QUASIHOMOGENEOUS FREE DIVISORS WITH ONLY
NORMAL CROSSINGS IN CODIMENSION ONE
XIA LIAO AND MATHIAS SCHULZE

Abstract. We prove that any divisor as in the title must be normal crossing.
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Introduction
Free divisors are maximally singular reduced complex hypersurfaces defined locally as a determinant of a so-called Saito matrix (see [Sai80, §1]). They occur classically as discriminants in the base space of versal deformations of isolated complete
intersection singularities, where the Saito matrix represents a basis of liftable vector
fields (see [Loo84, (3.16) Cor.]). While there is an abundance of specific situations
in which certain hypersurfaces are free divisors, it is unclear under what geometric
conditions a general hypersurface can be a free divisor. Since free divisors have
purely one-codimensional singular locus, it is natural to ask what singularities can
occur in a free divisor in codimension one. The simplest case to consider is that
of free divisors with only normal crossings in codimension one. However, besides
normal crossing divisors themselves, no such objects are known. This raises the
following
Question 1 (Faber [Fab15, Que. 5]). Is a free divisor normal crossing if it is normal
crossing in codimension one?
In a particular case this question was answered positively.
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Theorem 2 (Granger–Schulze [GS14, Thm. 1.8]). A free divisor germ with smooth
normalization is normal crossing if and only if it is normal crossing in codimension
one.
For free hyperplane arrangements the statement can be verified directly by induction on the codimension using the minimal number of generators of logarithmic
derivations along generic arrangements determined by Yuzvinsky [Yuz91]. As our
main result, we shall replace the condition on the normalization in Theorem 2 by
quasihomogeneity.
Theorem 3. A quasihomogeneous free divisor germ is normal crossing if and only
if it is normal crossing in codimension one.
A classical example of a hypersurface singularity that is quasihomogeneous and
normal crossing in codimension one is the Whitney umbrella (see Figure 1). As a
consequence of Theorem 3 it can not be a free divisor.

Figure 1. A real picture of the Whitney umbrella defined by x2 − y 2 z.
Although we do not know how to remove it, the additional homogeneity hypothesis is supported by a result of Granger–Schulze [GS14, Thm. 1.1] and Faber [Fab15,
Rmk. 11]: free divisor germs which are normal crossing in codimension one are Euler
homogeneous. By definition a reduced hypersurface singularity is Euler homogeneous if it admits a defining equation that is fixed by a derivation. For the stronger
notion of quasihomogeneity a diagonalizable derivation with positive eigenvalues
is needed (see (3.3)). The two notions of homogeneity coincide in case of isolated
hypersurface singularities (see [Sai71]). Free divisors with isolated singularities are
plane curves and Question 1 becomes vacuous in this case.
There are many examples of highly reducible free divisors such as free hyperplane
arrangements (see for example [OT92, §4]) or free discriminants in prehomogeneous
vector spaces (see [BM06, GMS11]). On the other hand, it is empirically known
that irreducible free divisors are rare objects (see [ST14]). Our result supports
this observation by deducing reducibility from local reducibility in codimension one
(under the stated additional hypotheses).
The question of non-existence of negative degree derivations on quasihomogeneous isolated complete intersection singularities occurs in conjectures of S. Halperin
(see [FHT01, §39], [Hau02]) and J. Wahl (see [Wah83, Conj. 1.4], [Ale85, p. 475,
Thm.]). While quasihomogeneous free divisors may admit negative degree logarithmic derivations, a related extreme plays a role in our present context: For a
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quasihomogeneous free divisor germ D, we consider the (finite dimensional) complex Lie algebra d (see (4.3)) generated by all weighted homogeneous logarithmic
derivations along D of non-positive degree. As a crucial ingredient of our approach,
we show that, after reduction to the case where D is irreducible and unsuspended,
the hypotheses of Theorem 3 imply that d generates the module of all logarithmic
derivations along D (see Proposition 14). We achieve the proof of the theorem by
studying the Lie algebra representation of d on the space of lowest weight variables
(see §5).
We shall now give a more detailed summary of our approach to proving Theorem 3: The statement can be reduced to the irreducible unsuspended case (see
Proposition 6, Remark 8 and Lemmas 9 and 12).
In §1, we consider a free divisor germ D which is normal crossing in codimension
one. Combining results from Granger–Schulze [GS14] and Mond–Pellikaan [MP89],
we prove that the ideal of submaximal minors of a Saito matrix coincides with the
Jacobian ideal (see Proposition 5).
In §3, we assume in addition that D is quasihomogeneous. Then a degree argument using Saito’s criterion shows that there is a weighted homogeneous basis of
logarithmic derivations of non-positive degree (see Proposition 14).
In §4 and §5, we consider the representation d0 of the Lie algebra d on the
vector space m0 of lowest weight variables. This representation is visible as a block
in a Saito matrix (see (5.6)). In case d0 is solvable, Lie’s theorem and Saito’s
criterion enforce smoothness of D (see Proposition 16). In case d0 is not solvable,
we describe a change of coordinates and weights that makes the dimension of m0
drop. Iterating this process, we arrive at a solvable d0 returning to the previous
case (see Proposition 18).
Acknowledgments. The first author would like to thank the Department of
Mathematics at the University of Kaiserslautern for providing a pleasant working
environment during his postdoctoral stay.
1. Normal crossings in codimension one
n+1

