THE PRINCIPAL BLOCK OF A Z,SPETS
AND YOKONUMA TYPE ALGEBRAS

RADHA KESSAR, GUNTER MALLE, AND JASON SEMERARO

ABSTRACT. We formulate conjectures concerning the dimension of the principal block
of a Zg-spets (as defined in our earlier paper), motivated by analogous statements for
finite groups. We show that these conjectures hold in certain situations. For this we
introduce and study a Yokonuma type algebra for torus normalisers in ¢-compact groups
which may be of independent interest.

1. INTRODUCTION

This paper is a contribution to the following broad question: Do there exist structures
associated to finite complex reflection groups that play the same role as finite reductive
groups play for finite Weyl groups? In [24, 6, 7], Broué, Michel and the second author
discovered that to certain complex reflection groups can be associated data sets, called
spetses, satisfying properties analogous to those of unipotent characters of finite reductive
groups. Their construction is based upon generalisations of Hecke algebras which in turn
arise from the braid groups associated to the space of regular orbits of complex reflection
groups. On the other hand, /-adic reflection groups for a prime number ¢ arise as the
“Weyl” groups of certain topological spaces called ¢-compact groups which possess much
of the structure of compact groups [15, 19]. Thus, spetses and ¢-compact groups widen
the context of group theory in two different directions — combinatorics/representation
theory and algebraic topology.

In [21] we introduced the notion of a Z,-spets, a new object to which both the spetsial
theory and f¢-compact group theory can be applied. It can be thought of as a finite
reductive group which possesses a representation theory in characteristic zero and at the
single prime /. It thus allows one to investigate aspects of the yet not well understood /-
modular representation theory of finite reductive groups in a more general setting. In [21]
we used this to exhibit a surprising consistency of spetses data with the famous Alperin
weight conjecture. Our results lead us to hope that putting the modular representation
theory of finite reductive groups in a broader context will pave the way to a better
understanding of some of the deep open problems of representation theory.

In this paper, we develop this theme further. In order to describe our results we recall
some features of [21]. Let ¢ be a prime number. Formally, a Z,-spets G = (W™t L)
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is a spetsial f-adic reflection group W on a Z,-lattice L together with an element ¢ €
Nery(W). Via the theory of f-compact groups if ¢ is a power of a prime different from ¢,
then under certain conditions, by [4] one can associate a fusion system F on a finite
(-group S to the pair G(q) := (G, q). In this situation, S should be considered as a
Sylow ¢-subgroup of G(gq). It turns out that the ¢-compact theory provides us, for any
s € S, with a centraliser which again is a Z,-spets. Using this we attached in [21] a
“principal ¢-block” By to G(q), with defect group S. It consists of a collection Irr(By)
of sets (“irreducible characters”) in bijection with the unipotent characters attached to
the centralisers of elements s € S (up to F-conjugation), defined in terms of a collection
of Hecke algebras. The construction of By is modelled on and generalises the case of
blocks of finite groups of Lie type in non-describing characteristic. When W is rational
and under some natural assumptions on ¢, we recover the ¢-fusion system F,(G(q)) and
principal ¢-block By(G(q)) of the associated finite reductive group G(gq). See Section 4 for
a description of By and comparison with the rational case.

A primary concern in [21] was the translation of certain local-global statements in
modular representation theory to purely local statements using the language of Z,-spetses.
Here, our considerations are more on the global side, so that actual degrees of characters
in Irr(By) (as defined in [21, Def. 6.7]) play a more significant role. Firstly, we investigate

the dimension
dim(By) := Z v(1)? € Zx]

~v€Irr(Bo)
of By. Motivated by results concerning the divisibility properties of this number for
principal blocks of finite groups, we make the following conjecture:

Conjecture 1. Let G = (Wp™', L) be a simply connected Z,-spets for which { is very
good, let q be a power of a prime different from ¢, and By be the principal £-block of G(q)
with defect group S. Then,
(1) (dim(Bo)la=q), = [5]; and
(2) (dim(Bo)|s=q)p = |[Wp-1c-1|e (mod £), where ¢ € Z; is the root of unity with ¢ =
¢ (mod ¢), and Wy,-1.-1 is the associated relative Weyl group (see [21, Thms 2.1
and 3.6] for the definition and role of the relative Weyl group).

For a finite group G with principal ¢-block By the equality (dim(By)), = |S] is closely
related to the fact that |S| divides the dimension of each projective indecomposable mod-
ule ®, associated to v € IBr(By). When By is as in Conjecture 1, and under the additional
hypotheses that W is an ¢’-group, ¢ is trivial and ¢ = 1 (mod ¢), in Section 4.2 we for-
mulate analogues of IBr(By), decomposition numbers and deg ®, for which we make the
following additional conjecture:

Conjecture 2. In the setting of Conjecture 1 if W is an {'-group, ¢ is trivial and ¢ = 1
(mod ¢) we have

(3) |S| divides deg @, |,—, for all v € IBr(By).

Conjecture 1 combines the statements of Conjectures 4.2 and 4.3 and Conjecture 2 is
restated as Conjecture 4.5 in Section 4. In Proposition 4.6, we prove that Conjectures 1
and 2 hold when W is rational or when ¢ = 1 (mod ¢) and W is primitive. The general
case for Conjecture 1 appears quite elusive, so we choose to simplify matters by assuming
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that W is an ¢'-group, ¢ = 1 (mod ¢) and ¢ = 1. Under these conditions we are able to
show that our conjectures are closely related to certain previously-studied properties of
Hecke algebras which we discuss next.

Recall that the generic Hecke algebra H(W,u) of W is a certain quotient of the group
algebra of the braid group B(W) of W where u is a set of parameters indexed by conjugacy
classes of distinguished reflections in W. To each irreducible character x of H (W, u) over
a splitting field one associates a Schur element f, which, in turn, is used to define a

canonical form )

frwi= D A
x€lr(H(Wu)) 7 X

on H(W,u). This is conjectured to be a symmetrising form [6] (see Conjecture 3.3). It
is expected that the form ¢y, behaves well under restriction to parabolic subgroups and
with respect to the natural map B(W) — W if that is the case we say H (W, u) is strongly
symmetric (see Definition 3.4). Our main result is the following:

Theorem 1. Let G = (W, L) be a simply connected Zy-spets. Suppose that H(W,u) is
strongly symmetric, W is an '-group and ¢ = 1 (mod ¢). Then Conjectures 1 and 2 hold.

Since the strongly symmetric condition is known to hold in many cases (see Proposi-
tion 3.5), we obtain:

Corollary 2. Suppose W is a spetsial irreducible ¢'-group, ¢ = 1 and ¢ = 1 (mod ().
Then Conjecture 1 holds for G = (W, L), and Conjecture 2 also holds, except possibly
when W is primitive of rank at least 3.

The method behind our proof of Theorem 1 may be even more interesting than the
theorem itself. For our approach we introduce and study a Yokonuma type algebra )
attached to an arbitrary finite /-adic reflection group. We conjecture that ) is finitely
generated and free over its base ring (Conjecture 5.12) and show that this holds in many
cases. It seems likely that if ¢ is very good for (W, L), then ) is a symmetric algebra with
respect to a trace form whose Schur elements are derived from those of various parabolic
subalgebras of H (W, u) (Question 5.18).

When G is a rational spets which satisfies the hypotheses of Theorem 1, the principal
block By of G(g) is known to be Morita equivalent to SW over a finite extension of Z,.
The endomorphism algebra of the permutation module which captures this equivalence
is a Yokonuma algebra isomorphic to a certain Z,-algebra specialisation Y, of ) (see
Section 5.5). Moreover, the quantities dim(Bj) and deg®, (v € IBr(By)) can be re-
expressed in terms of the corresponding Schur elements of ).

This motivates the study of ), and associated numerical properties for arbitrary /-
adic reflection groups. In Theorem 5.9 we show that if the parabolic subgroups of the
underlying (-adic reflection group are generated by reflections, then Y, is finitely generated
and free over Z; a result of Kiilshammer—Okuyama—Watanabe then allows us to conclude
that when the order of W is relatively prime to ¢, then ), is isomorphic to the group
algebra of SW (see Theorem 5.10). We obtain Theorem 1 by applying general results
concerning the arithmetic behaviour of Schur elements in symmetric algebras (as discussed
in Section 2.3) to )y, by playing off the form on ), inherited from ) against the standard
symmetrising form on the group algebra of SW.



4 RADHA KESSAR, GUNTER MALLE, AND JASON SEMERARO

We close the introduction by discussing how the hypotheses on ¢ and W in Theorem 1
might be relaxed. If ¢ | |IW| we have carried out explicit computations in support of
Conjecture 1 when ¢ = 1 (mod ¢), such as when W = G(e, 1,3) for £ = 3 and when
W = Gy for the bad prime ¢ = 5 assuming Irr(By) is defined appropriately (see [21,
Rem. 6.16]). In these situations, Irr(By) is only partially describable in terms of the
Schur elements of the Yokonuma algebra ). Even for Weyl groups it is a major open
problem to find a description involving the Schur elements of a suitable larger algebra.

Structure of the paper. In Section 2 we collect some general material necessary for
our proofs. In particular, we discuss certain divisibility properties of Schur elements in
symmetric algebras. In Section 3 we recall the construction of Hecke algebras H(W, u)
for complex reflection groups W and the origin of the trace form tyy,,,, define the property
of being strongly symmetric (Definition 3.4) and introduce the relevant specialisations.
In Section 4, we recall the description of the principal block of a Z,-spets, introduce
the notion of dimension and formulate our main conjectures. Our new Yokonuma type
algebra ) attached to an f-adic reflection group (W, L) is defined and studied in Section 5.
In Theorem 5.7 we describe the structure of ) over the field of fractions of the base ring
and in Theorem 5.10 we obtain, under additional conditions, a similar structural result
for (-adic specialisations of ). In Sections 5.3 and 5.4 we formulate general freeness
and symmetrising form conjectures for ) and show that the freeness conjecture holds for
Coxeter groups (Theorem 5.13) and for most of the imprimitive complex reflection groups
(Theorem 5.14). We also discuss the relationship of ) to the algebra considered by Marin
in [32, 33| and in Section 5.5 we show that when (W, L) arises from a Weyl group the
principal block of the classical Yokonuma algebra over Z, is a certain specialisation of ).
Section 5.6 contains the proof of Theorem 1 (Theorem 5.20) and Corollary 2.

Acknowledgement: We thank Maria Chlouveraki for providing pointers to results in
23, §34], Markus Linckelmann for useful discussions on several aspects of the paper and
in particular on the proof of Theorem 5.10 and Burkhard Kiilshammer for providing
background and references for Proposition 2.8. We are indebted to Ivan Marin and Jean
Michel for their pertinent comments on an earlier version. We also thank the referee for
numerous constructive comments and recommendations which have helped to improve
the readability of the paper.

2. BACKGROUND MATERIAL

2.1. Finite generation of modules. First we record a few general facts on finite gener-
ation of modules. The first is a variation on Nakayama’s lemma for nilpotent ideals which
allows for the dropping of the finite generation hypothesis. Let R be a commutative ring
with 1. Recall that the Jacobson radical J(R) of R is the intersection of all maximal left
ideals of R.

Lemma 2.1. Let I C J(R) be an ideal of R and let M, N be R-modules with N C M
and M = N + IM. Suppose that either M /N 1is finitely generated or that I is nilpotent.
Then N = M.
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Proof. The case that M /N is finitely generated is the usual case of the Nakayama Lemma.
Suppose that I" = 0 for some r > 1. By hypothesis, M/N = I(M/N). Hence M/N =
I"(M/N) = 0, showing that M = N. O

Lemma 2.2. Let R be a discrete valuation ring with uniformiser . Suppose that N C
M are R-modules such that M /mM is finitely generated, M/N is finitely generated and
torsion free, and "N = 0 for some positive integer r. Then M 1is finitely generated.

