;. The factor % appears because
of the entries ar = —yr ¢ V(B(a1))<o in the case that there does not exist P; € P(aq) with

min{j|F; € P;} = k, i.e. in the case that there is no edge in the loop of (a;) labeled by Ej. It
follows that the weight of (D, g) in K (b) is
w(B(a1) - ind(P(a1))
lnd(ﬁ(al)) : lnd(PO) : ind(yfn v 7y’m+1)

- | det(M(a1))|-
O

Remark 3.4.12

Note that det(M(ay)) = 0 if there exists P € P(a1) and pairwise different flags F; , F;,, F;, €
{F\, Fy, F3, Fy} that are adjacent to the same vertex in the loop of 3(a1): This property either
means that the flags F; and F5 are adjacent to the same vertex p; or that the direction vectors
of flags on the path from x; to xo together with the generators ys, ..., ym+1 of L1 + Lo (which
appear in the first row of the matrix M (a1)) do not span R™.

We proceed with part a) from the list above.

Lemma 3.4.13
For b = (by,by) € (R™)? and for a; € FD, we denote by M (ay,b) the matrix that arises from
M (ay) by replacing the m-th column by (by — by, 0) € (R™)2, i.e.

(y1 Y2 Ys ba—by cg ¢ Cs
M(al,b) o ( 0 az a3z Qa4 A5 ’
If ([b1],[b2]) € G, there exists s(b) € {—1,1} such that the sign of det(M(aq,b)) is s(b) for all
ay € FD. Moreover, there exists a curve of combinatorial type $(a1) in the support of

K(b) = [ ev*(bi + Li) - M12(A,R™)
i€(2]

if and only if
s(b) - det(M(ay)) > 0.
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PrOOF. Let O(a1) = (Pi,..., Pya,)) be the ordered partition of the flags at the loop of «
induced by a; € FD. In order to determine whether there exists a curve of combinatorial type

B(ay) in supp (Hz‘e[z] ev*(b; + L;) - Min(A, Rm)>, we have to solve the system of linear equations

M) olant) = (7).

where the entry v(ay, b),;,—14% stands for the length of the edge Ej with weighted direction vector
ap if such an edge exists, i.e. if there exists j € [I(a1)] with min P; = k. Using Cramer’s rule,
v(a1,b)m, which is the length of the edge E7, can be calculated as

1
~ det(M(ay))
If and only if v(ay,b),, > 0, i.e. the edge length of E is greater than zero, the lengths of all edges
in the loop of (a;) are greater than zero and there exists a curve of combinatorial type S(a1) in
K (b). (This is true because the direction vectors of flags at the loop of B(a;) fulfill no relation in
V(B(a1))o/V(B(a1))<o in addition to balancing at the vertices in the loop of B(a1).)
For every edge Ej of S(ay) it holds

ar = aip — E Yi,

i€[m+1]:
1<jay (i)<day (k)

where jq, (i) € [[(a1)] is defined such that F; € P;, (;), see construction [3.4.10 (We subtract all
weighted direction vectors y; of flags F; in the loop of 3(a1) that appear after the flag F} and in

front of the flag F» when we run around the loop of 5(a;) according to the ordered partition O(aq).
Assume that Fy € Py(q,)- Then we conclude

v(ai, b)m - det(M(aq,b)).

det(M(al),b) — det(yl Y2 Y:B bQ*bl )
az - Am41

a1 —Y2 —Ys - —Ym41

Since there exists A; € [0,1), 7 € {2,...,m+ 2}, with a; = z;’:gl ;i - i, it follows that the sign of

det(M (aq,b)) is equal to the sign s(b) of the determinant of

My (0 B b )
Y2 =Y - —Ym+1

and does not depend on a; € FD. If det(M (b)) is zero, ([b1], [b2]) € U(a) is not in general position.

If F, is an element of an arbitrary P. € P(a1), r € [[(a1)], and not of P4,y € P(a1), we get the
same result with the same argument but more technical effort. O

Next, we deal with part c¢) of the list above.

Lemma 3.4.14
Let (o, <) < (B,<p) be a maximal fine combinatorial type. Then there exist precisely ﬁt(ﬁ)
elements a; € FD such that

(8,<p) = (B(a1), <a,)-

_ Proor. Let p1 € V(B) be the vertex that is adjacent to the leaf with direction y; and let
E,,E; € E(B) be the edges in the loop that are adjacent to p (where possibly F1 = F3). The
vectors ai = w(E1) - v(p, E1), a3 = w(E3) - v(p, E2) (see the figure below for an illustration) are

the only elements of FD that fulfill
(8. <p) = (B(a1), <a1) = (B(a}), <a2),
2

where possibly ai = a?, see lemma [3.2.15] Since (a, <) has codimension one and is non-regular,
a} = a? is true if and only if the loop of 3 contains only one edge, i.e. # Aut(3) = 2. Otherwise,
it holds # Aut(8) = 1. O
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FIgURE 21.jllustrati()£ of the Eomenclature used in the lemma above. It holds
w(Eq) -v(p,E1) = al, B -v(p, E3) = a? and P, = {1,2}.

Here is the proof of part d) from the list above.

Proposition 3.4.15
Let a; € FD. Then it holds det(M(a1)) = 3z(a1).

PROOF. Let a; € FD and O(a1) = (Pi,. .., Piq,)) be the ordered partition that determines
the order of the leaves in the loop, in particular F; € P;. Remember that the direction vector of
an edge Ej, in the loop of S(aq) is given by

ap = ay; — Z Yi

i€[m]:
1<jaq ()<jayq (K)

and that jo, (1) = k € [l(a1)] means F; € Py.
Assume that 1 < 4, (3) < Jo, (4) < o, (2), i-e. in B(a1) the flags Fy, F5 and F, are adjacent to
different vertices and if we run around the loop of S(a1) according to the ordered partition O(a;)

starting at the flag Fy, we first pass the flag F3, then Fy and then F, (where Fy and Fy might be
adjacent to the same vertex). We get (ag is replaced by a; in the last term because there exist

i1,-..,0 € [m+ 1]\ {3,4} such that a2 = a1 —1—2521 Yi,):

det(M(a1))
- det (y1 y2 Ys a1 c3  c4 Cs)
al as as ayq AS
= det

Y1 y2 Y5 ax —ys —Ya Y5
a1 a2z —Y3 —Ys —Yp
ar a2 —Y3 —Ya —Y5>

Y1 Y2 Ys —az
a1 —Yys —Ya —Ys

_ (_1)2771 . det (yl Y2 Ys az

_ det(yl y2 Y —as

ys ys Y5 a1)

ys Ya Ys al) '
There exist A\; € [0,1) with a1 = Zz:;l Ai - yi- Due to 1 = jg, (1) < ja, () < Jay (4) < Jo, (2), it
holds A3 > Ay > Ao. It follows Z(2,4,a1) = | det(y1,ys, ¥5,a1)| and

det(yh Y3, }/57 al) = det(yla Y3, }/57 )\23/2 + )‘4y4) = det(yla Y3, Y57 ()\2 - )\4) : yQ)
Moreover, it holds

det(yhyfia 1/570'1 + yZ) = det(y17y37 Y57y2) - det(y17y3vy57 ()\4 - AZ) . y2)
(with 1 > Ay — A2 > 0) and hence