Let X := (C
, 0) be the germ of complex (n + 1)-space and let D be the germ
of a reduced hypersurface in X with ideal generated by a function f ∈ OX . We
shall use the term divisor as a synonym for a reduced hypersurface. The Jacobian
ideal of D is defined as the ideal


∂f
∂f
,...,
JD :=
∂x1
∂xn+1 OD
generated by the partial derivatives of f with respect to coordinates x1 , . . . , xn+1
of X. Recall that there are two exact sequences of OX -modules:
(1.1)
(1.2)

/ DerX (− log D)

0
0

/ Ωp
X

/ DerC (OX )
/ Ωp (log D)
X

ρp
D

/ JD
/ ω p−1
D

/ 0,
/ 0.

p−1
In (1.2), ωD
is the image of ΩpX (log D) in MD ⊗OD Ωp−1
under the Saito’s logD
arithmic residue map ρpD (see [Sai80, §2]), where MD is the ring of meromorphic
p
functions on D. Aleksandrov [Ale90, §4, Thm.] proved that ωD
agrees with the
module of pth regular differential forms on D (see [Bar78]). For further properties
of the logarithmic residue map, we refer to [GS14].
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Let us assume that D is normal crossing in codimension one which means that,
outside of an analytic subset codimension at least two, a representative of D is
locally isomorphic to a normal crossing divisor. Then we know by [GS14, Thm 1.1],
0
that ωD
can be identified with the ring of weakly holomorphic functions on D.
Denoting by π : D̃ → D the normalization map, this ring, in turn, can be identified
g
with π∗ OD̃ where OD̃ = O
D is the integral closure of OD in MD . Combining these
facts, turns (1.2) for p = 1 into a short exact sequence
(1.3)

/ Ω1

0

/ Ω1 (log D)
X

X

ρ1D

/ π∗ O
D̃

/0

whenever D is normal crossing in codimension one. The dual of the inclusion map
in (1.3) is the inclusion map in (1.1). Note π∗ OD̃ is finite as OD -module and hence
also as OX -module.
Let us further assume that D is a free divisor germ. This means that Ω1X (log D)
is a locally free sheaf of rank n + 1 = dim X. Since (1.3) is a free OX -resolution
of π∗ OD̃ of length one, π∗ OD̃ is a Cohen–Macaulay OX -module by the Auslander–
Buchsbaum formula. Since π is finite it follows that D̃ is Cohen–Macaulay. Then
[MP89, Proof of Thm. 3.4] applies to show that the first Fitting ideal of π∗ OD̃
equals the preimage CD0 := AnnOX (π∗ OD̃ /OD ) in OX of the conductor ideal
CD := AnnOD (π∗ OD̃ /OD ).
0
By [GS14, Thm. 1.6] (or [MP89,
D Proof of Thm.E 3.4]), CD = JD and hence CD
∂f
, . . . , ∂x∂f
in OX of the Jacobian ideal
equals the preimage JD0 := f, ∂x
1
n+1
OX

JD .