Proof. Since M/N is finitely generated, it suffices to show that N is finitely generated.
Now "N = 0. So, in order to show that N is finitely generated it suffices to show that
7' N/7T 1N is finitely generated for any ¢ > 1. Multiplication by 7 induces a surjective
R-module homomorphism from N/7N onto 7'N/7"**N, hence it suffices to show that
N/mN is finitely generated. By hypothesis, M /7 M is finitely generated and N/(m M N N)
is isomorphic to a submodule of M /7M. Thus, as R is Noetherian, N/(mMNN) is finitely
generated. But since M/N is torsion free, tM NN = 7w N. O

2.2. Clifford theory. The following is standard Clifford theory adapted to quotients of
infinite group algebras with respect to finite normal subgroups. For a ring R and ideal
I, we will regard without further comment an R/I-module as an R-module via pullback
along the canonical homomorphism R — R/I.

Lemma 2.3. Let G be a group, T a finite normal subgroup of G and K a field of charac-
teristic 0. For 0 € Irrg (T), denote by eq the corresponding primitive central idempotent
of KT and by Gy the stabiliser of 6 in G of (finite) index ng := |G : Gg|. Let I be an
tdeal of KG and set Iy := egleg = I Neg KGey.

(a) There is a K-algebra isomorphism

KG/I =] Mat,,(egKGey/Iy)
0

where 0 runs over a set of representatives of G-orbits on Irrg(T). Moreover,
egKGeg/[g = 69KG9€9/I@ = KG@@Q/IQ fOT‘ all 0 € II“I‘K(T).

(b) The map (6,U) +— IndggU induces a bijection between the set of pairs (6,U),
where 0 runs over representatives of G-orbits on Irri(T) and U runs over a set
of isomorphism classes of simple KGgyeg/Ip-modules, and the set of isomorphism
classes of simple KG /I-modules.

Proof. Set Y = KG/I and for a € KG denote by a its image in Y. Let X be the set of
orbits of the conjugation action of G on Irrg (7") and for each z € X, let e, = >, . €q.
So {e, | x € X} is a set of pairwise orthogonal central idempotents of KG with 1xg =
Y sex €z- Consequently, {€, | z € X} is a set of pairwise orthogonal central idempotents
of Y with 1y = Y _ €,. Here, we abuse notation to allow for the possibility that some
e, are equal to zero. Thus

Y =@ve.

and this is also a decomposition of Y into a direct product of K-algebras. Let z € X and

0 € x. Then,
€r = § géeg_l
g€G/Gy
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is a decomposition of €, into orthogonal, conjugate idempotents. Hence,
Ye, = Mat,, (égY )

as K-algebras. Now the first assertion of (a) follows since the inclusion of ey K Gey in KG
induces an isomorphism ey KGey /Iy = é5Y éy.
Since eggeg = 0 for any g € G\ Gy, and since ey is central in K Gy,

69KG69/]9 = 69KG969/[9 = KGQ@Q/IQ,

proving the second assertion of (a).
Let V be a simple Y-module. There exists a unique = € X such that €,V # 0 (equiva-
lently e,V = V). By the statement and proof of (a), if € x, then

V = @ géQV, (*)

9€G/Gy

€9V is a simple €Y ég-module, and the map V' +— (6, éyV') induces a bijection between the
set of isomorphism classes of simple Y-modules and the set of pairs (¢,U), where 6 runs
over representatives of G-orbits on Irrx(7") and U runs over a set of isomorphism classes
of simple €Y ég-modules. Finally, identifying é,Y €p-modules with K Gyegy/Ilp-modules via
the isomorphism KGyey/Ip = €yY €y given in the proof of (a), the equation () gives that
V = Indge(eg‘/). This proves (b). O

2.3. Symmetrising forms and divisibility. Let R be a commutative ring with 1 and
let Y be a symmetric R-algebra which is free and finitely generated as R-module. If
X is an R-basis of Y, then any symmetrising form ¢ : ¥ — R determines a dual basis
XY ={a¥ | x € X} satisfying

Hay¥) = 1 fore=yeX
v= 0 forx,ye X, x#y.

The relative projective element of Y in Z(Y') with respect to t is defined by 2z, := 3 _ xx”.
It depends on ¢ but not on the choice of the basis X (see [22, Sec. 2.11, 2.16] for details).

Now suppose that ¢ is a symmetrizing form on Y and let s : ¥ — R be a symmetric
form (also known as trace form). Then there exists v € Z(Y') such that s = t,, where
t. € Y* := Hompg(Y, R) is defined by t,(x) := t(uzx) for x € Y. The map u +— t, is
an R-module isomorphism between Z(Y) and the R-module of symmetric forms on Y.
Moreover, t, is a symmetrising form if and only if v € Z(Y)*. If X is an R-basis of V'
and XV is the dual basis with respect to ¢ and if w € Z(Y)*, then the dual basis of X
with respect to ¢, is equal to X¥u ™!, and hence the relative projective element in Z(Y")
with respect to t, is equal to zu~!.

If Y is a split semisimple algebra over a field K then for any symmetric form s : Y — K,
there exist elements s, € K, x € Irrg(Y), such that s = erhrK(Y) syX- Moreover, we
claim that s is a symmetrising form if and only if all s, are non-zero. For this, note
that s is a symmetrising form for Y if and only of its restriction to any block of YV is a
symmetrising form for the block. Thus we may assume that Y is split simple, that is, a
matrix algebra over K and here the claim is immediate from the fact that the trace map
on a matrix algebra is a symmetrising form (see for instance [22, Thm 2.11.3]).
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Lemma 2.4. Suppose that K is a field and Y is a split semisimple K-algebra. Let
s:Y — K be a symmetrising form and let s,, x € Irrg(Y'), be elements of K such that
s=2_ X Let z=2,€ Z(Y).
(a) If V is a Y-module affording the irreducible character x, then the trace of z=' on
V' equals s,,.

(b) The trace of 272 in the left reqular representation of Y equals erlrrK(Y) Si.

Proof. A straightforward calculation using the standard bases of matrix algebras shows

that
=y sx(e
x€Irrg (V)
where e, € Z(Y) is the central idempotent corresponding to x. In particular, z is invert-
ible in Y with 27" = 37 s, x(1)""e,. The trace formula is an immediate consequence of
this.
For (b) we note that the K-linear map

s@s:Y@rYP =K, (s®s)(yey) = sy)sy),
is a symmetrising form on Y ®x Y°P with corresponding relative projective element 2z ® z.
Further, ¥ = @Xehr}((y) Vi@ V7 as (Y ®k Y°P)-modules, where V, is an irreducible
Y-module with character x and V)" is an irreducible Y°P-module with character x. So,
by part (a) applied with ¥ @ Y°P in place of Y, s @ s in place of s and V, ® V" in place
of V, 37 53 equals the trace of =" ® 27! on Y. Since 2 is central in Y, this trace is just
the trace of left multiplication by 272 on Y. ([l

Lemma 2.5. Let G be a finite group and K a field such that KG s split semisimple.
Let t be the canonical symmetrising form on KG. Let u € Z(KG)*, let « € K be the
coefficient of 1 when u? is written as a K-linear combination of elements of G and suppose
that t, =, sxX, sy € K. Then

xEIrr g (Y)

Proof. By a straightforward calculation using the set of group elements as basis, the
relative projective element of K G with respect to tis |G|1kg. Hence the relative projective
element of KG with respect to t, is |Gu™'. Now the result follows from Lemma 2.4 since
for any y € KG, the trace of the action of y on K'G via the left regular representation
equals |G|B, where [ is the coefficient of 1 in the standard basis presentation of y. O

Lemma 2.6. Let O be a complete discrete valuation ring with field of fractions K of
characteristic zero and residue field O/J(O) of characteristic £. Let G =T x W be the
semidirect product of a finite abelian (-group T with an ¢'-group W acting faithfully on T.
Let t be the canonical symmetrising form on KG and s a symmetrising form on KG with
s =t,, u € Z(KG)*. Let a be the coefficient of 1 when u? is expressed as a K-linear
combination of elements of G.

Suppose that the restriction of s to OG takes values in O and for any x € T, s(x) = 6, 1.
Then u € Z(OG), a € O and o =1 (mod 0).
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Proof. The restriction t' := t|pg is a symmetrising form OG — O and by hypothesis
s' = slog : OG — O is a symmetric form. Thus there exists v’ € Z(OG) such that
s' =t ,. Extending scalars, by linearity we have that s = t,,. Since by hypothesis s = t,,
we conclude u = u' € Z(OG). This proves the first and second assertions.

For a conjugacy class C' of G, denote by C' the corresponding class sum. Let

u:1+2acé
c

where C' runs over the non-identity conjugacy classes of G. Then for 1 # x € T we have
0 = s(x) = t(ur) = ap where D is the conjugacy class of G containing x~!. It follows
that R
u=1+ Z acC
cec
where C is the set of conjugacy classes of G \ T and

a=1+ Zacac_1\0\,
cec
where C'~1 denotes the class containing the inverses of the elements of C. Since W acts
faithfully on 7', ¢ divides |C| for all C' € C. Since v € Z(OG), all a¢ are elements of O
and we obtain the last assertion. 0

The following is a consequence of Tate duality for symmetric algebras over complete
discrete valuation rings exhibited in [16]. For an integral domain O with field of fractions
K and Y an O-algebra which is finitely generated free as O-module, we set KY := K®QpY.

Proposition 2.7. Suppose O is a complete discrete valuation ring with field of fractions
K of characteristic zero, Y is a symmetric O-algebra such that KY 1is split semisimple.
Let s : KY — K be a symmetrising form with s = Zx SyX- Suppose that the restriction
of s to'Y takes values in O.

Let U be a projective Y -module and suppose that there is an isomorphism of KY -
modules

KeoU= @ Vi,
XEIrr(KY)

where V, is a simple KY -module with character x and d,, € No. Then

Z sydy € O.

XxE€Irr(KY)

Proof. Let t : Y — O be a symmetrising form and let z be the relative projective element
of Y with respect to t. By [16, Prop. 2.2], for any v € Endy (U), the trace of 271y on
K ®o U lies in O. Here by 271y € Endgy (K ®0 U) we denote the composition of (the
extension to K of) v with multiplication by z71.

Denote by ¢ : KY — K the K-linear extension of ¢ to KY. Then { is a symmetrising
form for KY with relative projective element z. Hence s = ¢, for some u € Z(KY). Since
the restriction of s to Y takes values in O, we have as in the proof of Lemma 2.6 that
u€ Z(Y). Let v : U — U be multiplication by u. Since u € Z(Y), v € Endy (U). Thus

the trace of 271y on K ®¢ U is an element of O. Further, zu~! is the relative projective



THE PRINCIPAL BLOCK OF A Z,-SPETS 9

element of K'Y with respect to s and z~!v is multiplication by (zu~!)~!. Thus the result
follows from Lemma 2.4. O

The first statement of the next proposition is a theorem of Brauer. The second is also
well known to experts; we provide a proof of it for the convenience of the reader.

Proposition 2.8. Let G be a finite group, S a Sylow £-subgroup of G and H a subgroup
of G containing N¢(S). Denote by By(G) (respectively Bo(H)) the principal £-block of G
(respectively H ). Then,

(dim By (G))e = (dim Bo(H))e = | 5]

and

(dlm BQ(G))@/ = (dlm B()(H))g/ (mod E)

Proof. Let O be a complete discrete valuation ring in characteristic zero with algebraically
closed residue field of characteristic £. Let b € OG be the block idempotent corresponding
to Bo(G) and ¢ € OH the one corresponding to By(H). The group S is a defect group
of the principal block By(G). Hence as O[G x GJ]-module, By(G) has vertex AS =
{(z,z) | x € S} (see [22, Rem. 6.7.14]). Further, the O[H x H]-module By(H) is the
Green correspondent of By(G) in H x H (see [22, Thm 6.7.2], and note that by [22,
Thm 6.13.14], Bo(G) and By(H) are Brauer correspondents). Thus, by properties of the
Green correspondence (see [22, Thm 5.2.1])

nd%*% (OHe) = OGh @Y
where every indecomposable O[G x G]-module summand of Y has vertex of order strictly
smaller than |AS| = |S|. Comparing O-ranks,
GI?
[H|?
By a standard application of Green’s indecomposability theorem and the properties of

vertices and sources (see [22, Sec. 5.1, Thm 5.12.3]), the ¢-part of the rank of any inde-
X1

rk(OHc) = rk(OGb) + rk(Y).

composable O X-lattice, for X a finite group, is greater than or equal to or where @) is
a vertex of the lattice. Thus, (rk(Y")), is strictly greater than |S| and we obtain
G?