(Z - 2(2747a1)) = |det(y17y37}/5>a1 +92)|
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We conclude
ioys Y5 oa
24,a1) = Z(2,4,a1) - (Z — Z(2,4,a1)) = — det :
“( a1) ( a) - ( ( @) ( 1oys Ys ar+ yz)
With similar considerations for z(1,3,a1), 2(2,3,a1) and z(1,4,a1) we get
z(a1)
= z2(2,4,a1) + 2(1,3,a1) — 2(2,3,a1) — 2(1,4,a1)

_ det (Y1 ¥3 Y5 a1 Cdet (Y2 Y2 Y5 a
y1 Y3 Ys a1ty2

>+det<y2 ys Ys a1

Y2 ya Y5 a17y3>

Y1 ya Ys a1
det .
+ode ( y2 Y3 Ys a1 — y4>

Y1 Y4 Ys a1 —ys
. m—+1 m+1 o s

With y1 +ys+> . L yi = —yo—yaand y1 +ya+ Y . o y; = —y2 —y3 and by splitting up the first

two determinants in the expression above into four summands each and the last two determinants

into three summands each we get:

z(a1)
= 2(2,4,a1) + 2(1,3,a1) — 2(2,3,a1) — 2(1,4,a1)

yi Yz Ys ax y2 ya Ys a1
= — det — det
© ( yi ys Ys a1+ yz) ¢ ( y2  ya Ys a1 — ys)
Y1 yYa Ys ax y2 ys Ys a1
det det
+ode ( yi ysa Ys a1 — ys) +de ( y2 ys Ys a1 — y4)
- Ys a —ya Y3 Y5 ax
—  _—  det Ya Y3 5 1 _ det
¢ ( y1 —y2 Ys ai1+tuy2 ¢ Y1 —ya Ys ai1+tuy2
—y2 Y3 Y5 a1 —y2 Y3 Ys a1
— det — det
© ( yio Y2 Ys a +y2> © ( Y1 —vya Y5 ax +y2>
_ oget (Y2 Ty Y5 oa Cdet (Y2 Y1 Y5 oa
—ys Y4 Ys a1 —y3 —y1 Ya Ys a1 —ys
_ et (V2 Yz Y5 a et (Y2 Yz Y5 a1
—Y3 Ya Y5 a1 —ys —y1 Y4 Y5 a1 —ys
i —y2 Y5 a1 —y2 —y3 Y5 a1
det det
+ ° ( Y1 Ya Ys a1 — ys) Fde ( Y1 yYa Ys a1 — ys)
—ys —Ys Y5 a1 y2 Yz Y5 a1
det det
+ode < yi ysa Ys a1 — y3> tde < —ys Y3 Ys a1— y4>
Y5 a y2 ys Ys a1
det (Y2 Y3 5 1 det .
+ ¢ ( —y1  —ya Y5 a1+y2 +de —y1 —yY2 Y5 a1+y2

In the term above with fourteen determinants all summands - except those two determinants in
which the pair y; and ys and the pair y3 and y, appears - have a partner with the opposite sign
and cancel out. It follows
Y:
z(ay) = 2det <y1 ¥2 25 G ) =2-det(M(a1)).

Assume now that 1 < ja,(3) < ju, (2) < jo, (4) and jga, (3) < ja, (4). It follows (ag is replaced by

Ys ysa Y5 ap

a; —y3 and aq in the last two determinants because there exist i1,...,i; € [m+ 1]\ {1,2,3} such
k
that as = a1 +y1 + 351 ¥i,)
det(M(a1)
_ det Y1 Y2 Ys ay as Cs
- al as as aq As
—  det (?:/1 —ys Y5 a1 —Y3 ) + det <y1 —ya Y5 a1 —Ys  —Ya )
a1 az —Ys —ys —Ys ar  az —yYs —Ya —Ys
y1 —ys Ys a yi —ys Y5 a1
= det det
¢ ( a1 a2z Y1  —Y4 —Y5> +de ( ar a2z Y2  —Y4 —Y5>
vy —vya Y —az Ys Y1 —vYa Y —az Ys
det det
Fde < a1 az  —Ys Y1 *Y5> tde ( ar  az  —ys y2 —Y;

Y: a
— _1)2™M et (YT Y3 5 1
=D e( y2 Y3 Ys a1

— get(Yr Yz Y5 a Cget (Yt Y4 Y5 a '
y2 Y4 Ys a1 —ys Y2 ys Y5 a1

Y2 ya Y5 a1 —y3
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For a; = Zﬁ;l Aiyi, it holds A3 > Ay > Ay and A3 > Ay because of 1 < jig, (3) < ja, (2) < Ja, (4)
and jq, (3) < jq, (4). With the same considerations as in the first case, we conclude:

z(a1)

= 2(1,3,a1) + 2(2,4,a1) — 2(1,4,a1) — 2(2,4, a1)

_ det(yl ys Y5 a1 )—det<y2 ya Y5 a1

>+det<y2 ys Ys a1

yi ys Ys ai1+uya y2 Ya Ys lll—y3>

+ det(yl ya Ys a1

yi ya Ys a1 —ys y2 Yz Ys a1+y1>'

By splitting up each of the four determinants above into three summands it follows:

z(a1)

= — det
¢ —ya —yY2 Y5 a1 —y3

Ys a1 —y3 —y1 Y5 a1
— det
yi —ys Ys a1+ y4> ¢ (

( 3

et(-yS —y2 Y5 a1 )7det<_yl ya Y5 a1
( 4
( 4

Y1 ys Ys a1 Cqet (V1 Yz Y5 ax
—ys —y2 Y5 ai1—ys
5

Y1y

|
o

et
Y2 ys Ys al—y3>

|
o

Y2 Y4 Ys a1 —y3 Y2 Ya Y5 a17y3>

Y1 Ys a1 >+dct<y1 ya Ys a1

det
* ¢ —y3 —Y2 Y5 a1 —ys

Y5 a1 y2  ys Ys a1
v det
—Y2 Y4 5 al—y3)+ N (

Y.
—ys —y1 Ys al*y3>
Yy
det
ol —ys —y1 Y5 al-'ryl)

+ det<y2 ys Ys a1 >+det<y2 ys Ys a1

—ya —Y2 Y5 a1—ys -y1 Y3 Ys a1+y1>‘

The determinants in which the pair y; and y3 and the pair y» and y3 appear in the same row and
the determinants in which the pair y; and y3 and the pair y; and y4 appear in the same row have
a partner with the opposite sign and they cancel out. It follows

z(a1)
2 det(yl z3 Ys a1

2 det(M(ay)).

)—2'd9t<y1 ya Y5 a1

y2 Ya Ys a1 —ys y2 Y3 Y5 a1)

The remaining cases can be proven accordingly. O

Finally, we deal with part e) from the list above.

Proposition 3.4.16
It holds

w(B(a) - nd(Par)
alEZFD # Aut(B(a1)) ind(B(ay)) - ind(Po)

where Py = {{F;}|i € [m + 1]} is the finest partition of the flags at the loop of «.

