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Exercise 9.9Let V be a CG-module affording the character χV . Consider the C-subspace of fixed points underthe action of G, that is, VG :“ tv P V | g ¨ v “ v @g P Gu. Prove that

dimC VG “
1
|G|

ÿ

gPG
χV pgq

in two different ways:
1. considering the scalar product of χV with the trivial character 1G ;
2. seeing VG as the image of the projector π : V ÝÑ V , v ÞÑ 1

|G|
ř

gPG g ¨ v .

10 The Regular Character
Recall from Example 1(d) that a finite G-set X induces a permutation representation

ρX : G ÝÑ GLpV q
g ÞÑ ρX pgq : V ÝÑ V , ex ÞÑ eg¨xwhere V is a C-vector space with basis tex | x P Xu (i.e. indexed by the set X ). Given g P G writeFixX pgq :“ tx P X | g ¨ x “ xu for the set of fixed points of g on X .

Proposition 10.1 (Character of a permutation representation)Let X be a G-set and let χX denote the character of the associated permutation representation ρX .Then
χX pgq “ |FixX pgq| @ g P G .

Proof : Let g P G. The diagonal entries of the matrix of ρX pgq expressed in the basis B :“ tex | x P Xu are:
´

`

ρX pgq
˘

B

¯

xx
“

#1 if g ¨ x “ x0 if g ¨ x ‰ x
@ x P X .

Hence taking traces, we get χX pgq “ ř

xPX

´

`

ρX pgq
˘

B

¯

xx
“ |FixX pgq|.

For the action of G on itself by left multiplication, by Example 1(d), ρX “ ρreg is the regular represen-tation of G. In this case, we obtain the values of the regular character.
Corollary 10.2 (The regular character )Let χreg denote the character of the regular representation ρreg of G. Then

χregpgq “
#

|G| if g “ 1G ,0 otherwise.
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Proof : This follows immediately from Proposition 10.1 since FixGp1Gq “ G and FixGpgq “ H for every

g P Gzt1Gu.
Theorem 10.3 (Decomposition of the regular representation)The multiplicity of an irreducible C-representation of G as a constituent of ρreg equals its degree.In other words,

χreg “ ÿ

χPIrrpGqχp1qχ .
Proof : By Corollary 9.3 we have χreg “ ř

χPIrrpGqxχreg, χyG χ , where for each χ P IrrpGq,
xχreg, χyG “ 1

|G|
ÿ

gPG
χregpgq
loomoon

“δ1g|G|by Cor. 10.2
χpgq “ |G|

|G|χp1q “ χp1q .
The claim follows.

Remark 10.4In particular, the theorem tells us that each irreducible C-representation (considered up to equiv-alence) occurs with multiplicity at least one in a decomposition of the regular representation intoirreducible subrepresentations.
Corollary 10.5 (Degree formula)The order of the group G is given in terms of its irreducible character by the formula

|G| “
ÿ

χPIrrpGqχp1q2 .
Proof : Evaluating the regular character at 1 P G yields

|G| “ χregp1q “ ÿ

χPIrrpGqχp1qχp1q “
ÿ

χPIrrpGqχp1q2 .
Exercise 10.6Use the degree formula to give a second proof of Proposition 6.1 when K “ C. In other words,prove that if G is a finite abelian group, then

IrrpGq “ LinpGq ,
the set of linear characters of G.



Chapter 4. The Character Table

In Chapter 3 we have proved that for any finite group G the equality | IrrpGq| “ |CpGq| “: r holds. Thusthe values of the irreducible characters of G can be recorded in an r ˆ r-matrix, called the character
table of G. The entries of this matrix are related to each other in subtle manners, many of which areencapsulated in the 1st Orthogonality Relations and their consequences, as for example the degreeformula. Our aim in this chapter is to develop further tools and methods to compute character tables.
Notation: throughout this chapter, unless otherwise specified, we let:

¨ G denote a finite group;
¨ K :“ C be the field of complex numbers;
¨ | IrrpGq| “ |CpGq| “: r ;
¨ IrrpGq “ tχ1, . . . , χru denote the set of pairwise distinct irreducible characters of G;
¨ C1 “ rg1s, . . . , Cr “ rgrs denote the conjugacy classes of G, where g1, . . . , gr is a fixed set ofrepresentatives; and
¨ we use the convention that χ1 “ 1G and g1 “ 1 P G.