]H]Qrk(OHC) =1k(OGb) (mod ¢|S)).
Now by a theorem of Brauer (see [22, Thm 6.7.13]), the ¢-part of dim(By(G)) = rk(OGb)
equals |S| and similarly for By(H). The result follows since |G : H| = 1 (mod ¢) by
Sylow’s theorem. 0

2.4. Tits deformation theorem. We recall some features of Tits” deformation theorem.
Let R and R’ be integral domains with field of fractions K and K’ respectively and let
1 : R — R’ be a ring homomorphism. Let Y be an R-algebra which is finitely generated
and free as R-module and let Y’ denote the R’-algebra R’ ® Y obtained via extension of
scalars through . Let t : Y — R be an R-linear map and let ¢’ : Y’ — R’ be its R'-linear
extension through .

Theorem 2.9. Suppose that KY and K'Y’ are both split semisimple.
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(a) The map ¢ induces a bijection Irr(KY') — Irr(K'Y”), x — X/, such that

X(I®y)=¢*(x(y)  foralyeY.

Here ¢* : R* — K™ is an extension of i to the integral closure R* of R in K and
K* is some extension field of K'. The bijection preserves dimensions of underlying
simple modules.

(b) If t is the restriction to Y of a linear combination erhr(m,) SyX with s, € Ry,
then the R -linear map t' - Y' — R’ is the restriction to Y’ of erhr(Ky) P(sy)X-
Here p is the kernel of ¢, R, is the corresponding localisation and (s,) is the
image of s, under the unique extension of ¢ to a ring homomorphism R, — K'.

Proof. For part (a) see [14, Thm 68.17, Cor. 68.20]. Note that the bijection given in [14] is
between the sets Irr(KY') and Irr(K'Y’) where K and K’ are algebraic closures of K and
K’ respectively. Since K'Y and K'Y’ are split, this descends via restriction on both sides
to a bijection Irr(KY) — Irr(K'Y”). Now (b) is an immediate consequence of (a). O

3. HECKE ALGEBRAS AND THEIR SCHUR ELEMENTS

Let W be a finite complex reflection group, that is, a finite subgroup of GL,(C) for
some n > 1 generated by complex reflections. We denote by Qy the field generated by
the traces of elements of I, a finite extension of Q. Attached to any reflection r € W is
its reflecting hyperplane H = ker(1 —r) in C"; its point-wise stabiliser Wy in W is cyclic,
generated by reflections. We say that r € Wy is the distinguished reflection associated
to H if r generates Wy and has non-trivial eigenvalue exp(27i/o(r)) of smallest possible
argument.

3.1. From braid groups to trace forms. Let B(W) be the topological braid group of
W (see Broué-Malle-Rouquier [8]), that is, the fundamental group of the space of regular
orbits of W on C". So there is an associated exact sequence

1> PW)—=BW)—->W =1,

with kernel the pure braid group P(W). Let A := Zy[u*!], where Zy denotes the ring
of integers of Qy and where u = (u,;) are algebraically independent elements indexed by
conjugacy classes of distinguished reflections r € W and 1 < j < o(r). By [8, Def. 4.21] the
(generic) Hecke algebra H(W,u) of W is defined to be the quotient of the group algebra
A[B(W)] of B(W) over A by the ideal generated by the elements (called deformed order
relations)

o(r)

[Ty (H)

j=1
for r running over the braid reflections of B(W) (introduced as generators of the mon-
odromy around a hyperplane in [8, 2B]), with r denoting the image of r in W, a dis-
tinguished reflection. We will write A[B(W)] — H(W,u), x — hy, for the associated
quotient map.

We have the following result, first conjectured in [5], with the final cases having been es-

tablished by Chavli, Marin and Tsuchioka, respectively, see [10, 34, 37] and the references
therein:
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Theorem 3.1 (‘Freeness Conjecture’). The algebra H(W,u) is A-free of rank |W|.

By results of the second author [27, Cor. 4.8] there is a positive integer z such that the
field of fractions Ky of A := Zy[G*!] D A is a splitting field of H(W, u), where @t = (i)
are such that u7; = exp(—2mij/o(r))u,; for all r, j.

Furthermore, by [28, Prop. 7.1] to each irreducible character x of Ky ®4 H(W,u)
is associated an element f, € A called the Schur element of x. The Schur element
pw = pw(u) := fi,, of the trivial character 1y is called the Poincaré polynomial of
H(W,u) (a Laurent polynomial in the @,;). For simply-laced Coxeter groups, this is in
fact the homogenisation of the usual Poincaré polynomial of W.

The collection {(x, fy) | x € Irr(H(W,u))} is Galois-invariant, so in particular

hah) = Y x(h)

ey I
lies in Frac(A) for all h € H(W,u). Thus, this defines a symmetric A-linear map
twa : H(W,u) — Frac(A), h— twua(h),

called the canonical trace form on H(W,u). We denote also by ., its Frac(A)-linear
extension to Hprac(a)(W,u) := Frac(A) ®4 H(W,u). This form satisfies the following

property:

Proposition 3.2. There ezists a set B C H(W,u) consisting of monomials in images of
braid reflections with 1 € B, such that twu(b) = 01 for b € B, and the images in W
of the b € B under the canonical map form a system of representatives of the conjugacy
classes of W.

Proof. First note that the claim easily reduces to the case of irreducible reflection groups.
For those, it holds by the construction of the Schur elements f,, see [25] and [28] for the
exceptional types, and [17, Thm 1.3, Lemma 4.3 and §4.5] for the infinite series. U

Furthermore, tyy,, satisfies a duality with respect to a certain central element, but this
will not be of importance here. In analogy with the case of finite Coxeter groups, the
theory of spetses predicts the following, see [6, Thm-Ass. 2.1]:

Conjecture 3.3. The form ty., takes valuesin A and is a symmetrising form on H(W, u).

The above conjecture has been established for all imprimitive complex reflection groups
G(e, 1,m), for example, by Malle-Mathas [31, Thm)].

Let Wy < W be a reflection subgroup. We denote by H (W, ug) the Hecke algebra of W
whose parameters ug consist of those parameters for W whose corresponding reflections
are, up to conjugacy, contained in Wj. Since non-conjugate reflections in W, might
be conjugate in W, H(Wy,ug) is a specialisation of the generic Hecke algebra of W
corresponding to an identification of certain of its parameters. It follows from the Freeness
Conjecture (Theorem 3.1) that H(Wy, ug) is naturally a subalgebra of H (W, u). Moreover,
by the explicit results in [27, Thm 5.2] the field Ky is also a splitting field for H(Wy, uo).
By tw, u, we will mean the corresponding specialisation of the canonical form of the generic
Hecke algebra of . Recall that, by a theorem of Steinberg, all parabolic subgroups of
W, that is, stabilisers in W < GL,(C) of subspaces of C", are reflection subgroups of W.
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Definition 3.4. We will say that H(W,u) is strongly symmetric if the following holds:

(1) tyu is a symmetrising form on H (W, u) and there is a section W — W C B(W) of
the natural map B(W) — W containing 1 whose image in H (W, u) is an A-basis
of H(W,u) with tyy(hw) = w1 for all w € W; and

(2) for any parabolic subgroup Wy < W, ty, 4, is a symmetrising form on H (W, ug)
and tVV,ul?{(Wo,uo) = tWOJ-lo‘

Note that the assertion that (2) holds is referred to as the parabolic trace conjecture in
[11]. Strong symmetry is known to be satisfied in many cases; here we use the Shephard—
Todd notation for irreducible complex reflection groups:

Proposition 3.5. For the following irreducible groups, H(W,u) is strongly symmetric:

(a) for W a Cozeter group;
(b) for W = G(e,p,n) with n # 2 or p odd; and
(c) for W =G, i€ {4,5,6,7,8}.

Proof. First note that property (2) of being strongly symmetric follows for a parabolic
subgroup Wy of W if there exists W C B(W) as in (1) such that

(2)) {hw | w € Wy} is an A-basis of H(Wp,ug) and ty,u,(hw) = dw1 for all w € Wy

For Coxeter groups, (1) and (2’) hold for any section W consisting of reduced expressions
in the standard generators, see [18, Prop. 8.1.1]. For W = G(e, p,n) the existence of W
satisfying (1) is shown in [31, Thm 5.1]. Since any parabolic subgroup of W is a Young
subgroup, that is, a product of symmetric groups with a group G(e,p,n’) for n’ < n, the
Ariki-Koike basis of H(W,u) considered in [31] also satisfies (27). (See also [6, p. 177]).
The claim for G, i € {4,5,6, 7,8}, follows from the explicit results in [2]. O

3.2. Specialisations. By a specialisation we will mean a ring homomorphism ¢ : A" — R
where A" and R are commutative rings with A’ O A. We then set H,, (W, u) := RQ (A’ ®4
H(W,u)). If ¢ is inclusion we will sometimes write Hz(W, u) instead of H, (W, u). The
restriction of any specialisation v to a subring of A’ will again be denoted by v as will
the composition of 1) with any inclusion R <— R/.

We will consider certain types of specialisations. For the remainder of this section, let R
be an integral domain containing Zy, and let K be its field of fractions. Let ¢ : R[a] — R
be the R-linear homomorphism defined by 1, (@,;) := 1 for all r and j. So, ¢ restricts to
the specialisation

A— Zw, up;— exp(2mij/o(r)).

By Bessis [1, Thm 0.1], the Hecke algebra maps to the group algebra RW of W under
¥1. Combining this with the Freeness Conjecture, the Tits deformation theorem gives
that Hz (W, u) = K ®4 H(W,u) is isomorphic to the group algebra KW, where K =
Frac(R[@]) (see Theorem 2.9 and note that Ky C K). Thus, we may and will identify
the irreducible characters of H (W, u) with Irr(17) via the bijection x, <> ¢ induced by
Y. This also induces a labelling of Schur elements of H(W,u) by Irr(W) and we will
henceforth denote them as f,, ¢ € Irr(W). Since Ky is also a splitting field for the Hecke
algebra H(Wp, ug) of any reflection subgroup Wy of W we also have H (W, u) = K Wh.
We will similarly identify the irreducible characters of H(W;, ug) over K with Irr(Wj).
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+1/z

Now let ¢ be a prime power and suppose that R contains ¢ We also consider

R-linear specialisations of the form
Yy RO = R,y > ¢/,
for integers a,;. Any such 9, restricts to a specialisation
A= Ly,  Upj Cﬁ(r)q“"j,
with (o) € Zw an o(r)th primitive root of unity.
Lemma 3.6. For all ¢ € Irr(W) we have Y1 (fy) = ¢(1)/|W| and 1,(fs) # 0.

Proof. The assertion on v, follows since by construction the set B from Proposition 3.2
specialises under v); to a system of representatives of the conjugacy classes of W. Next,
the following can be observed from the explicit form of the Schur elements (and was
first stated explicitly in [12, Thm 4.2.5]): any f, is a product of a scalar, a monomial
in the %,; and a product of cyclotomic polynomials ¥; over Ky, evaluated at monomials
M, in the ﬁ;—;-l of total degree 0. Thus we need to see that ¢,(V,;(M;)) # 0. This is
clear if 1,(M;) is not a root of unity. Now ,(M;) can only be a root of unity, if the
powers of ¢ cancel completely in v,(M;), which means that ,(M;) = 1:(M;) and so
Yo (Ui (M;)) = 1 (¥ (M;)). But the latter is a factor of 1 (fs) = ¢(1)/|W| and hence

non-zero. L]

For the next result we note that symmetrising forms remain symmetrising after spe-
cialisation, that is if # : O — O’ is a ring homomorphism, Y is an O-algebra which is
finitely generated and free as O-module and 7 : Y — O is a symmetrising form, then the
induced O'-linear form 7" on Y := O’ ®p Y satisfying 7'(1 ® y) = 7(y) for y € Y is a
symmetrising form on Y.

Lemma 3.7. Assume that H(W,u) is symmetric over A with respect to the form ty,, with
Schur elements f, € A, ¢ € Irr(H(W,n)), and let K = Frac(R). The algebra KH,, (W, u)
is split semisimple. Let t' be the induced form on Hy, (W, u). For each ¢ € Irr(W), ¥q(fs)
is the corresponding Schur element of t'.