Remark 4. Suppose that D is a free divisor germ. For dual bases δ1 , . . . , δn+1 and
ω1 , . . . , ωn+1 of DerX (− log D) and Ω1X (log D) there are expansions
(1.4)

δj =

n+1
X

ai,j

i=1

∂
,
∂xi

dxi =

n+1
X

λj,i ωi ,

ai,j = λj,i ∈ OX .

j=1

A matrix A := (ai,j ) arising is this way is called a Saito matrix and represents
the inclusion map in (1.1). The inclusion in (1.3) is represented by its transpose
Λ := (λi,j ) = At . Saito’s freeness criterion (see [Sai80, (1.8) Thm. ii)]) states that
(1.5)

f := det(A) = det(Λ) ∈ OX

generates the ideal of D.
The preceding discussion proves the following
Proposition 5. Let D be a free divisor germ in X which is normal crossing in
codimension one. Then the submaximal minors of any Saito matrix A generate the
preimage JD0 in OX of the Jacobian ideal JD of D.

The following result justifies that we may assume that D is irreducible.
Proposition 6. The combination of freeness and normal crossing in codimension
one descends to all irreducible components of a divisor germ.
Proof. For any free divisor germ D, the normal crossing hypothesis is equivalent to
the ideal


∂f
∂f
,...,
(1.6)
Jf :=
∂x1
∂xn+1 OX
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generated by the partial derivatives of f being radical by [GS14, Thm. 1.6, Rmk. 1.7].
By [Fab15, §2.2.(i)], the combination of freeness and radical Jf descends to all irreducible components of D.

2. Suspension of divisors
For a degree argument in Proposition 14, we shall need the following
Lemma 7. Let D be an irreducible free divisor germ satisfying
(2.1)

DerX (− log D) ⊂ mX DerC (OX )

and let Λ be a transposed Saito matrix as in Remark 4. Denote by Mi,j the (n × n)minor obtained from Λ by deleting the ith row and jth column. Then Mi,j 6= 0 for
all i, j = 1, . . . , n + 1.
Proof. With notation as in Remark 4, let gi := ρ1D (ωi ) be the image of ωi under
the residue map in (1.3). By Cramer’s rule (see [MP89, Lem. 3.3]), we have
Mi,j gk = ±Mk,j gi
in OD̃ which is a domain by irreducibility of D. Assuming that Mi,j = 0 for
some i, j ∈ {1, . . . , n + 1}, this implies that gi = 0 or Mk,j = 0 for all k =
1, . . . , n+1. In the first case, ωi ∈ Ω1X by the residue sequence (1.3). By duality and
hypothesis (2.1) this gives the contradiction 1 = hδi , ωi i ∈ mX . Therefore, we must
have Mk,j = 0 in OD̃ and hence in OD for all k = 1, . . . , n + 1. In other words, f
divides Mk,j in OX for all k = 1, . . . , n+1. In terms of (1.4), hypothesis (2.1) means
that λj,i ∈ mX . Thus, Saito’s criterion (see Remark 4) leads to the contradiction
f = det(Λ) =

n+1
X

±λk,j Mk,j ∈ mX f.

k=1


Remark 8. The following construction will serve to reduce to a case where condition (2.1) is satisfied (see Lemma 9). By [Sai80, (3.6) Proof], there is a product
structure
(2.2)
(D, X) ∼
= (D0 × X 00 , X 0 × X 00 ),
where X 00 := (Cr , 0) for some r ∈ {0, . . . , n}, such that the divisor germ D0 in
X 0 := (Cn+1−r , 0) satisfies condition (2.1). In particular, D is smooth if and only if
r = n. An X 0 as above can be chosen as any (coordinate) subspace complementary
to
DerX (− log D)(0) = T0 X 00 .
By the cancellation lemma for analytic spaces (see [Eph78, Lem. 1.5]), all such D0
are isomorphic. We say that D is a suspension of D0 , or suspended, if r > 0.
Whenever D and D0 are related as in (2.2), we have
(2.3)

DerX (− log D) = OX DerX 0 (− log D0 ) ⊕ OX DerC (OX 00 ).