-z(ar) =0,

For the proof, we need some lemmata:

Lemma 3.4.17
Let me Nand ¢1,...,¢, € Nand Q = Hie[m] ¢;. Then it holds:

3

m k—1 Ck m
j@ -0 -3(Tlo ) (S0 1T

i=0 j=k+1

PrOOF. We proof the claim by induction on m € N. The case m = 1 can be seen using the
formulae for the summation of the first ¢; integers and the first ¢; squares. Assume that the claim



3.4. COUNTING WELL-SPACED ELLIPTIC CURVES IN RM 107

is true for some m € N. It holds

L@ -0 = é(2)3<<cl>3—cl)+6<(2> _2>

c1 Q 3 m Ck m 3
= Z(Cl—i)~i (q) +01'Z ch (cp —1) -1 H ¢;
i=0 k=2 =0 j=k+1
3
m — Ck m
- (o) (Se-n)- (1)
k=1 i=0 j=k+1
where the second equation follows by the induction hypothesis. |

Notation 3.4.18 (P, P(S)y, FD(P))
Let P € P%(«) and i1,i2 € [m + 1]. We set

Ppliniz) — <7> \{P|F;, e Por F;, € P}) U { U P},

PeP:
(Fi1 €P or Fig €epP)

i.e. we unite the elements of P containing the flags F;, and Fj,.
For an m-tuple S = ((i1,43),..., (i1, i) with it € [m + 1] (k € {1,2} and [ € [m]) and for
j € |m], we define the partition 73(8) € P%a) recursively via P(S)g = Py and
P(S); = (P(S);-1)%,
i.e. we unite subsets of Py as prescribed by the first j entries of S. If P € P°(a), we define
FD(P) :={a1 € FD|P < P(a1)},

i.e. a; € FD is an element of FD(P) if the partition P(a;) of the flags at the loop of a given by
the vertices in the loop of B(a;) is coarser than the partition P. It holds P; < Py if and only if
FD(P2) C FD(P;). FD(P) is the intersection of

m+1

FD={> Ay} NZ
1=2

with the vector space spanned by the vectors
yp = Z Yi
F,eP
for P € P. Note that
(yp|P € P) C (yp|P € P')
for all P, P’ € PY(a) which fulfill P’ < P.

Remark 3.4.19
Note that (PT1)Tz = (PT2)T1 for all P € P°(a) and all pairs Ty, T € [m + 1]2.

Lemma 3.4.20
Let S = ((i1,i3), .-, (i7", i5")) be an m-tuple as above that fulfills that P(S),, = {FSo(a)} is the
coarsest partition of the flags at the loop of a and that ] < Zj2 for all 7 =1,...,m. Then it holds

Z Z Z(Zj17l%7 al) : w = }(1nd(’P0)3 — 1nd(770))

Jj=1a1€FD(P(S);) 1nd(P0) 6

PROOF. The key to the proof is the previous lemma. For all j € [m] let b; € R™ be a vector
that complements a lattice basis of

(yi [0 € [m+1\{(5))1,(S;)2) N Z™
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to a lattice basis of Z™. Put

then it holds

because of P(S),, = {FSo(®)} and ind(FSp(a)) = 1 (remember that FSo(a) = {Fi,..., Fnt1}
and 3¢, 41)¥i = 0). With the previous lemma we conclude the following:

L ind(Po)? — ind(P))

6
- i<H0k><i q—z’)-i)- ﬁ Ch Hk 1Ck
i=1 k=j+1 Hk 1Ck

It holds for all j € [m] and i € N that
= |det(y17"'7yi{_17y1’{+17"'?yié_lvyig+17"'>ym+lvi'bj)‘
j_l m
(H Ck> <7 H Ck
k=1 k=j+1
and
= |det(y17 oo vyz'{_pyi-{_;_lv oo 7yi;§—17yig+17 sy Ym41, G5 0 b])|

We conclude:

1

6(md(%)3 — ind(P))

m o o moic
SN A ) (7 2 i b))

j=1i=1 Hz 1 G
NSNS g g : ind(P(8)o)\ ™
- ;;Z('LDZQ?Z ’ bj) : (Z - Z(’Ll’zwl ’ bj)) : lnd(P(S)j+1) : (Hld(P(S)?))

o ; ind(P(S);)
_ D, Z(igm) - (2= Z(H, i) = gt

J=1a, €FD(P;)
O
Construction 3.4.21 (R%(«a), T)
Let P € P%(a) be a partition of the set of flags at the loop of a such that Fy, Iy, F3, Fy are elements

of pairwise different elements Py, P, P3, P, € P. Denote the set of such partitions P by R%(a)
and for P € R(a) set

Pu=P\{P|Jicl:icPhu{ |J P,
PeP:
(il]:ieP)
i.e. we unite the sets containing 1, 2,3 and 4, respectively. Define
=(1,3), Ty = (1,4),T3 = (2,4),Ty = (2,3) and T = {11, T>, T3, T4 }.

It holds z(ay) = 24 L= (Ty, ay).
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Lemma 3.4.22
Let P € R%(a), i.e. the flags Fy,..., Fy are contained in four different elements of P. Then:

_ ind(P)
0 = Z z(al).ind('Po)

ind(PT+)
- Z Z z(ay) - m

16[4] a1 €EFD(PTi)

ind((PT7) T+
PR

=1 q; eFD((PTi)Ti+2)

ProoF. Fix P € R%(a) and an m-tuple
Sp = ((ZZDJ? i§71>7 ) (ifﬂnv i§7m))
that fulfills that there exists d(P) € [m] with

a) P((Sp)aep)) = P, i.e. after uniting d(P) times elements of Py as prescribed by Sp we get
P, and

b) P((Sp)acp)+3) = Py, i-e. after uniting (d(P) + 3) times elements of Py as prescribed by
Sp we get Py and

c) P((Sp)m) = {FSo(a)}.

Moreover, for any different ¢, j € [4] fix ¢(j,7) = ¢(i,7) € [4]\ {¢, 7} and define the m-tuple of index
pairs

)

Pl Pl P.d(P) .P,d(P PAd(P)+4 P,d(P)+4 Pm P,
S;JJZ ((ll ) )""7(21 ( )722 ( ))7ﬂvT7aTC(i,j)’(Zl P) ) ) )7"'7(Z1 m’ZZ m))?

which fulfills P((S;;’j)m) = {FSp(«)}. With the last lemma, we conclude

J — Z Z Z((S;:’vj)k,al) . M _ %(ind(”PO)?’ . ind(PO)).

d(P
k=14, €FD(P(S57)k_1) ind(Po)

There are twelve of these expression Q;,’j in the following sum, six with a positive and six with a
negative sign, hence

0= ()" 3 (1) gy,

iel4] set.