Proof. By Lemma 3.6 we have ¢,(f,) # 0 for all ¢ € Irr(W). Now 1), is a concatenation
of specialisation maps whose kernel is a prime ideal of height 1. So by [12, Thm 2.4.12],

KH,, (W, u) is also split semisimple. The result thus follows by Tits’ deformation theorem
(Theorem 2.9). O

Finally, for an indeterminate x we will also consider the spetsial specialisation
zx if j = o(r),

S:R~i1 Ri% ~r'
Vs RIGT] = Rla™], UJH{1 if1<j<o(r)

(50 Ys(Uro(r)) = x, Vs(ur;) = exp(2mij/o(r)) for j < o(r)). Clearly ¢, factorises through
¥y by composition with z'/% +— 1 as does any specialisation 1, for the case a,; = 1
if j = o(r) and a,; = 0 if j < o(r) by composition with /% s ¢'/%. We write 1,
for this latter specialisation, which will become important in Section 5.6. The spetsial
specialisation links Schur elements of Hecke algebras to unipotent character degrees of
spetses (see Section 4.4).
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4. CONJECTURES FOR THE PRINCIPAL BLOCK OF A Z.y-SPETS

In this section we define the dimension of the principal block of a Z,-spets, introduced
in [21, §6.2], and propose some conjectures around this notion.

4.1. The principal block of a Z,-spets. Let ¢ be a prime and let ¢ be a prime power not
divisible by ¢. Recall that (under some conditions) the set of characters of the principal ¢-
block of a finite reductive group G over I, can be described as a union of sets of characters
in bijection with the principal e-Harish Chandra series of unipotent characters of dual-
centraliser subgroups Cg+(s)* where G* is the “Langlands dual” of G and s runs over
conjugacy classes of ¢-elements of G*. The principal block of a Z,-spets as constructed
in [21] is modelled on this description: unipotent characters and the appropriate Harish-
Chandra series are provided by the theory of spetses whereas the indexing set of /-elements
and corresponding centralisers comes from the theory of /-compact groups and fusion
systems. In the next paragraph, we briefly recall this construction. Before doing so, we
point out that the description of the principal block of a Z,-spets does not involve going
over to the dual as one would expect from analogy with the group case. The reason for this
is that the fusion system construction that we rely on is for the moment only available
for simply connected f-compact groups. However, this departure does not lead to an
inconsistency in the group case under the conditions on ¢ with which we are concerned
(see [21, Prop. 6.8]).

We assume from now till the end of the section that ¢ > 2. Let W < GL(L) be a
finite spetsial (see [26, §3]) ¢-adic reflection group on a Z,-lattice L, and let X be the
associated connected ¢-compact group (see [4, Thm 1.1]). We assume moreover that X
is simply connected and that ¢ is very good for (W, L), in the sense of [21, Def. 2.4]. Let
¢ € Nar)(W) be of f-order and G = (W', L) be the associated simply connected
Zy-spets. For example any Weyl group W for which ¢ is very good (in the classical sense)
determines a Z,-spets satisfying the above conditions.

Set G(q) := (W=t L,q). In [4], Broto and Mgller showed how to attach to these data
a fusion system JF on a finite f-group S, via the associated f-compact group X (see [21,
Thm 3.2]). Here, S is an extension of a homocyclic ¢-group T' (the toral part) by a Sylow
(-subgroup of the associated relative Weyl group W,-1.-1 (see [21, Thm 3.6]). Note that
S and F only depend on the l-part ¢* of ¢ — ¢, where ¢ € Z; is the root of unity with
g = ¢ (mod ¢), not on ¢ itself.

If G(q) arises from a connected reductive algebraic group G over F, with Weyl group
W and a Frobenius morphism F' : G — G with respect to an [F-structure acting as ¢
on W, then S is a Sylow (-subgroup of G and F is the /-fusion system of G on S (see
21, Rem. 3.3 and Sec. 5.3]). In particular, T' = (T¥), where T is a maximal e-split torus
of G.

Under our assumptions, for any s € S the centraliser W (s) := Cyy(s) of s is again an
¢-adic reflection group, a reflection subgroup of W (see the proof of [21, Thm 5.2] or [21,
Prop. 2.3])), and by [21, Prop. 6.2], it is again spetsial. We let Cg(s) := (W (s)¢; !, L) be
the associated Z,-spets, where ¢, € Ny,(W(s)) is defined as in [21, §5.2].

Now recall from [24] (for the infinite series of irreducible complex reflection groups) and
[7] (for the primitive ones) that associated to G as well as to the various Cg(s) there are
sets of unipotent characters Uch(G) and Uch(Cg(s)), respectively. If W is a Weyl group,
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these are just the unipotent characters of an associated finite reductive group. For s € S
we let

E(G,s) = {7 | A € Uch(Ce(s))}
denote a set in bijection with Uch(Cg(s)) and call it the characters of G in the series s.
The sets Uch(Cg(s)) are in canonical bijection for conjugate elements s. Moreover, these

sets only depend on ¢%, not on ¢ itself. Any unipotent character A comes with a degree
(polynomial) A(1) € Z,[z]. The degree of s, € E(G, s) is defined as
Ysa(1) := |G : Cg(s)| A1) € Zy[z].

Here, |G : Cg(s)|,s means the prime-to-x part of the polynomial |G|/|Cg(s)| € Z¢[x],
where |G|, |Cg(s)| are the respective order polynomials; note that the latter divides the
former by [21, Lemma 6.6].

Now by [24, Folg. 3.16 and 6.11] and [7, 4.31] for any Z,-spets H, for any root of unity
n the set of unipotent characters Uch(H) is naturally partitioned into so-called n-Harish-
Chandra series, and one among them, the principal n-Harish-Chandra series £(H, 1,n) of
Uch(H) containing 1g, is in bijection with the irreducible characters of the corresponding
Springer—Lehrer relative Weyl group. In particular, £(H, 1, 1) is in bijection with Irr(1¥/%).

With this, for ¢ as above denote by (G, s). the subset of £(G,s) in bijection with
the principal ¢(-Harish-Chandra series of Uch(Cg(s)), and hence also in bijection with the
irreducible characters of the relative Weyl group W (s) pole-1

The following definition from [21, §6.2] is inspired by the results of Cabanes-Enguehard
on unipotent ¢-blocks of finite reductive groups; indeed, if G is a rational spets for which
¢ is very good, then what we define are exactly the characters in the principal ¢-block of
the corresponding finite group of Lie type G(q) (see [21, Prop. 6.8]):

Definition 4.1. Let G = (W™, L) be a simply connected Z,-spets with ¢ of ¢'-order
such that ¢ is very good for G (in the sense of [21, Def. 2.4]) and ¢ a prime power with
g = ¢ (mod ¢). The characters in the principal block By of G(q) are

Irr(By) : H E(G, s)c,
seS/F
where the union runs over a set S/F of representatives s of F-conjugacy classes in S.
The dimension of By is defined as

dim(Bo) = Y (1= > > 7)€ Zal].

~v€lrr(Bo) s€S/F Ae&(Ci(s),1,¢)

Again, these do not depend on ¢ but only on ¢* = (¢ — ().

The dimension of the principal ¢-block By of a finite group GG with Sylow ¢-subgroup S
satisfies (dim By), = |S| (see Proposition 2.8). We conjecture that our dimension of the
principal block dim(By) of G(g) behaves similarly:

Conjecture 4.2. Let G = (W™t L) be a simply connected Z-spets such that { is very
good for G. Let q be a prime power not divisible by ¢ and S the associated {-group. Then

(dim(Bo)|a=q)e = [5].

By further analogy with the group case (see Proposition 2.8) we also conjecture the
following global-local statement:
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Conjecture 4.3. In the setting of Conjecture 4.2, if ¢ € Z; with ¢ = ¢ (mod ¢) we have
(dim(Bo)‘x:q)g/ = ’WSD—lc—l |g/ (mod 6) .
Note that Conjectures 4.2 and 4.3 combine to form Conjecture 1.

Example 4.4. We describe S, F, and Irr(By) in a special case relevant to Theorem 1.
Suppose that ¢ = 1 (mod ¢) and ¢ = 1. Then T may be identified with L/¢*L where
(*||(¢ — 1), W = W-1,-1 and the action of W on T' in S is the one inherited from the
action of W on L. Assume in addition that W is an ¢-group. Then the condition that
¢ is very good for (W, L) always holds (see [21, Prop. 2.6]). Further, S = T and F is
the (-fusion system Fgw (S) of the group SW on S (see [21, Thm 3.4] and [4, Thm 9.8]).
Moreover, for any s € S =T the subgroup W (s) -1,-1 equals W (s) and hence £(G, s); is
in bijection with Irr(W(s)). So Irr(By) is in bijection with W-classes of pairs (s, ¢) where
s € S and ¢ € Irr(W(s)).

4.2. Decomposition numbers. Suppose in this subsection that |W| is prime to ¢, that
(] (¢ —1) and that ¢ = 1. Recall the description of the principal block By under these
assumptions given in Example 4.4.

Since W is an ¢'-group and S an f-group, we may identify IBr(SW') with the subset
Irr (W) of Irr(SW). Similarly, we think of the unipotent characters in By as the irreducible
Brauer characters of By and set

IBr(By) := £(G, 1); C Irr(By).

We associate decomposition numbers, and formal degrees of projective indecomposable
characters to By as follows.

The F-classes of elements of S are the W-conjugacy classes of S. Further, since
([W|,¢) = 1, the Glauberman-Isaacs correspondence gives that the actions of W on
S and on Irr(S) are permutation isomorphic. Thus there is a bijection between the set of
W-classes of Irr(S) and the set of W-classes of S such that if the class of s € S corresponds
to the class of § € Irr(.S), then Wy = W; where Wy, W; denotes the stabiliser in W of s, §
respectively. Note that W, was denoted W (s) in Example 4.4. Such a bijection between
the set of W-classes of Irr(S) and of S will be called W -equivariant if in addition the (class
of) 1 € S is sent to the (class of the) trivial character of S. Note that a W-equivariant
bijection always exists.

By Clifford theory,

oe(Sw) =[] Tee(SW9),
oclrr(S)/W
where the union runs over a set Irr(S)/W of representatives 6 of W-conjugacy classes of
Irr(S) and where Irr(SW0) denotes the set of irreducible characters of SW covering 6.
Moreover, since |W| is prime to ¢, Irr(SW|0) is in bijection with Irr(Wjy).

By the description of Irr(By) given in Example 4.4, |Irr(By)| = |[Ilrr(SW)|. A bijection
© : Irr(SW) — TIrr(By), v — 7, will be said to be W-equivariant if there exists a
W-equivariant bijection Irr(S) — S such that for corresponding elements s € S and
s € Irr(S), O restricts to a bijection Irr(SW|3) — £(G, s);. Since IBr(SW) is in bijection
with Irr(W|1), any W-equivariant bijection Irr(SW) — Irr(By) restricts to a bijection
IBr(SW) — IBr(By).
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Let Irr(SW) — Irr(By), v — 4, be a W-equivariant bijection. We declare the decom-
position matrix of By to be the (-decomposition matrix of SW via this bijection, that is if
d., is the decomposition number in SW corresponding to v € Irr(SW) and v € IBr(SW),
then we regard d., also as the decomposition number for ¥ € Irr(By) and v € IBr(By).
Recall that for any v € Irr(SW), we have y(1) = 3_, c1p,(sw) dwv(1). In Proposition 4.11
we show that the analogous equations hold in By. We define

deg @, := Z d, deg(Y) € Zy[x] for v € IBr(By),
~yelrr(SW)

to be the formal degrees of projective indecomposable characters of By. The following is
a restatement of Conjecture 2.

Conjecture 4.5. In the setting of Conjecture 4.2, if W has order coprime to {, ¢ 1is
trivial and ¢ = 1 (mod ¢), then for some W -equivariant bijection Irr(SW) = Trr(By) we
have that |S| divides (deg ®;)|,—, for all U € IBr(By).

4.3. The rational and the primitive cases. We'll prove the above conjectures for
most W of order coprime to £ in Theorem 5.20. For the moment, let us see why they hold
in the rational case:

Proposition 4.6. Conjectures 4.2, 4.3, and 4.5 hold if G is a rational spets underlying a
finite reductive group.