For the dual statement see [CJNMM96, Lem. 2.2.(iv)].
The following lemma summarizes properties of suspension.
Lemma 9. Let D be a suspension of D0 as in (2.2).
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(a) Suspension defines a bijection between the sets of irreducible components of
D and D0 .
(b) The following properties hold equivalently for D and D0 : smoothness of corresponding irreducible components, being normal crossing (in codimension
one) and freeness.
Proof. The statement on freeness in (b) follows from the equality (2.3). The proof
of the remaining statements is left to the reader.

For any f ∈ OX generating the ideal of D we denote the module of (logarithmic)
derivations annihilating f by
(2.4)

DerX (− log f ) := {δ ∈ DerC (OX ) | δ(f ) = 0} ⊂ DerX (− log D).

It is isomorphic to the syzygy module of the ideal Jf of partial derivatives of f
defined in (1.6).
3. Quasihomogeneous divisors
From now on we assume that D is quasihomogeneous. By definition, this means
that OD is a positively graded C-algebra in the sense of Scheja–Wiebe (see [SW73,
§3 Def.]). In more explicit terms, there are coordinates x1 , . . . , xn+1 and weights
(3.1)

deg(xi ) =: wi ∈ Q+ ,

i = 1, . . . , n + 1,

such that D is defined by a weighted homogeneous polynomial f . We shall order
the weights increasingly by
(3.2)

0 < w1 ≤ w2 ≤ · · · ≤ wn+1 .

and denote by
(3.3)

χ :=

n+1
X
i=1

wi xi

∂
∂xi

the corresponding logarithmic Euler derivation along D. Weighted homogeneity of
degree deg(g) of an element 0 6= g ∈ OX can be expressed by the condition that
(3.4)

[χ, g] = χ(g) = deg(g)g

where the commutator is taken in the ring of C-linear differential operators on OX .
Definition 10. By an Euler derivation on a complex space germ X we mean a
derivation χ ∈ DerC (OX ) such that mX is generated by eigenvectors of χ with
eigenvalues in Q+ .
Being logarithmic along D means that the ideal of D is χ-stable and hence
generated by a weighted homogeneous f (see [SW73, (2.4)]). A logarithmic Euler
derivation χ ∈ DerC (OX ) descends to an Euler derivation χ ∈ DerC (OD ) and
conversely such a χ̄ lifts to a such χ (see [SW73, (2.1)]). It is the existence of χ,
or equivalently that of χ, that defines quasihomogeneity of D (see [SW73, (2.2),
(2.3)]).
Remark 11. There is a decomposition as OX -modules
(3.5)

DerX (− log D) = OX χ ⊕ DerX (− log f ).
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Indeed, any δ ∈ DerX (− log D) can be written as δ = aχ + δ − aχ where δ −
δ(f )
aχ ∈ DerX (− log f ) for a = χ(f
) ∈ OX . Moreover, aχ ∈ DerX (− log f ) implies
a deg(f )f = aχ(f ) = 0 and hence a = 0 for any a ∈ OX .
Quasihomogeneity of D descends to any irreducible component of D using a fixed
χ. This is a particular case of a result of Seidenberg (see [Sei67, Thm. 1]). For later
use we record also the compatibility of quasihomogeneity with suspension.
Lemma 12.
(a) If D is quasihomogeneous, then all its irreducible components are quasihomogeneous with respect to the same weights as D.
(b) If D is a suspension of D0 as in (2.2) then quasihomogeneity of D is equivalent to that of D0 . The weights for D on the coordinates of X consist
of the weights for D0 on the coordinates of X 0 and arbitrary weights on
coordinates of X 00 .
Proof. To show that quasihomogeneity passes from D to D0 , one restricts the corresponding logarithmic Euler derivation χ from (3.3) to a coordinate subspace X 0 as
in Remark 8. The equation of D and this restriction χ0 is then obtained by setting
the coordinates defining X 0 equal to 0.