The summands of G5’ differ for different 4,j € [4] only for k € {d(P) + 1,d(P) + 2,d(P) + 3}
and the remaining summands cancel out in the sum above which defines G’. Moreover, for

all i € [4] and a1 € FD((Py)”7) (i.e. a1 is an element of the hyperplane spanned by {y;|j #
(Ti)1,7 # (T3)2}), it holds z(T;,a1) = 0. Therefore, it follows with remark and due to
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4 i+1
z(ar) =>4 (—=1)""12(T;, a1) that

0= (UM (g

i€[4] J 6_;4_] ,
JFi

ind
- e e
aleFD('F”)l 1 m ( 0)
1)+ ind(PT)
+ Z Z Z Ty o) 1nd(Po)
i=1 g, eFD(PTi) j€[4]\ {4}

4 B ind ’PTi T;
LD D D Z(Tc(i,j),an'iffd(po)))

i=1 je[4\{i} a, eFD((PTi)T5)
ind(P)
= Z (—Z(al)) -
aleFD(P) ind(Py)
j+1 1nd(77T")
+ Z Z Z Tj ) ind(Py)

i=1 q; eFD(PTi) j=1

in )T
5 YEED DR N Rt d((Zm)))

i=1 g, eFD((PTi)Ti+2)

The last equation is true because c(i,j) = ¢(j,4). Moreover, it holds z(T},a1) = z(Tj42,a1) for
a1 € FD((PTi)Ti+2) if i, j € [2] with i # j and therefore

4
2 (_1)i+1 ( (i, z+2)7a1 Z Tk,al z(al).
k=1

Corollary 3.4.23
Assume that m = 3. Then the map N}V is constant under the assumptions of proposition

PROOF. It remains to check that

“w(B(a1)) - ind(P(a1))
al%F:D # Aut(B(a1)) ind(B(ay)) - ind(Py)

Let a; € FD and note that it holds #FSg(a) = m + 1 = 4. With remark [3.4.12] it follows that
det(M(a1)) = 3z(a1) = 0, if there exists P € P(a1) which contains more than three flags at the
loop of a, i.e.

- z(ay) = 0.

#P =#(PN{F, Fy, F;5,F4}) > 3.
We conclude that it holds #P < 2 if P € P(a;) and z(a1) # 0. If z(a1) # 0 it hence follows

n(Plar)) = | J[ (~D#'#P -1 €{-1,+1}.

PeP(ar)
More precisely, it holds

e n(P(a1)) =1if P(a1) = Py is the finest partition of FSy(a),
e n(P(a1)) = —1 if there exists iy,42, 3,44 € [4] with P(a1) = {{F},, Fi, }, {Fi, }, {Fi, }} and
o n(P(a1)) =1 if there exist i1, o, 13,74 € [4] with P(a1) = {{F},, Fi } { ias Fiu bt

Moreover, it holds z(a;) = 0 if there exists P € P(a1) with {F1,Fo} C P or {F3,F4} C P, ie. if
the flags F; and F; or the flags F3 and Fj sit at the same vertex in the loop of 8(ay).
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Due to
1

w(f(ar)) = m )

> n(P)-ind(B(ar)p)

P<P(a1)

we conclude with the previous lemma that

) - ind(P(a1))

u a (ﬁ( ai a
GIEZFD#A t(B(a1) ind(B(ay)) - ind(Po) (a1)
_ 1nd (B(a1)p) - ind(P(ar)) ol
= alézFDP<;a1) d( ( )) lnd(’Po) ( 1)
= nd(P)
aEI;D P<;(a1) 1nd (Po) (a1)
)

_ ind(P
= 2D P gy )

P<Po a; EFD(

ind(P)

= Z(al) . -
a1EFZD(730) 0
3 ) ind(PT7)
Z Z (a1) ind(Pp)

i€lt] o, erD (L)

2 .
ind((PTe)Ti+2)
+ Z Z z(ay) - T ind(Py)
=1 eFD((Py7)Ti+2)
= 0

O

PROOF OF PROPOSITION [3.4.16]l For any P € P%), it holds a; € FD(P) if and only if
P < P(a1). Therefore, it follows from the previous lemma that

0 = >[I n(P) [ > ) D

PERO(a) PEP a1 EFD(P)
ind(P")
S S DERECAE
i€[4] a1 eFD(PTi) md(PO)

2 1nd PLi)yTitz

i=1 aleFD((PTi)Ti+2)

B " lan) - ind(P)
= R p£%%<l£(P0 (@) o)

4 ind(P7%)

- X > Z Hn(P) 'Z(al)'T

i=1 a1 EFD: PERO(a): Pep m ('PO)
(3RERO (a):aq eFD(RTi)) 'F’T’iS?(al.)

g s S ([ o BT

=1 a1 €FD: >
0(a):a TiyTit2 PER" (a): bep
(3RERY(a):a; eFD((RTi)7i+2)) (PT'i)Ti+2§73(a1)
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Let T = (i1,i2) € T, R € R%(a) and set A := RT. Let us calculate

> e

PeRO(a), PEP
PT=A

Assume that the element of A containing i; and i, has cardinality ¥k +2 € N and let 0 <[ < k.
Then there are (’f) elements P € R’(a) with the following properties:

e The element of P containing i; has [ + 1 elements.
e The element of P containing is has k — [ 4+ 1 elements.

o PT = A.

Therefore it holds:

> L e -

PeRO(a) PEP

l
= Z <I;> H ()P YH#P - | 1 (B —1) - (—1)HR
= (-DF-k+1) J[ ~0)#F#P 1)
ilpiezJéP
= - [I0*#p -1y
PeA

Let now i € {1,2}, R € R%(a) and set A :== (RT#)Ti+2. We will calculate

S L

PeRO(a) PEP

PTiyTi=a
Assume that the element of A containing (7;); and (T3)2 has cardinality k142 and that the element
of A containing (T}42)1 and (T;12)2 has cardinality ks +2. Let 0 <1y < ky and 0 < Iy < ky. Then
there exist (1;11) . ( ;“) elements P € R’(a) with the following properties:

The element of P containing (73); has l; + 1 elements.

The element of P containing (T;)2 has k; — I3 + 1 elements.
The element of P containing (T;42)1 has ls + 1 elements.

The element of P containing (T;42)2 has ko — ls + 1 elements.
(PT)Tiv2 = (PTiv2)Ti = A,

It follows:

> L0 e -

PGRU(a) PeP

PTiyli=a
ki ko
= Z Z ( ) ( ) : H (—1)#P_1(#P— DV (k= 1) (ko = 12)! - (— )k1+k2
L=012=0 [4};%;4:‘@
[4%6134:’@

— H (—)#P-L(#P —1)!

PcA
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Since it holds det(M(a;)) = 1z(a;) = 0 if there exists P € P(a;) containing three of the flags

Fy, Fy, F3, Fy € FSp(a) (see remark [3.4.12)), we conclude:

ind(A

a1€FD 4<p(a;):aeR0(a) VAEA

4 .

ind(A)

+ n(A)> cz(a) ——=~
(3RERO (a):a; eFD(RTi)) (BPeRO(a):A:pTi)

9 .

ind(A

S S (o) o 25

i=1 a1 EFD: A<LP(ay): AeA m 0
(3RERO (a):a; eFD((RTi)Ti+2)) (aweRO(a):A:(PTi )T“*'Q)

ind(P
= Z Z (H n(P)) - z(ay) - ind((PO))

a1 EFD P<P(a;) \PEP

- Lopy | . md(B(a)p) -ind(Plar))
= Y 3 (H (P)> nd(Ban)) -ma(Py) )

a1€FD P<P(a;) \PEP

= Y #Aut(Bar)-

a1 €FD

O

3.4.2. Invariance in the general case. We generalize proposition|3.4.7 and prove the main
theorem which states that the degree of

IT eviai + Li) - My (A, R™) 5
1€[n]
does not depend on (ai,...,a,) € (R™)" as long as ([a1], ..., [as]) € G is in general position.