In general, unless otherwise stated, all groups considered are assumed to be finite and all C-vectorspaces / modules over the group algebra considered are assumed to be finite-dimensional.
11 The Character Table of a Finite Group
Definition 11.1 (Character table)The character table of G is the matrix XpGq :“ ´

χipgjq
¯

ij
P MrpCq .

Example 4 (The character table of a cyclic group)Let G “ xg | gn “ 1y be cyclic of order n P Zą0. Since G is abelian,IrrpGq “ tlinear characters of Guby Proposition 6.1 and | IrrpGq| “ |G| “ n. Moreover, each conjugacy class is a singleton:
@ 1 ď j ď r “ n : Cj “ tgju and we set gj :“ gj´1.

34
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Let ζ be a primitive n-th root of unity in C, so that tζi | 1 ď i ď nu are all the n-th roots of unity.Now, each χi : G Ñ Cˆ is a group homomorphism and is determined by χipgq, which has to be an
n-th root of 1C . Therefore, we have n possibilities for χipgq. We set

χipgq :“ ζi´1 @ 1 ď i ď n ñ χipgjq “ ζpi´1qj @ 1 ď i ď n, 0 ď j ď n´ 1
Thus the character table of G is

XpGq “
´

χipgjq
¯1ďiďn1ďjďn “

´

χipgj´1q¯1ďiďn1ďjďn “
´

ζpi´1qpj´1q¯1ďiďn1ďjďn ,which we visualise as follows: 1 g g2 ¨ ¨ ¨ gn´1
χ1 “ 1G 1 1 1 . . . 1
χ2 1 ζ ζ2 . . . ζn´1
χ3 1 ζ2 ζ4 . . . ζ2pn´1q
. . . . . . . . . . . . . . . . . .
χn 1 ζn´1 ζ2pn´1q . . . ζpn´1q2

Example 5 (The character table of S3)Let now G :“ S3 be the symmetric group on 3 letters. Recall from the AGS/Einführung in die
Algebra that the conjugacy classes of S3 are

C1 “ tIdu, C2 “ tp1 2q, p1 3q, p2 3qu, C3 “ tp1 2 3q, p1 3 2qu
ñ r “ 3, |C1| “ 1, |C2| “ 3, |C3| “ 2 .In Example 2(d) we have exhibited three non-equivalent irreducible matrix representations of S3,which we denoted ρ1, ρ2, ρ3. For each 1 ď i ď 3 let χi be the character of ρi and ni be its degree,so that n1 “ n2 “ 1 and n3 “ 2. Hence

n21 ` n22 ` n23 “ 6 “ |G| .
Therefore, the degree formula tells us that ρ1, ρ2, ρ3 are allthe irreducible matrix representations of S3, up to equivalence.We note that n1 “ n2 “ 1, n3 “ 2 is in fact the uniquesolution (up to relabelling) to the equation given by the degreeformula! Taking traces of the matrices in Example 2(d) yieldsthe character table of S3.

Id p1 2q p1 2 3q
χ1 1 1 1
χ2 1 -1 1
χ3 2 0 -1

In the next sections we want to develop further techniques to compute character tables of finite groups,before we come back to further examples of such tables for larger groups.
Exercise 11.2Compute the character table of the Klein-four group C2 ˆ C2 and of C2 ˆ C2 ˆ C2.
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12 The 2nd Orthogonality Relations
The 1st Orthogonality Relations provide us with orthogonality relations between the rows of the char-acter table. They can be rewritten as follows in terms of matrices.
Exercise 12.1Let G be a finite group. Set X :“ XpGq and

C :“
»

—

—

—

—

–

|CGpg1q| 0 00 |CGpg2q|
00 0 |CGpgrq|

fi

ffi

ffi

ffi

ffi

fl

P MrpCq .