Proof. Let G be a connected reductive group over an algebraically closed field of char-
acteristic p and F' : G — G a Frobenius endomorphism with respect to an F,-structure,
such that G is the underlying spets. That is, ¢ is the automorphism of W induced by F'
Recall that S may be identified with a Sylow ¢-subgroup of G and F with the fusion
system Fgr(S) (see [21, Rem. 3.3(a) and Sec. 5.3]). Let d be the order of ¢, hence the
order of ¢ modulo ¢. By [21, Prop. 6.8], there is a degree preserving bijection between
Irr(By) and the set of irreducible characters of the principal /-block By(G*). Note that
the bijection given in [21, Prop. 6.8] is stated to preserve defects but it is easy to check
from the setup that for any irreducible character v, y in By, 75 1(1)|2=4 is the degree of the
corresponding character of By(G'"). Now the assertion regarding Conjecture 4.2 follows
from Proposition 2.8.

As described in Section 4.1, S = T.(W;), with Wy := W,-1,-1. Under our assumptions
on {, L := Cg(T) is a Levi subgroup, and moreover Ng(S)!" < Ng(T)" = Ng(L)¥ (see
[30, Thm 5.9 and 5.14]). Let H := Ng(L)*. Then Proposition 2.8 shows that in order to
prove Conjecture 4.3 for G it suffices to see that (dim By(H))y = |Wi|e (mod ¢). Now
By(H) is isomorphic to the principal block of H/Op(L"). Since S/T acts faithfully on T,
T is a Sylow f-subgroup of L' so H/Oy (L") = T(Ng(L)" /L) = TW,, the latter by
the definition of relative Weyl groups. The result follows as T'W; has a unique ¢-block.

Finally, we prove Conjecture 4.5 in this situation. So assume p = 1 and ¢ = 1
(mod ¢). Then W; = W. As recalled above, there is a degree preserving bijection
Irr(By) — Irr(By(GF)). On the other hand, by a result of Puig [36, Thm 5.5, Cor. 5.10],
as explained in [9, Prop. 8.11], the principal block of G over a suitably large complete
discrete valuation ring O of characteristic 0, is Morita equivalent to the group algebra
O[SW] (note here S =T as |W] is prime to ¢ and that W = Ng(T)* /T, where T is a
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Sylow 1-torus of G with T the Sylow (-subgroup of TY'). In particular the decomposition
numbers of O[SW]| are decomposition numbers of By(G*'). Thus (deg ®;)|.—, is the di-
mension of a projective indecomposable module of By(G*"). Now Conjecture 4.5 follows
since the dimension of any projective indecomposable module of a finite group algebra
OG is divisible by |G|, (for instance, apply Proposition 2.7 with respect to the standard
symmetrising form on OG.) O

To deal with the primitive cases, we use the following:

Lemma 4.7. Let (W, L) be a finite (-adic reflection group with |W| prime to ¢ and let
Wy < W be a parabolic subgroup. For 1 < k < rk(Wy) there ezist b?fo € Z such that
for any prime power ¢ =1 (mod ¢) and F the fusion system attached to (W, L,q), on a
homocyclic £-group T of exponent a, the number of W-orbits (F-classes) of elements of
T with stabiliser conjugate to Wy s given by

1 rk(Wo)
(4 —b,°).

Proof. Let A denote the set of 1-eigenspaces of reflections in 7" and denote by £ = £(.A)
the lattice of all intersections of elements of A with minimal element 7. By Steinberg’s
theorem (see [21, Prop. 2.3]), each Y € L is the centraliser in 7" of some parabolic
subgroup. Thus by inclusion/exclusion, the number of W-orbits of elements of T with
stabiliser conjugate to W is given by the Euler characteristic of the sublattice {Y € L |
Cr(Wy) < Y} divided by |Nw (W) : Wy|. This Euler characteristic has the stated form
by [35, Thm 1.2]. O

The tables in [35] explicitly list the integers b, (and the quantities | Ny (Wp) : Wy|) for
all parabolic subgroups W, of all exceptional complex reflection groups W. An immediate
consequence is the following result:

Proposition 4.8. Conjectures 4.2 and 4.3 hold for all primitive spetsial ¢-adic reflection
groups with ¢ =1 (mod ¢).

Proof. If W is a Weyl group, the claim follows from Proposition 4.6. For the remaining
Coxeter groups, it follows from Theorem 5.20. Otherwise since ¢ is very good, we must
have ¢ 1 |W| and

W € {G4, Gs, Gs, G14, Gaa, Gas5, Gog, Gar, Gog, G'32, G33, G54}

For all of these only ¢ = 1is possible, by [6, Prop. 3.13]. We explicitly calculate dim(By) as
a polynomial in x using Lemma 4.7 and the tables in [7, App.]. The required congruences
for dim(By)|.—, are readily checked via the substitution ¢ — 1+ r¢® for r € Z. O

4.4. Character degrees and Schur elements. The proof of Theorem 1 goes through
the connection between unipotent character degrees of spetses and Schur elements of
corresponding Hecke algebras. We describe this connection in the relevant special case.
Let G = (W, L) be a simply connected Z,-spets such that ¢ is very good for G and ¢ a
prime power and let v : Z,[0*'] — Z,[2'/?] be the spetsial specialisation described in
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Section 3.2 with R = Z,. The degrees of the unipotent characters Uch(G) of G in the
principal 1-Harish-Chandra series £(G, 1); are given by

¢S(flw)/¢5(f¢) for ¢ € Il"l"(W)

(see [24, Sétze 3.14, 6.10] for the infinite series and [7, Ax. 4.16] for the exceptional types).
This leads to the following formula for character degrees in the principal block By of G(q).

Lemma 4.9. Assume ¢ =1 (mod ). Then the degrees of the characters in Irr(By) are
given by

|CG x Q/JS(pW)
SELSL{WCG T bl fog) | @ €IV}

where T, Ty is a Sylow 1-torus of G, Cg(s), respectively, and the fs, denote the Schur
elements of the Hecke algebra H(W (s),us) of W(s), with the parameters ug inherited from
H(W,u).

Proof. As mentioned above for any s € S the degrees of the unipotent characters in the
principal 1-series of £(Cg(s),1) are given by

{¢s(pW(s))/¢s(fs,¢) | ¢ € ITT(W(S))} C de]
Now by [28, Prop. 8.1] we have ¢s(pw) = ¢s(fi) = |G : Cg(T)|» and accordingly
Us(pw(s)) = |Ci(5) : Cey(s)(Ts)|ar. Since by definition the degree of v, 4 € Irr(By) is

|G : CG(S)|96’ ¢S(pW(S))/¢S(f8,¢)7
our claim follows. O

Lemma 4.10. In the situation of Lemma 4.9, assume moreover that |W| is coprime to ¢.
Then the degrees of the characters in Irr(By) are given by

IT {eow)/es(foo) | 6 € Ie(W(s))},

seS/F
where fs s denotes the Schur elements of the Hecke algebra H(W (s), u,).

Proof. If ¢ does not divide |W| then we have S = T, that is, the centraliser of any ¢-
element s € S contains the Sylow 1-torus T, whence Ty, = T for all s. Now the centraliser
of a Sylow 1-torus is a maximal torus since the coset W ¢ always contains a 1-regular
element by [29, Prop. 3.3]; for this note that none of the exceptions in loc. cit. is spetsial.
So in fact Cg(T) = Cey(s)(T) and the stated formula follows from Lemma 4.9. O

By analogy with the group case, we now establish a Brauer reciprocity formula for the
Brauer characters and decomposition numbers defined in Section 4.2.

Proposition 4.11. Suppose that W is {-adic spetsial of order coprime to £, ¢ = 1 and
qg=1 (mod ¢). Then for any W -equivariant bijection " : Irr(SW) — Irr(By) we have

deg(¥) = Z d-y  deg(X).

XEIBr(SW)
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Proof. By Clifford theory the ordinary irreducible characters of SW =TW are obtained as
Irr(TW) = {Indpyy, (0 @ v) | 6 € Ire(T), v € Irr(Wy)}.

Since T' = Oy(TW) and |W]| is prime to ¢, IBr(TW) consists of the restrictions to ¢'-
classes of the irreducible characters 1®@v, v € Irr(W), and we may (and will) thus identify
[Br(TW) with Irr(W). The ¢-decomposition numbers of TW are then described as follows:
If n € Irr(TW) then its restriction to £'-classes n° can be considered as character of W, and
the multiplicity of x € IBr(TW) = Irr(W) in n° is just (n, x). That is, if n = Ind?%ﬂ(%@u)
as above, then this multiplicity is (v, x|w,)-

Now assume that v € Irr(By). Then there is s € T and A € Uch(Cg(s)); such that
v =Ysx. Let ¢ € Irr(W(s)) be the irreducible character indexing A € Uch(Cg(s));. Now
by Lemma 4.10 we have v, (1) = ¥s(pw)/¥s(fs6). On the other hand, for ' € £(G, 1),
labelled by x € Irr(W) we have 7/(1) = ¢s(pw)/v¥s(fy). Thus the required equality reads

Ulfoo) = D (D xlw )W)

XEIrr(W)
But this holds for spetsial W by the validity of 1-Howlett—Lehrer theory, see [24, Sitze 3.14,
6.10] for the infinite series and [7, Ax. 4.16] for the exceptional types. O

5. YOKONUMA TYPE ALGEBRAS FOR TORUS NORMALISERS FOR /-ADIC REFLECTION
GROUPS

When the order of W is prime to ¢ our definition of principal block and Conjectures 4.2,
4.3 and 4.5 are related to a generalisation of Yokonuma algebras to ¢-adic reflection
groups. The classical Yokonuma algebra was defined as the endomorphism algebra of the
permutation representation of a finite Chevalley group on a maximal unipotent subgroup
[38]. It is a deformation of the group algebra of the normaliser of a maximally split torus,
to which it becomes isomorphic over a splitting field (see [23, §34]). We propose to extend
this construction over the f-adic integers to “torus normalisers” arising from ¢-compact
groups attached to arbitrary ¢-adic reflection groups. This will allow us in Section 5.6 to
prove Conjectures 4.2, 4.3 and 4.5 in the case ¢ = 1 (mod /) and ¢ = 1.

5.1. Definition and first properties. Let ¢ be a prime and W be a finite /-adic reflec-
tion group, that is, W < GL(L) with L = Z}. Let ¢ be a prime power with ¢ = 1 (mod /)
and a the positive integer such that ¢*||(¢ —1). Let 7= L/¢*L. Then T is homocyclic of
exponent {* and is equipped with a natural action of W. For any reflection r € W we set
T, :=T,r] = (t,r] | teT)<T.

The topological braid group B := B(W) of W (see Section 3.1) acts naturally on T
through its quotient IV. We let B be the semidirect product of T" with B. Observe that
P(W) acts trivially on T, so B is a (non-split) extension of 7" x P(W') by W.

Recall from Section 3.1 the indeterminates u = (u,;) attached to W. We define a new
set v = (v,;) of indeterminates by the linear relations

Upj = Cg(r)(l + | T |vrs) forre W, 1 <5 <o(r),

where, for any k|({—1), (x € Z; denotes a primitive kth root of unity. Let A = Z[v,u'].
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Definition 5.1. Define Y(W, a,v) to be the quotient of the group algebra A[E] of B =
T x B over A by the ideal generated by the deformed order relations

o(r)
[[c-¢,+v,E))  with B, =)t e A[T), (1)

jzl tETr

where r runs over the braid reflections of B < B and r denotes the image of r in W. We
will write x +— y, for the canonical map A[B] — Y(W,a, V).

When W is a Weyl group, the deformed order relation () generalises the quadratic one
from the classical Yokonuma algebra [20, Thm 2(2.1)], see also [32, 2.2(3)]. In Section 5.5,
we show that in this case a suitable specialisation of ) is isomorphic to a truncation of
the classical Yokonuma algebra.

As far as we can tell, there is no direct relation between the algebra Y (W, a,v) de-
fined above and the “cyclotomic Yokonuma-Hecke algebra” considered by Chlouveraki-
d’Andecy [13, §2] for the reflection group W = G(d, 1,n); in their algebra, the underlying
reflection group W only acts via its quotient G(1,1,n) = &,, on the torus. On the other
hand, our construction is related to an algebra defined by Marin [32], see Remark 5.16
below.