Proposition 3.4.24
Assume that we are in the third case of (B). Then the map N is constant.

This proposition is proven as a corollary of proposition Again (C,h) € M1, (A, R™) is the
unique element of 71 ((ev’)~t{a} NW) and has fine combinatorial type (o, <). (C, h) is non-regular
and has a vertex of genus one.

As in the special case treated in the previous subsection, denote the weighted direction vectors
of the flags Fy,...,Fs € FSp(a) at the loop of a by y1,...,ys. Since (o, <) has codimension
one and is non-regular, it holds that the vectors yi,...,ys—1 € R™ are linearly independent and
>oi 1y = 0. It holds dim(ys,...,ys) > 3 and hence s > 4 because otherwise a non-regular fine
combinatorial type (o, <) would have codimension at least two.

Define
S
FD(yl,...,ys):{Z/\i-yimg/\i<1Vi:2,...,s}ﬂZm

i=2

as the intersection of Z™ with a fundamental domain of the lattice spanned by ys,...,ys. As in
the special case, for all maximal fine combinatorial types (o, <) < (5, <g) in M1 (A, R™) there
exist W elements a1 € FD(yy,...,ys) such that

(ﬁ) Sﬁ) = (B(a1)7 Sal)
Similar to the special case, the weight of a curve of fine combinatorial type (8(a1), <q,) in

K(b) = [] evi(bi+ Li) - My (A, R™)™E

1€[n]
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is given by % times the weight of the corresponding curve in

I evivi + Li) - (eva —evp) V(B(ar))§ - (Ip — 1g)* {0} - Y (o), < (),
i€[n]

where V(3(a1))§ is a complement of V(8(a1))o, Y (op), <(r)) is the variety containing all well-
spaced curves in MO’IU{A’B}(A[F],R’”) whose fine combinatorial type specializes to (a[p], S[F])
and all facets are equipped with weight one. See construction [3:34] for the remaining notation.
This weight is given by the index of the map evy given by

(qoev) x (¢ o(eva—evp)) x (I, — 1) : Y(air, <pp) — H R™/Lin(L;) x R™/V(B(a1))g x R
1€[n]
restricted to the polyhedron containing curves of combinatorial type 3(a1)p), where
qg: (R™" — H R™/Lin(L;) and ¢’ : R™ — R™/V(B(a1))§
i€[n]

are the projections. Similarly to the special case, the weight of a curve of fine combinatorial type
(B(a1), <4,) in K(b) is therefore given by

w(B(a1)) - ind(P(a1))

ind(B(a1)) - ind(Py)

where P(aq) is the partition of the set of flags FSy(«a) at the loop of « given by 5(a1), where Py
is the finest partition of FSy(a) and where the matrix M (a;) has the following form:

| det(M(ar))],

Ry, Ry -+ R, R}
Ri»
Rl,h
Ry Ry Cy(ar)
Mfar) = Ry, Ry Cs(ar)

Rq’l R1 Cq (al)

Ryr, Ri Cylmr)
A(al) B

The notation is explained below. The idea of this representation of the matrix M (ay) is that the
submatrices with a capital R stand for the conditions S(a1) outside the loop (in the “rational”
part of 3(a1), which does not depend on a1) and that the submatrices Cj(a;) and A(a1) encode
the conditions in the loop of S(aq).

In order to calculate the index of the map evqy defined above, we choose edge lengths and a root
vertex as coordinates on the polyhedron containing curves of combinatorial type 5(a1). Without
loss of generality we assume that all marked points of « lie behind the flags Fi,. .., Fj at the loop
of a, seen from the loop, with 2 < ¢ < s. Since (o, <) has codimension one in M;j (A, R™)
and since « is non-regular, it follows that there are no marked points in the loop of « (which is
a single point). Otherwise a had codimension at least two. Hence, also the regular resolutions
of a do not have marked points in the loop. If there existed only one flag F; at the loop behind
which lie marked points, the map evy would not be injective on the polyhedron containing curves
of fine combinatorial type (o), <(r)) and N would be the constant zero function. For j € [q],
assume that there are r, marked points that lie in « behind the flag F;, € FSy. In particular,
it holds Zj 1 Tq = m because we have altogether n marked points on a. Choose as root vertex

a marked point, which we denote by x7, that lies behind the flag F;. We denote the linear
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part of the incidence condition that is fulfilled by the k-th marked point that lies behind F}; by
Ly e{Ly,...,Ly}, j €[q] and k € [ry].

T

«—— flag behind which lies a marked point
«—— unique vertex of genus one

T2

(bounded) flag behind which lies no marked point

FIGURE 22. Example of a non-regular elliptic combinatorial type a. In a curve
whose fine combinatorial type is a resolution of («, <), the length of a flag at the
loop behind which lies no marked point is determined by the partial order < on
the vertices of a given by well-spacedness (at least if the weight of the curve is
nON-zero).

By Ri2,...,Ri1,, we denote the matrices given by a path from z; to one of the remaining r; — 1
marked points that lie behind Fy together with columns that span a lattice basis of L1 and of
L% k =2,...,r;. The columns of these matrices lie in R™. A column is the zero vector if the
corresponding edge that lies behind F; does not appear in the path from x; to the considered other
marked point behind Fi, and the number of columns of each of these matrices equals the number
of bounded edges that lie behind the flag F; plus the sum over the dimensions of the incidence
conditions which lie behind the flag F}.

Let the matrix Ry (with columns in R™) encodes the path from 21 to the loop of a: The columns
of this matrix are either zero or one of the weighted direction vectors that appear in the path from
71 to the loop or one of the vectors that span a lattice basis of L} (which is the incidence condition
corresponding to the root vertex x1). The number of columns of R; coincides with the number of
columns of each of the matrices Ry 2,..., Ri .

Forj=2,...,qand i =1,...,7;, we define R;; as the matrices which encode the path from Fj to
the r; marked points of « that lie behind the flag F}, i.e. the columns of these matrices are either
zero, a weighted direction vector of a flag that lies in the part of a behind F} or a vector that is
part of a lattice basis of an incidence condition that lies behind F};. The columns of R;; lie in R™,
and the number of columns of each R;;, i € [r;], equals the number of bounded edges behind F;
plus the sum over the dimension of the incidence conditions behind Fj.

Up till now, the submatrices encode the incidence conditions. Now we come to the conditions given
by well-spacedness and the total preorder < on the vertices of a.

By Ry, ..., R; we denote the matrices that stand altogether for the conditions on the edge lengths
of bounded edges in o which are imposed by the total preorder < on the vertices of a. A matrix
R} has the same number of columns as each of the matrices R;; (where j € [¢] and i € [r;]). The
columns of R, stand for the bounded edges of & which lie behind one of the flags F4q,. .., F;s at
the loop of a behind which lies no marked point.

Note that up till now the described submatrices of M (a;) only depend on a and not on the
resolution SB(ay).