The assignment of weights (3.1) turns DerC (OX ) into a positively graded OX module in the sense of Scheja and Wiebe (see [SW73]). A derivation 0 6= δ ∈
DerC (OX ) is weighted homogeneous of degree deg(δ), if the coefficients ai of the
Pn+1
∂
are weighted homogeneous of degree deg(ai ) = deg(δ) +
expansion δ = i=1 ai ∂x
i
wi for all i = 1, . . . , n + 1. In other words,
deg(δ(g)) = deg(δ) + deg(g)
whenever δ(g) 6= 0 for a weighted homogeneous polynomial g. For example, the
Euler derivation χ in (3.3) is weighted homogeneous of degree
(3.6)

deg(χ) = 0

for any assignment of weights. Analogously to (3.4), the weighted homogeneity of
δ can be expressed by
(3.7)

[χ, δ] = deg(δ)δ.

Indeed, for any weighted homogeneous polynomial g, we have that
(3.8)

[χ, δ](g) = χ(δ(g)) − δ(χ(g)) = (deg(δ(g)) − deg(g)) δ(g).

Due to (3.4) and (3.7), we prefer to speak of χ-weights, χ-homogeneity and the
χ-degree
deg(−) = degχ (−)
independently of coordinates. For notational convenience, we set deg(0) := −∞.
A χ-homogeneous generator f of the ideal of D is uniquely determined by χ up
to a constant factor as a χ-homogeneous element of minimal χ-degree. Then also
the module DerX (− log f ) in (2.4) is uniquely determined by χ.

8

X. LIAO AND M. SCHULZE

4. Lie algebras of logarithmic derivations
It is known that DerX (− log D) is closed under the bracket operation [−, −]
(see [Sai80, (1.5) ii)]). In particular, χ acts on DerX (− log D) turning it into a
positively graded OX -module in the sense of Scheja and Wiebe (see [SW73]). Since
f is weighted homogeneous the same holds true for its ideal of partials Jf and its
syzygy module DerX (− log f ).
Notation 13. For any C[χ]-module M and e ∈ Q, we denote by Me = Mχ=e
the C[χ]-submodule generated by all χ-homogeneous elements m ∈ M of χ-degree
deg(m) = e. The submodules M≤e = Mχ≤e , M<e = Mχ<e , etc. are defined
analogously.
For any two χ-homogeneous δ, η ∈ DerX (− log D) with [δ, η] 6= 0, also their
commutator [δ, η] is χ-homogeneous of degree
(4.1)

deg([δ, η]) = deg(δ) + deg(η).

This follows by definition, or from (3.7) and the Jacobi identity
(4.2)

[χ, [δ, η]] = [[χ, δ], η] + [δ, [χ, η]].

Since dimC (OX,≤e ) < ∞ for any e ∈ Q+ due to the positivity of weights (3.1),
(4.3)

a = aχ := DerX (− log f )≤0 ⊂
d = dχ := DerX (− log D)≤0 ⊂ DerC (OX )≤0 =

n+1
M
i=1

OX,≤wi

∂
∂xi

are finite dimensional complex Lie algebras depending on χ. By (3.5), (3.6), (3.7)
and (4.2), d decomposes as
(4.4)

d = Cχ n a

and
(4.5)

a = d ∩ DerX (− log f ) ⊂ d

is the Lie subalgebra of d of derivations annihilating f . We shall be interested in
the condition that DerX (− log D) admits χ-homogeneous OX -generators of nonpositive χ-degree, that is,
(4.6)

OX dχ = DerX (− log D).