Henceforth, for simplicity we set } := Y(W,a,v). Note that the specialisation v :
Zo[ut] — Zyg, upj Qg(r), extends to a homomorphism A — Z,, Ui > 0.

Lemma 5.2. The following hold:
(a) Under the specialisation 1 : A > 7, vp; > 0 (so up; — Cg(T)), the algebra Y
specialises to the group algebra of TW .
(b) The quotient of Y by the ideal I generated by the {y, — 1 |t € T} is isomorphic to
the extension A @4 H(W,u) of the generic Hecke algebra of W.
(c) The natural A-module homomorphism Y — H(W,u), yx — hy, in (b) has a
splitting H(W,u) — A= @, Y given by hy v+ |T|™" > er Yelr-

Proof. The first parts follows directly from the deformed order relation (1) and the corre-
sponding result of Bessis [1] for B. For (b), let .J; be the ideal of A[B] generated by the
elements {t — 1 |t € T}. Then I is the ideal of A[B] generated by J; and the elements
(1) as r runs over the braid reflections. Let L be the ideal of A[B] generated by J; and
the H] %(r — u,;) as r runs over braid reflections. Then #(W,u) = A[B]/L. For an
element x = HO(T (r— C] y(L+ Eyvrg)) € Jy of the form (1) set 2/ = H;’(:?(r — ;). Then
v+ J =12 +J1,WhenceI—L

For (c), note that |T'|7' >, ;v is a central idempotent of At @4 . O

We make some further straightforward observations. First, since for ¢ > 2 all reflections
r in an f-adic reflection group have order prime to ¢, in that case T, = Z /(7.

For all braid reflections r, the element F, commutes with r and E? = |T,|E,. Thus, over
A[¢~1], the element E! = |T,|"'E, is idempotent. Multiplying (1) with E’ respectively
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1 — E; we obtain the elements
o(r)
(1= E)E0 = 1) and B [[(c— uny) )
j=1
which generate the same ideal as (1) over A[¢~]. Thus, (1) “interpolates” between the

group relation for 7 and the deformed Hecke algebra relation (#H) for r. Let us also note
the following:

Lemma 5.3. The constant coefficient in the deformed order relation (1) is invertible
in A[T].

Proof. The constant term in the polynomial relation (}) for a braid reflection r is (up to a
root of unity) a product of factors 14+uv,; E,, which has inverse 1— C \Urj Jui B € A[T . O

We now give a more tangible description of Y(W,a,v). Recall that the braid group
B has a presentation in terms of certain sets of braid reflections together with so-called
braid relations, encoded in braid diagrams, such that adding the order relations for the
chosen braid reflections, we obtain a presentation of W (see [8, Thm 2.27] and Bessis [1,
Thm 0.1]). Choose reflections rq,...,r,, in W corresponding to a braid diagram for B.
It is known that any distinguished reflection of W is then conjugate to one of the r;,
and by their construction all braid reflections projecting onto a fixed reflection of W are
conjugate in B. Then using Lemma 5.3 we see that ) is the associative unital A—algebra
generated by elements {y;, yr, | t € T, 1 <i < m} subject to

e the y, satisfy the same relations as the corresponding group elements ¢ (i.e., they
generate a subalgebra isomorphic to (possibly a quotient of) the group algebra
A[T));

e the action relations between the t,r;, with ¢ replaced by y; and r; by y,;

e the braid relations between the y,,; and

e the deformed order relations (f) for the y,,.

5.2. On the structure of specialised Yokonuma type algebras. We show that
under some additional hypothesis certain specialisations of )} are isomorphic to the group
algebra of TW. The main results are Theorem 5.7 and Theorem 5.10.

For a specialisation 9 : A = R to a commutative ring R, let )y := R ®; )Y denote the

extension of scalars by ¢. Then Y, is the quotient of the group algebra RB by the ideal
o(r)
<H r— CJ (1+ 1/)(vrj)ET)) | r € B braid reﬂection>.

Let Wy be a parabolic subgroup of W and By = B(W),) be its braid group. In [8, §2D] is
constructed an embedding By < B, well-defined up to P-conjugation, where B = B(W),
P = P(W). By [8, Prop. 2.29 and 2.18] this satisfies:

Lemma 5.4. Let Wy be a parabolic subgroup of W. Let EO be the inverse image of Wy
in B and let Py be the subgroup of P generated by the elements r°"), as r runs over the
distinguished reflections in W\Wo Let By be the braid group of Wy. The above inclusion

By = B has image contained in By and induces an isomorphism By — BO / Po
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So we have the following diagram with exact columns:

1 1 1
! ! !
}%) — P= ]Eb X ]Eb = P
L !
lgo — Zgo = }%) X lgo — B
) \J \
Wy = Wo — W
) \J \J
1 1 1

Remark 5.5. Examples show that the isomorphism By = By/ Py might more generally
hold for all reflection subgroups Wy of W generated by distinguished reflections (see e.g.
[8, Prop. 3.24]), so that the assumptions of the subsequent Theorem 5.7 might be relaxed
accordingly. We will not need this here.

If Wy is a parabolic subgroup of W, we will denote by uy the set uy in the notation of
Section 3.1 if Wy is the reflection subgroup W.

Lemma 5.6. Let R be an integral domain containing the exp(T)th roots of unity with
field of fractions K of characteristic 0 and let ¢ : A — R be a specialisation. Let I be the
tdeal of RB generated by

o(r)
{ H (r— G (L + Y(vj)E,)) | v € B braid reﬂectz’on}.
j=1
Let 0 € Trrg(T) and eg € KT the corresponding central z'dempotent Suppose that the
stabiliser Wy of 0 is a pambOhC subgroup of W. Then 69RB€9/€9[€9 =~ Hy(Wo,ug) as
R-algebras. Here we regard RB as a subset of KB.
Note that the assumption that R contains the exp(7')th roots of unity is needed in
order to ensure that any ordinary irreducible character of T"is R-valued.
Proof. Let E@ be the full inverse image of Wy in B. For a braid reflection r € B set
o(r) o(r)
e =TT = Gy (1 (o) ) = (1= B = 1) 4+ B T = ()
j=1

j=1
where E! = |T,|7'E,. Then
{egzizyey | z,y € B, r € B braid reflection}

generates egley as R-module. The set of braid reflections is invariant under conjugation
by B, and v,; = v; whenever r and 7’ are conjugate. Thus, if + = tg, y = hs with
t,s € T and g,h € B and r is a braid reflection, then

eoriryey = 0(t)0(s)egiswngheg, where 0(t),0(s) € R.
Thus, egley is the R-span of {epi,xey | x € B, r € B braid reflection}.
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Now r € W, if and only if §(t71¢") = 1 for all t € T. Thus, egE. = ¢y if r € Wy and
zero otherwise, and so

. €9<I‘O(r) — 1) ifr ¢ W@,
€oly = .
eo [[;(r —(ury)) ifre W

Further, since r°") € P commutes with T, we have ey(r°") — 1)zey = (r") — 1)egrey and
if r € Wy, then
eo [ [(x = v(ung))wes = [ [ (r = v (ur;))epzes.
J J
For any x € B, egreg = xey if x € Ee and zero otherwise. Hence egleg is the R-span of

{(ro(” —1)xeg | x € By, 1 ¢ Wyt U { H(r —(uyj))zey | x € By, 1 € Wo}.

J

By the same argument we have that €9R§69 = €9R[T§9]69 and since ey is ng—stable and
ey is idempotent we also have €9R[T§9]69 = R[Tég]eg. Since # is linear and Eg—stable,
there is an R-algebra isomorphism RE@ = R[ng]eg given by x + xey. This induces an
isomorphism

RE@/J = R[TE@]Q@/G@I@@
where J < RBy is the ideal generated by {r°®) —1|r ¢ Wy} U {IL(r =9 (ury)) [ 7 € Wa}.
By Lemmas 5.4 and 5.2(b), RBy/J = H,(Wy, uy). O

Theorem 5.7. Assume all stabilisers Wy of elements 0 € Irr(T') are parabolic subgroups
of W. Let K be a field of characteristic 0 containing the |T|th roots of unity and let
Vv :A— K be a ring homomorphism. Then

(a)
Yy = [ Matjwar, (K) @k Ho(Wo, up)
6

as 0 runs over a set of representatives of W-orbits on Irrg (T);
(c) Suppose that Kw C K and v is the inclusion homomorphisms. Then Y, =
K[TW].

Proof. Part (a) is immediate from Lemmas 2.3 and 5.6 applied with R = K. Part (b)
follows from part (a) by Theorem 3.1 and Lemma 2.3(b) applied with G = T'W.

Now assume K and v are as in (c). As explained in Section 3.2, for all § € Irr(T),
Hy(Wo,up) = K @4 H(Wy,ug) = KWy. Now (c) follows from (a) and Lemma 2.3(a)
applied with G = TW and I = 0, noting that K(TW )geqs = KW. O

We now turn to specialisations of A to finite extensions of Z,. For the rest of this
subsection, the following notation will be in effect. Let Z, C O be a complete discrete
valuation ring with uniformiser 7, residue field k& and field of fractions K. Let v : A= 0O
be a Z-algebra homomorphism and denote by v the composition of ¢ with the canonical
map O — k. Recall that for z € A[E] we denote by y, its image in ). For y € ) let
g=lo®@y €€ Vy,and y =1, @y € Vy.



THE PRINCIPAL BLOCK OF A Z,-SPETS 25

Lemma 5.8. Let W be a set of coset representatives of P in B and let J be the ideal of
Yy generated by {g, —1 |t € T} and w. Then, kW = Y,/J via the map which sends
we W to gy + J for w e W lifting w.

Proof. For a distinguished reflection r» € W, ¢ divides |7 |, hence u,; € I. Now the result
follows from Lemma 5.2(b) (suitably adapted to the coefficient ring O). O

Theorem 5.9. Let W be a set of coset representatives of P in B. If all stabilisers Wy of
elements 6 € Irr(T) are parabolic subgroups of W, then X :={g9w |t € T, w € W} is
an O-basis of Vy.

Proof. We first show that {,7w | t € T, w € W} generates )); as k-vector space. Let
R C Yz be the k-span of {g, | t € T'}. Then R is a commutative k-subalgebra of V. Let
@ be the ideal of R generated by {y, — 1 | t € T'}. Since T is a finite abelian ¢-group,
Q) is a nilpotent ideal of R. We consider Yy as a left R-module. Since T' is normal in
E, the R-submodule Qy,’; of Yy is an ideal of V- Further, QJJ@ is the image of the
ideal J of Lemma 5.8 in Yy /7Yy = Yy and for any w € W, 7y, + QYVy = 9w + J. So,
by Lemma 5.8, {fw + QY; | w € W} generates V;/Q)Y; as k-vector space and hence
as R-module. Applying Lemma 2.1 with M = )5 and the nilpotent ideal ) we obtain
that {fw | w € W} generates ); as R-module. Since R is generated by {7 |t € T} as
k-vector space we have the required result.

Now we claim that in order to prove the theorem it suffices to prove that )Y, is finitely
generated as O-module. Indeed, suppose that ), is finitely generated as O-module. Then
by the previous paragraph and the standard Nakayama lemma (Lemma 2.1) applied to
the ring O and ideal 7O, the set X = {4:Jw | t € T, w € W} generates ), as O-module.
Then 1 ® X generates K ®o ), as K-vector space and since the latter has dimension
|TW| by Theorem 5.7(b), X is an O basis of V.