We define the k-th column of the matrix A(a;) € R™** as the weighted direction vector ay of the
edge Ej, if an edge with this label exists in the loop of S(a;) and we define aj otherwise to be
zero. (Remember that we label a vertex py in the loop of 8(ai) by the minimal index k of a flag
at the loop in {Fi,...,Fs} = FSp(a) that is adjacent to pg, and that we label the edge in the
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loop of B(aq) that lies behind the vertex py when we run around the loop according to the ordered
partition O(aq) by Ej.) This notation aq,...,as is similar to the special case.

In the spirit of the definition of the submatrix C' € R™*(m+1) of M(aq) in the special case, for
J € [g], we define Cj(a1) € R™*® as the matrix that encodes the path in the loop of 3(a;) from
the flag Fy to the flag Fj, j € [q], i.e. (Cj(a1))r = ai if the path from Fy to F; passes the edge
Ej (where the direction of this path in the loop of S(a1) is given by the ordered partition O(a;)
of FSy(a)) and otherwise (Cj(a1))r = 0.)

The columns of the matrix B € R™*(m=s+1) are a lattice basis of a complement of the vector space
spanned by the weighted direction vectors y1,...,ys of the flags at the loop of «, i.e. B does not
depend on a; € FD(y1,...,ys).

Remark 3.4.25

Let a; € FD(y1,...,ys). Similarly to the special case we see (using Cramer’s rule in one of the
columns of M (a;) with the matrices C;(a1) and A(aq)) that the sign of the determinant of M (aq)
determines whether there appears a curve of fine combinatorial type (8(a1), <, ) in the intersection
product K(b) =[], evi(b; + L;) My (A, R™).

The key to the proof of proposition [3.4.24]is the following corollary of proposition [3.4.16

Corollary 3.4.26
Let 21,...,2m_1 € R™and set X = (21,...,2m_1) € R™*(™=1_ Then it holds for all j € {2,...,¢}

that
at(Bla ~w(B(a1)) - ind(P(a1)) ot [ X Cj(ar) _
alEFD%;__,yS)#A 6(B(a)) ind(B(ay)) - ind(Pp) d t( Alay) B) 0,

where Cj(a1), A(a1) and B are the submatrices of M (a1) defined above.

PROOF. Let a; € FD(y1,...,¥s), j € {2,...,¢} and consider the matrix

_ X Cj (al) 2mx2m

N(X,a;) = ( i) B)ER .
We first consider a special type of matrix X = (21,...,2m_1) € R™*(m=D " Assume that there
exists i1,...,95—2 € [s] such that z;,,...,2, , € {y1,...,ys}. Assume moreover that y,y; €
{Ziy,- -, 2i,_,} where j € {2,...,q} was fixed above. Let the remaining vectors z; € R™ with

ke[m—1)and k ¢ {i1,...,9s—2} be given by the columns of the matrix B.

Remember that it holds by the choice of B that im B (y1, . ..,ys) = R™ and dim{y,...,ys) = s—
1. Since the weighted direction vectors of all flags in the loop of 8(a;) are contained in (y1,. .., ys),
it follows that all columns of X, A(a1), Cj(a1) and B are contained either in (yi,...,ys) or in
im(B). We project all columns of X, Cj(a1) and A(a1) to (y1,...,ys), choose lattice coordinates
on (yi,...,ys) and get a matrix

AT
/ _ j (s—1)x2(s—1)
N (al) ( A’(al) eER y

where dim(yy,...,ys) = s — 1.

Since the columns of B are a lattice basis of a complement of (y1,...,ys), there exists e € {—1,1}
such that det(N'(a1)) = e - det(N(X,aq1)) for all a; € FD(y1,...,ys). It holds moreover that the
columns in the matrix X’ stand for s —2 of the vectors y1, ..., ys including y; and y;. We conclude

with propositions [3.4.15] and [3.4.16] that
> # Aut(B(a1)) -

a1 €FD(y1,...,ys)

w(B(ar)) - nd(P(ar))
ind(B(aq)) - ind(Py)

-det(N(X, a1)) = 0.

Let now 21,...,2m—1 € R™ be arbitrary. Using the multilinearity of the determinant in the first
m — 1 rows of the matrix N(a;), there exists r € N and matrices Xy,..., X, € Rmx(m=1) of
the special type studied above in this proof such that we can express det(N(X,a1)) as a linear
combination of the determinants of N(X1,a1),...,N(X,,a1). This linear combination can be
chosen independently of a; € FD(yi,...,ys), and the claim follows. O
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Corollary 3.4.27
It holds ]
w(B(a1)) - ind(P(a1))

>, #AuB) S Py

a1€FD(y1,...,ys)

-det(M(az)) =0,

PROOF. Let a; € FD(y1,...,ys). We will show that det(M(a1)) is a linear combination of
determinants of matrices of the form

_ X Cj (al) mxm
N(X,al)—( Al B)ER
(with X € R™*(m=1)) that appear in the lemma above. It holds moreover that the coefficients of
this linear combination do not depend on a; € FD(yq,...,ys).

The determinant of M (a;), defined at the beginning of this subsection, is equal to the determinant
of (use row operations)

R, R} e R, R}
Rio
Rl,Tl
Ry Ry Co(ar)
R272 — R2,1 0 0
/ -
Mi{a) = oy, — Ron 0 0
Rq71 Rl Cq (al)
Ryo— Rgn 0 0
Ryp, —Rg1 0 0
Aar)  Blar)
By using Laplace’s formula in all rows of M'(a1) but those with the matrices Ca(a1), ..., Cy(a1)

and A(aq), we get that det(M'(aq)) (and hence det(M (ay))) is a linear combination of determinants
of matrices of the form

Sy S Ca(an)
N'(ay) = ' i - € Rmaxma,
Sqg S Cylar)
A(al) B
The matrix S comes from the submatrix Ry of M’(a;) by deleting columns and the matrices S;
come from R;; for j = 2,...,q by deleting columns. In particular, this linear combination is

independent of a; € FD(y1,...,ys).

Assume that ¢ > 2 and assume that there exists j € {2,...,¢} such that the matrix S; has m
columus, say j = 2, then the determinant of N'(aq) is equal to a constant multiple (which does
not depend on a;) of the determinant of

S3 Cs(a1)

S
N”(al) = S c R(mfl)qx(mfl)q'
Sq S Cqlar)
A(al) B
Hence, we have reduced the number of blocks in the matrix.

If ¢ > 2 and if all submatrices Ss, ..., S, of N'(a1) have less than m columns, it follows that the
submatrix S of N’(a;) has at least one column:
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The matrix (A(a1)|B) has s+ (m — s+ 1) = m + 1 columns and the matrices Ss,...,5, at
most (¢ — 1)(m — 1) columns altogether (because all matrices Sy, ..., S, have strictly less than m
columns). Hence, S has at least

gn—m+1)—(¢—1)(m—-1)=¢—2>0
columns.

Because S has at least one column, we may use the the multilinearity of the determinant in the

columns of N”(ay) with the matrix S and get (by permuting the columns with the submatrix S)

that the determinant of N”(a;) is a linear combination of determinants of matrices of the form
Sé 03 (al)

N///(al) _ te. : e R(m=1)gx(m-1)q
Sy Cylar)
A(Uq) B
Again this linear combination does not depend on a; € FD. Now, there exists at least one matrix
SJ’- which has m columns, and we can reduce the number of blocks as in the case above.