Let {δ2 , . . . , δr } be a minimal set of χ-homogeneous generators of DerX (− log f ) of
χ-degree
deg(δi ) =: di .
Then condition (4.6) is equivalent to δi ∈ d or to di ≤ 0 for all i = 1, . . . , n + 1.
Setting δ1 := χ and d1 := deg(χ) = 0,
∆ = {δ1 , . . . , δr }
becomes a minimal set of χ-homogeneous generators of DerX (− log D) by (3.5). If D
is a free divisor germ, then r = n + 1, ∆ is a χ-homogeneous basis of DerX (− log D)
and the χ-degree of any entry λi,j 6= 0 of the transposed Saito matrix Λ from
Remark 4 equals
(4.7)

deg(λi,j ) = di + wj .
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The defining function f of D given by Saito’s criterion as in (1.5) is then χhomogeneous of χ-degree
(4.8)

deg(f ) =

n+1
X

dk + wk .

k=1

Proposition 14. Let D be an irreducible unsuspended quasihomogeneous free divisor germ which is normal crossing in codimension one, and let χ be any logarithmic
Euler derivation along D. Then the module DerX (− log D) admits a χ-homogeneous
basis whose elements have non-positive χ-degree. In other words, D satisfies condition (4.6) for any choice of logarithmic Euler derivation χ along D.
Proof. By hypothesis of being unsuspended D satisfies condition (2.1) and hence
deg(Mi,j ) 6= −∞ by Lemma 7. Using equalities (4.7) and (4.8), we obtain
(4.9)

deg(Mi,j ) =

n+1
X

(dk + wk ) − (di + wj )

k=1

= deg(f ) − wj − di


∂f
− di .
= deg
∂xj
By Proposition 5, there is an equality of ideals


∂f
hMi,j | i, j = 1, . . . , n + 1iOX =
| k = 1, . . . , n + 1
.
∂xk
OX
We shall use that the least χ-degree of a system of generators is an invariant of this
∂f
) = deg(f ) − wk due to the increasing
ideal. Setting k = n + 1 minimizes deg( ∂x
k
order of weights in (3.2). It follows that


∂f
(4.10)
deg(Mi,j ) ≥ deg
∂xn+1
for all i, j = 1, . . . , n + 1. Combining (4.9) and (4.10) for j = n + 1 now yields




∂f
∂f
deg
− di = deg(Mi,n+1 ) ≥ deg
∂xn+1
∂xn+1
and hence di ≤ 0 for all i = 1, . . . , n + 1 as claimed.



5. Representation on lowest weight variables
For notational convenience, we shall abbreviate
m := mX ,

D := DerX (− log D),

A := DerX (− log f ).

Then d = D≤0 and a = A≤0 (see (4.3)). In particular, d0 = D0 and a0 = A0 .
From now on we assume that D is unsuspended, that is, (2.1) holds true. Then
m and hence, by the Leibniz rule, also m2 is a D-module. The canonical OX -module
homomorphism
π : m  m/m2 =: m̄
becomes a D-module homomorphism. Splittings of π can be seen as intrinsic versions of coordinate systems. For any e ∈ Q+ , π induces a d0 -module homomorphism
(see Notation 13)
(5.1)

πe : me  m̄e .
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Splittings of π compatible with the πe can be seen as χ-homogeneous coordinate
systems. For any e ∈ Q+ , me ⊂ m≤e and m̄e ⊂ m̄≤e are homomorphisms of modules
over d0 ⊂ d. Note that dimC (m≤e ) < ∞ due to the positivity of weights (3.1).
For any e ∈ Q+ with w1 ≤ e, there is a commutative diagram of d-modules
(5.2)

?
m≤e
O
? 
mw1 

/ / m̄
O

π

mO

π≤e

πw1


/ / m̄? ≤e
O

/ / m̄? w1

where πw1 is a bijection that we consider as an equality and
m0 = m0χ := mw1 = m≤w1 = m̄w1 = m̄≤w1
is the C-vector space of lowest weight variables. After reordering coordinates, we
may assume that x1 , . . . , xk is a C-basis of m0 . In particular,
w1 = · · · = wk .