Use the Orbit-Stabiliser Theorem in order to prove that the 1st Orthogonality Relations can berewritten under the form
XC´1XTr

“ Ir ,where XTr denotes the transpose of the complex-conjugate X of the character table X of G.Deduce that the character table is invertible.There are also some orthogonality relations between the columns of the character table. These caneasily be deduced from the 1st Orthogonality Relations given above in terms of matrices.
Theorem 12.2 (2nd Orthogonality Relations)With the notation of Exercise 12.1 we have

XTr X “ C .

In other words,
ÿ

χPIrrpGqχpgiqχpgjq “ δij
|G|
|rgis|

“ δij |CGpgiq| @ 1 ď i, j ď r .

Proof : Taking complex conjugation of the formula given by the 1st Orthogonality Relations (Exercise 12.1)yields:
XC´1XTr

“ Ir ùñ XC´1XTr “ IrNow, since X is invertible, so are all the matrices in the above equations and hence XTr “ `

XC´1˘´1.It follows that
XTr X “ `

XC´1˘´1X “ CX´1X “ C .The second formula is now obtained by considering the entry pi, jq in the above matrix equation for all1 ď i, j ď r.
Exercise 12.3Prove that the degree formula can be read off from the 2nd Orthogonality Relations.
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13 Tensor Products of Representations and Characters
Tensor products of vector spaces and matrices are recalled/introduced in Appendix C. We are now goingto use this construction to build products of characters.
Proposition 13.1Let G and H be finite groups, and let ρV : G ÝÑ GLpV q and ρW : H ÝÑ GLpW q be C-representations with characters χV and χW respectively. Then

ρV b ρW : G ˆH ÝÑ GLpV bC W q
pg, hq ÞÑ pρV b ρW qpg, hq :“ ρV pgq b ρW phq(where ρV pgqbρW phq is the tensor product of the C-endomorphisms ρV pgq : V ÝÑ V and ρW phq :

W ÝÑ W as defined in Lemma-Definition C.4) is a C-representation of G ˆ H , called the tensor
product of ρV and ρW , and the corresponding character, which we denote by χVbCW

, is
χVbCW “ χV ¨ χW ,

where χV ¨ χW pg, hq :“ χV pgq ¨ χW phq @ pg, hq P G ˆH .
Proof : First note that ρV b ρW is well-defined by Lemma-Definition C.4 and it is a group homomorphismbecause

`

ρV b ρW
˘

pg1g2, h1h2qrv b ws “ `

ρV pg1g2q b ρW ph1h2q˘rv b ws
“ ρV pg1g2qrvs b ρW ph1h2qrws
“ ρV pg1q ˝ ρV pg2qrvs b ρW ph1q ˝ ρW ph2qrws
“ ρV pg1q b ρW ph1q“ρV pg2qrvs b ρW ph2qrws‰
“

`

ρV pg1q b ρW ph1q˘ ˝ `ρV pg2q b ρW ph2q˘rv b ws
“

`

ρV b ρW
˘

pg1, h1q ˝ `ρV b ρW ˘

pg2, h2qrv b ws
@ g1, g2 P G, h1, h2 P H , v P V , w P W . Furthermore, for each g P G and each h P H ,
χVbCW pg, hq “ Tr `pρV b ρW qpg, hq˘ “ Tr `ρV pgq b ρW phq˘ “ Tr `ρV pgq˘ ¨ Tr `ρW phq˘ “ χV pgq ¨ χW phqby Lemma-Definition C.4, hence χVbCW

“ χV ¨ χW .
Remark 13.2The diagonal inclusion ı : G ÝÑ G ˆ G, g ÞÑ pg, gq of G in the product G ˆ G is a grouphomomorphism with ıpGq – G. Therefore, if G “ H , then

G ı
ÝÑ G ˆ G χV ¨ χW

ÝÑ C, g ÞÑ pg, gq ÞÑ χV pgq ¨ χW pgqbecomes a character of G, which we also denote by χV ¨ χW .
Corollary 13.3If G and H are finite groups, then IrrpG ˆHq “ tχ ¨ ψ | χ P IrrpGq, ψ P IrrpHqu.
Proof : [Exercise]. Hint: Use Corollary 9.8(d) and the degree formula.