It follows that we can express N’(a;) (and hence M(a;)) as a linear combination - that can be
chosen independently of a; € FD(y1,...,ys) - of matrices of the form

N o) = (Y2 ' (j{((le)) B) - (X Cf:lj((;ll)) B) R,
where j € {2,...,¢}.

This means that there exists n; € N and )\g € R, Xij € R™m=1 for j € {2,...,q} and i € [n,]
such that it holds for all a; € FD(y1,...,ys)

q MNgq i
; X7 Ci(aq)
— J. i J\*1
det(M(aq)) E E 7 - det ( Alw) B)
Now the claim follows with the previous corollary. |

ProoF oOF [3.4.24] As in the special case with two marked points treated in the previous
subsection, for all maximal (o, <) < (5, <g), there exist ﬁ(m elements a; € FD(y1,...,ys) that
fulfill

(8, <) = (B(ar), <a,)-

The weight of a curve of fine combinatorial type (5(a1), <4,) is given by
w(B(a1)) - ind(P(a1))
ind(B(aq1)) - ind(Po)
and the sign of det(M(a;)) determines whether a curve of fine combinatorial type (8(a1), <q,)
appears in the intersection product

| det(M (ar))];

K(b) = [ evi(bi + Li) My (A, R™).
i=1
If (B,<p) = (B(a1), <a,), we set det(M(B)) = det(M(a1)) and P(8) = P(a1).
With the previous corollary it follows that
3 w(B) - ind(P(B))

nd(5) - md(pp) M)

(o, )<(B,<p)

_ Aut(B(a1)) w(B(ar)) ind(P(a1)) o a
Z 2 ind(B(ay)) - ind(Po) det(M(a1))

a1€FD(y1,...,y2)
= (),

and similarly to the proof of proposition we see the map NV is constant. O
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PROOF OF THEOREM [3.4.3] In propositionwe have shown that the map N} is constant
in case (A) and in the first two cases of (B). Proposition states that NV is constant also in
the third case of (B). Using the argument at the beginning of this section, we conclude that the
map

Nar: G — N

(aictm — deg (TLiepn evi (@i + L) - My (A, R™))

is constant, i.e. the degree of the intersection product does not depend on the position of the
translated fans ay + L1,...,a, + L, as long as ¢(a1,...,a,) € G is in general position. O






Index of notations

Polyhedral complexes and tropical varieties.

e Let 7 be a general polyhedron in a vector space Ag = A ®z R with lattice A. Then we

denote by

W(r)
the smallest linear space in Agr which contains x — y for all z,y € 7. By 7° we denote the
relative interior of 7.

o If ¥ = (X,Y,{¢,}) is a polyhedral complex, we denote its polyhedral structure X by
pol(X), its support Y by supp(&X') and call the maps ¢, polyhedral charts. For o € pol(X)
we set

W(o) = W(¢o(0)) and Ux (o) = | 7°.

oCT

Tropical curves.

e Let C' be an I-marked curve where [ is an index set labeling the leaves of C. By
V(C),E(C),F(C) and FS(C)

we denote the set of vertices, edges, flags and flag segments of C. Vertices, edges, flags an
flag segments are defined in[I.3.1] For an abstract combinatorial type I" and a combinatorial
type «, we denote the vertices, edges, flags and flag segments in the same way.
o We define
w(E)
as the index of the map h o ¢El|¢E(E), where (C,h) is a parametrized curve in R™ and
E € E(C) an edge of C with polyhedral chart ¢ : E — R.
e By
vien (p, E) € R™ and v p,)(p, E) = w(E) - v(c,n)(p, E)
we denote the direction vector and the weighted direction vector of the flag (p, E) € F(C)
of a parametrized curve (C, h).

The moduli space of rational tropical curves.

e The general polyhedron
Mo(a)

is the set of curves in Mg 1(A,R™) which have combinatorial type a. The set My(«)
contains all curves whose combinatorial type is equal to or finer than «.
e The linear space
W(a) = W(Mo(a))

is the smallest linear space containing My ().
e For J C AUT with #J > 2 and #(AUI)\ J > 2, we denote by

vy € Mo 1(AR™)

a curve which has only one bounded edge and the leaves with label ¢ € J sit at one vertex
and the leaves with label i € (AUI)\ J sit at the other vertex. The position of the root
vertex is chosen arbitrarily.

121
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Elliptic Curves. Let (C,h) € P;(A,R™) be an elliptic curve in R™ of combinatorial type a.

e We denote the set of curves in Pr(A,R™) which have combinatorial type a by
P(a).

Its closure P(«) contains all curves whose combinatorial type is « or a specialization of «.
e The number

# Aut(a)

is defined as the number of automorphisms of a curve (C, h) of combinatorial type a.
e Let p € supp(C) be a point outside the loop of C. Then we define

dc(p)

as the distance of p to the loop of C, i.e. as the length of the path (which contains no flag
in the loop of C) from p to a vertex v, € Cr, in the loop of C. If p € supp(C) is a vertex
in the loop of C, we set d¢(p) = 0, and if p € supp(C) is a point in the loop which is not
a vertex, we set dg(p) = —1.

o Let d € R. By

Va(C) = {v e V(O)|d(v) = d}

we denote the set of vertices of C' which have distance d to the loop. The set
Py = {p € supp(C)|d(p) = d}
contains the points in supp(C') which have distance d to the loop. By
FSq(C) = {(p, E) € FS(C)|d(p) = d, d(¢q) = dV q € E}
we denote the set of flag segments which have distance d to the loop. If d = 0, we define
Vo(a),Po(a) and FSp(«)

analogously.
e Let p € supp(C) be a point with d(p) > 0. Then we define

Fy ={(v, E) € FSq@,)lp = v}

as the set of flag segments that lie directly behind p seen from the loop. We define

W)= Y V()

FeFS,(O)

as the sum of the weighted direction vectors of flag segments that lie directly behind p seen
from the loop. We define F,; and v([p]) analogously for [p] € V(a).
e Let d > 0. We define

V(C, h)g and V(C, h) <4
as the vector spaces spanned by the direction vectors of flag segments F' € FS(C') whose
distance to the loop is at most d and less than d, respectively. We define V(a)g and V («) <o

analogously.
e We define

L(O, h)o and L(C, h)<0
as the lattices spanned by the weighted direction vectors of flag segments F' € FS(C) in
and at the loop of C' and in the loop of C, respectively. We define L(a)g and L(a)<g

analogously.
e The index

ind(«)
is defined as the index ind(L(a)g) of the lattice L(a)o.
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o Let F' = (p, E) € F,(C) be a flag segment of C outside the loop that points away from the
loop. Then we define
A(F)cAUI
as the set of labels of leaves that lie behind F' seen from the loop, i.e. the path from p
to the marked point z; with ¢ € A(F) has F as first flag and does not pass the loop. If
W C FS(C) is a set of flag segments outside the loop of C' that point away from the loop,
we define

Few
If p € supp(C) is a point with d(p) > 0 we define

Ap = |J AF)