(5.3)

Notation 15. For any Lie subalgebra l ⊂ dχ we denote by l̄ = l̄χ and l0 = l0χ the
image of l in glC (m̄) and glC (m0 ) respectively. Note that l0 = l00 by definition of m0 .
From now on we assume that condition (4.6) is satisfied for some χ, that is,
δ2 , . . . , δ r ∈ a
for any minimal set of χ-homogeneous OX -generators {δ2 , . . . , δr } of A as in §4.
Pn+1
∂
Any δ ∈ d can be written as δ = i=1 ai ∂x
where a1 , . . . , ak must be linear
i
functions of x1 , . . . , xk for degree reasons, and it maps to
δ0 =

(5.4)

k
X
i=1

ai

∂
∈ d0 .
∂xi

If δ ∈ (mD)≤0 then δ ∈ m2 DerC (OX ) due to hypothesis (2.1) of D being unsuspended. But then the linear coefficients of δ 0 and hence δ 0 itself must be zero. Since
δ1 = χ, δ2 . . . , δr ∈ d generate D as OX -module, the inclusion in the diagram of
C-linear maps
/ / D/mD
d8
88
}>
88
}}
}
88  }}}
 .}
d/(mD)≤0
is an equality. By the preceding arguments, d  d0 factors through the resulting
surjection
d  D/mD = d/(mD)≤0 .
Arguing analogously for a  a0 , we obtain
d

D/mD

/ / d0
O
d/(mD)≤0 ,

a

A/mA

/ / a0
O
a/(mA)≤0 .
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In explicit terms this means that
(5.5)

d0 = hδ10 , . . . , δr0 iC ,

a0 = hδ20 , . . . , δr0 iC .

In case D is a free divisor germ, (5.4) and (5.5) show that d0 and a0 are represented
as blocks of a Saito matrix with linear entries. Indeed, the transposed Saito matrix
from Remark 4 can be visualized as


 0

w1 x1 · · · wk xk ∗
(5.6)
Λ= d ∗ =
a0
∗
where by abuse of notation d0 and a0 represent the coefficient matrices of δ1 , . . . , δn+1
∂
, . . . , ∂x∂ k .
and δ2 , . . . , δn+1 with respect to ∂x
1
Proposition 16. Let D be a quasihomogeneous free divisor germ, and let χ be a
logarithmic Euler derivation along D. Suppose that D satisfies both condition (2.1)
of being unsuspended and condition (4.6) of admitting non-positive χ-degree generators of logarithmic derivations. If a0 = a0χ is solvable then D has a smooth
irreducible component D0 .
Proof. By Lie’s theorem, we may assume that x1 is a common eigenvector for a0 .
This means that the first column of Λ in (5.6) consists of constant multiples of
x1 and hence x1 divides det(Λ). By Saito’s criterion (see Remark 4), f = det(Λ)
defines D and hence {x1 = 0} is a smooth irreducible component of D.

Lemma 17. Let s0 ⊂ d0 be a semisimple Lie subalgebra.
(a) Any semisimple Lie subalgebra s0 ⊂ d0 admits a lift s ⊂ a0 .
(b) For any e ∈ Q+ , there is an s-module splitting of πe in (5.1).
Proof.
(a) By (4.4), s0 = [s0 , s0 ] ⊂ [d0 , d0 ] = [d, d]0 ⊂ a0 . Denoting by r(−) the solvable
radical, s0 ∩ r(a0 ) is a solvable ideal in s0 and hence zero. It follows that s0 ⊂
a0 /r(a0 ). By Weyl’s complete reducibility theorem, any finite dimensional module
over semisimple Lie algebra is semisimple. In particular, any epimorphism of such
modules splits. Thus, a0 /r(a0 )  a0 /r(a0 ) splits by semisimplicity of a0 /r(a0 ). The
image of s0 under this splitting composed with a Levi splitting a0 /r(a0 ) ,→ a0 is
the desired lift s.
(b) By part (a), s ⊂ a0 commutes with χ and hence πe is an epimorphism of
s-modules. Since s is semisimple the desired splitting exists due to Weyl’s complete
reducibility theorem.