It remains only to show that Y, is finitely generated as O-module. For this, suppose

first that O-contains the |T'|th roots of unity. Let I be the ideal of OB generated by the

(t)-relations, let
I = EB egle, C @ eg(’)éeu
0,u€lrr(T) 0,u€lrr(T)

with ey € KT as in Lemma 5.6 and let [ = OBNI'. Since I' is an ideal of &P 69(’)356“, Iis
an ideal of OB containing I. On the other hand, |T|ey € OB for all 6, hence |T|26916# -y
and |T|>I C I. The kernel of the composition of the inclusion OB < e, egOBeM with the
surjection @eg(’)Beu —» @69(936”/]’ is I. Thus, OB/I is isomorphic to a submodule
of P 690§€u/1/. On the other hand,

@ e9OBe, /I = @ e9OBe,/eqle,,.
0,u€lrr(T) 0,u€lrr(T)
If w = "0 for x € B, then 6903\6“/69[6# = 690@69/69[69 via right multiplication by x
and it follows from Lemma 5.6 and Theorem 3.1 that egOBey/egley is finitely generated
free as O-module. If 0, are in different WW-orbits, then egOBe, = 0. By the above

displayed equation, @egOBeu /T is ﬁmtely generated free as O-module. Since O is
principal ideal domain, and since @ B/I is isomorphic to a submodule of € egOBeu /I, I
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it follows that O@B/I is finitely generated free as O-module. Also, 7"(I/I) = 0 for r
equal to twice the m-adic valuation of |T'|. We saw above that Yy, /7), = Y is finitely
generated as /i—vector space ~and hence as O-module. Thus by Lemma 2.2 applied with
M =Y, =0B/I and N = I/I we have ), is finitely generated as O-module.

Now consider the general case. Let O be a finite extension of O containing the |T'|th
roots of unity and let 1’ be the composition of ¢/ with inclusion of O in O'. By the
previous part, applied with ¢’ in place of 1, Yy is finitely generated as O’-module. Since
O’ is a finite extension of O, Y, is also finitely generated as O-module. Since O is
a direct summand of @ as O-module, the inclusion O < O’ is pure. Thus the map
Yy = O ®0Vy = Yy, y = 1Ry, is injective and consequently ), is isomorphic to
an O-submodule of V. Since O is Noetherian and since as shown above ), is finitely
generated as O-module, )y, is finitely generated as O-module. O

The following is an application of a theorem of Kiilshammer, Okuyama and Watanabe
(see [22, Thm 4.8.2]). Recall that if R is a commutative ring and C' is a subalgebra of an
R-algebra B, then B is relatively C-separable if B is a direct summand of B ®¢ B as a
(B, B)-bimodule.

Theorem 5.10. Suppose that W is an {'-group. Then there exists an O-algebra isomor-
phism Yy, = O[TW] sending g, to t for anyt € T.

Proof. Let W be a set of coset representatives of P in B. Since W is an ¢'-group, Wjy
is a parabolic subgroup of W for all § € Irr(7T). Thus, by Theorem 5.9, {7,9w | t €
T, w € W} is an O-basis of Y. Further, we may regard OT as an O-subalgebra of ),
via the identification of OT with the subalgebra generated by {g; | t € T'}. Under this
identification, again via Theorem 5.9, there is a homomorphism of (OT, OT)-bimodules
v : O[TW] = Yy defined by v(tw) = §0w-

Let J be the ideal of Y, generated by {g; —1 | t € T'} and w. It follows from Lemma 5.8
that the composition of v with the natural surjection Y, — J,,/J is an O-algebra homo-
morphism. Now we may apply [22, Thm 4.8.2] to obtain an O-algebra homomorphism
o : O[TW] — Y, extending the O-algebra homomorphism O[TW] — ), /J obtained
above from v and satisfying o(t) = g, for all ¢ € T'. For this one needs to have that J is
contained in the radical of ), and that O[TW] is relatively OT-separable. The second
condition holds since W is an ¢'-group (see [22, Prop. 2.6.9]) whereas the first condition
holds since T is a finite normal /-subgroup of B and, by Theorem 5.9, Y, is finitely
generated as O-module.

The surjectivity of o follows by Nakayama’s lemma since the composition of ¢ with
Yy — Yy /I is surjective and then the injectivity follows since both algebras are free of
the same rank. ([l

Remark 5.11. The assumption of Theorem 5.7 on stabilisers is satisfied whenever ¢ is
very good for W e.g., when |W| is coprime to ¢, or if W = G(e, 1,n) with e > 2, see |21,
Prop. 2.3].

5.3. Freeness. We propose the following, analogous to the (now proven) Freeness Con-
jecture (Theorem 3.1) for cyclotomic Hecke algebras:
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Conjecture 5.12. The algebra Y is free over A of rank |TW|. More precisely, there is
a section W — W C B of the natural map B — W containing 1 such that {y;yw | t €

T, w e W} is an A-basis of V.

For Weyl groups and parameters occurring in finite reductive groups, the freeness follows
from the construction as an endomorphism algebra, and the dimension from the number
of double cosets of a maximal unipotent subgroup, that is, the Bruhat decomposition; see
Lusztig [23, 34.2-34.10] for a detailed investigation. We propose a proof in the case of
finite Coxeter groups and for most infinite series of complex reflection groups.

Theorem 5.13. Conjecture 5.12 holds for any finite Cozeter group.

Proof. Assume that W is a Coxeter group and choose a presentation of B on braid re-
flections rq,...,r,, € B mapping to the Coxeter generators of W. Clearly, the set of all
monomials in the y;, vy, forms a generating system for ) as an A-module. By the ‘action
relations’ any such monomial can be rewritten into an A-linear combination of elements
Y1yw With t € T and w a monomial in the generators r;, 1 < ¢ < m. Now by Mat-
sumoto’s lemma, by using the braid relations plus the quadratic relations (f) expressing
Y2 as a linear combination of smaller powers of y,,, W can be rewritten into an A[T)-linear
combination of elements from a fixed set W C B of reduced expressions of elements of .

Thus any monomial in the generators is an A-linear combination of elements YiYw With
t € T and w € W. Since the y; satisfy the same relations as the corresponding ¢t € T,
there are at most |7'| distinct elements y;, so we have identified a generating system for )/
of cardinality |TW/|. By Theorem 5.7 this must be free over K, hence an A-basis of Y. [

Theorem 5.14. Conjecture 5.12 holds for W = G(e,p,n) with e|(¢ — 1) for any divisor
p of e, except possibly when n =2, e, p are both even and p # e.

Proof. The group W = G(e,p,n) is a normal reflection subgroup of W; := G(e, 1,n) of
index p. First assume that p < e. Then the braid group B of W is normal in the braid
group B; of Wy of index p by [8, §3.B1]. Also, the corresponding tori 7' can be identified,
such that T.B is normal in T.B; of index p. A system of coset representatives is given
by {r} | 0 <i < p— 1}, where r; € By lifts a distinguished reflection » € W; of order e.
Let (. be a primitive eth root of unity and set p’ := e/p. Recall the parameters wu,;,

~

1 <j<p,for Y at the reflection r. Let K be a sufficiently large extension of Frac(A).
Consider parameters u;j = ui]/p for 1 < j <y, and “;,Hp’ = (g’/u;j for1<j<e—7p.
Now over K, the relation (t) for y; := y,, can be rewritten as

(1= ENys =)+ E [ —uy) =0,
j=1
with E' := |T,|7'E, (see (') above). Note that Hf:_g(yl — Uy iy i) = Yi — Uy for any j.
Similarly, over K the relation (1) for the generator 3} of ) can be written as

/

p

(1=EY = 1)+ E' T[W} —uy) =0.

Jj=1

Thus, we obtain the same relation for ¥} in ) as before.
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Let V) be the quotient of A[T.B;] by the deformed order relations, which agree with
those for )V as we just saw and hence can be written over A, except in the excluded case
n = 2, e,p both even, when G(e, p,2) contains an additional class of reflections.

We claim that the conjecture holds for W;. Our proof for this closely follows some
arguments in Bremke-Malle [3]. Let ry,...,r, € B be braid reflections corresponding to
the standard presentation, so that r,...,r, generate the braid group on n strands (of
type A,_1) and (rir2)? = (rory)? Set y» := yr,- Now by Lemma 5.15 below for any
a,b > 1 we have

b
Yyt = ayayiye + > (i eyt + oty )
i=1

for suitable v € A[T]* and a;,a} € A[T]. With this, one deduces as in the proof of [3,
Prop. 2.4] that there is a set By C B of cardinality |W;| consisting of monomials in the
r;, as in [3, Lemma 1.5], such that any monomial in the y,, y; can be rewritten in ) into
an A-linear combination of the |[TW;| products B := {yyw |t € T, w € B;}. Thus, B
is linearly independent over K by Theorem 5.7 and so an A-basis of V;. This proves our
claim for Wj.

Now A[T.B,] = @'y A[T.B]r} is Z/pZ-graded and multiplication by r; defines A-
module isomorphisms between the summands. Furthermore, the defining ideal I for )

in A[T.B] is contained in the defining ideal I, of )y in A[T.B,], and I, = @' I is
graded. So Yy = A[T.By]/I, = f;& Yyt and multiplication with y; induces A-module

isomorphisms between the summands on the right. By construction the A-basis B of J;
has the property that B = Uf;g (BN Yyt), hence BNY is an A-free generating system
of Y.

Finally assume that p = e. Since G(e,e,2) is a Coxeter group (the dihedral group of
order 2¢), by Theorem 5.13 we may assume n > 3. In this case, the braid group B of
W = G(e, e,n) is a normal subgroup of index e of the quotient B; = By /(r§) of the braid
group of W (see [8, Prop. 3.24]). Thus, Y is an A-subalgebra of A[T.Bl]/f where [ is
generated by r{ — 1 and the relations (t) for ro, ..., r,. We can now argue precisely as in
the previous case. 0]

The following was used in the preceding proof:

Lemma 5.15. Let Y = Y(G(e, 1,n)) and y1,y2 € Y images of braid reflections satisfying
YoU1Y2Y1 = Y1Yo1y2 and such that the corresponding reflections ri,ro € W have order e, 2
respectively. Then for all integers a,b > 1 there exist « € A[T|* and «;, o € A[T| such
that

b
Yoyt = aylyaytys + Y (i eyt + alylyayt ).
i=1
Proof. Write the relation (1) for ys as y2 = Ays + p with p € A[T]* and X € A[T], so
Yy b =ty — Ap~t. The relation between yy, v, implies y%yay1y2 = Yoy1y2y? for all @ > 1.
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Thus we find
YaUiyays = Yoyt yey - Yol | = Yalitayiys L = (M2 + )yt (i e — A )
= ety Ayt b — ey AT
= Yy Yot + Ay e — py gyt
= Wyryeyiye + ANyTvayr — Nyryeyy

for suitable 1/ € A[T]* and N € A[T], giving the claim for b = 1. For b = 2, using the
previous result twice we find

Yyiyayr = (Wy1yeyiys + Ayiyayn — Nyyeyt )y
= WYYyt yats + NS Yayr — Nyiyeytt

= 1y (WY1 Y2y Y2 + AN yayr — Nyiyayl) + Myiyayi — Nyayayi ™
2

= 1"yiyayiye + Y (it gyt + ajyiyayt )
i=1
for suitable p”, a;, o). A straightforward induction yields the claim for arbitrary b. O

Remark 5.16. Marin [32, Def. 5.4] defines for arbitrary complex reflection groups W
an A-algebra M attached to W as follows: let £ be the lattice of intersections of the
hyperplane arrangement of W. Then M is the quotient of the group algebra over A of the
semidirect product £ x B(W) by the deformed order relations () for the braid reflections
of B(W). This algebra is generated by images of braid reflections r’ and idempotents e,

r € W a reflection (by [32, 5.1]). Marin shows [33, Thm 1.3] that M is a free A-module
of rank |W||L|. If W is ¢-adic, there is a natural morphism
w M= AT ®,Y, ey, e IOE,,

from Marin’s algebra to ours. We expect this to be injective, but in general far from
surjective, since his algebra is free of rank independent of ¢ (compare to Theorem 5.7).

5.4. A trace form. Assume for the rest of the section that Wjy is a parabolic subgroup of
W for all @ € Irr(T); this holds whenever ¢ is very good for (W, L), see Remark 5.11. Let K
be an extension of Q; by the ¢*th roots of unity. Let . = (@,;) be as in Section 3.1 and let
K = Frac(K[i1]). Recall from Section 3.2 that for any 6 € Irr(T), K @ H(Wpy, ug) = KW,
is split semisimple and the irreducible characters of H(Wj, ug) over K are identified with
Irr(Wy). Here, as before we denote by uy the set uy in the notation of Section 3.1 if W
is the reflection subgroup Wy. Then, with U a K ® H(Wy,ug)-module affording ¢ and

Upp = Indge(U), Theorem 5.7(a) shows
Irr(Yi) = {Upy | 0 € Irx(T) /W, ¢ € Irr(Wy)}.