FEFS,

as set of labels of leaves the lie behind p seen from the loop.
e Let (C,h) € Pr(A,R™) and let H C R™ be a hyperplane. We define
— the vertices of (C,h) closest to the loop at which a flag runs out of H as

Vi (C,h) = {vesupp(C)|V(C,h)caw) C H, 3(v,E) € Fy :v(v, E) ¢ H},

— the distance
dy(C,h)
of H to the loop of C as the distance of a vertex closest to the loop at which a flag
runs out of H, i.e. if Vg (C, h) # 0, we define d (C, h) := d(v) for an arbitrary vertex
v € Vg (C,h), otherwise we set dg(C, h) =0,
— the flags closest to the loop which run out of H as

FH(Ca h) = {(p’E) € F(C)| d(p) = dH(Cv h),V(p,E) ¢ H}

Rational curves corresponding to elliptic curves. To a regular curve (C,h) €
P;(A,R™) of fine combinatorial type (o, <) and a flag F € F(C) in the loop of C, we
associate a rational curve

(Cr,hr) € Mo ruga,y(AF), R™)
of fine combinatorial type
(arF), <(r)),
see [3.3.4] for the constructions.
— We denote by
U(ory) € Mo,ruga,By (A, R™)
the set of curves whose combinatorial type specializes to a(p) (or is equal to a(py).
— The support of the weighted polyhedral complex
Ularr), <(r)
contains all curves which correspond to elliptic curves whose fine combinatorial type
specializes to (o, <). The weight on a facet of U(ajp), <[r)) containing curves of
combinatorial type Bg is given by Aut(S) - w(3).
— The open subvariety
X (o))
of Mo ruga,B1(AF), R™) contains all curves whose combinatorial type 8j) specializes
to ap) and in the specialization process only edges in and at the loop of fjp) are
contracted. The weight on each facet is one.
— The specialization of ap) in which precisely the bounded edges outside the loop are
contracted is denoted by
a[F].
— The maps
eva,evp,l, and [,

are defined in [3.3.141
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Partitions and elliptic curves. Assume that (Oq,...,0O;) is an s-tuple of pairwise disjoint
sets. Then we define
0(04,...,04)

as the set of ordered partitions (P, ..., P,) of U::1Oi that are finer than (Oq,...,0;), i.e. there
i

exist i1,...,is = € [r] such that O; = J,_;, P for all j € [r] (where ip = 0). By

P({O,...,0:})
we denote the set of partitions {Py,..., P.} of Uj:1oi that are finer than {O,...,O}.

e Let I' be an abstract combinatorial type of elliptic curves and let O € O(Fy,,j,...,Fp,))
be an ordered partition of the flags at the loop of T, where (([v1], [F1]),- .-, ([vs], [Es]) is a
path around the loop of I" if T is regular and where s = 1 and [v4] is the unique vertex of
genus one if I' is non-regular. Then

I'o

is a resolution of T" which is constructed in B2.17

e Let (C,h) € Pr(A,R™) a curve of fine combinatorial type (o, <) and let P € P({F, }sep,)
be a partition of the set of flag segments with distance d to the loop of C that is finer than
the one given by the points with distance d to the loop of C. Then P defines resolutions

(Cp,hp) and (ap, <p)
of (C,h) and (a, <), see If (C,h) is regular and F € F(C) a flag in the loop of C

with V(F) 7é O7 we define ((Cp)p, (hF)P) and ((Ot[F])p, (S[F])’P) analogously.
e For shortening notation define

P°(a) = P({F [y} o]ePo(a))-
e The subsets
Parg(C,h) C P({Fp},ep.(c))
and
Parg(a) C P({Fpu}epy(a)
are defined in 3.2.26
e Let (I',v, <) be a non-regular fine combinatorial type in My ;(A,R™), let Fy,...,Fs be
the flags at the loop of @ = (T',v) with weighted direction vectors yi,...,ys. Then an
element a; € Z™ of

FD(y1,....ys) = {D_ Nitil0 < \i < 1,0 =0} N 2™
i=1
defines an ordered partition

O(ay) = (P1,...,Pr) € O{FSp(a)})

of the flags at the loop of « as described in[3.4.10] The corresponding unordered partition
is denoted by
Plar) ={P1,...,P-}.
We denote by
(B(a1), <ay)

with B(a1) = (To(a,), v(a1)) the well-spaced resolution of (a, <) where the abstract combi-
natorial type is given by ' (a,), v(a1) is specified by the weighted direction vector a; € Z™
of the flag in the loop of I (4, that runs from the vertex adjacent to the flags in P, € P(a1)
to the vertex adjacent to the flags in Py € P(ay) and the total preorder <,, on the set
of vertices of I'p(4,) is induced by the total preorder < on the set of vertices of . For a
partition P € P°(a) and P € P, we set

yp = Z y; and ind(P) = ind(yp|P € P).
i€[s]:F;€P
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Moreover, we set
FD(P) = {a1 € FD(y1,...,ys)|P < P(a1)}

and we define
Pola) = {{F1},... {Fs}}
as the finest partition of the flags at the loop of a. Assume that s = m + 1 and
(Y1, Yms1) = R™.
— We set
FD = Fl])(yl7 . ,ym+1),
and
z(i1,42,a1),z(a1) and M (ay)
are defined in [3.4.8 and
— Let iy,i3 € [s] = [m + 1] and P € P%(a). We define

PeP:
Py, €P or F;, €P

P(il’iz)z(P\{PEP:FiIEPoer‘QEP}>U U P,

i.e. we take the union of elements of P containing the flags F;, and Fj,.
— By
R%(a) c PY(a)
we denote the set of partitions P € P%(«) such that the flags Fy, Fy, F3 and Fj are
contained in pairwise different elements of P.
— We set T1 = (1,3), T2 = (1,4), T3 = (2,4), T4 = (2,3) and

T = {T,T,T3,T4}.
Well-spaced elliptic curves of codimension one in M; ;(A,R™). Let (a, <) be a fine
combinatorial type in M; (A, R™) of codimension one that fulfills
dim V(a)o/V(a)<o = #FSo(ar) — #Po(a) — 1.
Let [F] € F(a) be a flag in the loop that fulfill v([F]) # 0.

e For shortening notation, we denote the fine combinatorial type (ag), <(]) of curves in
Mo ruga,8y (Ar), R™) by
(7, <)
e For P, P’ € P°(y) we define

I(P,P)={PNP £0|PeP,P cP}

e Due to the assumptions, Parg(y) contains exactly one partition of the set of flag segments
FSy(v) that strictly refines the partition {F,)}jjep,(y) of FSo(7) given by the vertices in
the loop of 7. We denote this distinguished partition by

A € Parg(y).
o We set
W(y)={WeP MW #Po(7), #(ANW) <1V A Aand VW € W},
where

Po(v) = {IFI}H r1erso)
is the finest partition of the flags at the loop of ~.
o We define
Ppy) = {P € PY())|#I(A, P) = #P + 1, #1(Po(7), P) = #P + 1}.

The set Pp,(,) contains all partitions that arise from Py(y) by uniting two flags Fi, F» €
F|,) that lie directly behind one vertex [v] € V(7) in the loop of v and that are contained
in different elements A, A € A.
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