Speaking in terms of variables, Lemma 17.(b) associates to each xi a new variable
x0i ∈ mwi namely the image of x̄i under the splitting map. By definition of mwi (see
(3.4) and Notation 13), we have χ(x0i ) = wi x0i for all i = 1, . . . , n + 1. Thus
χ=

n+1
X
i=1

wi x0i

∂
∂x0i

retains the form of (3.3) in the coordinates x01 , . . . , x0n+1 where deg(x0i ) = wi for
i = 1, . . . , n + 1. In other words, homogeneity is unaffected by the coordinate
change. Considering the isomorphism πw1 in (5.2) as an equality we have xi = x0i
for all xi ∈ m0 . In particular,
hx01 , . . . , x0k iC = m0 = hx1 , . . . , xk iC .
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In other words, the first k variables generate the space of lowest weight variables
in both coordinate systems. However, an additional feature of the coordinates
x01 , . . . , x0n+1 is that s acts on the coordinate space x01 , . . . , x0n+1 C . This is what
we mean by saying that s acts linearly in terms of the coordinates x01 , . . . , x0n+1 .
Proposition 18. Let D be a quasihomogeneous divisor germ satisfying condition (2.1) of being unsuspended and condition (4.6) of admitting non-positive χgenerators of logarithmic derivations for any choice of logarithmic Euler derivation
χ along D. Then a0χ is solvable for a suitable choice of χ.
Proof. By quasihomogeneity of D there exists a logarithmic Euler derivation χ
along D. As before, we write a0 = a0χ for the representation of a = aχ on m0 = m0χ .
Suppose a0 is not solvable. We shall describe a procedure that gradually modifies χ
to decrease dimC (m0 ) until a0 becomes solvable. Being not solvable, a0 must contain
a semisimple Lie subalgebra s0 . By Lemma 17, s0 lifts to a semisimple Lie subalgebra
s ⊂ a0 acting linearly in terms of suitable coordinates x1 , . . . , xn+1 . That is, s acts
on m̄ = hx1 , . . . , xn+1 iC and it acts faithfully on its subspace m0 = hx1 , . . . , xk iC . By
the structure theory of complex semisimple Lie algebras, s contains a Lie subalgebra
isomorphic to sl2 (C). We may assume that s ∼
= sl2 (C) which is then generated by
an sl2 -triple. By the representation theory of sl2 , the semisimple generator σ in
this triple has both positive and negative integer eigenvalues on the faithful smodule m0 . Since s ⊂ a0 ⊂ A = DerX (− log f ), σ commutes with χ and can be
seen as a logarithmic derivation along D annihilating f (see (2.4), (3.7), (4.5) and
Notation 13). After a linear change of coordinates, we may assume that x1 , . . . , xn+1
are eigenvectors of both χ and σ. For small  ∈ Q+ ,
χ̃ := χ + σ =

n+1
X

w̃i xi

i=1

∂
∂xi

then takes the form of (3.3) for some w̃i ∈ Q+ such that w̃i < w̃j for any i ≤ k and
k + 1 ≤ j. That is, χ̃ is another logarithmic Euler derivation along D with
0 6= m0χ̃ ( m0χ
by (5.3). As illustrated in Figure 2, this condition can be achieved also by a less
restrictive choice of  where w̃i ≥ w̃j for some i ≤ k and k + 1 ≤ j. Since a0 is
solvable if k = dimC (m0 ) = 1, repeatedly passing from χ to χ̃ results in a logarithmic
Euler derivation χ for which a0χ is solvable.

6. Proof of the main result
Proof of Theorem 3. Let D be a quasihomogeneous free divisor germ that is normal
crossing in codimension one. By Theorem 2 it suffices to show that all irreducible
components of D are smooth. Due to Proposition 6 and Lemma 12.(a), these
irreducible components are again quasihomogeneous, free and normal crossing in
codimension one. By Lemmas 9 and 12.(b) the latter properties are also invariant
under suspension. We may therefore assume that D is irreducible and unsuspended.
Hence Proposition 14 applies to show that, for any logarithmic Euler derivation χ
along D, the module DerX (− log D) admits a χ-homogeneous basis whose elements
have non-positive χ-degree. Recall the complex Lie algebra a0 = a0χ defined by
setting l := a in Notation 15 with a = aχ as defined in (4.3). By Proposition 18
a0 is solvable for a suitable χ. Thus, Propositions 16 yields smoothness of D as
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w̃3
w1
w̃2
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Figure 2. An example modification of weights as in Proposition 18.

desired. In fact, after the preceding reductions, we must have D = {0} ⊂ (C, 0) by
Remark 8 since D is both unsuspended and smooth.
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