
Composition Series, Jordan-Hölder, The Chain Conditions

Notation. Below R denotes an arbitrary unital and associative ring.

G Existence and uniqueness of composition series

One of the most important classes of modules is the class of simple modules. They can be used to
analyse the structure of an arbitrary module, provided this module possesses a composition series. We
recall here conditions of existence and uniqueness of composition series.

Definition G.1 (Simple module)

An R-module M is called simple (or irreducible) if it has exactly two R-submodules, namely M
itself and the zero submodule.

Definition G.2 (Composition series / composition factors / composition length)

Let M be an R-module.

(a) A series (or filtration) of M is a finite chain of submodules

0 “ M0 Ñ M1 Ñ � � � Ñ M� “ M p� P Z•0q �

(b) A composition series of M is a series

0 “ M0 Ñ M1 Ñ � � � Ñ M� “ M p� P Z•0q

where M�{M�´1 is simple for each 1 § � § �. The quotient modules M�{M�´1 are called the
composition factors (or the constituents) of M and the integer � is called the composition

length of M .

Clearly, in a composition series all inclusions are in fact strict because the quotient modules are re-
quired to be simple, hence non-zero.

The existence of a composition series implies that the module is finitely generated. However, the con-
verse does not hold in general. This is explained through the fact that the existence of a composition
series is equivalent to the fact that the module is both Noetherian and Artinian.
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Definition G.3 (Chain conditions / Artinian and Noetherian rings and modules)

(a) An R-module M is said to satisfy the descending chain condition (D.C.C.) on submodules
(or to be Artinian) if every descending chain M “ M0 Ö M1 Ö � � � Ö M� Ö � � � Ö t0u of
submodules eventually becomes stationary, i.e. D �0 such that M� “ M�0 for every � • �0.

(b) An R-module M is said to satisfy the ascending chain condition (A.C.C.) on submodules (or to
be Noetherian) if every ascending chain 0 “ M0 Ñ M1 Ñ � � � Ñ M� Ñ � � � Ñ M of submodules
eventually becomes stationary, i.e. D �0 such that M� “ M�0 for every � • �0.

(c) The ring R is called left Artinian (resp. left Noetherian) if the regular module R˝ (i.e. R
itself seen as a left R-module over itself via left multiplication) is Artinian (resp. Noetherian).

Theorem G.4 (Jordan-Hölder )

Any series of R-submodules 0 “ M0 Ñ M1 Ñ � � � Ñ M� “ M (� P Z•0) of an R-module M may be
refined to a composition series of M . In addition, if

0 “ M0 à M1 à � � � à M� “ M p� P Z•0q

and
0 “ M 1

0 à M 1
1 à � � � à M 1� “ M p� P Z•0q

are two composition series of M , then � “ � and there exists a permutation π P S� such that
M 1�{M 1�´1 – Mπp�q{Mπp�q´1 for every 1 § � § �.

In particular, the composition length is well-defined.

Corollary G.5

If M is an R-module, then TFAE:

(a) M has a composition series;

(b) M satisfies D.C.C. and A.C.C. on submodules;

(c) M satisfies D.C.C. on submodules and every submodule of M is finitely generated.

Theorem G.6 (Hopkins’ Theorem)

If M is a module over a left Artinian ring R , then TFAE:

(a) M has a composition series;

(b) M satisfies D.C.C. on submodules;

(c) M satisfies A.C.C. on submodules;

(d) M is finitely generated.