We let xg,4 denote the character of Up 4.
We consider the following non-degenerate trace form Yy — K:

(1) = > f ——Xo,6-

0/W ¢elrr(Wy)
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Here, for any 6 € Irr(T), fsp € A is the Schur element of the Hecke algebra H(Wy, up)
indexed by ¢ as in Section 3.1.

Proposition 5.17. Assume that Wy is a parabolic subgroup of W for all 6 € Irr(T). As-
sume also that H(W,u) is strongly symmetric with respect to W C B as in Definition 3.4.
Then we have

T(Yryw) = 010w 1|1 foranyteT, weW.

Proof. For 6 € Irr(T') let Cy be a system of coset representatives of Wy in W, and Cy C W

the corresponding system of coset representatives of 7.5, in T.B. Let 0 € Irr(T) and
¢ € Irr(Wy), and let U be a corresponding representation of H(Wy, uy) (which we consider

as a representation of By = T By as above). Let us set U%(z) := U(z) if 2 € T.By and 0
otherwise. Then

Upo(igw) = D U(waw)) = D 0W)UW3),
XGCQ Xeceyyﬁ,efée
Z xw (Wew) = Z X49¢ W)= > W) w43
¢elrr(Wy) XGCG,y":,EBG ¢EIrr xECg,y;‘,GEQ

with tyw, v, as in Definition 3.4. By the choice of W we have

twoe (Ya) = twu(Ya) = twu(yYw) = w1
Thus the form 7 evaluates to
T(Y1Yw) Z Z () 0w = Z 0(ye)ow,1 = 610w | T,
0/F x€Cyp Oelrr(T)

as desired. U
It seems natural to ask the following:

Question 5.18. Let (W, L) be a simply connected (-adic reflection group for which € is
very good. Does the form |T|~'r take values in A and is it then a symmetrising form
on'Y over A?

Note that an affirmative answer to the first part of Question 5.18 follows under the
assumptions of Proposition 5.17.

5.5. Relation to classical Yokonuma algebras. Suppose that W is the Weyl group
with respect to a maximally split torus Ty of a connected reductive group G with an
FF,-structure defined by a split Frobenius map F : G — G. Set G = G and set Ty, = T¥.
Let U be the unipotent radical of an F-stable Borel subgroup of G containing Ty, and
let U = U”. Let ¢ be a prime dividing ¢ — 1 and set ey = |U|™' >, ., u € Z,G. Then

J)’ = Endzzg<Z4{G/U]) = GUZgGeU

is the associated classical Yokonuma Hecke algebra [38].

Let ry,...,r, be Coxeter generators of the Weyl group W. For t € Tj, let t' = eytey
and for each 1, let E; := Ejg ,,jer, where for any subgroup A < G' we denote by E,4 the
sum of elements of A. By [20, Thm 2], )’ has a generating set {t',s; |t € Ty, 1 <i <m}
such that
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e the t’ satisfy the same relations as the corresponding group elements t;

e the action relations between the t,r;, with ¢ replaced by t’ and r; by s; hold in )’;

e the braid relations between the r;, with r; replaced by s; hold in )’; and

o 812 =1- qil(EZ' — SZEJ
Note that Juyumaya—Kannan work over the complex numbers but it can be checked from
the explicit description of the s;s in terms of the standard generators coming from the
Bruhat decomposition, that the above holds over any ring in which ¢ is invertible.

Proposition 5.19. Suppose that there is a W -equivariant isomorphism between T and
the Sylow (-subgroup of Ty. Let H be the ¢'-Hall subgroup of Ty, let ey = |H|"'Ey be the
principal block idempotent of Z,Ty and set f = epgey. Let 1, : A = Zy be the specialisation
corresponding to up — —1, upy > q for allr. Then there is an isomorphism of Zy-algebras

Ve, 2 fYV'f.

Proof. Note that f is an idempotent of Z,G. By considering the generating set of )’
described above, one sees that f is central in )’ and for any x € H, xf = f, hence
{t'f,sif |t € Ty, 1 <i<m} is a generating set for J'f = fV'f.

It follows from the description of ) via generators and relations given after Lemma 5.3
that there is a surjective Zs-algebra homomorphism Yy, — Y'f which sends the image
U € Yy, of y; to q;lft’ f and g, to —s;f. By Theorem 5.13, Yy, is Z,-free of rank
|TW| and the same is true for )’ f. The last assertion can be seen by considering the
standard basis {egyney | n € Ng(Tp)} of V' given by the Bruhat decomposition. Thus

Yy, is isomorphic to f)'f as claimed. ([

5.6. Proofs of Theorem 1 and Corollary 2. Throughout this subsection ¢ > 2 is
a prime, ¢ is a prime power with ¢ = 1 (mod ¢) and a > 0 such that ¢*||(¢ — 1). Let
G = (W, L) be a simply connected Zs-spets with W an ¢'-group. Let F be the fusion
system associated to (W, L) as described in Section 4.1, with underlying ¢-group S. Recall
that with the stated assumptions we have S = T = (Z/(*)™ where T is the homocyclic
group L/¢*L of exponent ¢*. We let ) be the Yokonuma algebra associated to (W, L, q)
as in Section 5. ‘

Recall the indeterminates @,; with a7; = 7yur;. By [27, Cor. 4.8], 2 may be chosen
to divide the order of the group of roots of unity in Qy, that is, £ — 1. As ¢%||[(¢ — 1), by
Hensel’s lemma there is a unique root of X? —q € Z,[X] in Z,, say ¢/, with £2||(¢"/* —1).
Let Zy C O be a complete discrete valuation ring containing the |T’|th roots of unity. Let

gz if j = o(r),

o Ot > 0O
Usq: O0™] = O, “JH{1 if1<j<o(r),

be the specialisation v, from Section 3.2 with R = O. Since |T,| divides (%, 15, extends

to an O-linear homomorphism O[a*!,v] — O which we still denote ¢, Let K =
Frac(O[u*!]) and K = Frac(O).
We restate Theorem 1.

Theorem 5.20. Let G be as above. Suppose that H(W,u) is strongly symmetric as in
Definition 3.4. Then Conjectures 4.2, 4.3 and 4.5 hold for G.
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Proof. Let W, be a reflection subgroup of W. By Lemma 3.7, K ®0 H, ,(Wo, ug) is split
semisimple and v, induces a bijection Irr(K ®4 H(Wo, ug)) — Irr(K @0 Hy, ,(Wo, up)).
Also recall from Section 3.2, Trr(K @ 4 H(Wy, ug)) is identified with Irr(W) via ¢;. Hence-
forth we identify Irr(K ®o Hy, ,(Wo,up)) and Irr(W)) via the bijections induced by v,
and ).

Denoting the restriction of 95, to A again by g4, set YV, 1= Yy, . Since W is an
{'-group, Wy is a parabolic subgroup of W for all § € Irrx (7). Then by Theorem 5.7(a)
and the above K ®¢ Y, is split semisimple and Irr(K ®e Y,) is in bijection with pairs
(0,¢) as 0 runs over representatives of W-orbits of Irr(T) and ¢ € Irr(Wp). Let xp 4 be
the irreducible character corresponding to the pair (0, ¢). Then Xp.4 is afforded by the

simple module Uy ; : IndB (U ) for U a simple K ®o Hy, ,(Ws, ug)-module corresponding
to ¢. Here as in Section 5. 4 Uy = ug in the notation of Section 3.1 if Wy = W,
We consider the following K-linear form on K ®¢ ))q'

(2) Q' |Z Z I/qu f@gb)

0/W ¢pelrr(W,

By Lemma 3.6 this is well defined. Since the coeﬁicnent of every irreducible character is
non zero, 7, is a symmetrising form on K ®¢ Y, with Schur elements || ,(fo.0)-

Let W C B(W) be as in Definition 3.4. By Theorem 5.9, {%:9w | t € T, w € W}
is an O-basis of }V,. Here, as earlier, for € Y, we write 2 1= lo ® z € ),. As in
Proposition 5.17, we have

Ty (Utw) = 0110w 1 foranyt e T, we W,

hence the above gives that the restriction of 7, to ), takes values in O.

By the strongly symmetric hypothesis, and by Theorem 5.10 there is an (O-algebra
isomorphism o : O[TW] — ), whose restriction to 7" is the identity on 7" (where we
identify 7" with its image in Y, via ¢ — @, t € T'). Denote also by ¢ the extension
K[TW] - K®oY,. Then 7, := 71,00 : K[TW] — K is a symmetrising form on K[T'W],
with Schur element |T'|ts,(fo.s) at the irreducible character of K[TW] corresponding
under o to the character xj , of K ®¢ ). Further, by the above T,(t) =0 forallt € T
and the restriction of 7o to (’)[TW] takes values in O. Thus, by Lemmas 2.5 and 2.6,

|2 Z Z ¢Sq f0¢) N |TW|,

0/W ¢pelrr(W,

where a € O is such that a =1 (mod E).
Recall that S = T and as explained in Section 4.2, there exists a WW-equivariant bijection
between Irr(7") and 7. Thus the left hand side of the above equals

T[54 (Piy)”
where d = > > Z(behr(w(s))p%vf;;. By Lemma 4.10, v,(d) = dim(By)|,—,. Since
solPw) = mo , we obtain the validity of Conjectures 4.2 an .3 from the
Vs q |44 d/? btain th lidi f Conj 4.2 and 4.3 f h
displayed equation above.
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Finally, we prove Conjecture 4.5. First of all note that since o is the identity on 7', for
any pair (6, ¢) as above the irreducible character of K[T'W] corresponding under o to the
character xj , of K ®o Y, covers ¢ and therefore is of the form v, 5 := Indmwfe(gﬁ) for some

¢ € Trr(Wy). In particular, ¢ induces a permutation ¢ — ¢ of Irr(Wp). By Lemma 2.7
we have that for any v € IBr(TW),

Z Z ¢Sq f€¢)

0/W ¢pelrr(W,

is divisible by |7 in O. Choose a W-eqmvarlant bijection between Irr(7") and 7" and
let © : Irr(TW) — Irr(By), v — 4, be the bijection such that if v = Indvv[zg(q;), then
4 is the element of Irr(By) labelled by (z,¢), where the W-class of x € T corresponds
to the W-class of # for the chosen W-equivariant bijection between Irr(7") and 7. Then
© is W-equivariant. Moreover, by Lemma 4.10 the above displayed expression equals
Vs q(pw) ' (deg @y)|,—q. The result follows since s ,(pw ) is an invertible element of O. [

Remark 5.21. The above holds in a more general setting. Drop the assumption that W
is spetsial; so W is an (-adic reflection group of order prime to £. Let ¢, : O[u*!,v] = O
be any specialisation as in Section 3.2. Suppose that 7 : H(IW,u) — A is a symmetrising
form such that the following holds:
(1) there is a section W — W C B of the natural map B — W containing 1 whose
image in H (W, u) is an A-basis of H (W, u) with 7(hy) = 0w for all w € W; and
(2) for any parabolic subgroup Wy < W, 7|y mwyue) : H(Wo,up) — A is a symmetris-
ing form.
For s € S, ¢ € Irr(W(s)) let f- 4 denote the Schur element of 7|3 w;,,u,) With respect to

¢ where Wy = W(s). Set
2
d _Z Z 2W

s/F ¢€lrr(W(s) 8,0

Z d’wasd)

~vEIrr(SW)
where d,, is the decomposition number in SW with respect to v and v. Then with the
same proof as above we get

(a) 77Ds,q(6i)é — |S|,
(b) #‘id))m =1 (mod ¢); and
(¢) for each v € IBr(SW), || divides ts,(®,(1)).

Proof of Corollary 2. By [26, §3| all imprimitive irreducible spetsial reflection groups are
either Coxeter groups, of type G(e,1,n) or of type G(e,e,n) with n > 3 and therefore
strongly symmetric by Proposition 3.5. Therefore Conjectures 1 and 2 hold for these
groups by Theorem 5.20. For the primitive groups, Conjecture 1 holds by Proposition 4.8.
Conjecture 2 holds when W is primitive and 2-dimensional by Proposition 3.5(c) and
Theorem 5.20; for GG14 Conjecture 2 holds by direct computation using the description of
the decomposition matrix provided in the proof of Proposition 4.11. O

and for v € IBr(SW) set
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